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Abstract

This paper establishes the automatic continuity of c-c-derivations on semisimple quasi-Banach algebras,
extending the foundational approaches of Villena [13] and Mohammed and Ali [7]. Furthermore, we
demonstrate that every o-c-derivation is necessarily continuous on all nonzero ideals of a prime quasi-C*-
algebra.
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Introduction

In [13] Villena successfully applied the sliding hump sequence to guarantee essentially defined derivation
continuity on semisimple Banach algebra. In [4] Lee and Liu extended the Villena by showing the o-
derivation's continuity, where o is a linear endomorphism. By proving the continuity of the partially defined
o0- ¢ - derivation on semisimple complex Banach algebra, where o is a continuous linear mapping, Mohammed
and Ali extended the Villena theorem in [7]. In [9] Mohammed and Ismail generalized Villena’s theorem by
showing the automatic continuity of some types of double derivations on semisimple Banach algebras [14].

In this paper we extend Villena theorem by proving that a partially defined o-c- derivation on semisimple
complex quasi- Banach algebra with an essential ideal as the domain is automatically closable, depending on
the Villenain [13] and Mohammed and Ali in [7]. Additionally, we show that continuity of the G- c- derivation,
which is essentially defined on any prime quasi-C*-algebra's nonzero ideal.

The quasi-Banach algebra Q refers to complete quasi-normed algebra Q, recall from [1] the quasi-normed
algebra is algebra with a quasi-norm having the property ||xyll, < 8llx|lg [[¥ll4 for all x,y € Q, and § >0
constant, clear that every quasi-normed algebra is quasi-normed space, hence all concepts and results in quasi-
normed space are valid in any quasi-normed algebra, therefore following [10, 11] in quasi- normed algebra
Q with quasi index y the following property satisfied.

IX21ally < y™ ' Xlilladly, Ya; € Q,vmeN ... (*)

Throughout this paper, Q represents a semisimple complex quasi-Banach algebra and a linear map D:Q — Q
is g-c-derivation if (ab) = D(a)o(b) + aD(b) or D(ab) = D(a)b + a(a)D(b) for all a,b € Q where
0: Q — Q a continuous linear mapping [7,8]. Let I be a nonzero ideal of Q , if I N J # 0 for any ideal J that is
not zero of Q then I is said to be essential. A linear map D : I — Q that has I as an essential ideal and D(ab) =
D(a)a(b) + D) or D(ab) =D(a)b +ad(a)D(b) Va,b € 1is said to be essential defined o- c-
derivation [7]. It is crucial to remember that all of Q 's nonzero ideals are essential if Q is prime ( Q is prime if
I.J = 0, then either I equal to zero or J equal to zero where I and J ideals of Q [2]). Every derivation is o-c-
derivation but in general converse is not true as the following example, shows:
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Let M4, (C) be a normed algebra which is consisting of the diagonal 2 X 2 matrices. Let D and o be two
maps on M, (C) defined by:

D([g 3)= [g g] and U(Jé 2]) = g S] for all [)(; 2] € M,,,(C).

D is o-c- derivation but not derivation.

The o-c-derivation is a generalization of the standard derivation since it is evident that if o is the identity
map, then D is the usual derivation.

Finally, In[12] the separating subspace of D is denoted by §(D) and define as follows: §(D) =
{b € Q:3asequence {a,}in Q with lima, = 0 and limD(a,) = b}

Theorem 1.1:

Let @4, Il Ilg,) and @, | llg,) be two quasi-normed algebras and T: Q; — Q, be a linear operator. Then
T is bounded iff T is continuous.

Proof: Since every quasi-normed algebra is a quasi-normed space, then the proof is similar to that of [11]
Theorem 1.2: (Closed graph theorem)

Let @4, Il llg,)and @y, |l llg,) be two quasi-Banach algebras and T:Q; — Q, be a linear operator. Then
the graph of T is closed iff T is continuous.

Proof: by the same way of Kreyszig [3]
Theorem 1.3:

Let @4, |l llg,)and @y, |l llq,) be two quasi-Banach algebras and T:Q; — Q, be an linear operator. Then
the separating space is zero set iff T is continuous.

Proof: by the same way of Sinclair [12]
2- Continuity of 6-c-derivation on semi simple quasi-Banach algebras

In this section we will achieve the aim of this paper which is to give prove of the continuity of o-c-derivation
on quasi-Banach algebra .

We assume that P = {P: P primitive ideal of Q,Iz P}.1tis evidentI N(Npep P) € RadQ =0
implies Npep P = 0. A kernel of a irreducible representation from Q on X,( complex quasi-Banach algebra )
which is continuous, can be thought of as a primitive ideal P.Specifically an irreducible representation of Q
is define by the following mapping:

T:Q — BL(X,) define by T(a) = L, where L,:X,, = X, define by L,(x) = ax

and ker(T)= P satisfying |lax|l, < kllallgllx|l foralla € Q, x € Xp ,k > 0.

It is well known, § (D) = 0 iff D is closable, and we can show that IS(D)+S (D )Ic § (D).

Let P, ={Pe P :S(D) c P} and Py = {PeP:S(D) ¢ PP}.Clear (D) < Npep, P = F.. We will
show that D is closableif P. = 0.

Definition 2.1: [13]

for a sequence {P,} in P, a sliding hump sequence is a sequence {b,}in I if every n € N there is x,, €
Xp, so that by,...byx, # 0 as well as bpyq... b1 x, = 0.

Proposition 2.2: [13]

Let P € P and ] any ideal of @ (not necessarily closed) such that J & P. Then (1) or (2) is satisfying:
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(1) The ideal which is consists of elements b € J such that dim bXp < oo acts irreducibly on Xp.
Accordingly, let x,y € Xp such thatx = 0,3 b € J with dim bX, = 1 and bx = y.

(2) there are sequences {b,,} within] and {x,}within X, fulfilling b, ...b;x, # 0 as well as
bp41.--byx, =0 for every n € N,

Proof: see [13]

Now, by the outline prove in [13] and [7] we prove this proposition 2.3:

Proposition 2.3:

Let D be an essential defined o-c- derivation on a semi simple complex quasi-Banach algebra. If 3 sliding
hump sequence of sequence {B,} in P, then 3 n € N such that §(D) c B,. In particular, if B, =P Vn €N,
then S(D) c P.

Proof:

We assume the sliding hump sequence of {B, } in P is a sequence {b,} then Vn € N, 3 x,, € X such that
byp...bixy, # 0and  bpyq...byx, = 0. We can certainly assume that ||b,|l, < 27" and ||o|l, =
Il x,ll;=1VvneN.

Now, Dis o-c-derivation thenV a, b € Q we have
(i) D(ab) = D(a)a(b) + aD(b).

(ii) D(ab) = D(a)b + a(a)D(b).

Case (i), let D(ab) = D(a)a(b) + aD(b).

We suggest 3n € N and anonzero x € Xp_ so that the map from Iinto Xp , a — D(a)x is continuous. If
this suggest not true, then every map a — D(a)a(by,... b;)x, not continuous into Xp from Iand we can
generate a sequence {a,} inductively inside I fulfilling: for every § = 1

BHID(@n)o(bn -+ b)xnllg 2

n+ BH Rz D(awbi -+ b1) xp | g + BID(Cna1)o(bnss =+ b)xullg ... (1)

And

BHlally < 27 min{(1+ Db+ byllg) 1k = 1,+,n} thus

4 < 1 < 1 )
B n o < o) S Tl e @)

Now, we take the element ¢ € Q such that ¢ = ), a,b, -+ by, and
we write ¢, = ay + Yrepni1 Qcbr - bpy1, VR EN
Hence, ¢ =c1b; and ¢, = a, + cpp1bny1-

Now, we will follow the same way of [ 13] and [7], then we have ¢ and ¢, lie in I and



n—-1
€= ) ubrby + by by + Cuiabuas by
k=1
Therefore,
D(c)xn = [ XR=iD(akby by ) + D(@nby - b1) + D(Cnirbnss b))y ... 3)
n—-1
= Z D(akbk bl)xn + D( an)o(bn bi) Xpn + anD(bn by ) Xp +
k=1

D( Cn+1)0(bn+1 bl) Xpt Cn+1D(bn+1 bl) Xn

Now, @ is a quasi-Banach algebra. Therefore, by (*)3 5 > 1,

n-1
ID(xnllg = B*ID(an)o(by -+ byxnlly — B* Z D(ayby -+ by) xn
k=1 q
—B*lanD(by - by Ixpllq = BHID(cni1)o (bpss - b1)xallq
—B*cns1D(bns1 -+ by)xnllg.
Therefore, by (1)
1D (©)xnllg = n = [B*lanD(bn -+ by )xnllq + B*llcns1 D(bpss =+ bi)xn llg]

Now, @ is quasi-Banach algebra, therefore, 3 1;,4, > 1

BHlanD(by -+ b1 )xnllq < B*(allanllgl Dby -+ b1)lg)

Then by (2) we get

B*NayD(by b )xpllg< 2, (5)

v lansz2llq < llansqll4- Hence, we can show that
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leniallg < 2ﬁ4”an+1”q ...................... (6)
Thus, by (2) we get
B4||Cn+12)(bn+1 "‘bl)xn ”q S 2).1,84 ...................... (7)

Put A = max{A;,1,}

Then, by (4), (5) and (7) we get:

1Dl = ID(xpllgzn—2A(1+2B*) VneEN,B,A=1, D(c)€Q.

This is a contradiction to that ( ||all; = 0 V a € Q), Therefore, we proved our suggestion.
Case (ii), let D(ab) = D(a)b + o(a)D(b)

Therefore, by (3) and by, ;1 - by x, = 0 we have that

n-1

D(c)x, = D(axby -+ by) xn + D(an) by by xp + a(an) D(by, ++-by) x4
k=1

+J(Cn+1)D(bn+1 bl) Xn-

Now, Q is quasi-Banach algebra, Therefore, by (*)3 8 > 1,

n—1
ID @%allg = BID @by = byxally = B2 | D Dapby - by) %,
k=1 q
~Bll0 (@)D By by xlly =B0 (Db =+ b)ally: oo ®)

We suggest 3n € N for a nonzero x € Xp_ so that the map from I'into Xp , a — D(a)x is continuous. If
this suggest not true, then every map a +— D(a) by,... b; x,, not continuous into X, from I and we can
generate a sequence {a,} inductively inside 1 fulfilling : for every § =1

BAID(a) by -+ bixplly =1+ BINEID @by b)) Xully  covveereeen (9)
And
Bllanlly < 27" min{(1+ Db, b)) k=1, n} thus

3 < ! < L
Bllanlly < DOl S TG, e (10)
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= by (9) and (8) we get:
1D ()xnlly = n—[B3ll0(an)D(by -+ by Yxpllg + BEllo(Cnsr)D (brgr = b )xn llg] oo, (11)

NOW, let 3 ).1, 2.2 >1

Bllo(@) Dby b )xally, <A (12)
And
B3llo(Cns)D (busr = b)xn g <283, (13)

Take A =max{1;,1;}

Then, by (11), (12) and (13) we get:

1Dy =D (xpllg=n—A1+28%) VneN,BA1>1, D(c)€Q.

This is contradiction to that ( ||all; = 0 V a € Q), therefore we proved our suggest.

Let m € N such that the map from linto Xp , a — D(a) x is continuous for some x € X P> X # 0 and
assume that X is the set for every x € Xp  fulfilling this property and it is I - submodule (not equal to zero)
of Xp,,.

Hence, X = Xp, .

suppose a € S(D), hence 3 sequence {a,} in Q such that
lim a, = 0, lim D(a,) = a.

noe noe

Hence, for every x € Xp

ax = ,{%D(an)x = 0.

Therefore, a € B,, . That means §(D) c B,

Proposition 2.4: [13]
suppose P € P, ] subspace of Q suchthat IJ+jJI cJand] & P.ThenJx =Xp Vx € Xp,x #0

Proof: see [13]

Proposition 2.5: [13]

suppose P € P, ] any ideal of Q ( not necessarily closed ) C I. /f 3 element b € ] suchthatb, o (b) €
P and dim bjb < . Then § (D) c P.
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Proof: see[ 13]

Proposition 2.6:

suppose D is an essential defined 6-c-derivation on a semisimple complex quasi-Banach algebra, then D
closable.

Proof: by the same way in [13] and applying our proposition 2.3.

The quasi-C*-algebra Q is a quasi-Banach algebra with involution so that |[xx*||, = [|x ||q2 forall x €

0.

Following Mathieu in [5], Q is said to be ultraprime if 3 k& > 0 such that ki|x|[,[lyll; < ||Mx,y

,Vx,y €

q

Q,and M, is the two -sided - multiplication mapping on Q thus M, ,,(a) = xay. By same way of Mathieu
in [6] we can prove that [|x]l, [lyll, = ||Mx,y||q Va,b € Q iff Q is a prime quasi- C*- algebra, additionally, if

k=1, it can be shown that any prime quasi -C*- algebra is an ultraprime quasi - Banach algebra.

Theorem 2.7: (The Main Theorem)

D is continuous if D closable 6- c- derivation which is the domain a nonzero ideal I of an ultraprime quasi —
Banach algebra Q.

Proof:
because g is continuous, hence by (theorem 1.1) ¢ is bounded
Therefore, 3 positive h = 0,
loCa)llg < hllallg.
Now,
D is o- ¢ - derivation, then we have two cases:
forall a,b € Q,
(1) D(ab) =D(a)a(b) + aD(b).
(i) D(ab) = D(a)b + a(a)D(b).
Case (i),let D(ab) =D (a)a(b)+aD(b).
Fix a € I, with ||all; = 1 and we take the following mapping
@:Q > Q characterized by ¢(x) = D(ax) Vx € Q.
Let z € §(¢), then 3 sequence {q,}in Q such that

lim q, =0, lim ¢(q,) = z.
n-—-oo n—-oo
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This implies that
limagq, = 0.

n—-oo

Since ¢ (x) = D(ax).

Therefore,

lim D(aq,) = z.
n—-oo

Since aq, € I Vn, then z € §(D).

But D is closable then S(D) = 0.
Hence, z = 0 which is implies that S(¢) = 0. Hence, according to the (theorem 1.2) ¢ is continuous.

with |l@ll; = mand [[x|[; =1, we have ||D(ax)|l; < m.

Now, by definition of g-c-derivation we have
forbel, x €Q,

D (axb) = D (ax) o (b) + axD (b)
Hence, axD (b) =D (axb) — D (ax) o (b).

Thus, M ; pp) (x) = D (axb) — D (ax) o(b)

0 quasi-Banach algebra, hence,3 8 > 1,
”Ma,D(b)(x)”q < B(IID(axb)llq + 1D(ax)a(b)l4)
Because Q quasi algebra, hence 3 4 > 1 such that

| Mooy |, < BUID(axb)ll g + 2D (@x)ll ¢ l eIl )

< pm+pam |l a(b) |l 4

<pm+LAmhl|bl|,

< BAmA|l b || g #+BAmAI b || g = 28AmAl b |l g oo (14)

By taking sup for both sides of (14) we have that

| Mooyl ¢ < 2BAmRlb Il .
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Because Q ultraprime , then 3 positive constant k > 0 such that

kllall g 1611 4 < |Map || 4 . ¥a bE Q.

Therefore, kllall ¢ DBl ¢ < [|Mapw) ||, < 282mhllb | .

Hence,

2BAmh

D@l , <2

51l 4-

Therefore by (theorem 1.1) D continuous.

Case (ii), letD(ab) =D (a) b+ o (a) D (b).
Fixb €I with || bl ; = 1 and we take the following mapping
f:Q - Qsuch that f(x) =D(xb) Vx€Q.

We will prove that f is continuous.

Assume y € S(f), so there is a sequence {x, }in Q such that
lim x, =0, lim f(x,) = y.

nooo n-w

Since x,b € I Vn, it follows that

111% X,b =0, Tlll_TLlo D(x,b) = y.

Thus, y € (D).

However, D closable

Hence, S(D) = 0.

This means that y = 0.

As aresult, §(f) = 0.

Hence, according to the (theorem 1.2) f is continuous.
with ||f]l; = M and ||x[|; = 1 are given, we have
IDEb), < M.

Now, for a € I, x € Q we have

D(axb) = D(a)xb + o(a)D(xb)



Hence,
D(a)xb = D(axb) — a(a)D(xb)

Mp(a)(x) = D(axh) — a(a)D(xb)

Q is quasi-Banach algebra, Therefore, 3 A, § = 1,

||MD(a),b(x)||q < BUID(axb) |l +Alla (@l g 1D (xb)ll4)
< BM + BAM||lo(@)|l4
< BM +BAMh| a || 4

< BAMhllall, + paMhl| a |l o = 2BAMRllall

By taking sup for both sides of (15) we have that:

[Moaysll, < 282MR Nl allg.

But Q is ultraprime

Then we get || D(a)ll, < 22|

llg-

This shows that D is continuous.

With the application of proposition 2.6 and theorem 2.7 we are able to prove the following outcome:

Corollary 2.8:

on a nonzero ideal of a prime quasi -C *- algebra, all essentially defined o-c - Derivations are continuous.

Corollary 2.9:

on a nonzero ideal of a prime quasi -C *- algebra, all essentially defined derivations are continuous.

Proof: Use Corollary 2.8. We take oidentity map.
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