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We study the existence of multiple weak entire solutions of the nonlinear elliptic equation

o 2(a+2) . N
—Au =V (2)|z|*|u] 7= u+ Ag(z) inRY (N >3),

where V(z) is a positive potential, @ € (—2,0), A is a positive parameter, and g belongs to
an appropriate weighted Sobolev space. We are concerned with the perturbation effects of
the potential g and we establish the existence of some A, > 0 such that our problem has two
solutions for all A € (0, A.), hence for small perturbations of the right-hand side. A first solution
is a local minimum near the origin, while the second solution is obtained as a mountain pass.
The proof combines the Ekeland variational principle, the mountain pass theorem without the
Palais-Smale condition, and a weighted version of the Brezis-Lieb lemma.
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1. Introduction
Consider the nonlinear elliptic equation

2(a+2)

—Au =V (x)|z|*|u| 72 u+ Ag(z) in RY, (1)

where N > 3, a € (—2,0), A is a positive parameter, g belongs to an appropriate
weighted Sobolev space, and V' is a positive potential.

The function V is supposed to satisfy the following hypotheses:
(V1) V e L>=(RY),
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(V2) esslimV(z) = esslim V(z) =V, € (0,00) and V(z) >V, a.a. z € RV,

|z|—0 |x|—o00
(V3) meas({x € RY : V(x) > V4}) > 0.

We denote by p, = % > 2, and notice that p, — 2 = % Also, p, is

assumed to fulfill &« = —bp,, with o € (=2,0) and b € (0, 1).
We now recall the following inequality due to Caffarelli, Kohn and Nirenberg [6]:

(/ |x|-bp|u|pdx)pso<a,b> (/ |x|-2a|w|2dx) , @)
RN RN

where, for N > 3, parameters a, b, and p satisfy the assumptions

ca<N2 e +1 and 2N
—0Q a a a an = .
2 PN "2a+1-0

(3)

The Caffarelli-Kohn-Nirenberg inequality (2) also holds for a = b, but in this
case, the best Sobolev constant C'(a, b) is never reached as it is shown in [8]. The
Sobolev inequality can be obtained taking a = b = 0 in (2), as well as the Hardy
inequality derives by taking a = 0 and b = 1 in (2) (for more details, we refer to

[4], [11], [18]).
A straightforward computation shows that p, = %, with 0 < b < 1 such

that & = —bp,, meaning that relation (3) is fulfilled for a = 0 and b € (0, 1).

In other words, problem (1) contains the critical Caffarelli-Kohn-Nirenberg-type

exponent p, = 2842 Thys, in relationship with our problem, inequality (2) can

' N—2
be written as

(/RN \:c|_bp“\u\p“d:c) e (/RN |Vu\2dx> ) (4)

or equivalently

2 « x—;i
(/ 2[°ul d) <. [ 1vurds, 5)
RN RN

for all u € C°(RY), where «, p,, and b are as above.

Since p, — 1 = %, our problem can also be seen as a perturbed version of

the nonlinear critical elliptic equation

N+24+2a

“Au= (N +a)(N - 2)|z[*u" 5" in RV, (6)

Problem (6) was treated in [15] in the framework of positive solutions, with o > 0
and N > 3.

We refer to [10], where it is considered a degenerate perturbed semilinear elliptic
problem with subcritical Sobolev exponent on the whole space. In [17] it is studied
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a singular elliptic equation involving nonautonomous perturbation and with the
critical exponent 2} = Nfév — for a € (0,2), in unbounded domain. We also refer

to [2], where it is analyzed the critical degenerate and singular quasilinear elliptic
problem

—div [|2] | Vu P2 V] + Au| =P uP?u = |z """ 20 + f in RY,

under certain conditions on p, ¢, a, and b such that the Caffarelli-Kohn-Nirenberg
inequality [6] holds. The authors first consider the existence of positive solutions
when the perturbing term f is identically zero, and then they prove the existence
of at least two positive solutions if A = 0.

Existence and nonexistence, as well as qualitative properties, of nontrivial nonneg-
ative solutions for elliptic equations involving the Laplace operator and singular
coefficients are studied in many papers; regarding bounded domains, we cite the
papers [1], [7], [9], [13], [19], while for unbounded domains we refer to [14], [16],
[19].

The purpose of this work is to analyze the existence and the multiplicity of
nontrivial weak solutions of problem (1). More precisely, we prove the existence
of at least two weak solutions of problem (1), provided that A > 0 is sufficiently
small, and g # 0 belongs to an appropriate space, in a framework with lack of
compactness in which the Palais-Smale condition is not assumed. To this end,
we use the Ekeland variational principle [12], the mountain pass theorem without
the Palais-Smale condition (see [5]), and a weighted version of Brezis-Lieb lemma

3].

2. The main result

Consider the function space H'(RY), which is a Hilbert space with respect to the
inner product

(u,v) = Vu-Vodr, Yu,ve HY(RY).

RN

The space H'(RY) is defined as the completion of C§°(RY) with respect to the

norm
1

|lu|| = (/ |Vu|2dx) )
RN

In particular, the inequality (5) holds for all u € H*(RY).

Let || - ||-1 denote the norm in the dual space H~*(RY) of H'(RY). Throughout
this paper we consider g € H~*(RY) \ {0}.

We say that u € HY(RY) is a weak solution of problem (1) if

2(a+2)
Vu-Vvdr — / V(z)|z|*|u| ¥2 uv dx — A/ g(x)vdr =0,
RN RN

]RN

for all v € Cg°(RY).
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Let I : HY(RY) — R be the energy functional defined by

1 N -2 .
nw =3 [ [Vufde— 5o [ V@l

Thus, the weak solutions of problem (1) coincide with the critical points of I.

We also consider the functionals I, .J : HY(RY) — R defined by

2(N
N

e — )\/ g(x)udz.
RN

2(N+a)

1 N -2 .
I(U): §/RN‘VU|2dZI}'—m/I%N V(ZI}')|LE‘ |U| N-2 d.flf,

1 9 N -2 ) 20t

Using the Caffarelli-Kohn-Nirenberg inequality (5) in relationship with hypothe-
ses (V1) and (V2), we deduce that the functionals I, I, and J are well defined
and of class C'(H'(R"),R). Moreover, for all v € H'(R")

(I (u),v) = Vu-Vodr — / V(z)|x|¥|ul N v da — )\/ g(z)vdr,
RN RN RN
(I'(u),v) = Vu-Vvdr — / V(x)|:v|a|u|25$j22) uv dx,
RN RN
J(u),v) = Vu-Vodr — Vozvauzgﬁ?uvdx.
RN RN

The main result in this paper establishes the existence of at least two solutions,
provided that the perturbation given by the potential ¢ is small enough.

Theorem 2.1. Assume that hypotheses (V1), (V2), (V3) are satisfied, and let
g € HY(RN)\ {0} be fized. Then there exists \g > 0 such that for all X € (0, \g),
problem (1) has at least two weak solutions.

Remark 2.2. Let Q C RY be an arbitrary open set. We define the weighted
2(N+a)
Lebesgue space Lo" 2 () as the space of measurable real functions u defined

2(N+a) o .
on 2 so that [, |z|*lu] 2 da < co. Considering inequality (5), we deduce that
2(N+a)

the embedding H'(Q) < L,"> (Q) is continuous.

2(N+a)

We note that since the embedding H'(RY) < L,"* (RY) is not compact, then
the energy functional I, does not satisfy the Palais-Smale condition. Also, given
that g # 0, it follows that 0 is not a solution of problem (1), and for this reason
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can not directly apply the mountain pass theorem. Although this occurs, by using
the Ekeland variational principle, we can achieve the first solution of problem (1)
by applying some similar ideas to those developed in [20]. On the other hand, we
can obtain the second weak solution of problem (1) applying the mountain pass
theorem without the Palais-Smale condition, which provides us a bounded Palais-
Smale sequence whose limit corresponds to a critical point of energy functional
I. Finally, we will see that, indeed, these two weak solutions are different.

Remark 2.3. Let O C RY be a smooth bounded set, and 0 ¢ Q. Using the
Sobolev inequality, we obtain

2(N+a) 2(11\]\’12“) 2(N+a) % ) 3
/‘x|a|u| V=2 dx < /|U| N2 dzx <o /\Vu| de )
Q Q Q

2(N+a)

for any u € H'(Q). Hence, we deduce that the embedding H'(Q) — L,V (Q)
is compact.

Remark 2.4. If a sequence {u,} converges weakly to some v in H*(RY), in-
2(N+a)

equality (5) involves that {u,} is bounded in L,~* (R"). Passing to a subse-
quence, labeled again {u,}, we can assume that

2(N+a)

Up — ug in L2 (RV\ {0}) and u, — ug a.a. z € RY, (7)

a, loc

3. Auxiliary results

In this section we provide some technical results, which are useful in the proof of
Theorem 2.1.

Definition 3.1. Let E be a Banach space , ® : E — R be a functional of class

C!', and ¢ be a real number. We say that a sequence {u,} C F is a (PS). sequence
of @ if (u,) — ¢ and || P’ (u,)| g+ — 0.

Lemma 3.2. Consider a sequence {v,} that converges weakly to 0 in H'(RY).
Then the following properties hold:

Ly(v) = J () — 0, (8)
<I$\(Un)a Vp) — <J/(Un)>vn> rjo 0. (9)

Proof. We first observe that

D) = J(0n) = 5y [ (V@) = Vel

Ny — )\/ g(z)v, dz,
RN

2(N+a)

(Ben).o) = (o)) = [ (V@) =)kl lo e =2 [ gayo, de
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Therefore, considering that v, — 0in H*(RY), it is sufficient to demonstrate that

2(N+
N

/ (V(2) — Vo] un] V5" dz —» 0. (10)
RN n—oo

For this purpose, we fix ¢ € R*. By (V1) and (V2), we can choose R. and 7,
with 0 < r. < R,, so that

V(z) = Vol =V(z) =V <e foraa. xecRV\Q,

where Q. = B(0, R.) \ B(0,r.), that is Q. U{z € RY : |z| < r.}U{z € RV :
|z| > R.} = RN, Tt follows that

2(N+
N

)
@) = Vlalfun) 5 o
RN

) / (V () = Vo) | | A5

Qe

- / (V (@) = Vo)]*[on]
RN\Q.

<e / 2]
RN\Q.
2(N+a)

2(N+a)
<e / 2o FE i+ (Voo — Vi) / 2o 55 d.
RN

£

2(N+a«)

S g4 (V] — V) / (2]
Qe

By virtue of v, — 0 in H'(RY), and the Caffarelli-Kohn-Nirenberg-type inequal-
2(N+a)
ity (5) we infer that {v,} is bounded in L,"> (R"), and therefore v, — 0 in
2(N+a)

L Y2 (RY\{0}) (as a consequence of (7)). It follows that

a, loc

. 2(N+a)
hmsup/ (V(z) = Vo)|z|*|va| 2 dx < cg,
RN

n— o0

where the positive constant c is independent of € and n. Since € € R is arbitrary,
we get the relation (10). Thus, the proof of Lemma 3.2 is complete. O

The following auxiliary result asserts that the weak limit of a (P.S). sequence of
I is solution of problem (1).

Lemma 3.3. Let {u,} C H'(RY) be a (PS), sequence of I, for some real number
c. Assume that u, — ug in H*(RY). Then ug is a weak solution of problem (1).

Proof. We consider an arbitrary function ¢ € C§°(RV\{0}). Set 2 := supp . In
virtue of Definition 3.1, hypothesis of lemma leads us to I} (u,) — 0 in H~*(RY).
Hence, (I} (un),v) — 0, more precisely,

n—oo

/Vun-chdx—/V(z)|x|“|un|2%¥+§)unapd1’—)\/g(:)s)gpd:z — 0. (11)
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At the same time, since u,, — uo in H*(RY), we deduce that

n—o0

/Vun Vodr — Vuo Vodz. (12)
Q

By u, — ug in H*(RY) we also derive the fact that {u,} is bounded in H*(RY).
This together with the Caffarelli-Kohn-Nirenberg-type inequality (5) implies that

(at2) 2(N+a)
{|un \2 = u,} is bounded in Ly 27 (RY). Therefore, by relation (7) we deduce at
2(a+2) 2(a+2) (a+2) 2(a+2)
once that |un| = Up — |up] 72 ug a.a. z € RY, and |u,| 72 u, — |up| 52 ug

2(N+a)
in Ly (). Hence, we have

2ot (a+2)
/ V (@)l FF o d — / )] o] 5w da. (13)
Q

Accordingly, by relations (11), (12), and (13) we infer that

/Vuo-Vapd:)s—/ V(z)|x|® |u0| & uogpdat—)\/g(:z)apdx:().
0 0 0

In fact, the identity established above holds true for any ¢ € HY(RY), that is,
I{(up) = 0. In other words, ug is a weak solution of problem (1). This concludes
the proof of Lemma 3.3. O

Further, we establish a weighted version of the Brezis-Lieb lemma [3]. We point
out that the Brezis-Lieb lemma is a refinement of the Fatou lemma that plays an
important role in the analysis of partial differential equations.

Lemma 3.4. Consider a sequence {u,} that converges weakly to ug in H*(RY).
Setting q := 2(N + «) /(N — 2), we assert that

L V@t Qo = = wl)de — [ V@l luptan. 14

Proof. Because {u,} is bounded in H'(R"), the Caffarelli-Kohn-Nirenberg-type
inequality (5) implies that {u,} is bounded in L?(R"). Next, we consider ¢ € R%.
If we take into account the assumptions (V1) and (V2), we can deduce that there
are R., r. such that 0 < r. < R, satisfying

/ V(x)|z|*uelldr < ¢, (15)
|z|<re

/ V(z)|x|%|uolldz < e. (16)
|z|>Re
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Set Q). = B(0, R.) \ B(0,r.). The following inequality holds true:

| V@Il (= ol = [ = waft)
RN

<

| V@l (unl? = fuoft) dz

€

4 / V(@) ] ulde + \ / V@)l ([tnl? — un — uol?) da
| |z <re

z|<re

+/ V(z)|x|¥un — uol?dx
Qe

—i—/ V(z)|x|“|uol?dz + ‘/ V(z)|x|® (Jun|* = |un — upl?) dzx| . (17)
|z|>Re |z|>Re

Taking into consideration that u, — ugin H*(RY), by (7) we obtain the following
two relations:

/ V(z)|z| <|u e |uo|2<§fz“>) dr — 0, (18)
and
2(N+a)
/ V(@) 2|t — ug] M2 dz — 0. (19)
Qs n—oo

Applying the Lagrange mean value theorem to the function f € C'(H*(RY),R),
f(v) = |v\2(fjvvj§), we find an element k = Tug + (u, — ug) between u,, — uy and

Up, with 7(x) € (0,1), such that

[ V@l (a5 = 05 o
|z|<re
2(N )
_2WN+q) / V(@)|z]*[Tuo + (un — uo)| s |uo| d. (20)
N - 2 |z|<re

To proceed further, we need the following relation: for every s > 0, there is a
constant ¢ = ¢(s) so that

(y+2)° <c(y®+2°) foranyy,z € (0,00).
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Thus, the Holder inequality and relation (15) yield

N+242a

/ V(x)|z|*|Tuo + (un — ug)|” 72 |ug|dx
|| <re

o +2+2a
< 2)|2|* (|7uo| + [un — uo|) 52 |ug|dx
|z|<re
< c/ x)|z|* (|7‘u0|Nz+v2+22a + |u, — u0|Nz+v2+22a> |uo|dx
|z|<re
(N )
gc/ 7)) (|u0|2 = +|un—u0|%222“|uo|)da;
|z|<re
:c/ V(@)]2|*|uo| 73 d:):+c/ 2)|2|*tn — | VT |ug|d
|z|<re || <re

N+4+242a

2(N+a) 2(11\(’1%1)
ceete ( [ vetin, —uowdx) ( Ve >|z|a|uo|qu)
|z|<re || <re

_ N—2
<c (a + 82(N+O‘)> ,

where ¢ is a constant that does not depend on ¢ and n. This together with
equality (20) imply that

( a) ]
[ vt | [ vl (jul = -l ) o
|| <re || <re
26(N—|—a)< N—2>

<e+ N_2 € + 20+
2¢1 (N -
)] o

Similarly, we deduce that

o (N+a) 2(N+a)
[ vt e+ | [ vl (il - ) s
|CC|>R5 ‘x‘>Rs
2¢5(N + «) ( N2 )
< ANFa) | | 22
SN 3 E+e (22)

Finally, putting together relations (17), (18), (19), (21), and (22) we obtain

+ ) 2( +a) 2(N+a)
[ v @l (5 = ol 5 - ol V5
R

2C(N + «) N2
< 2(N+a) .
< ( N 2 + 1) (6 + 2@+ )

lim sup
n—oo

But we considered ¢ € RY to be arbitrary, therefore the limit (14) holds true,
and the proof of Lemma 3.4 is concluded. O
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Lemma 3.5. There exist \* > 0 and R = R(\*) > 0 such that for any X\ €
(0, A*), the energy functional I\ admits a (PS). sequence, where ¢* = ¢*(R) =
inf, .5 In(u). In addition, c¢* is achieved by an element ug € H'(RY) satisfying

Proof. We fix A € (0,1). Given the relation (V1), the Caffarelli-Kohn-Nirenberg-
type inequality (5), and the elementary inequality yz < yzgzz, we infer that

A(u)%ﬂun?—% IR

& d:l:—)\/ g(x)udx
RN

1 N 2(N +a)
> Sl = s IV I C ~ Allgll-lul
1— A N—2 L
> )P - —— ||Vl -2 — gl
> 5l — gy IV IO Nl 55 = Silg)2,

for any u € H'(RY). Taking into consideration that the function f : [0,00) — R
defined by
1—A 2 N — +o

N 2 (

ft) =

) A
- gl

is decreasing, we can find A\* > 0, R = R(A\*) > 0, and § = §(A\*) > 0 so that we
have

A _
I(u) > —§||g||2_1, for every u € Bg and \ € (0, \¥), (23)

I\(u) > 6 >0, forevery u€ OBg and A € (0, \"). (24)

For example, we choose

N—-2

T a2 1 o
=Ny 55 “Niot2a 2(N+a) )
227w (N +a)llgl2y | v )wca ™
N—2

R U A
R\ = | ——ma , and (") = §||9||2_1~
[V][eeCa ™

We define further, as in the statement of the lemma, ¢* := ¢*(R) = inf 5, I\(u).

It is obvious that ¢* < I,(0) = 0. Also, we emphasize that Bp is a complete
metric space with the metric induced by the norm

dist(u,v) = [Ju —v||, for every u,v € Bp.
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Since the energy functional I, is lower semicontinuous and bounded from below
on Bpg, applying the Ekeland variational principle (see [12]), there exists u,, such
that

1

" < L(uy) <+ —, (25)
n

1 —
IL(w) > I(uy,) — EHun —w||, for every w € Bpg. (26)

We intend to show that [Ju,|| < R for n sufficiently large. To this end, we argue
indirectly. Thus, suppose that ||u,|| = R for infinitely many n. Passing eventually
to a subsequence, labeled again {u,}, one can assume that |lu,| = R for every
n > 1. So, by relation (24) we infer that I(u,) > 0 > 0. This together with
relation (25), by letting n — oo, lead us to 0 < 6 < ¢* < 0, which is obviously a
contradiction.

Fix u € HY(RY), with ||u| = 1. Also, we set the sequence w,, = u,, + tu which,
for some fixed n, fulfills ||w,|| < ||u.|| + |t| < R for |¢| sufficiently small. First we
take the case when t > 0. Keeping in mind inequality (26) we get

1
In(wy) > In(uy,) — ﬁ”un — Wy|

or equivalently

I(uy + tu) — I (uy) S 1
t ~ on
By letting ¢ — 0, we obtain (I{(u,),u) > —L. Also, for the case ¢ < 0, we can

show in a similar fashion that (I}(u,),u) < £ when t — 0. Due to the fact that
u € H'(RY) was taken arbitrarily, such that to satisfy ||u|| = 1, we find that

1
15 (u)ll = sup  [{I3(un),u)] < ~ =0 asn — oo
ueH (RY) n
fJul|=1

For that reason we actually achieve I5(u,) — 0 in H~'(RY). At the same time,
relation (25) assures us that I)(u,) — ¢*. These two things put together means
that {u,} C HY(RY) is a (PS). sequence of I. On the other hand, ||u,| < R
ensures that there exists a subsequence of {uw,}, still denoted by {w,}, which
converges weakly in H'(RY) to some wuy. Thus, relying on what we pointed
above, Remark 2.3 and Remark 2.4 we deduce that

u, = ug a.a x€RY and Ij(ug) = 0.
The last aim is to show that I(ug) = ¢*. First, we observe that

2(N+a)

[ ¥unds = [ Vel ¥ e 2 [ gy ds = (1 0). ) = of0).
RN RN RN
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A simple computation yields

2 2(N+«
Li(un) = 2&7100/@ V(@) |2]®un] 55 de — %/RN g(x)un, dz + o(1),

and hence

o+ 2 o 2(N+a) A
I(up) = m /RN V(z)|x|%uo| ¥2 dx — 3 /RN g(x)ugdz + o(1).

Employing the Fatou lemma, it follows that

¢ = liminf I, (u,)

n—o0
a+2 2(N+a) A
_ecTe a = _A 1
Z SN+ o) /RNV(:E)|1'| |ug| 2 dx 2/RNg(x)uod:E+0( )
:])\(U(])-

Since ug € B, we also have ¢* < Iy(ug). We conclude that Iy(ug) = ¢*, and the
proof of Lemma 3.5 is completed. O

4. Proof of the main result

First of all we define
J ={uc H'RY)\ {0}; (J'(u),u) = 0}.

We want to justify that J # 0. Fix u € H*(RY) \ {0}. For every A > 0, we also
set

B0 = (70w ) =3 [ [Vufde < N [ el lu
RN

RN

It is clear that ®(A) > 0 for A small enough and ®(\) < 0 for X\ sufficiently
large. From here we infer that there is A > 0 which meets ®(\) = 0, and thereby
Aue J.

We highlight that for any u € J, the following identity occurs:

/ |Vul*dz
RY =1. (27)

2(N+a)

[ vilateal ¥
RN

Proposition 4.1. Let J,, = inf,cs J(u). Then there is i € HY(RY) satisfying

Joo = J(i0) = sup J(ta). (28)

t>0
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Proof. Fix ¢ € H'(RY)\ {0}. We consider

2 N —2)V, Nta
h<t>=J<t¢>=%AN|v¢\2dx—ﬁt( 2 leltol ¥

It is evident that

o (N+a)
W =t [ 190pPde Ve T [ fafelo s
We point out that h achieves its positive global maximum

h(to) = J(top) = sup J (o)

t>0

a-+2
[ 1vops
RN

o+ 2
N—2 )

2(N+O‘) 2( ta) N+¥a
([ valeltor™ac)
RN

N—2
9 2(a+2)
| Ivepas
N
to =to(¢) = - e >
/ Volz|*|o| 2 dx
RN

For simplicity, we define

where

e

/ Vode
RN

Qo := inf ~

peH! (RN) ) N¥a
A ([ e ar)
RN

o+ 2 Nta
inf supJ(t — Q4"
¢€H;(RN) t>g (t9) = 2(N + «a)
$#0

So we have

91

(30)

(31)

(32)

By (27) and (30) we obviously obtain that, for every u € J, to(u) = 1. Therefore,

using (29) we get

J(u) = sup J(tu), for any u € J.
>0

(33)

Keeping in mind the Theorems 1.2, 7.2, and 7.6 in [8], we can deduce that the

infimum in (31) is attained by a function U € H(RY) satisfying

2(N+a)
/ Vola|o U ¥ = 1.
RN
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N—-2

We consider & = Q4°*” U. By a simple calculation we obtain (J'(), @) = 0,

that is uw € J. We also have

. a+2 Nie
J(u)—2<N+a> a7 (34)

Finally, using the relations (32)-(34) we conclude
Joo = inf J(u) = inf sup J(tu)

ueJ u€J >0
o+ 2 Nia
> inf supJ(tu) = ——— Qa*? = J(u) = sup J(tu),
T ucH(RYN) tz%)) (tu) 2(N + «) ¢ (@) tho) (t)
u#0
and this completes the proof of Proposition 4.1. O

Proposition 4.2. Let {u,} be a (PS). sequence of I, such that u, — ug in
HYRY), and let Jy given in Proposition 4.1. Then the following alternative
holds: either u,, — ug in H*(RYN), or I)(ug) + Js < c.

Proof. Thanks to the fact that {u,} is a (PS). sequence of I, and {u,} is weakly
convergent in H'(RY) to ug, we immediately deduce that

I(u,) =c+o0(1), (35)
(I3 (un), un) = o(1). (36)

Let v, = u,—ug. Clearly we have v, — 0in H!(RY). Therefore, as a consequence
of (7) the following relations hold true:

/ glw)vndz — 0, (37)

RN n—oo

/ Vu, - Vugdr — 0. (38)
RN n—o0

Bearing in mind the definition of I, and I, we can easily derive that

I(0a) = I(0) — A / g(eyonds,

and considering (37) it follows that
I(v,) = I(v,) + o(1). (39)

Also, it is true that
eanl® = ol + fluoll? +2 / Vo, Vigds
R

which together with relation (38) show that

lunll® = [lvall* + lluoll® + o(1). (40)
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Further, applying Lemma 3.4 for u,, = v, + ug we can see that

2(N+a)
/ V(@)]z|*[vn + uo| ¥ dw =
RN

2(N+a)

2(N+a) (
:/ V(z)|x|¥|v,| N2 dSL’+/ V(z)|z|*|uo| M2 dx 4 o(1).
RN RN

The above identity and relation (38) provide that
I(uyn) = In(vy, + uo) = In(vyn) + In(ug) + o(1).
Hence, by (8), (35), and the above obtained identity we arrive at
o(1) + ¢ = I\(u,) = I\(vy) + In(uo) + o(1) = Ix(ug) + J(v,) + o(1). (41)
Next, considering again (38) it results that
(I3 (un), un) = (I3(0n), vn) + (I3 (uo), o) + o(1). (42)
Thus, Lemma 3.3, relations (9), (36), and (42) yield
0(1) = (I3 (un), tn) = (I3 (vn), vn) + (I3 (o), uo) + o(1)
= (J'(vn),vn) + 0o(1). (43)
If v, — 0 in HY(RY), then u, — ug in H'(RY). Thus, I)(u,) — I\(ug).

n—oo
Else if v,, 4 0 in H'(RY), since v, — 0 in H'(R"), we can assume that |v,| —
¢ > 0. Due to the fact that (41) occurs, to show that ¢ > I, (ug) + Js, it is enough
to prove that J(v,) > Jsx + o(1). We intend to show that there is a sequence
{t,} C (0,00) satistying ¢, — 1 and (J'(t,v,), t,v,) = 0, which would mean that
t,v, € J. That would result in

L2, (N[ e o 2
J(Un) —J(tnvn)—l— 9 ||Un|| —m 1—tn AN |,’L" |’Un| N-2 dx

= J(t,v,) +0(1) > Jy + o(1),

and the conclusion follows. To this end, we make the following notations:

G = / Vo ldz = [[on]]? > 0,
]RN

£ = Vi / 2]
RN

Considering the relation (43) we deduce that u, = (J'(v,),v,) — 0. If p, =0,
n—oo
then we take ¢, = 1. We will assume that p,, # 0. Let t > 0. We have

2(N+a)
N

-2 dl’zo, ,unzgn_gn

(N+a) (N+a)
(v tin) = [ Vo= [ falfo
RN

RN
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Taking § € R such that |§| > 0 is small enough and ¢t =1+ §, we have

2(N+a)

(T (t0n), ) = (1 4+ 0)2Co — (1 +8) 856, = (14 6)%Co — (1 +6) 55 (Co — i)

2(a+2) 2(N-+a)

= N75Cn+0( )G+ (L +0) V=2 .

We know that ¢, = ||v,]|> = £ > 0 and u,, — 0. Hence, for n sufficiently large,

can be defined the sequences §; = U&é“‘”' N\ 0 and 9§, = (Z(Vafz‘””‘ 0. The
following occur:

(J'((1+65)0n), (1465 0,) <0 and (J'((1+67)on), (1+67)v,) > 0.

Therefore, we can infer that there is a sequence t, € (1 + 0, ,1 + J,") satisfying
tn, — 1 and (J'(t,v,),thv,) = 0, and this concludes the proof of Proposition
4.2. U

Further, we fix & € H'(RY) so that relation (28) holds true. View of the fact
that o > —2, we can derive the existence of some ¢ so that

J(tu) <0 for any t > t,
I\(tu) <0 forany ¢t>¢ and A > 0.

We set now

[ :={y e C([0,1], H'(RY)); 7(0) = 0, 7(1) = tu}, (44)
cg =1inf sup I)(u). (45)
7€ uey((0,1])

Proposition 4.3. We assert that there are A, > 0, R, = R.(\.) > 0, §, =
0:(As) > 0 so that I)|op, > 0. and ¢ < Jo + co for any X € (0, ), with
e =inf, 5, I(u).

Proof. As a consequence of hypothesis (V3) it can be assumed that
I(tu) < J(tu) for any t > 0.
By a basic calculation we find some ¢ € (0,) so that it happens

sup I (tu) = I(tou) < J(tou) < sup J(tu) = Ju,
>0 >0

and so can be chosen € € (0,1) such that

sup I (tu) < Jo — €. (46)

t>0

We set

€ €
Ax = min {)\*, —— , } . (47)
2t allllgll-" 209112,
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In view of Lemma 3.5, one can derive that there is R, = R,(\.) > 0 so that for
every A € (0, \,), the conclusion of Lemma 3.5 holds true. In the proof of that
lemma we have also shown that there is 6. = 0.(\.) > 0 so that I|yz, > d..
Taking into account (23) and (47) it results that

A
¢, = inf AW)2—§MMZJ>—§ for any \ € (0, \,). (48)

u€EBR,

Set v. = {ttu; t € [0,1]} € T'. For u € 7, we have the following:

/RN g(x)udx /RN g(x)ttudx

< Mlfafllg-1 < 5. for any A € (0,)),

Ia(u) — I(u)] = A =\ <M

/RN g(x)udz

meaning that

I(u) < I(u) + %, for any A € (0, \,). (49)
Finally, on the basis of (45), (46), (48), and (49) we have
cg=1inf sup I (u) < sup Iy(u) < sup I(u)+ ¢
€T wev((0,1]) UETH UETH 2

Ssup[(tﬂ)—l—E<Joo—E<Joo+c*.
>0 2 2

By this relation the proof of Proposition 4.3 is complete. O

We shall now complete the proof of Theorem 2.1. Let R, > 0, and d, > 0 be as
in Proposition 4.3. Based on the proof of this proposition, we can infer that for
every A € (0, \,), the conclusion of Lemma 3.5 holds true. Hence, there exists
ug, solution of problem (1), satisfying I, (ug) = c..

By way of the mountain pass theorem without the Palais-Smale condition (see
Theorem 2.2 in [5]), we get that there is {u,}, a (PS)., sequence of I. This
means that

Iv(u,) — ¢, and Ii(u,) =0 in H'(RY),

and the following hold true:

N —2 / N —2
o 0(1) F 57y g Al 2 D) = s I ) 1)
__at? > A(N+2+2a)/
~ 5Nt a) /[RN |Vu,|"dz 2N+ a) N g(z)u,dz
o+ 2 5 AN +2+42a)
- 2(N+oz)“un’| 2(N + ) gl 1 llun]|- (50)
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In order to prove that {u,} is bounded in H'(RY), we argue by contradiction
that ||u,|| — oo. Dividing by ||u,|| in (50) and passing to the limit as n — oo
we obtain a contradiction. Hence, by passing to a subsequence, we can assume
that u, — u; in H'(RY). Using Lemma 3.3 yields that u; is a weak solution of
problem (1).

Finally, we intend to show that ug # wu;. It should be noticed that by Proposition
4.2, we have the alternative:

either  u, — u; in HY(RY), providing
I(u) = nh_)rrolol,\(un) =cy, > 02> ¢, = I)(up),
which means that ug # uq;
or Cyg = nh_)rrolo I(up) > Iy(ug) + Joo-
In this latter case, if we assume that u; = ug, then I (u1) = I\(ugp) = cs.

This involves ¢, > ¢, + J, which is in contradiction to Proposition 4.3.
This completes the proof of Theorem 2.1. O
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