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This article is concerned with a class of elliptic equations depending on one real parameter. Our
approach is based on variational methods. More precisely, we establish the existence of at least
two weak solutions for the problems discussed under the celebrated Ambrosetti-Rabinowitz
condition.
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1. Introduction

As pointed out in [8] a direct consequence of a Pucci-Serrin result (see [7, Theorem
1]) and of a local minimum theorem for smooth functionals due to Ricceri (see
[9, Theorem 2.5]) reads as follows.

Theorem 1.1. Let (E,|| - ||) be a reflexive real Banach space, and let ®, ¥ :
E — R be two continuously Gateaux differentiable functionals such that ® is
sequentially weakly lower semicontinuous and coercive, i.e.

lim ®(u) = +oo.
llull—=-+oc

Further, assume that V 1is sequentially weakly upper semicontinuous and that,
for each i > 0, the functional J, == p® — ¥ satisfies the classical compactness
Palais-Smale (briefly (PS)) condition. Then, for each o > irElf(ID and each

sup U(v) — U(u)
ved—! ((—00,9))
0 — ®(u) ’

> inf
ued—1 ((—oo,g))
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the following alternative holds: either the functional J, has a strict global mini-
mum which lies in (I)_l((—OO, 0)), or J, has at least two critical points, one of
which lies in @~ ((—o0, 0)).

We notice that Theorem 1.1 above is a suitable form of [8, Theorem 6] that we
can write thanks to the regular form of [1, Theorem 2.1].

The aim of this short note is to present some direct consequences of Theorem 1.1.
More precisely, we establish the existence of at least two weak solutions for some
classes of variational problems respectively of fractional and subelliptic type (see
Sections 2 and 3). By using our abstract tool the classical Ambrosetti-Rabinowitz
allows us to prove our main results without additional assumptions at zero on
the nonlinear term f.

For instance, in the fractional setting, on the contrary of [11, Theorems 1 and 2],
in Theorem 2.1 below we don’t require

lim f(z.?)

t—0 t

=0, (1)

uniformly in €.

Finally, we emphasize that Theorem 1.1 has been previously used in [8, Theorem
4] proving the existence of weak solutions for some elliptic equations involving
the classical Laplacian operator.

We suggest the recent book [6] as general reference for the variational methods
used along the paper.

2. Fractional problems

For our goal we briefly recall the definition of the functional space X, firstly
introduced in [10, 11]. The reader familiar with this topic may skip this section
and go directly to the next one. Fix s € (0,1) and let K : R"\ {0} — (0, +00)
be a kernel function with the properties that:

(k1) vK € LY(R"), where v(x) := min{|z|?, 1};

(ko) there exists 6 > 0 such that

K(x) > 0|02,

for any x € R™\ {0}.

A typical example of the kernel K is given by K(z) := |z|~"*2%). In this case
L is the fractional Laplace operator defined as

s u(r +y)+ulr —y) — 2u(z n
—(—A)’u(x) ::/ ( ) |yT"+2S ) ( )dy, r € R".
Now, let €2 be a bounded domain in (R™,|-|), where n > 2s, with continuous

boundary 0f2.
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The functional space X denotes here the linear space of Lebesgue measurable
functions from R™ to R such that the restriction to 2 of any function g in X
belongs to L?(Q) and

((z,y) = (9(z) = (W) VK (z —y)) € L*(([R" x R") \ (CQ2 x CQ), dxdy),
where CQ) := R"\ Q. We denote by X the following linear subspace of X
Xo:={9€eX:g=0ae inR"\Q}.
We remark that X and X are non-empty, since C3(2) C Xj by [10, Lemma 5.1].

Moreover, the space X is endowed with the norm defined as

ol = Vallor + ( [ lo(0) o) PR (e = yyiaty)

where @ := (R" x R")\ O and O :=CQ x CQY C R™ x R™. Tt is easily seen that
| - [|x is a norm on X; see [11].

By [11, Lemmas 6 and 7] in the sequel we can take the function

Xo 30 [0l = ( /Q 0(2) — o(y) P (x y)dxdy) - @)

as a norm on Xj.

Also (Xo, || - ||x,) is a Hilbert space with scalar product
(o), = [ (ule) = u(w) (o) = v(w) K (s~ y)dody
Q

see [11, Lemma 7].

Note that in (2) (and in the related scalar product) the integral can be extended
to all R” x R™, since v € X (and so v = 0 a.e. in R™\ ).

While for a general kernel K satisfying conditions from (k;) to (k2) we have that
Xy C H*(R"), in the model case K(x) := ||~ ("*29) the space X, consists of
all the functions of the usual fractional Sobolev space H*(R™) which vanish a.e.
outside 2.

Here H*(R™) denotes the usual fractional Sobolev space endowed with the norm
(the so-called Gagliardo norm)

l9(z) — g(y)|? 1/2
ey = ||9llr2@n) + (/ dil?d?/) :
(R™) (R™) R xRP |Zl§' _ y|n+2s

lg]

Before concluding this subsection, we recall the embedding properties of X into
the usual Lebesgue spaces; see [11, Lemma 8].
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The embedding j : Xo — L”(R") is continuous for any v € [1,2*], while it is
compact whenever v € [1,2%), where 2% := 2n/(n — 2s) denotes the fractional
critical Sobolev exponent.

For further details on the fractional Sobolev spaces we refer to [3, 6] and to the
references therein.

In this setting, exploiting Theorem 1.1, our main result reads as follows.

Theorem 2.1. Let s € (0,1), n > 2s and Q2 be an open bounded set of R"
with continuous boundary. Let K : R™ \ {0} — (0,+00) be a function satisfying
conditions (k1)—(k2) and let f: Q x R — R such that

f is continuous in Q x R, (3)

there exist aj,as > 0 and q € (2,2%), such that

4
If(z,t) <ap+aslt|T' Vo eQ, t €R, (4)

and
there exist v > 2 and rq > 0 such that

0 <vF(x,t) <tf(x,t) for any x € Q, and|t] > ro,

()

where the function F is the primitive of f with respect to its second variable.
Then, for every o > 0 and each

sup /Q F(x,v(z))dz — /Q F(z, u(z))dx

. vEB,
o > inf 5
u€B, 0 — |lull%,

Y

where
= {ue Xy |ul%, <o},

the following problem

2a
u=0 in R™\ Q,

{ —Lru = if(:z:,u) in Q (6)

admits at least two weak solutions, one of which lies in B,.

Note that a weak solution for the fractional problem (6), is a function v : R* — R
such that

| o) = ul)ele) = o)z = )dady

/fxu e(x)dx Yo e X
UGXQ.
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We observe that problem (6) has a variational structure, indeed it is the Euler-
Lagrange equation of the functional Jx o : Xo — R defined by

1

1
Tk a(u) = §||u||_2><O - ﬁ/ﬂF(x,u(x))da:, Vue Xo. (7)

Now, the functional Jk o is Fréchet differentiable in © € X, and one has

(Ti.alt), @) =/ (u(z) = u(y)(p(x) — e(y)) K (z — y)dzdy

— — [ f(z,u(x))p(x)dx, forevery ¢ € Xj.
2c0 Q

Thus, the critical points of Jk , are exactly the weak solutions to problem (6).

Remark 2.2. Let us fix o > 0. A concrete bound for the parameter

sup /Q F(z,v(z))dz — / F(z, u(z))dz

vEB, Q

x(¢) := inf
u€B, o — llull%,

can be obtained. Indeed, since 0 € B,, it follows that

vEB,

sup /Q F(z,v(z))dz

x(0) < (8)

0

On the other hand, by using the growth condition (4), it is easy to see that

sup /Q F(z,v(z))dz

vEB cla
<5 < Ly 28 (9)
0 Ve q
where
u s
Cei= sup m, s € {l,q}.

wexo\foy 1l xo

Conditions (8) and (9) immediately yield

C1 an2
o> —a1 +
Vo

problem (6) admits at least two weak solutions one of which lies in B,.
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3. Elliptic equations on Carnot groups

The results contained in this section are recently proved in [5]. We refer the
interested reader to the cited paper for a detailed proof of our results.

Let (R", o) a Lie Group equipped with a family of group automorphisms, namely
dilatations, § := {0, },>0 such that, for every n > 0, the map

b TT - [T
k=1 k=1

is given by
577(6(1)7 ceey g(r)) = (775(1)> 7725(2)a teey nrg(r))a

where ¢®) € R™ for every k € {1,...,r} and an =n.
k=1

The structure G := (R", 0, §) is called an homogeneous group with homogeneous
dimension

dim,G ==Y kny. (10)

k=1

Note that the number dim,G is naturally associated to the family § since, for
every n > 0, the Jacobian of the map

E—0,(8), VEER”

equals 79™C Now, let g be the Lie algebra of left invariant vector fields on G
and assume that g is stratified, that is:

=PV
k=1

where, Vj, is a linear subspace of g, for every k € {1, ..., 7}, such that
dimV}, = ny, for every k € {1,...,7};
V1, Vk] = Viyq, for 1 <k <r —1, and [V}, V,] = {0}.

In this setting the symbol [Vi, Vi] denotes the subspace of g generated by the
commutators [X, Y], where X € V; and Y € V.

A Carnot group is a homogeneous group G such that the Lie algebra g, associated
to G, is stratified. Moreover, the sub-Laplacian operator on G is the second-order
differential operator, given by

ni
AG = ZX%,
k=1
where {X1, ..., X,,,} is a basis of V. We shall denote by
VG = (Xla "'>X7L1)
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the related sub-elliptic gradient. We also recall that a homogeneous norm on G is
a continuous (with respect to the Euclidean topology) function |-|g : G — [0, +00)
smooth away from the origin such that

10x(&)|c = A€ for every € € G and every A > 0;

£ e = [¢lg for every & € G;

€l = 0iff £ =0;

for every £,m € G one has |£on|g < B([¢|c + n|g) for some 5 > 0.

A homogeneous norm naturally induces the pseudo-distance on G as follows:

distg(&,m) == |n"" o &lg, VEn€EG.

Finally, a crucial role in the functional analysis on Carnot groups is played by
the following Sobolev-type inequality

/ () de < C / Veu(©)Pde Yue () (11)
G Q

proved by Folland. In the above expression C' is a positive constant (independent
on u) and

© dim,G - 2’
is the critical Sobolev exponent. Note that from now on we assume that dim,G >
3. Indeed, if dim;,G < 3, then the Carnot group G is the ordinary Euclidean

space. Inequality (11) ensures that if Q is a bounded subset of G, then the
function

1/2
u s ull sy = ( / |vGu<5>\2d§)

is a norm in C§°(92).

We shall denote by S3(€2) the Folland-Stein space defined as the completion of
C5°(€2) with respect to the norm || - [|s1(q)-

The exponent 2* is critical for Ag since, as in the classical Laplacian setting,
the embedding Sj(Q) — L%(Q) is compact when 1 < ¢ < 2*, while it is only
continuous if ¢ = 2*.

See the monograph [2] for basic definitions and general facts on Carnot groups
and subelliptic structures.

In this setting our result reads as follows.

Theorem 3.1. Let €2 be a smooth and bounded domain of the Carnot group G
and f: R — R be a continuous function such that

(f1) there exist ay,as > 0 and q € (2,2*) such that

()] < ap +aglt|*™",  for everyt € R;
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(f2) there are v > 2 and o > 0 such that

0< I//tf(T)dT <tf(t), for any |t| > ro.
0

Then, for every o > 0 and each

qv/@

0< A< N
2 (alclq + achgT>

the following problem

{ —Agu = Af(u) in (12)

uloq =0,

admits at least two weak solutions, one of which lies in

Bgﬁ:{u€fﬁﬂﬂ)iw”@am<<g}'

Remark 3.2. We point out that, in Theorem 3.3, due to the presence of the
parameter A, on the contrary of [4, Theorem 3.1], no conditions at zero on the
nonlinear term f is requested.

The simplest example of a Carnot group is provided by the Heisenberg group
H" := (R?>"*! o), where, for every

b= (pl, ---,p2n,p2n+1) and ¢q:= (ql, ~-~>q2naQ2n+1) e H",

the usual group operation o : H" x H" — H" is given by

2n
1
@ﬂﬁ+Gn+%mm%+%mmwﬂw%ﬂ+§§XM%M—Mm%O
k=1
and the family of dilatations has the following form
5)\(1)) = ()‘plv"'7)‘p2n7)‘2p2n+1)7 VA>0.
Thus, by (10) it follows that
dim,H" := 2n + 2.

The Lie algebra of left invariant vector fields on H™ is denoted by § and its
standard basis is given by

Xy = O — Z%a%kl—lu ke{l,.,n}

Y, = n+k — %82n+1, k e {1, ,n}

T .= 82n+1 .
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In such a case, the only non-trivial commutators relations are
Xk, Ye] =T, VEke{l,..n}
Finally, the stratification of § is given by
hb=Vi® Vs,

where

Vi = span{ Xy, ..., X,,, Y1, ..., Y} and V, :=span{T'}.
Taking into account the above remarks a special case of Theorem 3.1 reads as
follows.

Corollary 3.3. Let D be a smooth and bounded domain of the Heisenberg group
H" and f: R — R be a continuous function for which

1
(f1) there exist ay,as >0 and q € <2,2 (n il )) such that
n

If(t)] < ay +alt|"™", for everyt € R;

(f3) there are v > 2 and ro > 0 such that

0<V/0 f(r)ydr <tf(t), forany |t| > 1.

Then, there exists an open interval A C (0,+00) such that, for every X € A, the
following problem

{ —Agnu = Af(u) in D

ulop =0,

admits at least two (distinct) weak solutions in the Folland-Stein space Si(D).
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