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This paper investigates the optimal control of a bilinear damped wave equation over an infinite time horizon.
We establish the well-posedness of the controlled system and derive uniform energy estimates. The existence
of optimal controls is proven by constructing a minimizing sequence. We prove that the control-to-state
mapping is twice continuously Fréchet differentiable, which enables the derivation of first-order necessary
optimality conditions in the form of a variational inequality and a pointwise projection formula. Furthermore,
we establish second-order necessary and sufficient conditions: the nonnegativity of the Hessian of the cost
functional is shown to be a necessary condition for local optimality, while the coercivity of this Hessian
constitutes a sufficient condition. These results provide a complete characterization of local optimality for
bilinear hyperbolic control systems over infinite time horizons on bounded spatial domains.
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1. Introduction

This paper investigates the optimal control of bilinear damped wave equations over infinite time horizons. The
partial differential equation under study arises naturally in structural dynamics, modeling the displacement of
vibrating structures under the influence of control forces. Structural dynamics encompasses a wide range of
mechanical systems, including beams, plates, shells, and other flexible structures, as comprehensively surveyed
in [19].

A fundamental example is the single-degree-of-freedom system (SDFS), governed by

my”+cy +ky =f(2),

where m denotes the mass, ¢ the damping coefficient, & the stiffness, y the displacement, and f (¢) the applied
external force (see [8] for more general models).

While SDFS and their finite-dimensional extensions provide valuable insight, real structures—particularly
elastic ones—exhibit spatially distributed behavior that is sensitive to variations across the domain and along
boundaries. To capture these dynamics accurately and design effective control strategies, we need an
infinitedimensional formulation where displacement depends on both time and space and boundary effects are
rigorously represented.

The control of such systems is of considerable interest, particularly for vibration suppression (see, e.g., [11,
17]). Depending on the application, control may enter the system either as an additive external force or as a
multiplicative term affecting system parameters. For instance, damping control is employed in vibration
isolation problems [16], whereas modulation of stiffness is used for vibration suppression [18]. These examples
illustrate the different practical mechanisms by which bilinear control arises in structural dynamics.
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From a mathematical standpoint, modeling real structures as infinite-dimensional systems leads naturally to
bilinear control problems for wave equations. Such problems have been studied for particular models,
including Kirchhoff plates and classical wave equations [4, 14]. However, a systematic analysis of distributed,
space-time dependent bilinear controls over infinite time horizons remains largely unexplored, which motivates
the present study.

Specifically, we consider the bilinear controlled system

iy+y=Dy+uwy +7, in

0.
ivy=0, onS, (1)
|y(0) =)o, y(O) =),

inW,1
where the state y = y(¢, x) satisfies a bilinear damped wave equation. Here, u denotes the control, f represents
an external forcing term, and y0 and y1 are the initial displacement and velocity, respectively. The bilinear term
uy represents a multiplicative control action. The spatial domain Q ¢ R” is bounded with smooth boundary 0Q,
and the space-time domains are defined by Q := (0, o) x Q and X := (0, o) x dQ. The homogeneous Dirichlet
boundary conditions model structures with fixed (clamped) boundaries; extensions to Neumann or Robin
conditions are possible but not pursued here.

Controls are subject to pointwise box constraints, defining the admissible set

Uab :={u (WA )Q|a£ ufbae. in Q}, )

where a and f are given functions representing the lower and upper bounds of the control, respectively.

Our objective is to minimize the quadratic cost functional

1¥ 2

- ]
JuO):=0 O (yu-yd +g u)dd,xt 3)

20w

where y. is the state corresponding to control u, y. is the desired state trajectory, and y > 0 is a regularization
parameter penalizing control effort. For stabilization problems, the typical choice is ys = 0, while for tracking
applications, y. represents a reference trajectory that the structure should follow. The infinite-horizon
formulation is particularly relevant for:

+ asymptotic stabilization of flexible structures operating over long time scales,
+ avoiding artificial terminal boundary effects that arise in finite-horizon approximations of long-
duration missions.

This leads to the infinite-horizon bilinear optimal control problem

aminuaJ u( ). ®)
Throughout the paper, we assume:

*  The initial conditions satisfy yoiH,'(W) and y, ILA(W),

*  The external forcing term f'belongs to L¥(0,¥;L2 (W))C L Q*(),

*  The desired state y, satisfies y,1 L*(0,%;L>(W))C L 0*(),

+ The control bounds satisfy ab, T 22(0,%;L%W))C L¥()Q with a < 8 almost everywhere.
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Under these assumptions, our objectives are to establish well-posedness and uniform energy estimates for (1),
prove existence of optimal controls solving (P), analyze differentiability of the control-to-state mapping, derive
first-order necessary optimality conditions, and obtain second-order necessary and sufficient optimality
conditions that provide refined characterizations of local optimality.

The analysis of problem (P) presents significant technical challenges due to the bilinear structure and the
infinite-horizon setting. The choice of the control space Ul L¥()Q is dictated by these difficulties. In the spatial
variable, if u | L2 (W) only, the bilinear term u y would not be well-defined as an element of the state space
L2(Q) in general, which necessitates u € L*(€2). For the temporal variable, when finite horizons are considered,
one can typically assume u € L%(0,7; L*(Q)) to investigate the problem. However, when infinite time horizons

are considered, neither L?(0, oo; L*(Q)) nor L*(Q) regularity alone is sufficient to deal with the problem, as
deriving the estimates for y necessitates their intersection L*(0, co; L*(€2)) N L=(Q).

The analysis of problem (P) presents significant technical challenges arising from the interplay between the
bilinear structure, hyperbolic dynamics, and infinite-horizon setting. The choice of control space Uaal L¥( )Ois
dictated by these difficulties. In the spatial variable, since the state y belongs to L*(Q2), the bilinear term uy must
also lie in L%(Q) for well-posedness of the weak formulation. If we only assumed u € L*(Q), the product uy
would generally belong to L'(Q) rather than L%(Q), which necessitates u € L*(Q) at almost every time. For the
temporal variable, when finite horizons are considered, one can typically assume u € L?(0, T ; L*(Q2)) to control
the bilinear term through Holder’s inequality. However, the infinite-horizon setting introduces additional
complications: establishing the energy estimate (7) for y requires controlling integrals of the form

[ .
6* u t( ) 2% Ny#()2de JL1 th4| Gronwall argument, which demands u € L*(0, oo; L*(Q)). Simultaneously, uni-

0 W)

form-in-time bounds on y e #W) obtained from the identity V(1) = =A¥(t) = ¥ +ul)(8) + (1) require u €
L*(Q). Consequently, neither L*(0, oo; L=(Q)) nor L*(Q) alone suffices, as the L2-temporal integrability is
essential for the Gronwall estimate leading to (6), while L=-uniform boundedness is critical for the pointwise
estimate (7). This forces us to work in the intersection space U := L*(0, oo; L*(Q)) N L*(Q).

Our methodological approach proceeds by first establishing well-posedness and energy estimates on finite
intervals [0, 7] via Galerkin approximation and Gr onwall’s inequality (Lemma 2), where constants depend
explicitly on 7. The key innovation lies in proving that these constants remain bounded uniformly in 7 when
u € U (Theorem 1), exploiting the monotonicity of the norms in 7 to pass to the limit as 7 — oo. The adjoint
equation (9), formulated as a backward problem with terminal conditions at infinity, is treated via the change
of variables s = T'— ¢ to obtain a forwari‘ proﬁleﬂn, al‘ owing application of uniform estimates and careful limit

passage to ensure the asymptotic decay f( )t + f( )¢-,® 0 as t — oo (Lemma 4). This decay is essential for

H
integration by parts in deriving optimality conditions. Twice continuous Fréchet differentiability of the
controlto-state mapping (Theorem 2) is established via the implicit function theorem, formulating the state
equation as F(u, y) = 0 and verifying that 0, F(u, y.) is bijective with bounded inverse independently of the time
horizon.

These technical requirements distinguish our infinite-horizon bilinear wave problem from related work. For
finite-horizon bilinear control [4, 14, 21], the space L*(0, T; L*(L2)) suffices and constants may depend on 7,
whereas the infinite horizon necessitates the more restrictive intersection space. For additive control of wave
equations [12, 13], the control enters linearly as u rather than uy, avoiding the multiplicative coupling that
requires L*-spatial regularity, allowing use of L*(Qr ) or measure spaces. For infinite-horizon parabolic
problems with bilinear control [9], the smoothing effect of the heat kernel provides additional regularity,
whereas the hyperbolic nature of the wave equation offers no such regularization, requiring more delicate
treatment of y.

Optimal control problems for wave equations have been extensively studied, with particular attention to
different control mechanisms and time horizons. Most existing work focuses on finite-horizon problems with
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additive controls. For instance, Kunisch et al. [12] analyzed measure-valued optimal control problems for the
linear wave equation with sparsity-inducing total variation penalties, establishing regularity results and first-
order optimality conditions in all three space dimensions. Similarly, Kroner et al. [13] investigated distributed,
Neumann, and Dirichlet boundary controls with inequality constraints, employing semismooth Newton
methods to achieve superlinear convergence, while Gugat and Grimm [10] studied Dirichlet boundary control
with pointwise constraints for string stabilization problems. Discretization aspects and efficient solution
methods have also received considerable attention, as exemplified by Liu and Pearson [15], who developed
matching-type Schur complement preconditioners for the optimality system arising from space-time
discretizations of wave control problems.

For bilinear control problems, where the control acts multiplicatively on the state, the literature is more limited.
Early work by Bradley and Lenhart [4] and Liang [14] established existence of optimal controls and derived
first-order optimality conditions through formal differentiation of the cost functional for Kirchhoff plates and
wave equations, respectively. More recently, Zerrik and El Kabouss [21] and Ait Aadi et al. [1] extended this
framework to regional control objectives, where the desired state is prescribed only on a subregion of the spatial
domain, while Clason et al. [7] considered optimal control problems where the control enters as a coefficient
in the principal part of the wave equation, employing total variation and multi-bang penalties to promote desired
structural properties. In contrast to distributed controls, Bethke and Kroner [3] analyzed the case of a scalar
time-dependent control acting as a damping parameter, deriving second-order sufficient optimality conditions
for both regular and singular cases using the Goh transformation. However, all these works are restricted to
finite time horizons, and apart from [3], provide only first-order optimality conditions.

Second-order optimality analysis, which provides refined characterizations of local optimality and is essential
for numerical solution methods, has been developed primarily for parabolic and elliptic systems [6]. For
bilinear systems, Aronna and Troltzsch [2] established first- and second-order necessary and sufficient
conditions for optimal control of the Fokker—Planck equation with bilinear control on finite horizons, while El
Mezegueldy et al. [9] extended this framework to infinite-horizon problems with spatially localized controls,
proving well-posedness and deriving complete second-order optimality conditions. For elliptic problems with
bilinear controls, Casas et al. [5] analyzed finite element discretizations and obtained error estimates under no-
gap second-order sufficient conditions, revealing superconvergence phenomena in numerical experiments.
However, second-order optimality analysis for hyperbolic systems, particularly wave equations, remains
largely unexplored in the infinite-horizon context.

The present work addresses this gap by establishing both first- and second-order optimality conditions for
distributed bilinear control of the damped wave equation on an infinite time horizon. To the best of our
knowledge, this combination of bilinear structure, hyperbolic dynamics, and infinite-horizon analysis with
complete second-order characterization has not been previously addressed. Our results provide a rigorous
mathematical foundation for designing optimal adaptive control strategies in large flexible structures operating
over extended time periods, with applications ranging from long-duration space missions to civil infrastructure
monitoring and control.

The paper is organized as follows. Section 2 establishes well-posedness and regularity results for the state
equation, including energy estimates on both finite and infinite horizons, and proves Lipschitz continuity of the
control-to-state mapping. Section 3 introduces the adjoint equation, applies the implicit function theorem to
show that the control-to-state mapping is twice continuously Fréchet differentiable, and derives differentiability
properties of the cost functional. Section 4 proves existence of optimal controls and derives first-order
necessary optimality conditions. Section 5 develops second-order necessary and sufficient optimality
conditions. Finally, Section 6 concludes with a summary and directions for future research.

2. Well-posedness and regularity of the state equation

This section establishes the mathematical foundation for the optimal control problem. We introduce a weak
formulation of the state equation and provide standard energy estimates, which are essential for the subsequent
optimality analysis.

We use standard notation from functional analysis and PDE theory. The inner product and norm in L*(Q) are

denoted by , and X | respectively. We work in Sobolev spaces Ho' (W) and H “'(Q), where x'x/ * denotes
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the duality pairing between H ~'(Q2) and Ho' (W) . For time-dependent functions, we use Bochner spaces L 7(0,
T; X) and W *r(0, T ; X). The space-time cylinder over a finite horizon is denoted QT := (0, T') x Q. For
notational simplicity, we often omit explicit dependence on the variables (#, x) when no confusion arises, and
we write y, for the state associated with control u.

Definition 1 (Weak solution). Let u € Uas and T > 0. A function

AC0,71;:Ho' (W) G([0,T]:L2 (W)

is cal led a weak solution of the state equation (1) on [0, T'] if y(0) = yo, ¥(0) = y1, and for every vl Ho!(W) and
almost every t € (0, T),

10y + 3 1O+ Ko OR= § 1310 O + F1O.
Remark 1. The initial values y(0) and y(0) are well defined since

L0, ;T H'(W)CW (0, ;T H(W)) ® C([0,T]);:L* (W) CC'([0,TT:H(W)).

We now recall the standard Poincaré inequality.

Lemma 1. Let Q € R" be a bounded domain. Then there exists a constant ca > 0 depending only on Q such

that
1

2 2
"v" £ cw"Nv" for all vi Ho(W).

The next result establishes existence and uniqueness of solutions to the wave equation.

Lemma 2. Let T> 0 and assume that yol Ho'(W), y: T L2 (W), £1 L 0?( r)C L¥(0, ;T L*(W)), and u € LX(0, T
L*(Q)) n L™(Qr). Then there exists a unique weak solution y in the sense of Definition 1 satisfying
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2 " 2 2 2 2
1 || By @
Yiw + ycqo, L2 wy £ CuT,( Yomow)+ y1 + ,
and C0.1TH;o ) LO* (1)
I ” . (-
| 10 otz L
|P/L¥ 017HAW) E cu €\ yom wy+ i +froc H)+3 (5)
0 T
where the constants are given by
2

L(0,:TL (W)

ur ‘= CXp <Cw "u"

Jag gy Y |
b())

2

r  exp CWMLZ(O,;TL¥(w))).

curt 3 1= ( +

Proof. We first derive the a priori estimates assuming a solution exists, then conclude with the existence and
uniqueness result. Testing the weak formulation with v =y (¢) yields

V) Y EH P PN Ve, Vo) = () vli )+ £ (). ¢ oy
SO, )y

. Ld e a1 2 .
(¥ 1}*:;{%"1” and {'ff'_n?_1'}=5:ﬁ||?_1'" . we obtain Since vy,

d {1y gz 1 ) g . s
- 5||_ru‘.||| +E||'~F_r{u|| J+||_1-{n|| = {u()p(0). 4 (1) + SO, 30y. Y 0O e

Defining the energy functional E(f)= %”j'{r}": : %"‘FH’HI: . we have

—E@y+ i) = {upen i + £0.50 d

) 4 )

dt

By the Cauchy—Schwarz and Young inequalities,
2

Gy ) gl AL £, 1 41

B

1.2 Ly g
(2l e 1A+l

Hence,

41221 2dt|+€'t("£HZutﬂ)L¥y|r()+"2
J10).

[

By Poincaré’s inequality, y #() £ ewNy #() £ 2¢ E tw (), where co depends only on

Q. Thus,

dn—dt2 OE| £ dvu () 2| OE | +
Si).

Integrating from 0 to t gives
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|| 2
] I

20Et£2  C(0)E +fs()ds+6cwus()L¥2()Esds.

00

Applying the standard Gronwall inequality yields

. (.
2()EtE ‘ expewO u s() ¥ ds) (2 (0O)E

" Oufs() ds).t )

n

2

L L

\
C Since ou s( ) ¥ds £ u 120, ;¢ Wy and Oofs( )ds £ f12(0, ;7% Wy, We obtain

‘ I

2 2

2()EtE exp(cw U (0:T|r¥))ﬁ2 ((l)f+ fLﬂ(o, ;TLZ)).

Recalling that £(0) = 1_)U1 2”!- 1 Kﬂta "2 and ()Et=1yt )2+ ! Ny #() 2, we deduce

2 2
I

e
"y )2+ Ny t():£ exp(cwu 2120, ;TL¥))& yoaroi + Y12+ f 22, ;TLZ)),
Taking the supremum over ¢ € [0, T] and square roots gives (4).
For the estimate of j, we use the weak formulation to write
yi#()=-Dyt()-y () +uty() O+ f1() inH1(W).

Taking norms, we have

I £ By 1O+ 1Ol be et €O B e

By the Poincaré inequality (Lemma 1),“v #( J' 3 ML/ t() " Therefore, y #( ) w1 £
I ewu i) e oy Ay 11

Squaring both sides and using (a + b + ¢)> < 3(a? + b* + ¢?), we obtain

2 2 2 2
. S O e e e
yt()H-1£31(+cwut()L¥) Nyt) +3y2¢) +3f1() .
Taking the supremum over ¢ € [0, 7] and using (4), we get
||y||i¥ o - £ 3( +\/;"”"L’@( r)) ﬁs[%’lg]"NY() (3

2

2
+3ﬁs[1£]”y() " +3"/"L¥ (0.7L %)

2
£3( sy Il ) exp (o el 5, 4,

' 4')’0"2% +lwl? +||f|§z(mz))+3||f||j¥ o

2

37
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This yields (5). ||

The existence and uniqueness of the weak solution follow from the standard Galerkin method combined with
the a priori estimates derived above. O

Building on the previous lemma, we obtain the following result that ensures well- posedness of the state
equation over an infinite time horizon.

Theorem 1. Assume that yol Ho'(W), yi 1 L2(W), f1 L 0* ()G L¥(0.¥;L> (W), and u T L? (0,%;L¥W))C
L¥().Q Then the weak solution y of the state equation (1) satisfies

#lnl 4l ©)
VE©x:H0 (W) + Y v 0202 W) £ ( 0 Hol (W)L 02 ( )),

and ¢

” " 22 2 22 (7)

(I O Il
e 01 W) £ cud ( V0 HI (W) + Y1 + fLo ))+3fL¥(0,¥;L2(W)),
¢ 2 2 2 2 2
0

where

w ””"iz ©.%:2% W)

N exp(c),
S T

a3 l=+exp CW U L2 (03:1% (w))).
Proof. From Lemma 2, for each 7> 0 we have

y 2
” "2C([0, 3 "'"y"cao,]r 2 W) 1735 (W)

bl Yl s :

£ eXp(CWL 0 r>).
Since 1,” LJ|((), ;e w)) and f”L o2 () are monotone in 7, we can pass to the limit 7 — oco. The right-hand side remains
finite because u 1 L2 (0,¥;L¥W)) and f1 L 0 (), yielding (6). Similarly, applying the same argument
to estimate (5) yields (7). O

We close this section with a result establishing Lipschitz continuity of the solutions with respect to both controls
and external forcing.

Lemma 3. Assume the standing hypotheses hold. Fori=1, 2, let
wl 2 (0(LXW)G L¥0Q,  ATL 02 ()G LX0.%L¥W)),

and denote by y: the corresponding weak solutions with the same initial data (yo, y1). Then there exists a constant
L >0, depending on Q and the norms of y: and ui, such that
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yi-2 2L% " (0¥:Hot (Wy) + V1 = V221 (0%:L2(W)) + V1 = V22L¥ (0.%:H-1(W))

8
e 0
T I

f L( UL =U2L Q1% ()G 2(0%:L% W) + 1= f2 1% (002 (W)GL 02 ( ))).
Proof. Letdy = y1- y2,du = w1 -u2, and df = fi - f>. Then d'y satisfies the linear system
dddddddy+y-Dy=wuy+ w2+ f, (0) =dy(0) = 0.

The desired Lipschitz estimate (8) follows directly from the energy estimate for this linear system (Lemma 1)
together with standard norm inequalities. [

Remark 2. If ui, u2 € Uad, then the constant L in (8) can be chosen independently of ui, uz, y1, and y». In this

case, L depends only on the domain Q, the initial data (yo, 1), and the control bounds a, p.

3. Differentiability analysis

This part establishes the ingredients required for the derivation of optimality conditions. We introduce the
adjoint equation associated with the bilinear wave dynamics, analyze the Fr'echet differentiability of the
control-to-state mapping, and conclude with the differentiability properties of the cost functional.

3.1. The adjoint equation
In what follows, we denote the control space by

U:= L2 (0%L¥W)C L*()0 ,

and the state space by

Y = L¥(0,%:;Ho' (W))C IV 1¥(0,%:L2 (W)Y C IV 2%(0,%:H ' (W)).

The next lemma establishes the well-posedness of the adjoint equation, which will be instrumental in
characterizing the first and second derivatives of the cost functional.

Lemma 4. For any control u € U, let y. denote the corresponding state solution of (1). Then there exists a
where ¢, and c'y are the constants from Lemma 1.

)
|ffff' =D +u+yu' in Q’
Ya, 1 on dW
if= 0,

. . N
unique adjoint state ¢ € Y satisfying ) "
Yu Vaox( ),

Yu = yar oo+ 3l yu- yd||L¥ OX%L2 (W),

T ” " || || att ® ¥. I'I‘f( )l + f( )l He
w ® 0,

Furthermore, ¢ satisfies the energy estimates

L¥ (0.%:22 (W)y) f cu "
L

# ¥ (0%:H,' (W)) +||f

1

fxoxmiwy) £ cut
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Proof. Existence and uniqueness follow by truncating the adjoint equation to a finite horizon, performing the
change of variable s = 7 — ¢ to transform it into a forward problem, applying uniform energy estimates from
Lemma 1, and passing to the limit as 7 — oo. A similar strategy was used in [9, Lemma 3]. [

3.2. Differentiability of the control-to-state mapping

Consider the control-to-state operator

U-Y, S(u) = yu,

where y, denotes the unique solution of (1). The following result establishes the differentiability properties of
this operator.

Theorem 2. Assume the standing hypotheses hold
and let {1 L 0> ()G L¥(0,¥;L2 (W) be fixed. Then

S:U-Y
is twice continuously Fréchet differentiable. The derivatives are characterized as follows:

(i) Foru, h €U, the first derivative z = S'(u)[h] € Y is the solution of

lz-z=Dz+uz+ hy., in
o1
iz=0,0n8,  (10)12(0)=0,2z4) ® 0, in W.

(ii) Foru, hi, hy € U, the second derivative { = S" (u)[h1, h2] € Y solves

WVVVV+ =D+u+hzi 2+ hz 1, in Q,
i

- _ V=0 on& (1)N®O) 0, V(0) 0, inW,

where zi = S'(u)[hi] fori=1, 2.
Proof. Define the operator F': U x Y — F by

Fuy(,)=y+y-Dy-uy-f,

where F:= L 0?()C L¥(0,¥%;L>(W)). The state equation (1) is equivalent to F (u, y) = 0.

The operator F is of class C* with partial derivatives

LFuy()Llyyyyy= + -D cu,  WFuyh(,)[]=-hy,

ﬂzny”y( 7)[yy192] = 07 “uyzF”yh(a )[ 7y Y] = _h ’ﬂm‘zFuyh h(’ )[ 1, 2] = 0

By Lemma 1, the operator 0, F (u, y.) : Y — F is bijective with bounded inverse. The implicit function theorem

(see [2, 20]) guarantees that S is of class C°.
The first derivative is obtained by differentiating F(u, S(u)) = 0:
T F uy(, IS uh¢OL 1+ TuF uy(,.0)[ 1h =0,

which gives z = S"(u)[ /] solving (10).
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The second derivative follows by differentiating once more:

LFuy(, )[SEO[uh h, 211 = -y Fuy(, )hSuhy, ¢O[21]-TwFuy(,.
Wh2,S u hé()[ 1],

which gives { = S"(u)[hi1, h2] solving (11).

Remark 3. The proof fol lows the approach of [2, Corol lary 4.2]; the linearized equations (10)—(11) differ
slightly, but the differentiability results remain valid, which justifies the derivatives above.
3.3. Differentiability of the cost functional

Using the differentiability properties of the control-to-state mapping established in Theorem 2, we now
characterize the derivatives of the cost functional in terms of the adjoint state.

Proposition 3. The cost functional J : U — R defined by (3) is twice continuously Fréchet differentiable.
Moreover, for u € U, let y. = S(u) and d. € Y denote the adjoint state solving (9). Then, for hi, h. € U, the fol

lowing hold.:

(i) The first derivative is
¥

Juht[1=0 O Fgu+uhxndd.

oW

(ii) The second derivative is
¥

JEOuh i, 2]~ O O (zzi+fu(hzo+ hzn) +gh i, )dd x (13)
oW

where zi = S'(u)[hi] for i = 1, 2, and each zi solves the linearized state equation (10).

Proof. Twice continuous differentiability. Since S : U — Y is twice continuously Fréchet differentiable by

Theorem 2, and the mapping y ! y ?ﬂd uL o2( ) is twice continuously Fréchet differentiable on Y, the chain
2
rule for Frechet derivatives yields the twice continuous differentiability of J.

First derivative. By direct differentiation of the cost functional, for # € U, we have

¥ ¥
JuhtO)[1=0 O (yu-ya)zxdd +gO O uhxudd, (14)
ow ow

where z = S'(u)[ /1] satisfies the linearized state equation (10):
z+z= Dz +uz + hy., z(0)=z(0)=0.

We now express the first integral in terms of the adjoint state. Write the integralas a limit:
\ \ \ \
¥ 70 O (yu-yi)zxtdd=1mO O (.
- yd)z xtdd.

ow TR¥ 0W

Multiply the linearized state equation by the adjoint state ¢. and integrate over (0, 7' ) x Q:
T T
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00 (z-z)fuddxt=c\) o) (D +zuz + hy )fdd x ¢

oW oW

For the left-hand side, integrate by parts in time:
T T T

OO fdder=é0 Adwti- O O fddrs

oW éw Jo ow
T
=2 TOf,()Tdx- O O fdd C Xt
w ow

where we used z(0) = 0. Similarly,
T T T

6 6 qud dxt= éb qudxl‘.l - 6 6 qud dx ¢

oW éw Uo oW

=0 :TOROTdx- O Ofdd x 1
w ow

Therefore,

70 O Adder= 0 z TOf ()T dx- O z TOf(

)T dx + c.
ow w w

For the first-order time derivative term:
T T

00 Afddrr=O 27O ()Tdr-O O Fdd xs

ow w ow

For the spatial term, integrate by parts (using z = ¢, = 0 on 0Q):

T T

O O Dfddrr=0 O zDf.dd x¢

ow ow

Combining all terms:
T

6 6 Z(ffffu‘u‘Du‘Mu)ddxt

ow
T

=0 O mypfddrs-O z TOR ()T dx

ow w

+ 0 zT0OROTde- O 2 TOROTd x

w w

Using the adjoint equation (9), we have ff f f,- .- D w- « = yu- yu, so
T T
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\ \ \ \
O O zy(u-ya)ddxt= O O hyf.ddx ¢ + boundary terms at .T
oW oW

By Lemma 4, f, J )T +||fu( )7J | -1 ® 0 as T ® ¥. Moreover, from Lemma 1, z remains bounded in
H (W)

L¥(0,¥;Ho'(W))CW ¥(0,¥;L> (W)). Therefore, the boundary terms vanish as 7 — oo.

Taking the limit and using dominated convergence, we obtain:
¥ ¥

\ \ \ \
O O zy(u-yo)ddxt=0 O hyfudd xt
ow ow

Substituting into (14) yields
¥

JuhtO)[1=0 O Fgu+ Hhxudd,

ow
which is (12).

Second derivative. To compute the second derivative, we differentiate the expression (14) with respect to the
control. For &1, ho € U, let zi = §'(u)[/1] and z2 = S'(u)[h2] satisfy (10). By the product rule and the twice

continuous differentiability of S, we have
¥ ¥ ¥

JeEOH[uh hi, 2] = 6 6 ZZzlddxt+6 6 (yu-yd)Vddxt+gb 6 hhxt dd,
oW oW ow

where £ = S"(u)[h1, h2] satisfies the second linearized equation (11):

VVVV+ =D+u+ hz 2+ hz 1, VV(0)=(0)=0.

Following the same reasoning as in the derivation of the first derivative, we multiply the equation for { by the
adjoint state ¢, and integrate by parts over (0, 7) % Q. Using the adjoint equation (9) and the terminal conditions

*u( )TJEI(m + ()T ® 0 as T — oo, we obtain
¥ ¥

0O (u-y)Vddrt=0 O fo(hzi-hz)dd xt

ow ow

Substituting this into the expression for J"(u)[ /1, h2] yields
¥

JEEOH[uh h, 2] = 6 6 (Z zo+fu(hzo+ hzn) +gh 2)d dxt
ow

which is (13). O

The following lemma establishes key continuity and boundedness properties of the derivatives of the cost
functional, which are essential for analyzing optimality conditions.

Lemma S. There exists a positive constant C such that for all ur, u2 € Uaa and hi1, ha € U, the fol lowing estimates

hold:
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Jus( | oo 1l £Ch (15)
| Aeck il Il e . (16)

Jud( | D]- Jud(2)[h] k CLJl -u2 " ||hl| s (17)
| R

JEC(u)[h hi,1]- JECG(u2)[h by 1] £ Cun-un ho. (18)uv v

Proof. The estimates follow from the expressions for J'(u) and J"'(u) established in Proposition 3, combined
with the energy estimates from Lemmas 1 and 4, and the Lipschitz continuity from Lemma 3.

Estimate (15): From (12), we have
¥y
|Ju¢( |)[h|]|£0 O fuyamddet+ O é urhidd xt
oWoW
By Hoélder’s inequality and the energy estimates in Lemmas 1 and 4, both ¢u: and yu remain bounded in
L¥(0,¥;L*(W)) with bounds depending only on the data. Since u1 € Uas, we obtain (15) with C depending on Q,
the initial data, o, 3, f, and ya.

Estimate (16): From (13),

Je¢(u)[h h, 2]| £ 6 6 ( zzZin+ ful( hzu+h Zz1)+g h hlz)d dxt

| ow
where z; = S"(u)[/]. By the energy estimate (6) applied to the linearized equation (10), we have

"Z; |IL¥ ox2wyE Ch |L i ufombined with the boundedness of ¢gu1 from Lemma 4, estimate (16) follows.

Estimate (17): Write
¥

Jub( DAl J ut( )kl = O O [(Fuyur Froyua) g un)nd d x ¢
ow

The Lipschitz continuity of # y. (Lemma 3) and u f. (which follows from the adjoint equation by similar

arguments) yields

Vul - yu2||L¥ (0¥:L2 (W))'v' ffu-w |L¥ ox2wyE Cui-u2u.

Applying Holder’s inequality gives (17).
Estimate (18): From (13), we compute

Je&(u) [ - hi]- J¢&(u2)[h I, 1]

¥

=00 €8z )2-(z12 )2 + (f fur - w) 2% hzii +f.2 x2h z1i( 1y - zipud d x ¢
oW

where 210" = S u( ;)[] for i =1, 2. Using (2" =Y =" + 270" + 2 ang applying Lemma 3 to
bound Jﬂl) + J\(Z) and " ffi-.2in Herms ouuu -, , we obtain (18). O

U
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4. Existence and first-order optimality conditions

This section establishes existence of optimal controls and derives the corresponding first-order necessary
optimality conditions.

4.1. Existence of optimal controls
The following result guarantees that the optimal control problem (P) admits at least one solution.

Theorem 4. The optimal control problem (P) admits at least one solution.

Proof. Let (uxs) il Uaa be a minimizing sequence, i.e.

Ju(r)® infJu()ask® ¥.

ulUad

Since each ux satisfies af ux£b a.c. in O and ab, 1 L2 (0,%:L¥W))C L¥()Q , the sequence (ux) is uniformly
bounded in L2 (0,¥;L.¥(W))C £¥().Q By the Banach- Alaoglu theorem there exists a subsequence (still denoted
by (ux)) and a limit u | L2 (0,%;L¥W))G L¥()Q such that

wYa¥%®u in L¥()Qask® ¥.

The bounds are preserved in the limit, hence u | Uad.

Let yx == yu be the associated states. From Lemma 1 the sequence (yx) is bounded in
L¥0.¥:Ho' (W))CW 1 %0.%:,L* (W),

and the sequence (%) is bounded in L¥(0,¥;H'(W)). Fix T> 0. By the Aubin- Lions compactness lemma (applied
on (0, 7)) there exists a subsequence (still denoted (%)) and a limit y such that

y® y in LX0,:THIW)), w® y in L2(0, ;T L2 (W)).
Moreover, yi ® y in L¥(0, ;7 L*(W)) and yx® y in L¥(0, ;T H'(W)).

The limit pair (u y, ) satisfies the weak formulation of the state equation on every finite interval (0, 7'): passing
to the limit in the weak formulation for (ux, yx) is justified since

+ linear terms converge by weak (or weak-*) convergence,

+ the term u« yx converges to u y in the sense of distributions on (0, 7') x Q because y:® y s?rongly in L2
(0, ;T L*(W)) and ux %% ®" u in L¥(0, ;T L¥(W)), hence

uykk®uy in L2(0, ;T L*(W)).
Therefore y = y.is the weak solution corresponding to i.
It remains to show that i is optimal. The cost functional is nonnegative, and by lower semicontinuity of the L2-
norm with respect to the convergences above (together with dominated convergence on finite intervals and

monotone convergence on (0, o)) it holds that

) = liminf S(p )= inf Sin)~
meld ®¥ ad

Hence i is a minimizer of (P). U
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4.2. First-order necessary conditions

We now derive the first-order necessary conditions for the optimal control problem (P).

Proposition 5 (First-order necessary conditions). Let it € Uas be an optimal control with associated state y =
Vu

and adjoint state fiy satisfying

iffff- =D +u  +y-y,

_ in Q,1
if =0,0n4, 19)1if()t + f( )t ® 0, att ® ¥.
I

Then 4 satisfies the variational inequality

H (W)

¥ (20)

00 fgy+u)u-uyddxr®0 forall ul Us.
ow

In particular, the optimal control ii is characterized pointwise almost everywhere by

- & T0 —utx(
,) =Plabx.), tx)G- f(txytx,)(,),+ (21)
ég ]

where Ppab, | denotes the projection onto the admissible interval [ (@ bt x,),(,)].tx

Proof. Since i minimizes J over Ua4, the variational inequality

JubO)u-0)20 " Uu
holds. By Proposition 3, the derivative of J at i is
¥

JutOOh=0 O (Fgy+uhxi) dd, (22)

ow
and choosing / = — i1 yields (20).
To obtain the pointwise characterization, observe that (20) is equivalent to the scalar condition

(Frxyin) () +guix(, ) -utx(,) 30 "Tu[@brx, )tx,)]

for almost every (¢, x) € Q. This is precisely the well-known optimality condition for a pointwise projection
onto a closed interval; see, for example, [20]. Hence,

. & 16
utx(,)=Pabex), «ong-ftxytx,)(,),+ég @ which is (21).
O

5. Second-order optimality conditions
Define the active sets at i by

Aa: {()=x 110 uxt(,)=a(t,)}, Ap: {(,)=xt10:uxt(,)=b(,)xt
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The cone of critical directions at i is defined by

TiMA30 ae. onda,li

CU():u fithl Ju¢()[Jh=0Jiih£0 ae. ondb

fi.
Lemma 6. The critical cone C(it) is closed in U.

Proof. The cone C(#) is the intersection of three sets:

CUU( )u = ker J u¢()G{Al :h®0ae. on da}G{Al h£0ae.
on Ap}.
The first set is closed since J' (7) : U — R is continuous by estimate (15). The remaining two sets are closed in

L=(Q), hence in U, as uniform convergence preserves pointwise a.e. inequalities. U

Theorem 6 (Second-order necessary conditions). If i € U is a local ly optimal control, then

JEEO), Ju hh30  "hCO)u

Proof. Let h € C(iz). The sign conditions in the definition of C(i&Z) ensure that i + eh € U.s for all sufficiently

small € > 0.

Since # is a local minimizer,

Ju?)£Ju_(+eh) for small e> 0.

The second-order Taylor expansion of J gives

€2 2 +
Ju( - el =Ju()+esub() Jh +

Jee()[, Ju hh+o(e)

(e®0).2
Since & € C(i1), we have the stationarity condition

J(@)[h] = 0.
Thus
e 2

—Feh) - Ju() = Jeg(
M. Ju hh+o().2

0£Ju

Divide by €%2 and let € — 0*:

J'(@)[h, h] 2 0.
O
Theorem 7 (Second-order sufficient conditions). Let it € Uas be a control satisfying the first-order condition

(20), and assume there exists u > 0 such that

JEOLh I hioc . "ThcOw
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Then, there exist 6 > 0 and p > 0 such that the quadratic growth condition holds:
2

Ju() +CH u- |LQ2()£ Ju(), "TulUw  with ” u 'ZJ|U£r. (24)
In particular, i is a strict local solution to (P).

Proof. We proceed by contradiction. Assume the conclusion fails: for every integer n > 1, there exists u, € Uad

such that 3 {
U, - u”U <

01

_ 1 2
- andT)mu+ " Un=UL020> J

_u,-u u( ). 2n

", -l
B [

Define the normalized direction 4 = and set |, = ua-u 2 02(). By construction, 4, L Q?() =1 for all| n "

Since (/4.) is bounded in U, there exists a subsequence (still denoted /.) convergingweakly-* to some /4 € U.

Step 1: We show that J'(iz)[#] = 0.

From the first-order condition (20) and estimate (15):

1
JuQ)[ 1 = lim J ub()[ha] = licn J ud( Y[us-u] ® 0.
n®¥ n®¥|n
For the reverse inequality, by the mean value theorem:
= Ju€( +qu(un-u))[ 5] (26)

I,
for some 8, € (0, 1). This equals

J ub O[] +[J u(+Quatn =) = J ub()][n].

By estimate (17):
bu¢_( +qn(7/In ';)) - JudT( )][hnl] £ qu"Mn 'u_” "hn" £ - hn ® 0.
U U n U
Taking limits in (26) and using (25):
B ,Lu@);.Lu_@ PEIN P =l
Ju¢O)[1h=1lim £lim =Ilim =0..exl, n®% |,

®%2n

Thus J '(@)[h] = 0.

Step 2: We show that & € C(#).

“n _ll
Each h, = satisfies: |,
*  On A, since u, > a =i, we have 1, >0 a.c.

*  On Ag: since u, < =1, we have h, <0 a.e.



Since C(#) is closed and A, —* h, the weak-* limit / inherits these sign conditions.

Combined with J '(i7)[#] = 0, we conclude / € C(i).
Step 3: We derive the contradiction.

By Taylor expansion:

l,2
Ju() OJu =l ubOh]+  [JEEOu
Rnhin)+ 12, 2

where

ro = [J8&(u +Qu(ttn -10)) - JEE( )] [tthnshn]

for some 6, € (0, 1).

From (25) and J'(it)[u. — @] > 0:

In2 In2

> Ju()-Ju()? 7 [JEE( ) [tthuhin] + 2]

2n 2
[
Dividing by
2
. 1
J¢¢( )[uhn,hn]+ Pn < —.
n

By estimate (18):

TRV I B e
i f

rn£ Cun-u
hn ® 0.

U u n U

Thus from (27):
limsup JEE( )[u hnhi] £

0. »@¥ By weak lower semicontinuity of J"(&)[ ", *]:

0 £ JEE( ) [1thn,hn] £ liminf JEE( )[uhnh] £ 0,
n®¥

so J(@)[h, h] = 0 and J"(@@)[/in, 1] — 0.

Applying the coercivity assumption (23):

2
m m=I hnLQZ()£ JEE()][uhnhi] ® 0,

which contradicts u > 0.

49

@7

Therefore, the quadratic growth condition (24) holds for some J > 0 and p > 0, establishing that i is a strict

local solution to (P).

O
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6. Conclusion

This paper has addressed the bilinear optimal control problem for the damped wave equation over an infinite
time horizon, providing a comprehensive theoretical framework for this class of problems. Well-posedness of
the state and adjoint equations, existence of optimal controls, and both necessary and sufficient optimality
conditions have been established. The analysis extends finite-horizon results [3, 21] to the more challenging
setting of an unbounded time domain, where specialized techniques are required to handle asymptotic behavior
and ensure the finiteness of the cost functional, and goes beyond previous work on additive control problems
[12, 13] by addressing the bilinear control structure. Future work may explore more general boundary
conditions, stochastic situations, and efficient numerical schemes for practical applications such as quantum
control, population dynamics, and vibration management in elastic structures.
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