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We investigate the structure of convex functions over the whole space which satisfy in some
convex domain an equation involving the fractional Laplacian. Roughly speaking, it turns
out that such solutions are either strictly convex in the given domain, or degenerate in the
sense that their graph is a ruled hypersurface. We also consider regular solutions, that some
fractional equations admit, and show that the convexity of the datum is transmitted to the
solution through its regularity. The results are obtained by means of a fractional form of the
celebrated convezity mazimum principle devised by Korevaar in the 80’s. More precisely, we
construct an anisotropic, degenerate, fractional operator that nevertheless satisfies a maximum
principle, and we apply such an operator to the concavity function associated to the solution.
An explicit, two-dimensional example is also constructed.
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1. Introduction

This paper deals with convexity properties of continuous functions u: RV — R,
N > 1, satisfying the equation

(=) u(z) = f(u) (1)

in a domain (= open, connected subset) 2 C RY. The operator (—A)*, s € (0,1),
is the fractional Laplacian

(=AY u(xg) = cns P.V./R Mdz (2)

N |[L’0 _ [L’|N+28

. u(zo) — u(z)
= cns lim — 7 v/
7 S0t |zo—z|>€ |LL’0 - x|N+2s

dzx.
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Here P.V. stands for principal value, and the constant ¢y, (which is found, for
instance, in [1, Remark 3.11]) is given by

4 sT(5 + )
CNs = —HN .. -
7z ['(1—s)

A function u € C°(RY) is a solution of (1) if the integral in (2) converges for all
zo € Q, and if the equation in (1) is satisfied pointwise.

Three results are obtained. In order to introduce the first one, recall that the
so-called layer solutions, i.e., solutions u of (1) in Q@ = R that are monotone
with respect to one variable and bounded, have been investigated in [2]. In
Theorem 1.1, instead, we allow (but not require) € to be a proper subset of RY
and we concentrate on solutions that are convezr in the whole space with respect
to one variable. Roughly speaking, the result asserts that such solutions are either
strictly convex in that variable over the domain €2, or degenerate in the sense that
their graph is a ruled hypersurface. A precise statement is the following:

Theorem 1.1. Let u € CO(RY) be conver over the whole space in the direction
of some & € RN\ {0} and satisfying equation (1) in a domain , also convex
in the direction &. Suppose that the function f is convex. If there exist two
distinct points xg, yo € S such that the difference xo— 1y is proportional to & and
u(*3) = “(mo);“(yo), then the graph of u over RY is made up of straight lines
whose projections onto RN are parallel to &.

The convexity condition on f can be relaxed into harmonic concavity, which is
recalled in Definition 4.2. Here we just observe that if f is negative and convex
then —1/f is also convex. The next result allows f to satisfy the last condition,
provided that the solution u and the domain 2 are convex (in every direction) and
s € [%, 1). The theorem also gives information on the level sets of the composite
function f(u(x)), z € Q.

Theorem 1.2. Let u € C°(RY) be convex over the whole space and satisfying
equation (1) in a convexr domain Q. Suppose that either

(a) the function f is convex, or
(b) s €[3,1), and the function g = —f is non-negative and harmonic concave.

If there exist two distinct points o, yo € Q such that u(%5%) = “(IO);“(yO), then

(i) the graph of u is made up of parallel straight lines whose projections onto RN
are parallel to xg — yo;
(ii) the function f(u(z)) is constant along every such projection as long as x € §).

In dimension N = 1, Theorem 1.2 continues to hold and includes Theorem 1.1 as
a special case:

Corollary 1.3. Let u € C°(R) be convex over the real line and satisfying equa-
tion (1) in an open interval ). Suppose that either condition (a) or condition (b)
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of Theorem 1.2 holds true. If there exist two distinct points xg,yo € £ such that

u(Hdw) = “(xo);“(y‘)), then u is an affine function, and consequently f(u(z)) =0
for all x € €.

The third result deals with the convexity over the whole space of sufficiently
smooth solutions of the problem

{(—A)Su = f(u) in®; 3

u=g in RV \ Q,

where () is a convex, bounded domain, and ¢ is a convex function. General
regularity results ensure that any solution u of (3) is Hélder continuous in
provided that f,¢g and € satisfy suitable assumptions (see, for instance, [15]).
Nevertheless, it may well happen that problem (3) admits a (nontrivial) solution u
which is regular in a neighborhood of the boundary 0€2: an explicit example is
exhibited in Section 7. The following theorem shows that when u is of class C? in
a neighborhood of 912, it inherits the convexity of the datum g, provided that g is
strictly convex near 0€2. The result deals with the more general case of directional
convexity:

Theorem 1.4 (Convexity of regular solutions). Let §2 be a bounded domain
in RN, convex in the direction of some & € RN\ {0}. Let f be monotone non-
increasing and convex, and let g: RN — R be convex in the direction of &.
Suppose that the boundary O) is included in an open subset U C RN such that
g € C*(U), and the directional derivative d*g/d&2 is positive in U. If a solution
u of (3) belongs to C*(U), then u is convex in the direction of & over the whole
space.

The proof of the three theorems is based on an extension of the celebrated con-
vexity maximum principle to the fractional Laplacian. The convexity maximum
principle was proved by Nick Korevaar [11, 12] to answer a question posed by his
advisor, prof. Robert Finn, concerning convexity of capillary surfaces in convex
pipes. Korevaar’s idea gave birth to a number of subsequent contributions, es-
pecially due to Kawohl [6, 7] and Kennington [8, 9, 10]. To be more specific, in
order to prove the convexity of a continuous function u(x) in a convex domain 2,
the concavity function

C(z,y) =2u(5) —u(r) —uly), =,y€Q (4)

was introduced (see [7, p. 113, (3.30)]). One may also deal with the function
clx,y, \) = (1 =N u(z) + Au(y) —u((1 = AN z+ Ay) for z,y € Q and X € [0,1] as
in [10, p. 687], but we prefer to keep \ = % for simplicity. This is enough because
u(z) is continuous. Using the equation satisfied by w, it was shown that C(z,y)
cannot have an interior, positive maximum in the set Q2 = Q x . Then, using
the boundary conditions, the possibility for a positive maximum to occur at the
boundary of 2% was also excluded.
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Here, since we deal with functions u defined over the whole space R”, the concav-
ity function in (4) is extended from Q2 to the whole R?Y. Furthermore, C(x,y) is
well defined for all (z,y) € R% even if  is not convex. Of course, the convexity
of u(x) in RY is equivalent to the inequality C'(z,y) < 0 in R*. Theorem 1.1 and
Theorem 1.2 are proved by showing that C'(x,y) satisfies a degenerate inequality
(see Section 4). The inequality is constructed by introducing in Section 2 a con-
venient degenerate operator, denoted by (—A4)®, which is proved to satisfy the
maximum principle. The computation of (—A4)* C in terms of (—A)® u is done
in Section 3. The present method extends the one in [4], where local operators
were considered. In Section 5 we develop a slightly different approach, suitable
for proving Theorem 1.4. The three theorems are proved in Section 6. In the
final Section 7 we explicitly construct a two-dimensional example which fulfills
the hypotheses of the theorems.

By a convenient adaptation of the assumptions, all theorems may be turned into
statements dealing with the concavity of the solution u. However, the correspond-
ing results do not apply to the solution of

{(—A)su =1 in (5)

u=0 in RV \ Q,

where €2 is a smooth, convex, bounded domain. The method fails because the
solution u of (5), which is positive in 2 and vanishes outside, is never concave
in the whole space, and it is not even differentiable along the boundary. The
concavity of the restriction of u to the domain 2 is investigated in [13].

Equations posed in the exterior of a convex body K have also been considered
in the literature: confining ourselves to fractional operators, we mention that the
solution of
(=A)2u=0  inRV\K;
u=1 in K;
lim u(z) =0

|z| =400

is shown to have convez level sets in [14].

2. Degenerate anisotropic fractional Laplacian

The following definition introduces a linear, non-local operator (—A4)®, which
includes the fractional Laplacian as a special case. Apart from being non-local,
such an operator may also be degenerate due to the fact that the domain of
integration A indicated in (6) is allowed to have lower dimension than the whole
space. Accordingly, a degenerate maximum principle holds (see Theorem 2.2).

Definition 2.1. (Degenerate anisotropic fractional Laplacian) Let w: R™ — R
be an upper semicontinuous function over R”™, m > 1. Take x; € R™, and
choose an affine subspace A = A(xy) C R™ of positive dimension k < m passing
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through @y. The operator (—A4)® is defined as follows:

w(x) — w(x)
|a;.0 _ a:|k)+28

(—A)* w(ao) = cxs PV, / aH" () (6)

provided that the integral in the right-hand side is well defined. The notation
dH* represents the k-dimensional Hausdorff measure.

When £k = m, i.e. when A = R™, the operator (—A4)® is non-degenerate and
coincides with the usual fractional Laplacian (—A)*®. In such a case, a strong
minimum principle is found in [5].

Theorem 2.2 (Sectional maximum principle). Let w: R™ — R be an upper
semicontinuous function satisfying

(=A4)" w() < bao) w(zo) (7)

at some point xy € R™, where s € (0,1), A C R™ is an affine subspace of
dimension k > 0 passing through xq, and b(xg) is a number. Suppose, further,

w(xy) = max w(x).

(i)  Assume that b(x) < 0, and that o belongs to a bounded open set G C R™
such that w < 0 in the difference A\ G. Then w(xy) < 0.

(ii) If w(xg) =0, then w(x) =0 for allx € A.

Remarks. (1) Claim (4i) holds irrespectively for the sign of b(xy).

(2) The degeneracy of the operator (—Ay4)® for k& < m reflects on Claim (i7):
indeed, even assuming w < 0 in all of R™, from the equality w(xg) = 0 it is not
possible to deduce w = 0 in all of R™ as in the non-degenerate case k = m.

s

(3) The non-local character of the operator (—A4)® also appears. Indeed, both
claims are derived under the assumption that inequality (7) holds just at the point
where the maximum is attained. By contrast, if we let A = R™, and if we replace
the operator (—A4)® with —A, we end up with a false statement.

Proof of Theorem 2.2. Claim (). We argue by contradiction. If w(xy) > 0
then b(xy) w(xy) < 0 because b(xy) < 0 by assumption. Taking (7) into account,
and since w < 0 in A\ G, we may write

w(xy) — w(x)
na |To — w|k+28

+ Chs /A 0@ k()

\G |w0 _ m|k+2s

0 > (—Ax) w(ms) > cps PV, /G M (z)

The first integral is non-negative because w(xy) = max4 w. The second integral,
where we have omitted P.V. because x is interior to G, is positive: indeed, we
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are assuming w(xy) > 0 and the domain of integration A \ G has an infinite k-
dimensional measure, being G bounded. Since we have reached a contradiction,
we must conclude that w(xy) < 0, as claimed.

Claim (7). Suppose, contrary to the claim, that there exists &; € A such that
w(x1) < 0. Then, by upper semicontinuity, there exists £; > 0 such that —w(x) >
g1 for all @ in the ball By = B(x1,¢1). By reducing ¢, if necessary, we may assume
that &y € B, thus avoiding singularities in the second integral below. Recalling
that w(xy) = 0, we may write

—w(x) k
—Ay)® > s P.V. ——d
(B 2 V[ T @)
+ c / ° dH" (x)
k,s BinA |w0_w|k+2s

As before, the first integral non-negative because now w < 0 in A. Further-
more, the second integral is positive because the intersection B; N A has a
positive k-dimensional measure. Hence we get (—A,)° w(xy) > 0. However,
since b(xo) w(xy) = 0, a contradiction with (7) is reached. Thus, we must have
w(x) =0 for all x € A, and the proof is complete. O

3. Fundamental expansion

In order to investigate the properties of convex functions u € C°(RY) satisfying
(1) in a domain €2, we apply the operator (—A,)® introduced in (6) to the con-
cavity function w(x) = C(x,y) associated to u. To this aim we let m = 2N and
k = N. In the present section we suitably choose the subspace A and give an
expression of (—A4)®C in terms of (—A)*u. We start from a spectral analysis
of the matrix M in (9), which was used in [4] as the characteristic matrix of a
local operator to be applied to C(z,y). It is worth recalling that the idea of a
rotation of the coordinate frame in order to give a PDE a more convenient form
goes back to d’Alembert, who investigated the wave equation (see [3, p. 216]).

Proposition 3.1 (Spectral analysis). Let I be the N x N unit matriz, N > 1,
and let o, T be two real numbers such that o*+7% > 0. Furthermore, let w € [0, 27)
be the angle determined uniquely by

cosw= 2 sinw=——1 (8)

Vo i Vot
Then, the 2N x 2N symmetric matriz M = M (o, T) given by
o?l orl
M_<JTI T2I> (9)
s transformed into a diagonal matriz by means of the orthogonal, symmetric
matriz P, defined as follows:

P — ((cosw)[ (sinw) [ ) | (10)

(sinw) ! (—cosw)I
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More precisely, we have

I
where the exponent T denotes transposition, and 0 is the N x N null matriz.
The matriz M(o,7) has two distinct eigenvalues: the eigenvalue Aoy = 0 and
the eigenvalue \y = o + 7%, each one of multiplicity N. The corresponding
eigenspaces Vo(w) and Vi(w) are given by

Volw) = { (a.y) € B

() =P (). ne R\ {0} };

Vitw) = { (w.y) € B | () = P, (§), § € R\ {0} |.

Proof. Because of (8), all claims are easily verified by computation. O

We can now prove the following fundamental lemma, which gives an expansion
of (—A4)*C in terms of (—A)® u provided that A is defined as in (11).

Lemma 3.2 (Fundamental expansion). Let u: RY — R be a continuous func-
tion such that the fractional Laplacian (—A)*u(z) is well defined at two points
To,y0 € RY, as well as at the middle point zg = (xo + yo)/2. Choose an angle
w € [0,27) and define the N-dimensional affine subspace A C R?N as follows:

A = (o) + ({0} UVi)) (11)

() = () + P (§), RN }

where the matriz P, is as in (10) Then

- {(év,y) € R

(=84 Clanyo) = 2 (L=2rel ™ (A) () (12)
—| cosw|* (—A)* u(z) — | sinw|* (—A)* u(yo).

Proof. Since the operator (—A4)?® is linear, and by (4), we start by computing
(—Ax)* w(wo, yo), where w(z,y) = u(z) and z = F¥. By means of the matrix P,

we perform the change of variables (Z) = (zg) + P, (g) and find

—A Su z+y — CNs PV/ U(ZO) _U(z>
( A) ( 2 )|(10’y0) N, A ‘(l’o,yo) - (x7y)‘N+2s

U(Z()) _ U(Z() + Cos w—+sin w )
= cns PV, 2 de.
EN, /]RN |¢|N+2s ¢

dHN (z,y)
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We define d := cosw + sinw. In the case when d = 0, we immediately obtain

(_AA)su(mTﬂ)\(zo,yo) = 0. Otherwise we take z = zg + d£/2 as the new variable
of integration. Since dz = (|d|/2)" d¢, we arrive at
- _(ld]\* u(z0) — u(z)
(A4 w5 gy = (7) CNs P-V-/RN Teo — 2

dl\2s
= (M ) u.
Note that the last equality collects the case cosw + sinw = 0 as well. To pro-
ceed further, let us compute (—A4)® w(xg,yo) where the function w, differently
from before, is given by w(z,y) = u(z). Denote by m(x,y) = x the canonical

projection over RY. Using again the change of variables (Z) = (zg) + P, (g) we
find

(=) w(m (T, Yy = CNs P.V,/A |(z0,2;(0a)701?::(f)|)1v+25 dHY (z,y)

= ey [ M 0)d)

If cosw = 0 we immediately obtain (—A)° u(m(z,y)) = 0. Otherwise we

l@o.50)
use z = o + (cosw) & as the new variable of integration. Since dx = | cosw]|™ d¢,
we arrive at

(BN U0y = |05l s PV, [ =L g

RN |$0 _ ZL’|N+2S

= |cosw|* (—=A)* u(x).

The equality above continues to hold when cosw = 0. Finally, a similar computa-
tion shows that (—A4)* w(ma2(2, ¥))i,, 00 = | sinw|? (—=A)* u(yo), where m(z,y) =

y is the second canonical projection over RYV. The lemma follows. O

4. A non-local inequality

We establish a non-local inequality of the form (7) satisfied by the function
w(x) = C(x,y). More precisely, we give conditions on the function f in (1)
sufficient to obtain such an inequality through the expansion (12). We state first
the general assumption (13), then we discuss some special cases where such an
assumption holds.

Lemma 4.1 (Non-local inequality). Let u € C°(Q) be a solution of (1) in
a domain Q C RY, and pick xo,yo € Q such that also x“—;ryo € Q. Denote
by U = {t € R |t = u(z) for some x € Q} the interval described by u(x) as
x ranges in ). Suppose that for every couple of real numbers ti,to € U there
exists an angle w = w(ty,ta) € [0,27) such that
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d|\?s . t1+ 1o 2s |28
2 ()" () jeoswf f(0) —sinwl ft) <0, (13

with d := cosw + sinw. Then we may define the N-dimensional affine subspace
A C R by letting w = w(u(xg),u(yo)) in (11), and we have

(=Ax)* C(o, y0) < b(xo,y0) C(xo, Yo) (14)

where the coefficient b(xg,yo) is given by

]y Flu(En)) — (o) |
b(zo, yo) = 2 (7) : C (20, o) 2 , C(xo,90) # 0;
b C(x0,y0) = 0.

Proof. The conclusion follows from Lemma 3.2 by using assumption (13) and
the identity

|d|\? 5 (ldIN? L ulzo) + ulyo)
2<2> f(“(zo))—2<2> f( 9 )‘i‘b(%,yo)c(%’yo)- O
Remarks. (1) Assumption (13) is satisfied if f(t) > 0 for all ¢t € U. This is
readily seen by letting w(tq,ts) = %w for all t{,t9 € U, so that cosw + sinw = 0.

(2) If f is a convex function (hence, in particular, if f is constant) then assump-
tion (13) holds with w(t;,t5) = 2 7. This choice of w is preferable for consistency
in the proofs of Theorem 1.1 and Theorem 1.2.

A further condition implying (13) involves the harmonic concavity of the func-
tion ¢ = —f. For the present purposes, it is convenient to adopt the following
definition:

Definition 4.2. (Harmonic concavity) A non-negative function ¢ defined in an
interval U C R is harmonic concave if for every t1,t5 € U we have

g(t1)42rg(t2) g(t142rt2) > g(tl) 9(t2)-

In comparison to the definition in [4, 9, 10], the present one is restricted to the case
g > 0: this because we will consider the power function ¢?*~! in the proof of the
following proposition. In the realm of continuous, non-negative functions, all the
mentioned definitions coincide. Continuity enters in this equivalence because the
definition here (as well as in [4]) involves just the middle point %% instead of
the whole interval At; + (1 — A\)t2, A € (0,1) as in [9, 10]. Finally, it is worth
observing that (i) if ¢ > 0 is concave, then it satisfies Definition 4.2 (cf. [10,
p. 688)); (i) a positive continuous function g satisfies Definition 4.2 if and only
if 1/g is convex.

Proposition 4.3. Suppose s € [%,1). If f(t) <0 for allt € U, and if the

function g = —f is harmonic concave, then (13) holds.
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Proof. Fix ty,t, € U. If f(t;) = f(t2) = 0, we may take w arbitrarily and (13)
holds because f(%) < 0. For later purposes we choose w = %7‘(‘. If, instead,
f(t1) + f(t2) < 0, then let w € [, 27] be the angle determined by (8) with
o= f(tz) and 7 = f(¢1). Since |0 + 7| = |o| 4 |7], the target condition (13) may
be rewritten as

s s 2s
ol gt )™ gt2) < (|o|;m> g(httz), (15)

If either |o| = g(t2) = 0 or |7] = g(t1) = 0, then (15) holds because g(+£2) > 0.
Otherwise, since ¢ is harmonic concave, in order to prove (15) it is enough to
check that

s s 2s—1
(9(t2))* g(t1) (g1 )" glt2) < (g(mgg(tl)) g(t1) g(ts).

Since we are considering ¢(t1), g(t2) > 0, we may divide by g(¢1) g(t2) and get the
equivalent inequality

2s5—1

Y

(9(t2) " H(g(tr) =~ (9(t2)+9(t1))
2 2

which holds true because the power function a?*~! with s € [%, 1) is concave in
the variable a > 0. O

5. The frozen concavity function

In view of an application to the proof of Theorem 1.4, we now develop an alter-
native approach based on a somehow frozen concavity function. In comparison
to the preceding technique, the present one needs more restrictive conditions on
the function f in (3). The advantage is that the fixed vector £ (see below), which
is taken small enough in the application, detects the convexity of the solution u
near the boundary 9. Note that in order to prove convexity of u € C°(R”) in
the direction of & in all of RY it is enough that Cyg,(z) < 0 for every z € RN
and for every sufficiently small X\ > 0.

Definition 5.1. (Frozen concavity function) Let u: RY — R be any real-valued
function defined over the whole space, and choose & € RY \ {0}. The frozen
concavity function C¢(z), € RY is given by
Ce(x) = Clx, z+¢€)
= 2u(z+35) —u(x) —ulz+§).
By applying the fractional Laplacian (—A)*® to the frozen concavity function, we
get

Lemma 5.2 (Expansion of (—A)*C¢). Let u: RN — R be a continuous func-
tion such that the fractional Laplacian (—A)*u(zx) is well defined at some xy €
RY, as well as at xg + & and at the middle point xy + % Then

(—A)° Ce(0) = 2 (=A)* u(wo + §) — (=A)* u(xo) — (~A)* u(zo + ). (16)
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Proof. The expansion is readily obtained by computation. O

Lemma 5.3 (Inequality for C¢). Let u € C%(Q) be a solution of (1) in a do-
main Q C RY. Pick xg € Q and € € RN\ {0} such that zo + & € Q and also
Ty + % € Q. Denote by U = {t € R | t = u(x) for some x € Q} the interval de-
scribed by u(x) as x ranges in ). Suppose that the function f(t) in (1) is convex
over the interval U. Then we have

(=A)" Ce(wo) < b(xo) Ce(o), (17)

where the coefficient b(xg) is given by

flu(zo+5))—Ff u(zg) tu(zg+)
b(xo) = 2 Hete 2))055:00) =) Celxo) #0;
0, Ce(0) =0

Proof. The lemma follows from (16) by using the convexity of f and the identity

2 f(uwo + §)) = 2 f(LEELHE) 4 b(g) Ce(0).
]

Remark. If the function f is monotone non-increasing then b(xy) < 0. The last
inequality is an assumption of Claim () of the maximum principle (Theorem 2.2).

6. Proofs of Theorems 1.1, 1.2 and 1.4

Let us prove the theorems stated in the Introduction. The proof of Theorem 1.1
contains the main ideas also used in the proof of Theorem 1.2.

Proof of Theorem 1.1. Observe, firstly, that since the solution u is convex by
assumption in the direction of &, if C(x,y) = 0 at some couple (z,y) € R?N
satisfying x —y = A §p for some A\ # 0 then the graph of u contains the whole line
segment whose endpoints are (x, u(x)), (y, u(y)) € RN*1. This will be repeatedly
used in the sequel.

In order to prove the theorem, let us apply the fractional convexity maximum
principle. Since €2 is convex in the direction of &,, the middle point IOT“/O also
belongs to (2. Since f is convex, (13) holds with w = 2, and therefore C(z, y)
satisfies inequality (14). The assumptions on w imply that C(zg,y0) = 0, and
C(z,y) < 0 whenever z — y is proportional to &. By applying Claim (ii) of
Theorem 2.2 we obtain

C(z,y) =0 for all (x,y) € A= A(xg, yo) (18)

where the N-dimensional affine subspace A C R*" is given by (11) with w = 3 7.
Hence, by (18) we may write C(x,y) = 0 for all 2,y € RY given by

r=1x0—¢ and y=yo—¢
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as & ranges in RY. By restricting our attention to & = X (zg — yo) for A € R,
and recalling the initial observation, we deduce that the graph of u contains not
only the line segment whose endpoints are (xg,u(zg)) and (yo,u(yo)), but also
the whole straight line containing such a segment.

To complete the proof, let us consider any point z; € RY, and define y; =
Yo + 1 — 9. Thus, C(z1,y1) = 0. Since the solution u is convex by assumption
in the direction of x; — y;, which is the same direction of xy — ¥y, arguing as
before we get that the graph of u contains the whole straight line passing through
(z1,u(xq1)) and (y1,u(y1)). Since x; is arbitrary, the conclusion follows. O

Proof of Theorem 1.2. Claim (7). Under assumption (a), by Theorem 1.1 the
graph of u is made up of straight lines whose projections onto RY are parallel
to rg — yo. Since wu is convex by assumption, its graph must be made up of
parallel lines, as claimed. Assuming (b), let us apply the fractional convexity
maximum principle. Since € is convex, the middle point %ﬂ also belongs to 2.
By Proposition 4.3, assumption (b) implies that (13) holds, and therefore C(z, y)
satisfies inequality (14). The assumptions on w imply that C'(zg,y0) = 0, and
C(z,y) < 0 for all (z,y) € R*. By applying Claim (i) of Theorem 2.2 we
arrive again at (18). Now the N-dimensional affine subspace A C R*" is given
by (11) with the angle w € [, 2 7] chosen as in the proof of Proposition 4.3: if
f(u(zo)) = f(u(yo)) = 0 then w = 37, otherwise w is determined by (8) with
o = f(u(yo)) and 7 = f(u(xg)). In conclusion, by (18) we may write C(z,y) =0
for all 7,y € RY given by

x =m0+ (cosw)& and y=1yy+ (sinw)

as & ranges in RY. By restricting our attention to & = X (zg — yo) for A € R,
as in the proof of Theorem 1.1, we see that the graph of w contains the whole
straight line passing through (xg,u(x)) and (yo, u(yo)). To complete the proof
of Claim (7), since cosw and sinw cannot vanish simultaneously, without loss of
generality suppose cosw # 0. Every z; € RY is given by z; = x¢+ (cosw) & for a
convenient &1, which in its turn defines a particular point y; = yo + (sinw) &; such
that C'(x1,y;) = 0. Taking &; linearly independent from zq — 1o, we have y; # 1
and therefore the line through x1, y; is uniquely determined. By assumption, u is
convex in every direction, hence its graph contains the whole straight line passing
through (21, u(z1)) and (y1,u(y1)). Let us check that

w=(5/4). (19)

If, contrary to the claim, we suppose w # %7‘(‘, then an elementary computation
shows that the straight line passing through x,y; intersects the line passing
through g, yo at the point T = ¢+ A (1o — o), where X = (cosw)/(sinw — cosw).
Hence the graph of u is made up of straight lines passing through the point
(7, u(7)) € RV Being u convex over RY by assumption, u must be the affine
function u(x) = ag- (x—7)+u(T) for some ay € RY. But then (—A)*u = 0, hence
f(u(zo)) = 0= f(u(yo)), which in its turn imply w = 3. Thus (19) holds true,
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as claimed, and therefore sinw = cosw. Consequently, the line through x,y; is
parallel to zg — yo. Since z; is arbitrary, and by the convexity of u, Claim (1)
follows. To prove Claim (i), observe that (19) implies f(u(xo)) = f(u(yo)). By
replacing xg, yo with any couple of points x,y € 2 such that x — y is parallel
to o — yo, since C(z,y) = 0 we may repeat the preceding argument and get
f(u(x)) = f(u(y)). The proof is complete. O

Next we prove Theorem 1.4. Now monotonicity of f is needed because Claim (¢)
of Theorem 2.2 requires b < 0.

Proof of Theorem 1.4. Since the directional derivative d?g/d&2 is positive by
assumption in a neighborhood U of the (bounded) boundary 0f2, and since u €
C*(U), there exists a positive number 79 > 0 such that C¢(x) < 0 for all z € RY
satisfying dist(z, 0Q2) < rg and all £ proportional to & and such that 0 < [£| < 7¢.
Let us verify that C¢(x) <0 for all z € RY and for all £ as above.

Consider, for instance, the case when z, x + £ ¢ €. If also the middle point
T+ % is not in 2, then C¢(x) < 0 because u coincides with the convex function g

outside Q. If, instead, x + g € Q, then dist(z, 0Q2) < 1o, and therefore we have
Ce¢(z) < 0. The same conclusion is also reached under the assumption that z ¢ €2
and z + £ € , as well as in the case when x € Q and z + £ & Q.

It remains to deal with the case when both x and z 4+ £ are in 2. Now, the
convexity maximum principle comes into play. Indeed, since €2 is convex in the
direction of &, the middle point xq + % is interior to €2. Furthermore, since f
is convex, the frozen concavity function satisfies inequality (17), where b < 0
because f is non-increasing. Recall that Theorem 2.2 also holds for the usual
fractional Laplacian in RY, which corresponds to the case k = m = N. We have
seen before that C¢(z) < 0 for all  outside the bounded domain G = {z € Q|
r+£eQ}.

If we assume, by contradiction, that C¢(x) becomes positive in G, then it must
attain a positive maximum at some interior point xg € G. By applying Claim (7)
of Theorem 2.2 to the function w = C¢ it follows that C¢(zo) < 0, hence C¢(x)
cannot be positive in G. Since £ is arbitrary, subject to 0 < || < ry and parallel
to &y, the function u must be convex in the direction of &, as claimed. O

7. Examples

It is natural to ask for conditions on the data implying the existence of a solution
of (1) satisfying the assumptions of Theorems 1.1, 1.2 and 1.4, respectively. In this
section we discuss some examples aimed at putting some aspects of the problem
into evidence. In particular, the last example shows that the class where the
results apply is not empty.
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Example 7.1. A typical problem associated to the fractional Laplacian reads as
follows:

(—A) ulw) = fla,u) n @

. (20)
u(r) =0 in R\ Q,

where ) is a bounded domain. Observe that the null function ug(x) = 0 is
the unique convex function u: RN — R vanishing outside 2. Consequently, if
f(z,0) = 0 for all z € 2 then the unique solution to problem (20) which is
convex over the whole space is the trivial solution wg. If, instead, f(z,0) # 0 for
some x € €, then problem (20) does not possess any solution u convex in R,

Example 7.2. Consider the simplest non-constant, convex function u over the
whole space, which is the affine function ue(x) = ug(0) + £ -  with parameters
ug(0) € RY and € € RV \ {0}. An elementary computation shows that the

integral
Ue(To) — ue(x
[ e,
|zo—z|>e |£L’0—l’|

is well defined in the sense of Lebesgue for all ¢ > 0 if and only if s > %
Consequently, if s > % then we have (—A)*ue = 0 in RY. If, instead, s € (0, %],
then the fractional Laplacian (—A)®u¢ is undefined. Note that the threshold
s =  also appears in Claim (b) of Theorem 1.2.

Example 7.3. Let s € (1,1). The convex, symmetric function u(z) = |z| over
the real line satisfies equation (1) in every open interval (a,b) not containing the
origin, provided that

C1,s
= — ’ > 0.
/() (2s — 1) su2s—1’ “

To see this, without loss of generality choose xq > 0 and observe that the principal

value ,
o o
P.V. / _ T g
0

|wo — x[1+2s

vanishes by oddity. Then, the fractional Laplacian (—A)® u(zg) = (—A)* u(—x0)
is given by

(—A)® u(xo) :/_0 ( Ty + dx—/%o dx

Ty — l’)1+28 0 (ZIZ’ _ 1.0)25 ’

Writing xy + ¢ = 2x9 — (x9 — ) the assertion follows easily. In this example
ro-l-yo) — “($0)+U(yo)

the graph of u is not a straight line although the equality wu(
holds whenever zyo > 0. In fact, neither the (negative) function f nor —1 / f are
convex, and the assumptions of the theorems in the Introduction are not satisfied.

Example 7.4. Let us exhibit an example where the theorems stated in the In-
troduction apply. The construction is based on the following proposition:
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Proposition 7.5. Define the function uy € C*(R?) by letting
0, x € (—00,0);

uo(z,y) = < 22, x € [0,1];
2 —1, z € (1,400),

and denote by I the positive constant given by I = fog(cos 19)% d¥. Then for all
(7o, y0) € R? we have

fo:?}gi_ V/Bi;_ Zo E 0070%
—A)Fug(wo,y0) = { VAo +VI= 70, w0 € [0,1];
\/— 1»0 — [L’O 6 (].,‘I'OO)

_73 (
32¢ys 1

Proof. Let us give details for zq € (0, 2] for shortness. Without loss of generality
let yo = 0. By definition we have

2 _ 2
—(—A)%uo(xo,()) = // 0 dxdy+PV// xfdxdy
Ca,3 <0 p2 o<az<l P2

o+l
+ // w2t (21)
z>1 P2

where p = |(x,0) — (z,y)|. To manage with the first integral we pass to polar
coordinates

p cost = |xg — zf; (22)
p sind = y.
Here and in the sequel, the values of ¥ always belong to the interval (—%,7%).

By symmetry reasons, doubling the integral over (0, 7) will suffice. After a short
computation we obtain

// % d:vdy-—]«/a:o

<0 p3

To manage the last integral in (21) it is convenient to use the identity z2—2x+1 =
(1 —x0)* — 2 (2 — xp). Passing to polar coordinates as in (22) we get

—2z+1 B
[ A2 sy aq -y (/ dﬂ>dﬂ_
a>1 p? 0 L0 2

cos ¥

2 [t d 4 +5
P Zo
—4/ / — |cos¥d) = —— ] —— .
0 ( 1—ag p§> 3 V1—xy

cos ¥
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Finally, in order to compute the principal value in (21), we take advantage of the

identity

x2—2? = —(29 — x)® — 230 (7 — T0). (23)

As long as z ranges in the strip 0 < x < 2x(, which is symmetric with respect to
the line x = x, the integral simplifies by oddity. More precisely, we may write:

2,2 _
P.V.// udxdy = —PV// (o z) dz dy
O<z<1 p2 0<z<2z0 p2

1.2
S T e
2zp<z<1 p2

Passing to polar coordinates (22), and since the integrand is now even with respect
to & = xg, the first integral in the right-hand side of (24) becomes

—P.V.// o =2 gy = —4/2 /ﬁ D) o529 dv
0<z<2x0 p2 0 0 \/ﬁ

= —8[\/1'0 .
Using again the identity (23), as well as polar coordinates (22), the last integral
n (24) is reduced to

2 2 l ﬂ d
cos ¢
// I —dxdy = —2/ / 2P cos? 9 do—
2zo<r<1 P2 0 C:b% \/ﬁ
cos19 d 3 1
—4x0/ (/ p)cosﬁdﬁ 417—41\/1’0 )
0 L0 P2 1-— ZTo
cos ¥
Thus, the conclusion follows in the case when zq € (0, %] The computation in
the remaining cases is similar. O

(VB

Let us discuss the three theorems stated in the Introduction. In view of Proposi-
. . . 3 rs . . .
tion 7.5, the function ug satisfies (—A)7 ug = f(up) in the strip 0 < z < 1, with

fgivenby
f(t)z—cgsl—<\f+\/ ﬂ), t € [0,1].

Concerning Theorem 1.1, as well as Theorem 1.2 under assumption (a), we cut
and paste the function f in order to define a convex function f over the whole real
line. We also let f be decreasing in preparation for Theorem 1.4. Since f”(t) > 0
for ¢ € (0,1) and f(t) = —oo as t — 0T, there exist 0 < t; < t, < 1 such that
f'(t) <0 < f"(t) for all t € [t1,t,]. Therefore we let

Fiit) (t—t)+ f(tr), t€(—ooty);
ft) =1 f(), t € [ty to]; (25)
Fl(ta) (t—t2) + f(t2), € (t2,+00).



A. Greco / Convex Functions over the Whole Space ... 67

Consequently, we have (—A)% uo = f(up) in the strip Si2 given by

512:{(x,y)\\/ﬂ<x<\/g}.

Let 2 be a two-dimensional, convex domain, included in the strip Sis. Take
two distinct points P = (zg,y1) and Py = (xg,¥2) in Q having the same first
coordinate g € (v/t1,+/t2 ). Observe that ug is convex, and C(Py, P,) = 0. Then,
by Theorem 1.1 the graph of ug is made up of straight lines whose projections
onto R? are parallel to the y axis. The graph of ug is in fact a cylinder: this
stronger conclusion, together with f(u(z,y)) = constant along the lines x =
constant, follows from Theorem 1.2 because condition (a) holds true.

In order to satisfy assumption (b) of Theorem 1.2, instead, we cut and paste f and
define a negative function f over the whole real line such that —1/f is convex.
Since f'(t) — +oo ast — 17, there exists t3 € (t1,1) such that f'(f3) > 0. Let
h: R — R be the positive, convex function defined as follows:

L) gy — =Lt e (—o0,h);

f2(t1) ft1)

h(t) =9 —1/f(t), t € [t1,t3);
f(ts) 1
L) gy) — —Lo, ¢ € (t,+o0).

Accordingly, we replace (25) with the function f(t) = —1/h(t) for ¢t € R, which
satisfies assumption (b) of Theorem 1.2. If Q is a convex domain included in the
strip S13 = { (z,y) | Vt1 <z < +/t3 }, we may apply the theorem and reach the
same conclusion as before.

Finally, consider a bounded domain  C Si,, convex with respect to the vari-

able z, and let f(¢) be given again as in (25). Define g(z,y) = uo(z,y) for all

(x,y) € R?, and observe that g is a convex function in the plane which is of class

C? in the open strip Y = {(z,y) | 0 < z < 1} containing the boundary 9.

Furthermore, we have 9?g/0x? > 0 in U. Hence the assumptions of Theorem 1.4

are satisfied. By construction, the function wug belongs to the class C?(U) and is
3

a solution of problem (3) with s = . By Theorem 1.4, ug has to be convex with

respect to x over the whole plane, and this is in fact the case.
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