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Theorem 1 of [14], a minimax result for functions f : X XY — R, where Y is a real interval, was
partially extended by the author to the case where Y is a convex set in a Hausdorff topological
vector space ([15], Theorem 3.2). As a key tool in the proof a partial extension of the same
result to the case where Y is a convex set in R™ ([7], Theorem 4.2) was used. In the present
paper, we first obtain a full extension of the result in [14] by means of a new proof fully based
on the use of the result itself via an inductive argument. Then, we present an overview of the
various and numerous applications of these results.
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1. Introduction

In [14], we established the following result:

Theorem 1.A ([14], Theorem 1). Let X be a topological space, Y C R an
interval and f: X XY — R a function satisfying the following conditions:

(a) for eachy €Y, the function f(-,y) is lower semicontinuous and inf-compact;
(b) for each x € X, the function f(x,-) is continuous and quasi-concave.

Then, at least one of the following assertions holds:

(1) there exists § € Y such that the function f(-,7) has at least two global minima;

(73) one has supinf f = infsup f .
vy X Xy

Actually, in [14], Y is assumed to be open. However, the same identical proof
works for any interval Y (see Remark 2.1 below). Later, in [7], S. J. N. Mosconi
obtained
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Theorem 1.B ([7], Theorem 4.2). Let X be a topological space, Y C R" a
non-empty convex set and f : X xY — R a function satisfying the following
conditions:

(a) for eachy €Y, the function f(-,y) is lower semicontinuous and inf-compact;
(b) for each x € X, the function f(x,-) is upper semicontinous and concave.

Then, the conclusion of Theorem 1.A holds.
Finally, in [15], using Theorem 1.B, we obtained

Theorem 1.C ([15], Theorem 3.2). Let X be a topological space, E a Hausdorff
topological vector space, Y C E a non-empty conver set and f : X XY — R a
function satisfying the following conditions:

(a) for eachy €Y, the function f(-,y) is lower semicontinuous and inf-compact;
(b) for each x € X, the function f(x,-) is upper semicontinous and concave.
Then, the conclusion of Theorem 1.A holds.

In comparing the above results, two natural questions arise: does Theorem 1.A

hold if ”continuous” is relaxed to "upper semicontinuous”?; does Theorem 1.A
hold if Y is any non-empty convex set in a Hausdorff topological vector space ?

The answer to the first question is negative. In this connection, consider the
following

Example 1.1. Let X = {zg, z1} (with 2o # x; and X equipped with the discrete
topology) and let f: X x [0,1] — R be defined by

flawy)=y it i=0, yel0,1]
flaiy) = fleiy) =—y if i=1, y€0,]]
Fl,0)=1 if i=1.
Of course, x is the only global minimum of f(-,y) for all y €]0, 1], while z; is the

only global minimum of f(-,0). Moreover, f(x;,-) is upper semicontinuous and
quasi-concave for ¢ = 0, 1. However, we have

supinf f =0 <1 =1infsup f .
.1 X X fo.1]

To the contrary, the answer to the second question is positive. Indeed, we will
prove

Theorem 1.1. Let X be a topological space, E a topological vector space, Y C E
a non-empty convex set and f : X XY — R a function satisfying the following
conditions:

(a) for eachy €Y, the function f(-,y) is lower semicontinuous and inf-compact;
(b) for each x € X, the function f(x,-) is continuous and quasi-concave.

Then, the conclusion of Theorem 1.A holds.
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The aim of the present paper is twofold. On the one hand, we just wish to prove
Theorem 1.1. We stress that our proof of Theorem 1.1 is fully based on the use of
Theorem 1.A, via an inductive argument. In turn, using Theorem 1.1, we obtain

Theorem 1.2. Let X be a topological space, E a vector space, Y C E a non-
empty convex set and f : X XY — R a function satisfying the following condi-
tions:

(a) for eachy €Y, the function f(-,y) is lower semicontinuous and inf-compact;
(b) for each x € X, the function f(x,-) is concave.
Then, the conclusion of Theorem 1.A holds.

Hence, Theorem 1.2 is an improvement of Theorem 1.C obtained without resort-
ing to Mosconi’s result. On the other hand, we wish to offer an overview of the
several and various applications of Theorem 1.A (with its “sequential” version)
and Theorem 1.C known up to now ([12]-[21]).

2. Proofs of Theorems 1.1 and 1.2

As usual, a generic real-valued function ¢ on a topological space X is said
to be inf-compact (resp. inf-sequentially compact) if, for each r € R, the set
0 1(] — 00, 7]) (called sub-level set) is compact (resp. sequentially compact). If
v is defined on a convex set of a vector space, it is said to be quasi-concave if, for
each r € R, the set ¢~ ([r, +00[) is convex.

For each n € N, we put
Sp={(\1, s An) € ([0, +00])" : A1+ ... + A, =1}

The core of our proof of Theorem 1.1 is to prove it first in the case where Y = 5,,:

Lemma 2.1. Let X be a topological space and let f: X x S, — R be a function
satisfying the following conditions:

(a) for eachy € S,, the function f(-,y) is lower semicontinuous, inf-compact and
has a unique global minimum ;

(b) for each x € X, the function f(x,-) is continuous and quasi-concave.

Then, one has

inf f = inf .
WS =S

Proof. We prove the theorem by induction on n. Clearly, it (trivially) holds for
n = 1. Now, assume that it is true for n = k (kK > 2). We are going to prove
that it is true for n = k + 1. So, we are assuming that f : X x Spy; — Ris a
function satisfying (a) and (b) with n = k+ 1. Let ¢ : Sp x [0,1] — Sk41 be the
continuous function defined by

w()\la ) )\ka :u) = (:u)\b s M)\k? 1- ,U)
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for all (A1, ..., Ak, 1) € Sk x [0,1]. Now, consider the function f : X x Sj, x [0,1] —
R defined by

F@ My oo s 1) = F (@, 0O, oo A 12))

for all (z, A1, ..., A\g, 1) € X X Si x [0,1]. For each p € [0,1] and for each z € X,
since f(z,-) is quasi-concave in Sy, and ¢ (-, ) is affine in Sy, it clearly follows
'Z' .

that f(x,-, u) is quasi-concave in Si. Therefore, by the induction assumption, we
have

sup inf f(z,y,p) = inf sup f(z,y, p) . 2.1
sup inf f(r.y. ) = inf sup Fr.y. 1) (21)

From (2.1), we then infer

sup inf f(z,y,p) = sup sup inf f(z,y,p)
(yuu')esk X[071] zeX }LE[O,I] yESk zeX

= sup inf sup f(z,y,p1) . (2.2)
1€[0,1] T€X yeSy

Now, consider the function g : X x [0,1] — R defined by

g(x, 1) = sup f(z,y,p)
yESk

for all (z,pu) € X x [0,1]. Fix g € [0,1]. From (2.1), by compactness and
semicontinuity, we infer the existence of a point (z,7) € X x Sj such that

sup f(&,y, 1) = f(2,9,p) = inf f(z,9,p) . (2.3)

yGSk rzeX

Now, let z € X, with x # Z. By (a) and (2.3), we have

g, p) = f(@,9,1) < [, 5, 1) < g(a, ) -

In other words, & is the only global minimum of the function g(-, 1) which is also
lower semicontinuous and inf-compact. Now, fix x € X and r € R. Set

C={ué€ Sk1: flz,u)>r}.

Of course, we have

{nel01):gle,m=ry=J{rel01]): fle.y.p) 21} (2.4)

yESk

Note that the right-hand side of (2.4) is equal to the projection of the set ¢~(C)
on [0,1]. But, for each (A1, ..., Agy1) € Sk11, we have

A A .
TR £ (€= ==t = = R S P
Sk X {0} if >\k+1 =1.
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Hence, 1 is onto Sii1 and, by a classical result, for each compact and connected
set D C Sy, 1, the set ¢ ~}(D) is compact and connected. So, since C' is compact
and connected (being convex), the set ¢~1(C) is connected and hence so is its
projection on [0, 1]. Therefore, in view of (2.4), the set {p € [0,1] : g(x, ) > r}
is compact and connected. In other words, the function g(x,-) is upper semicon-
tinuous and quasi-concave in [0, 1]. At this point, we can apply Theorem 1.A to
g. So, we obtain

sup inf g(z, ) = inf sup g(z,p) .
1€0,1] zeX reX 1€0,1]

Hence

sup inf sup f(z,y, ) = inf sup sup f(z,y,p)
1€[0,1] *€X yes, 2€X 11€[0,1] yESk

=inf  sup  f(z,y,p) . (2.5)
TEX (y,u)eSy x[0,1]

Then, from (2.2) and (2.5), we get

sup inf f(z,y,p) = inf  sup  flx,y,p). (2.6)
(y,1) €Sk % [0,1] TEX TEX (y,1m)€S) < [0,1]

On the other hand, since ¥(Sy x [0, 1]) = Sk+1, we have

sup inf f(z,y, ) = sup inf f
(y.w) €Sk x[0,1] *€X Skt1

as well as

lnf Sup f(,’L'7 y7 ILL) = lnf Sup f
zeX (yvu)eskx[ovl} X Sk+1

and so (2.6) gives
sup 1£1{f f= 1§f sup f

Sk41 Sk41
as claimed. O

A family of sets C is said to be filtering if for each pair C, Cy € C there is C5 € C
such that C7; U Cy; C (3. Now, we establish the following

Proposition 2.1. Let X be a topological space, Y a non-empty set, yo € Y and
f: X xY — R a function such that f(-,y) is lower semicontinuous for ally € Y
and inf-compact for y = yo. Assume also that there is a filtering cover C of Y
such that

sgp 1£1{f f= 1§f sgp f
for all C € C. Then, one has

inf f = inf .
sup i f=i Sl}l/pf
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Proof. Denote by Cy the family of all C' € C containing y,. Clearly, Cy is a
filtering cover of Y. Arguing by contradiction, suppose that

inf inf )
Sl}l/plgl{ f <1£1( sgpf

Fix r satisfying
inf inf
Sl}l/pl% f<r <1§ sgpf

and, for each C' € Cy, put

AC:{xEX:supf(z,y)Sr} )

yeC
Notice that Az # () since, otherwise, we would have

< inf = inf f < inf
r<in sgpf Slépl% f_Sl)l/pl%f,

against the choice of 7. Now, observe that, if C1, ..., Cj, are finitely many members
of Cy, since Cy is filtering, there is C' € Cy such that

k
U C; C
i—1

(@GN

This implies that

Aa

N

k
N
i=1

and so ﬂle Ag, is non-empty. Therefore, { Ac}cec, is a family of closed subsets
of the compact set {x € X : f(z,y9) < r} possessing the finite intersection
property. As as consequence, there would be & € Neee, Ac. So, since Cy is a cover
of Y, we would have

supinf f = sup supinf f < sup sup f(Z,y) <r,
y X cecy ¢ X CeCo yeC

against the choice of r. O
The “sequential” version of Proposition 2.1 is as follows:

Proposition 2.2. Let X be a topological space, Y a non-empty set, yo € Y and
f: X XY = R a function such that f(-,y) is sequentially lower semicontinuous
for all y € Y and inf-sequentially compact for y = yo. Assume also that there is
an at most countable filtering cover C of Y such that

sgp 1gl(f f= 1gl(f sgp f
for all C € C. Then, one has

inf f = inf )
sup in f=in Sl;pf
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Proof. Keep the notations of the above proof. An obvious inductive argument
shows that there is a non-decreasing sequence {C}} in Cy such that UgenCr = X.
So, {A¢, } turns out to be a non-increasing sequence of non-empty sequentially
closed subsets of the sequentially compact set {x € X : f(z,y0) < r}. As a
consequence, NgenAc, # 0, and the proof goes as before. O

Proof of Theorem 1.1. Denote by P the family of all convex polytopes of Y.
Of course, P is a filtering cover of Y. Fix P € P. Let x4, ...,z, € P be such that

P =conv({zy,....,z,}) .
Consider the function 7 : S,, — P defined by
7]()\1, ey )\n) = >\1I1 + ...+ )\nxn

for all (Ay,...,\,) € S,. Plainly, the function (z, Ay, ..., A\,) = f(z,n(A1, ..., A\n))
satisfies in X x 9, the assumptions of Lemma 2.1, and so

sup inf f(z,p(A1,...,\n)) = inf  sup  f(x,n(A, ..., \)) -

(AlyeesAn) €S, TEX TE€X (A1,....An)ESn
Since 7(S,) = P, we then have
inf f = inf )
sup in f=i Sl;pf
Now, the conclusion follows from Proposition 2.1. O

Proof of Theorem 1.2. Denote by C the family of all finite-dimensional convex
subsets of Y. Fix C' € C. Denote by L the linear span of C. Consider L with
the Euclidean topology. Since C' is convex, the relative interior of C' (say A) is
non-empty. By (b), for each € X, the function f(x,-)4 is continuous in A and
one has

sup f(z,y) = sup f(z,y) .
yeA yeC

By Theorem 1.1, we have

inf f = inf .
sup in f=i Sgpf

Therefore
sgp igl{f f< sgp igl{f f< igl{f sgp f= igl{f sgp f
and so
sgp igl{f f= i&f sgp f.
Now, the conclusion follows from Proposition 2.1 O

Remark 2.1. As we said at the beginning, the proof of Theorem 1.A given
in [14] holds for any interval Y. Actually, with the notation of [14], to get the
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lower semicontinuity of ¥ in X x [ it is enough to apply Lemma 5 of [24] (which
holds also when f is quasi-concave in I). Furthermore, Theorem 1.A is still
true if, instead of (a), we assume that, for each y € Y, the function f(-,y) is
sequentially lower semicontinuous and inf-sequentially compact. In this case, to
get the sequential lower semicontinuity of W, it is enough to apply Lemma 5
of [24] again, this time considering on X the topology whose members are the
sequentially open subsets of X.

3. A well-posedness theory

In this section, we present a well-posedness theory for constrained minimization

problems which is based on the use of Theorem 1.A in its “sequential” version
(Remark 2.1).

In the sequel, X is a topological space, J, ® are two real-valued functions defined
in X, and a, b are two numbers in [—o0, +00], with a < b. If a € R (resp. b € R),
we denote by M, (resp. M) the set of all global minima of the function J + a®
(resp. J 4 b®), while if @ = —oo (resp. b = 4+00), M, (resp. M,) stands for the
empty set. We adopt the conventions inf () = +o0, sup () = —oo.

We also set

o= max{inf@,sup@} , and [ :=min {sup@,inf@} .
X X Ma

My
Note that, by the next proposition, one has o < .

Proposition 3.1. Let Y be a nonempty set, f,g : Y — R two functions, and
A, 1o two real numbers, with A < . Let gy be a global minimum of the function
f+Ag and let g, be a global minimum of the function f + ug.
Then, one has g(y,) < g(yr). If either gy or g, is strict and gy # Y, then
g(?ju) < Q@A) .
Proof. We have

(@) +Ag(9n) < f@u) + )\g@u)
as well as

f(ya) +1g(g.) < f(G2) + rg(gn) -

Summing up, we get

Ag(Gx) + 19(Gu) < Ag(Gy) + pg(9n)
and so
(A =m)g(Gr) < A= w)g(9,)

from which the first conclusion follows. If either g or g, is strict and ¢ # .,
then one of the first two inequalities is strict and hence so is the third one. [

A usual, given a function f: X — R and a set C' C X, we say that the problem
of minimizing f over C' is well-posed if the following two conditions hold:
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— the restriction of f to C' has a unique global minimum, say z; and
— every sequence {z,} in C such that lim,_, f(z,) = info f, converges to & .

Clearly, when f is inf-sequentially compact, the problem of minimizing f over
a sequentially closed set C is well-posed if and only if fi¢ has a unique global
minimum. The basic result is as follows:

Theorem 3.1. Assume that o < [ and that, for each X\ €a,b|, the function
J+ AP is sequentially lower semicontinuous, inf-sequentially compact and admits
a unique global minimum in X .

Then, for each r €)a, B[, the problem of minimizing J over ®~1(r) is well-posed.
Moreover, if we denote by Z, the unique global minimum of Jio-1y (1 €]a, B]),
the functions r — Z, and r — J(Z,) are continuous in |a, B].

Proof. Fix r €]a, 8] and consider the function f: X x R — R defined by
f(@,A) = J (@) + M®(x) — )

for all (z,\) € X x R. Clearly, the the restriction of the function f to X x|a, b]
satisfies all the assumptions of the variant of Theorem 1.A pointed out in Remark
2.1. Consequently, since (7) does not hold, we have

sup inf (J(z) + A(®(x) —r)) = inf sup (J(x) + A(P(x) — 1)) . (3.1)
A€E]a,b[ TEX 2€X \ela,b
Note that
sup inf f(x,A\) < sup inf f(z, A
A€]a,b[ TEX f@A) AE[a,p]NR TEX f@ )
< inf sup x,\) = inf sup f(x,\),
zeX )\e[a,b]ﬂRf( ) zeX Ae}a,b[f( )

and so from (3.1) it follows

sup inf (J(z) + A(®(x) — 7)) = inf sup (J(z) + A (@(z)—7)). (3.2)

A€[a,b]NR TEX 2€X X¢g[a,b] R

Now, observe that the function inf,cx f(z,-) is upper semicontinuous in [a, b]NR
and that
lim inf f(xz,\) = —oc0

A—~4o0 z€X

if b = 400 (since r > infx ), and

lim inf f(z,\) = —oc0

A——oozeX

if a = —oo (since r < supy ®). From this, it clearly follows that there exists
Ar € [a,b] N R such that

inf f(z,\) = sup inf f(z,\).

zeX Ae[a,b]NR TEX
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Since

sup  f(x,A) = sup f(z,A)

A€la,b)NR A€]a,b|

for all € X, the sub-level sets of the function sup,(, g f(+, A) are sequentially
compact. Hence, there exists , € X such that

sup  f(z,,A) = inf sup f(x,A).

Ae[a,b]NR 2€X \¢g[a,b] R

Then, thanks to (3.2), (Z,, j\r) is a saddle-point of f, that is

~

J(#r) + A(®(,) — ) = inf (J(2) + A (@(x) — 7))

zeX

=J(@.)+ sup AP(z,) —7). (3.3)
A€[a,b)NR

First of all, from (3.3) it follows that , is a global minimum of .J + \,®. We now
show that ®(z,) = r. We distinguish four cases.

Case 1: a = —oo and b = oco. In this case, the equality ®(z,) = r follows from
the fact that supycg A(®(2,) — ) is finite.

Case 2: - a > —oo and b = +o00. In this case, the finiteness of sup ¢y oo AP (Z)—
r) implies that ®(z,) < r. But, if ®(2,) < r, from (3.3), we would infer that
A = a and so z, € M,. This would imply infy;, ® < r, contrary to the choice of
r.

Case 3: a = —oo and b < +00. In this case, the finiteness of sup,¢)_o 5 A(P(Z;) —
r) implies that ®(%,) > r. But, if ®(Z,) > r, from (3.3) again, we would infer
Ar = b, and so z, € M,. Therefore, sup,, ® > r, contrary to the choice of r.

Case 4: —oo < a and b < +00. In this case, if (&) # r, as we have just seen,

we would have either infy;, ® < r or sup,, ® > r, contrary to the choice of r.

Having proved that ®(#,) = r, we also get that A\, €]a,b[. Indeed, if ), €
{a, b}, we would have either z, € M, or Z, € M, and so either infy,, ® < r or
sup,,, ® > 7, contrary to the choice of r. From (3.3) once again, we furthermore
infer that any global minimum of Jig-1(,y (and Z, is so) is a global minimum of

J+ \® in X. But, since A €la,b[, J + A\ ® has exactly one global minimum
in X which, therefore, coincides with Z,. Since the sub-level sets of J + A\ @
are sequentially compact, we then conclude that any minimizing sequence in X
for J + A\ ® converges to Z,. But any minimizing sequence in ®~1(r) for J is a
minimizing sequence for J + j\ré[), and so it converges to z,. Consequently, the
problem of minimizing J over ®~!(r) is well-posed, as claimed.

Now, let us prove the other assertions made in thesis. By Proposition 3.1, it
clearly follows that the function A — ®(g,) is non-increasing in Ja,b[ and that
its range is contained in [a, f]. On the other hand, by the first assertion of
the thesis, this range contains Jo, B[. Of course, from this it follows that the
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function A — ®(y,) is continuous in Ja,b[. Now, observe that the function A —
inf,ex(J(x)+AP(z)) is concave and hence continuous in Ja, b|. This, in particular,
implies that the function A — J(g,) is continuous in |a, b[. Now, for each r €], 5],
put

A ={X€la,b: D(yn) =7} .

Let us prove that the multifunction r — A, is upper semicontinuous in |, .
Of course, it is enough to show that the restriction of the multifunction to any
bounded open sub-interval of ]a, [ is upper semicontinuous. So, let s,t €la, 5],
with s < t. Let p,v €|a, b be such that ®(y,) = t, ®(9,) = s. By Proposition
3.1, we have

U A, Cp, v .

rels,t]

Then, to show that the restriction of multifunction » — A, to ]s,t[ is upper
semicontinuous, it is enough to prove that its graph is closed in |s, t[x[u, v] ([6],
Theorem 7.1.16). But, this latter fact follows immediately from the continuity of
the function A — ®(y,). At this point, we observe that, for each r €]a, §[, the
function A\ — ¢, is constant in A,. Indeed, let A\, u € A, with X\ # pu. If it was
Ux 7 Yu, by Proposition 3.1 it would follow

r=®Gx) # ®(Gu) =1,

which is absurd. Hence, the function » — Z,, as composition of the upper semi-
continuous multifunction » — A, and the continuous function A — ¢,, is contin-
uous. Analogously, the continuity of the function r — J(z,) follows observing
that it is the composition of r — A, and the continuous function A — J(g,). The
proof is complete. O

Remark 3.1. Tt is important to remark that, under the assumptions of Theorem
3.1, we have actually proved that, for each r €]a, 3], there exists A, €la, b[ such
that the unique global minimum of J + A\, ® belongs to ®~(r).

When a > 0, we can obtain a conclusion dual to that of Theorem 3.1, under the

same key assumption.

Theorem 3.2. Let a > 0. Assume that, for each A €]a, b, the function J+ AP is
sequentially lower semicontinuous, inf-sequentially compact and admits a unique
global minimum in X. Set

o= max{i%fj, supJ} , and 0 := min{supJ, il}fJ} ,
y e

M, My

where

N M, if N M, if b
N = 1 a>0 and NI, = .b 1 < 400
0 if a=0 infy® if b=+co.
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Assume that v < §. Then, for each r €|v,6|, the problem of minimizing ® over
J7L(r) is well-posed. Moreover, if we denote by T, the unique global minimum of
Q171 (1 €]7,6]), the functions r — &, and r — ®(T,) are continuous in |7, d|.

Proof. Let u €]b™!,a™[. Then, since u~* €]a, b[ and
S+ p = p(J +p~')

we clearly have that the function J + pu® has sequentially compact sub-level
sets and admits a unique global minimum. At this point, the conclusion follows
applying Theorem 3.1 with the roles of J an ® interchanged. O

We now state the version of Theorem 3.1 obtained in the setting of a reflexive
Banach space endowed with the weak topology.

Theorem 3.3. Let X be a sequentially weakly closed set in a reflexive real Banach
space. Assume that o < B and that, for each A\ €la,b|, the function J + AP is
sequentially weakly lower semicontinuous, has bounded sub-level sets and has a
unique global minimum in X.

Then, for each v €|, B[, the problem of minimizing J over ®~1(r) is well-posed
in the weak topology. Moreover, if we denote by Z, the unique global minimum of
Jjo-1(y (r €]a, B]), the functions r — 2, and r — J(&,) are continuous in |, 3],
the first one in the weak topology.

Proof. Our assumptions clearly imply that, for each A\ €]a, b[, the sub-level sets
of J+ \® are sequentially weakly compact, by the Eberlein-Smulyan theorem.
Hence, considering X with the relative weak topology, we are allowed to apply
Theorem 3.1, from which the conclusion directly follows. O

Analogously, from Theorem 3.2 we get

Theorem 3.4. Let a > 0 and let X be a sequentially weakly closed set in a
reflexive real Banach space. Assume that, for each A €la, b, the function J + \®
s sequentially weakly lower semicontinuous, has bounded sub-level sets and has a
unique global minimum in X. Assume also that v < §, where 7,0 are defined as
in Theorem 3.2.

Then, for each r €]v,d[, the problem of minimizing ® over J=1(r) is well-posed
in the weak topology. Moreover, if we denote by T, the unique global minimum of
Q1) (r €]7,9]), the functions r — &, and r — ®(&,) are continuous in v, 4|,
the first one in the weak topology.

Finally, it is worth noticing that Theorem 3.1 also offers the perspective of a
novel way of seeing whether a given function possesses a global minimum. Let us
formalize this using Remark 3.1.

Theorem 3.5. Assume thatb > 0 and that, for each X €]0, b[, the function J+\®
has sequentially compact sub-level sets and admits a unique global minimum, say
Ur. Assume also that

lim ®(y)) <sup® . (3.4)

A—0F X
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Then, one has
lim B(3,) = inf @

where M s the set of all global minima of J in X.

Proof. We already know that the function A — ®(g,) is non-increasing in |a, b|
and that its range is contained in [«, 5]. We claim that

8= lim &(j,) .

A—0t

Assume the contrary. Let us apply Theorem 3.1, with a = 0 (so, My = M), using
the conclusion pointed out in Remark 3.1. Choose r satisfying

lim ®(y)) <r<p.

A—0t

Then, (since also o < r) it would exist ), €]0,b[ such that ®(g5,) = r, contrary
to the choice of r. At this point, the conclusion follows directly from (3.4). O

For the remainder of this section, X is an infinite-dimensional real Hilbert space
and ¥ : X — R is a sequentially weakly continuous C* functional, with ¥(0) = 0.
For each r > 0, set

S, ={re X |z’ =r}

as well as
Y(r) = sup ¥(z) .

TESy
Also, set
r* =inf{r > 0:~(r) > 0} .

In [25], M. Schechter and K. Tintarev developed a very elegant, transparent and
precise theory which can be summarized in the following result:

Theorem 3.A. Assume that ¥ has no local mazimum in X \ {0}. Moreover, let
I Clr*, +o0o[ be an open interval such that, for each r € I, there exists a unique
T, € S, satisfying V(z,.) = v(r). Then, the following conclusions hold:

(11) the function r — &, is continuous in I ;

(i2) the function v is C' and increasing in I ;

(i3) one has V'(&.) =2+'(r)z, forallr € I.

The next result can be regarded as the most complete fruit of a joint application
of Theorems 3.A and 3.1.

Theorem 3.6. Set

1\ U
p = limsup (172) and o= sup (932) .
z]—+o0 1| Z]] rex\(oy |17
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Let a,b satisfy max{0,p} < a <b < o. Assume that ¥ has no local maximum
in X \ {0}, and that, for each X\ €]a,b|, the functional x — \||z||* — ¥(x) has
a unique global minimum, say . Let M, (resp. My if b < +o00 or M, = 0 if
b = +00) be the set of all global minima of the functional x — al|x|]* — ¥(x)
(resp. © — bl|z]|> — ¥(z) if b < +00). Set

_ 2 _ 2
a= max{(), sup ||z } and [ = mler}\f[a |lx||* -

zeMy

Then, the following assertions hold:

(a1) one hasr* < a < f;

(ag) the function X — g(\) := ||ga||* is decreasing in ]a, b and its range is o, B];
(as) for each r €la, B, the point &, := §y-1(,) is the unique global mazimum of
Vs, towards which every mazimizing sequence in S, converges;

) the function r — &, is continuous in |, ([ ;

as) the function v is C', increasing and strictly concave in |, ([ ;

) one has W'(&,.) =29 (r)z, for allr €]a, B[;

az) one has ' (r) =g '(r) for allr €]a, B].

Proof. First of all, observe that, by Proposition 3.1, the function ¢ is non-
increasing in |a, b[ and g(]a,b]) C [a, B]. Now, let I Cla,b[ be a non-degenerate
interval. If g was constant in I, then, by Proposition 3.1 again, the function
A — ¢ would be constant in I. Let y* be its unique value. Then, y* would be a
critical point of the functional z — A||z||? — ¥(z) for all A € I. That is to say

2\y" = V' (y")

for all A € I. This would imply that y* = 0, and so (since ¥(0) = 0) we would
have inf,cx (A|z]|> = ¥(x)) = 0 for all X € I, against the fact that inf,cx(\||z||*—
U(z)) < 0 for all A < o. Consequently, ¢ is decreasing in |a,b[, and so, in
particular, o < . Next, observe that

lim  (\|z]|* — ¥()) = +o0

llz]|—=+o0
for each A > max{0, p}. From this, recalling that ¥ is sequentially weakly con-
tinuous, it clearly follows that we can apply Theorem 3.1, taking J = —W¥ and
®(-) = || - ||>. Consequently (see Remark 3.1), for every r €]a, [, there exists
A\ €]a, b] such that ||gy,||* = r. Therefore, by the strict monotonicity of g, we

have ¢g(]a,b]) =]a, . Now, let us prove (a3). Fix r €]a,[. Clearly, we have
|z, ||* = r. Since

g llE 1 = W(@) < g7 (n)ll=)|* — V()

for all z € X, we then have W(z) < ¥(z,) for all z € S,. Hence, &, is a global
maximum of W5 . On the other hand, if v is a global maximum of ¥ g, , then

g ()lvl* = () = g7 (r) [ ]1* — ()
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and hence, since

inf (g7 (Mllz]” = W) = g7 () ]* = ()
we have v = #,. In other words, &, is the unique global maximum of ¥|g, . Since
the sub-level sets of the functional z — g~1(r)||z||* — ¥(z) are sequentially weakly
compact, any minimizing sequence of this functional in X converges weakly to
Z,. Now, let {w,} be any sequence in S, such that lim,_,, ¥(w,) = v(r). Then,
we have
i g7 )l = W) = inf (97 o — ()

and so {w,} converges weakly to #,.. But then, since lim,_, |[|w,| = ||Z,| and
X is a Hilbert space, we have lim,,_, ||w, — z.|| = 0 by a classical result. Let
us prove that 7* < a. Arguing by contradiction, assume that o < r*. Choose
r €la, min{r*, f}[. Then, since 7 is non-decreasing in |0, +o00[ (see Lemma 2.1 of
[25]) and V¥ is continuous, we would have v(r) = 0, and so ¥(Z,) = 0, and this
would contradict the fact that inf,cx (g7 (r)||z]|*—¥(z)) < 0since g~'(r) < 0. At
this point, we are allowed to apply Theorem 3.A taking I =|a, 8[. Consequently,
the function ~ is C! and increasing in |, B[, and (a4), (ag) come directly from
(1), (i3) respectively. Fix r €la, B[ again. Since Z, is a critical point of the
functional x — g=(r)||z||* — ¥(x), we have

297 (r)@, = ¥'(2,)

and then (a7) follows from a comparison with (ag). Finally, from (ay), since g=*
is decreasing in |, 5[, it follows that v is strictly concave there, and the proof is
complete. 0

Remark 3.2. If the derivative of ¥ is compact and if, for some A > p, the
functional * — A||z||> — ¥(z) has at most two critical points in X, then the
same functional has a unique global minimum in X. Indeed, if this functional
had at least two global minima, taken into account that it satisfies the classical
Palais-Smale condition ([29], Example 38.25), it would have at least three critical
points by Corollary 1 of [9].

4. A strict minimax inequality theory

In order to use the results of Section 1 to get the multiplicity of global minima,
we need to know that, in the considered case, the strict minimax inequality holds.
The present section is devoted to a theory on exactly this matter. To state our
results in a more compact form, we now fix some notations.

Throughout this section, X is a non-empty set, A, Y are two topological spaces,
Yo is a point in Y. A family N of non-empty subsets of X is said to be a weakly
filtering cover of X if for each x;, 5 € X there is A € N such that 21,2, € A.

We denote by G the family of all lower semicontinuous functions ¢ : Y — [0, +o0],
with ¢~(0) = {yo}, such that, for each neighbourhood V' of 1, one has

inf . 4.1
}1/1\1V<p>0 (4.1)
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Moreover, we denote by H the family of all functions ¥ : X x A — Y such that,
for each z € X, W(x, -) is continuous, injective, open, takes the value y, at a point
A and the function  — A, is not constant. Furthermore, we denote by M the
family of all functions J : X — R whose set of all global minima (noted by M)
is non-empty.

Finally, for each ¢ € G, ¥ € ‘H and J € M, we put

J(x) = J(u)
p(V (2, )

With such notations, our theory is summarized in the following result:

Theorem 4.1. Let p € G, ¥ € H and J € M. Then, for each pn > 0(p, U, J)
and each weakly filtering cover N of X, there exists A € N such that

9(@,\11,J):inf{ :(u,x)EMJxXWithAxséAu} :

sup inf (J(z) — pe(¥(z, A))) < inf sup(J(x) — pup(¥(x, A,))) .

AcA TEA TEA LeA

Proof. Let p > 0(p, ¥, J) and let N be a weakly filtering cover of X. Choose
u € My and x; € X, with A\, # A\, such that

J(z1) — pp(¥(z1, X)) < J(u) -
Let A € N be such that u,z; € A. We have

0 < inf p(¥(z,.)) < p(¥(2,Ar)) =0

for all z € A, and so, since u is a global minimum of J, it follows that

T€A A z€A

inf sup(J(z) — pp(V(x, \.))) = int (J<x> — juinf o(U(r, m)
— inf J = J(u) . (4.2)

Since the function ¢(¥(zy,-)) is lower semicontinuous at A, there are € > 0 and
a neighbourhood U of A\, such that

J(x1) — pp(W(ar, A) < J(u) —e
for all A € U. So, we have

Sup inf (J(2) — pe(T(w, A)) < igg(J(arl) — pp(W(21,N)) < J(u) —e. (4.3)

Since ¥(u,-) is open, the set W(u,U) is a neighbourhood of yy. Hence, by (4.1),

we have

— inf >0 . 4.4
v yeyigw)so(y) (4.4)
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Moreover, since W(u,-) is injective, if A € U then W(u, \) € ¥ (u,U). So, from
(4.4), it follows that

S inf (J(2) — pp(¥(2, N)) < J(u) = )é?\{U e(W(u, A)) < J(u) —pv . (4.5)

Now, the conclusion follows directly from (4.2), (4.3), (4.4) and (4.5). O

Remark 4.1. From the conclusion of Theorem 4.1 it clearly follows that, for any
set D C A with A\, € D for all x € A, one has

sup inf (J(z) — pp(¥(z, A))) < inf ilelg(J(x) — pp((x, A))) -

\eD ZE

Remark 4.2. From the definition of 6(p, ¥, J), it clearly follows that v € M if
and only if u is a global minimum of the function x — J(z)—0(¢, ¥, J)p(V(x, Ay)).
So, when (¢, ¥, J) > 0, from knowing that

J(u) < J(x)
for all x € X, we automatically get
J(u) < J(z) = 0(p, ¥, J)p(¥(z, Ay))

for all x € X, which is a much better inequality since p(y) > 0 for ally € Y \{yo}.

Remark 4.3. It is likewise important to observe that if (¢, ¥, J) > 0, then the
function x — A, is constant in M;. As a consequence, if 0(p, ¥, J) > 0 and the
function x — A, is injective, then J has a unique global minimum. In particular,
note that x — A, is injective when W(-, \) is injective for all A € A.

Remark 4.4. Remarks 4.2 and 4.3 show the importance of knowing when
O(p,¥,J) > 0. Theorem 4.1 can also be useful for this. Indeed, if for some
i > 0, there is a weakly filtering cover N of X such that

sup inf (J(x) — pe(¥(x,N))) > inf sup(J(x) — pe(¥(z, A.)))

AcA TEA TEA LA
for all A € N, then 0(p,V,J) > p.
Notice the following consequence of Theorem 4.1:

Theorem 4.2. Let Y be a inner product space, and let I : X - R, ®: X — Y
and p > 0 be such that the function x — I(z) + p||®(x)||* has a global minimum.

Then, at least one of the following assertions holds:

(a) for each weakly filtering cover N of X, there exists A € N such that

sup inf (1(x) + p(2(2(x), A) = [AII")) < inf A23&)(1@) + (2(@(x), A) = IAI%));

AcYy TEA

(b) for each global minimum u of x — I(x) + u||®(x)||?, one has for allx € X
I(u) < I(z) + 2p((@ (), D(u)) — [|2()]]*) -
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Proof. Take A=Y, yo=0. Foreach z € X, y,\ € Y, set
ely) = llyl*, Tz, A) =0(x) =\ and J(z) = I(z) + p||®(2)|,
so that

J(x) = pp(¥(2,\)) = I(z) + p(2(D(2), A) — [IA[).

With these choices, (b) is equivalent to the inequality u < 6(p, ¥, J). Now, the
conclusion is a direct consequence of Theorem 4.1. O

In turn, from Theorem 4.2, we get
Theorem 4.3. Let X be a non-empty set, xvo € X, Y a real inner product space,

I X >R, P: X =Y, with I(zg) =0, ®(x9) =0, and p > 0. Assume that

. < 2 ‘
inf I(z) <0 < inf(I(2) + pl|2(2)]])

Then, for each weakly filtering cover N of X, there exists A € N such that

sup inf (I(x) + p(2(®(2), ) — [yl*)) < inf sup (I(z) + pu(2(2(2),y) — yl*)).

yeYy €A €A y€<I>(A)

Proof. The assumptions imply that z is a global minimum of x — I(z) +
©||®(z)||?. But, at the same time, since infx I < 0, z is not a global minimum
of I. Hence, (b) of Theorem 4.2 does not hold and so (a) holds. O

5. Multiplicity of global minima

In this section, we apply the results stated in Section 1 to obtain multiple global
minima.

Theorem 5.1. Let X be a topological space and J, ® : X — R two functions
satisfying the following conditions:

(a1) for each A > 0, the function J + A® has compact and closed sub-level sets ;
(by) there exist p €]infx ®,supy @[ and uy,us € X such that

D(u1) < p < (us)

and
J(ul) — inqulq_oo,p}) J J(uz) — infqu(}_oo,p}) J

) d(w) = p— & (us)

Under these hypotheses, there exists X* > 0 such that the function J + \*® has
at least two global minima.

Proof. Observe that, in view of Theorem 1 of [1], condition (by) is equivalent to
the inequality

sup inf (J(z) + M(®(x) — p)) < inf sup(J(x) + A(P(z) — p)) .

A>0 zeX zeX A>0
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On the other hand, since the function A — inf,ex (J(x) + A(®(z) — p)) is concave
(and real-valued) in ]0, 4-00], it is lower semicontinuous in [0, +oo[ and so

sup inf (J(z) + M(®(x) — p)) = sup inf (J(x) + A(P(z) — p)) .

A>0 zeX A>0 TEX

Consequently, condition (b;) is equivalent to the inequality

sup inf (J(z) + AM(®(z) — p)) < inf sup(J(z) + A(®(z) — p)) .

A>0 TEX 2€X >0
Now, we can apply Theorem 1.A taking I =]0, +o00[ and
U(x,A) = J(x) + A(®(x) = p) ,
and the conclusion follows. O

A suitable application of Theorem 5.1 gives the following result:

Theorem 5.2. Let S be a topological space and F, ® : S — R two lower
semicontinuous functions satisfying the following conditions:

(ag) the function ® is inf-compact ;

F
(by) for some a > 0, one has gceq)*}%tfz‘,-l-oo[) <I>8 =

Under these hypotheses, for each p large enough, there exists A, > 0 such that
the restriction of the function F + X:® to ®~1(] — o0, p]) has at least two global
minima.

Proof. Fix py > infx ®, 7y € ®7!(] — 00, pg[) and X satisfying

F(SL’O) — iIlf@—l(}_oomoD F

A >
po — ®(x0)

Hence, one has
@1 (]—00,p0])

Since ®~*(] — 00, po]) is compact, lower semicontinuity implies the existence of
& € ®(] — 00, po]) such that

F(i) +\0(F) =  inf  (F(z) + \0(x)). (5.2)

x€P—1(]—00,p0])

We claim that ®(Z) < pg. Arguing by contradiction, assume that ®(&) > po.
Then, in view of (5.1), we would have

F(x0) + (o) < F(2) + \D(2)

against (5.2). By (by), there is a sequence {u,} in ®*(]a, +o0[) such that

I
n1—>r£>lo (I)(un

~—
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Now, set

~ = min {o, inf  (F(z)+ MP(:E))}

z€®1(]—00,p0])

and fix n € N so that
F(up)
D(un)

<A+ 21
a

We then have
Flua) + A0(uz) < gcp(uﬁ) <.

Hence, if we put p* = ®(uy), we have

inf (F(z) + \®(x)) < inf (F(z) + A\P(x)) .

2€®-1(|~00,p"]) 2€®~1(]~00,p0])

At this point, for each p > p*, we realize that it is possible to apply Theorem
5.1 taking X = &~ !(] — 00, p]) and J = F + A®. Indeed, with these choices and
taking u; = &, us = uy, the left-hand side of the last inequality in (b;) is zero,
while the right-hand side is positive. Consequently, there exists 5\,, > () such that

the restriction of the function F + A® + \,® to (] — 0o, p]) has at least two

global minima. So, the conclusion follows taking A} = A + j\p. O
It is worth noticing the following consequence of Theorem 5.2.

Theorem 5.3. Let S be a cone in a real vector space equipped with a (not
necessarily vector) topology and let F', ® : S — R be two lower semicontinuous
functions satisfying the following conditions:

(a3) the function ® is positively homogeneous of degree o and inf-compact ;

(bs) the function F' is positively homogeneous of degree 3 > « and there is T € S
such that F(Z) <0 < ®(7) .

Under these hypotheses, there exists p* > infg ® such that the restriction of the
function F + ® to @7 1(] — 0o, p*]) has at least two global minima.

Proof. Clearly, we have

FOF) _ . F(@)

li N = —00 .
Atoo D(AT)  Atoo B(Z) >

So, the hypotheses of Theorem 5.2 are satisfied and hence there exist p > infg ®
and A > 0 such that the restriction of the function F' + A® to ®~1(] — oo, p|) has
at least two global minima, say v, v,. Now, observe that

NaT3 (F(z) + A0 (x)) = F(A+51) + ®(Aa 7 z)
for all z € S. From this, it easily follows that the points )\a%ﬁvl and )\Tiﬁ'Ug are

two global minima of the restriction of the function F + ® to ®~1(] — oo, Aa-7 p]),
that is the conclusion. O
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Remark 5.1. We also remark that the number p* in the conclusion of Theorem
5.3 can be unique. In this connection, a very simple example is provided by
taking S = R, ®(z) = 2? and F(z) = —x®. Actually, it is seen at once that, if
r > 0, the restriction of the function z — x? — 23 to [—r,r] has a unique global
minimum when r # 1 and exactly two global minima when r = 1.

With the notations of Section 4, a joint application of Theorem 1.2 and Theorem
4.1 gives

Theorem 5.4. Let p € G, ¥ € H and J € M. Moreover, assume that X is a
topological space, that A is a real vector space and that p(V(z,-)) is convez for
each x € X. Finally, let u > 0(p,V,J) and N be a weakly filtering cover of
X such that, for each A € N, the function x — J(x) — pp(V(x, N)) is lower
semicontinuous and inf-compact in A for all X € conv({\, : x € X }).

Under these hypotheses, there exist A € N and \* € conv({\, : = € A}) such
that the restriction of the function x — J(x) — pp(V(x, \*)) to A has at least two
global minima.

Proof. For each (z,\) € X x A, put f(z,\) = J(z) — up(¥(x, A)). By Theorem
4.1, there exists A € N such that

sup inf f(z, A\) < inf sup f(x,\),
Aeg xEAf( ) zeA Aegf( )

where D = conv({)\; : x € A}). Now, the conclusion follows directly applying
Theorem 1.2 to the restriction of f to A x D. O

A non-empty set C' in a normed space S is said to be uniquely remotal with
respect to a set D C S if, for each y € D, there exists a unique x € C' such that

|z —yl| = sup [lu—yl| .
ueC

The main problem in the theory of such sets is to know if they are singletons.
If E, F are two real vector spaces and D is a convex subset of E, we say that an
operator ® : D — F'is affine if

d(Ax+ (1= N)y) = A0(x) + (1 — N)P(y)

for all z,y € D, A € [0, 1].
The next three results are applications of Theorem 5.4.

Theorem 5.5. Let Y be a real normed space and let X C'Y be a non-empty
compact uniquely remotal set with respect to conv(X). Then, X is a singleton.

Proof. Arguing by contradiction, assume that X contains at least two points.
Now, apply Theorem 5.4 taking: A =Y, yo = 0, p(z) = ||z]|, ¥(z,\) = x — A,
J =0and N = {X}. Note that we are allowed to apply Theorem 5.4 since
x — A, is not constant. Then, it would exists A* € conv(X) such that the function
x — —||lz — A*|| has at least two global minima in X, against the hypotheses. [
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Remark 5.2. Observe that Theorem 5.5 improves a classical result by V. L.
Klee ([5]) under two aspects: Y does not need to be complete and conv(X) is
replaced by conv(X). Note also that our proof is completely different from that
of Klee which is based on the Schauder fixed point theorem.

Theorem 5.6. Let X be a finite-dimensional real Hilbert space and J : X — R
a C' function. Set

. J(T)
= liminf
" ]| —+oo ||]|?

and

Gzinf{w t(u,x) € My XXWith:c;éu} :
|z — ull

where M; denotes the set of all global minima of J. Assume that 8 < n. Then,

for each p €)26,2n], there exists y, € X such that the equation

J’(:L’) — UL =Ypu
has at least three solutions.

Proof. Let u €]26,2n]. We clearly have

lim (J(:c) . gnx . >\||2) = oo (5.3)

ll]| =00

for all X\ € X. So, since X is finite-dimensional, the function z — J(x)—4|lz—A|?
is continuous and inf-compact for all A € X. Therefore, we can apply Theorem
5.4 taking: X =Y = A, yo =0, p(y) = [|yl|*, ¥Y(z,\) =z — X and N = {X}.
Consequently, there exists A\ € X, such that the function x — J(z) — 5|z — A7 |]?
has at least two global minima. By (5.3) and the finite-dimensionality of X
again, the same function satisfies the Palais-Smale condition, and so it admits at
least three critical points, thanks to Corollary 1 of [9]. Of course, this gives the
conclusion, taking y, = A}, O

Remark 5.3. Clearly, there are two situations in which Theorem 5.6 can imme-
diately be applied: when n = 400, and when 1 > 0 and § = 0. Note that one
has 6 = 0 if, in particular, J possesses at least two global minima.

smallskip

Remark 5.4. It is also clear that under the same assumptions as those of
Theorem 5.6 but the finite-dimensionality of X, the conclusion is still true for
every 1 €]20, 21| such that, for each A € X, the functional z — J(x) — & ||z — A||?
is weakly lower semicontinuous and satisfies the Palais-Smale condition.

Theorem 5.7. Let Y be a finite-dimensional real Hilbert space, J:Y — R a C*
function with locally Lipschitzian derivative, and ¢ : Y — [0,+o0o] a C' convex
function with locally lipschitzian deriwative at 0 and ¢~'(0) = {0}.
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Then, for each o € Y for which J'(xy) # 0, there exists 0 > 0 such that, for each
r €]0,6[, the restriction of J to B(xg,r) has a unique global minimum wu, which
satisfies

J(uy) < J(x) — o(x — uy)

for all x € B(xg,r), where B(zg,7) ={z €Y : ||z — x| < r}.

Proof. First of all, observe that ¢ € G, with yp = 0. Indeed, let V' C Y be a
neighbourhood of 0 and let s > 0 be such that B(0,s) C V. Set

a= inf p(z).

llzll=s

Since dim(Y') < oo, 0B(0, s) is compact and so a > 0. Let x € Y with [|z] > s.
Let S be the segment joining 0 and z. By convexity, we have ¢(z) < ¢(z) for all
z € S. Since S meets 0B(0, s), we infer that o < ¢(x). Hence, we have

a < inf z) < inf T) .
- ||:(:||>8S0( ) T xeEX\V (,0( )

Now, fix g € Y with J'(xy) # 0. Taking into account that ¢'(0) = 0, by
continuity, we can choose o > 0 so that [[¢'(N)| < |[|J'(z)] for all (x,\) €
B(xg,0) x B(0,0). For each (z,\) € Y x Y, put

fla, ) = J(x) —p(z —x0 — A) .
Of course, we have f,(x,\) # 0 for all (z,X) € B (0,%) x B (0,%). Next, since J’
is locally Lipschitzian at xq and ¢’ is locally Lipschitzian at 0, there are p € }0, %]
and L > 0 such that

I1f2(2. A) = fo(y, M < Lllz =yl

for all z,y € B(xzg,p), A € B(0,p). Now, fix A € B(0,p). Denote by I'y the
set of all global minima of the restriction of the function z — f(z,\) + £||z —
zo||* to B(zo, p). Note that zg &€ T'y (since f/(xg,\) # 0). As f is continuous,
the multifunction A\ — I'y is upper semicontinuous and so the function A —
dist(xg, I'y) is lower semicontinuous. As a consequence, by compactness, we have

d:= inf dist(zo,Iy) >0.
AEB(0,p)

At this point, from the proof of Theorem 1 of [11] it follows that, for each A €
B(0,p) and each r €]0,4], the restriction of function f(-,A) to B(xg,r) has a
unique global minimum. Fix r €]0,d[. Apply Theorem 5.4 with X = B(xo,r),
A=Y N = {B(xg,r)} and ¥(z,\) = x — 19 — A. With such choices, its
conclusion does not hold with g = 1 (recall, in particular, that r < p). This
implies that 1 < 6(¢, ¥, J) since the other assumptions are satisfied. But the
above inequality is just equivalent to

S(ur) < J(2) = oz —u,)
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for all x € B(xg,r), where u, is the unique global minimum of Jig(,,, and the
proof is complete. H

A joint application of Theorems 1.1 and 4.1 gives

Theorem 5.8. Let ¢ € G, ¥V € H and J € M. Moreover, assume that X is
a topological space, that A is a real topological vector space and that p(V(z,-))
is quasi-conver and continuous for each x € X. Finally, assume p > 0(p, ¥, J)
and let C C A be a convex set, with {\, : * € X} C C, such that the function

r = J(x) — pp(Y(x,\)) is lower semicontinuous and inf-compact in X for all
reC.

Under these hypotheses, there exists \* € C' such that the function x — J(x) —
(W (xz, \*)) has at least two global minima in X .

Proof. Set D = {\, :x € X} and, for each (z,\) € X x A, put

[z, A) = J(x) — pe(¥(z, ) .
Theorem 4.1 ensures that

sup inf f(z,\) < inf sup f(z, \) . (5.4)

AcA TEX z€X \eD

But, since f(z,-) is continuous and D C C, we have

sup f(xv )‘> = sup f(xv >‘) < sup f(xv )‘> = sup f(SL’, >‘)

AeD XeD xeC AeC
for all z € X, and hence, from (5.4), it follows that

sup inf f(z, \) < inf sup f(x, \) < inf sup f(z,\) .
Aeg reX Sz A) reX Aeg A ) X Aeg I )

At this point, the conclusion follows applying Theorem 1.1 to the restriction of
the function f to X x C. O

The next result comes from a joint application of Theorems 4.3 and 1.C.

Theorem 5.9. Let X be a real inner product space and let 7 be a topology on
X. Moreover, let J : X — R be a functional such that

JO0)=0<supJ and p[*:= sup &xz < 400 . (5.5)
X rex\{oy |zl

Finally, let X > BL and let N be a weakly filtering cover of X such that, for each
A € N and eachy € X, the restriction to A of the functional x — ||x||* — A\J(z)+
(x,y) is T-lower semicontinuous and inf-T-compact.

Then, there exists A € N with the following property: for every convex set C' C X
whose closure (in the strong topology) contains A, there exists § € C such that
the restriction to A of the functional z — ||z||*> — N\J(x) + (z,2(8*X — 1)§) has at
least two global minima.
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Proof. In view of (5.5), we have inf,cx(||z]|> — A\J(z)) < 0, as well as

inf ([l = M) + (8A = D) > 0.

So, we can apply Theorem 4.3 taking Y = X, p= *A =1, I(z) = ||z||* — AJ (z)
and ®(x) = x. Therefore, there exists A € N such that

ilelp;g‘(llxlﬁ M (z) + (B = 1) 2z, y) — lylI*) <
< inf sup([|z[]* — AJ(2) + (B°A = 1)(2(z,y) — lylI*)) . (5.6)

€A yEA

Now, consider the function f : X x X — R defined by
fla,y) = [l = X (@) + (B°A = 1)(2(z, y) — [|ly[*)

for all (x,y) € X x X. Since f(z,-) is continuous and A C C, we have

sup f(z,y) = sup f(z,y) <sup f(z,y) = supf(ffj Y)
Z/EA vEA vel

for all x € X, and hence, taking (5.6) into account, it follows that

sup inf f(z,y) < inf sup f(x,y) < inf sup f(z,y) . (5.7)
yeC z€A zeA yEA z€A yeC

Now, in view of (5.7), taking into account that f 5, is T-lower semicontinuous

and inf-7-compact in A, and continuous and concave in C, we can apply Theorem
1.C to fiixc- Consequently, there exists § € C such that f;(-,7) has at least
two global minima, and the proof is complete. O

In turn, from Theorem 5.9, we get

Theorem 5.10. Let X be a real Hilbert space and let J : X — R be a C*
functional, with compact derivative, such that

o := max {0 lim sup J(x)} < f*:= sup @ < 400

z]—+o0 112 zex\{o} ||z||?

Then, for every A € ] TR 2(1 [ and for every convex set C C X dense in X, there
exists y € C such that the equation

r=N"(z)+7

has at least three solutions, two of which are global minima of the functional
v = gllzl® = AT (2) = (2. 9) .

Proof. Fix \ € ]

we have

#, % [ and a convex set C' C X dense in X. For each y € X,

lim inf <1 — 2)\J( 2 — <I’y2>) =1 —2Alimsup J(z) >0 .
| [z ]| =00 |12
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So, from the identity

el = 207 (2) — {2, y) = ||z} (1 _pJ@ <x’y>)

(|

it follows that
lim (||z]|* = 2AJ(2) — (2,9)) = +o0 . (5.8)
||| —+o0
Since J’ is compact, J is sequentially weakly continuous ([29], Corollary 41.9).
Then, in view of (5.8) and of the Eberlein-Smulyan theorem, for each y € X, the
functional x — ||z||* — 2A\J(z) + (z,y) is inf-weakly compact in X. So, we can
apply Theorem 5.9 taking the weak topology as 7 and N/ = {X}. Consequently,

since the set %C’ is convex and dense in X, there exists ¢ € %C’ such

that the functional z — ||z]|> —2AJ (z) + (z, 2(28*X — 1)§) has at least two global
minima in X which are two of its critical points. Since the same functional satisfies
the Palais-Smale condition ([29], Example 38.25), it has a third critical point in
view of Corollary 1 of [9]. The conclusion follows taking g = (1 — 25*\)g. O

We conclude this section with a further consequence of Theorem 1.2.

Let us introduce the following notations. We denote by R¥X the space of all
functionals ¢ : X — R. For each I € R¥ and for each of non-empty subset A
of X, we denote by Er 4 the set of all ¢ € R¥ such that I + ¢ is sequentially
weakly lower semicontinuous and coercive, and inf4 ¢ < 0.

Theorem 5.11. Let I : X — R be a functional and A, B two non-empty subsets
of X such that
supI <inf [ . (5.9)
A B

Then, for every convex set Y C Er 4 such that

inf su z) >0 and inf su xr) =400, 5.10
Inf sup o(z) uf  sup p(z) (5.10)

there exists ¢ € Y such that the functional I + @ has at least two global minima.
Proof. Consider the function f: X x R¥ — R defined by

f(x,0) = 1(z) + ¢(x)

for all x € X and ¢ € R¥. Fix ¢ € Y. In view of (5.9), we can also fix an
€ €]0,infg I — sup, []. Since infy o < 0, there is T € A such that ¢(z) < e.
Hence, we have

Inf (I(z) + () < I(7) + (7) <supl +e,

from which it follows that

sup inf (I(z) + ¢(z)) <supl +e <inf[l . (5.11)
(peymGX A B
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On the other hand, in view of (5.10), one has

inf I < inf (I(z) + su z)) = inf sup(I(x) + o(x
o1 < (1(x) + sup pla) = inf sup(1(x) + ()

= inf Zlég(l(fv) +p(z)) - (5.12)

Finally, from (5.11) and (5.12), it follows that

sup inf f(x,¢) < inf sup f(z, ) .
g0@13:6@{]”( ©) xexwegf( ©)

Therefore, the function f satisfies the assumptions of Theorem 1.2, and the con-
clusion follows. O

Notice the following remarkable corollary of Theorem 5.11:

Corollary 5.1. Let I : X — R be a sequentially weakly lower semicontinuous,
non-convex functional such that I + ¢ is coercive for all p € X*. Then, for every
conver set Y C X*, dense in X*, there exists ¢ € Y such that the functional
I + ¢ has at least two global minima.

Proof. Since I is not convex, there exist z1, 25 € X and A €]0, 1] such that
M(zq) + (1= NI (zg) < I(x3)
where x3 = Az; + (1 — Ao . Fix ¢ € X* so that

V(1) = (@2) = I(z1) — 1(22)
and put .
I(z) = I(zs — x) — ¥(x3 — 2)
for all x € X. It is easy to check that
T\ (1 — 22)) = T((1 = N)(22 — x1)) < 1(0) . (5.13)

Fix a convex set Y C X* dense in X* and put Y = —Y —¢. Hence, Y is convex
and dense in X* too. Now, set

A = {)\(Il — LUQ), (1 — )\)(IQ — 1’1)} .

Clearly, we have
X" CEfy . (5.14)

Since Y is dense in X*, we have

sup ¢(x) = +00
peY

for all x € X \ {0}. Hence, in view of (5.13) and (5.14), we can apply Theorem
5.11 with B = {0}, I = I, Y =Y. Accordingly, there exists ¢ € Y such that the
functional I — @ — ¥ has two global minima in X, say wuy, us. At this point, it is
clear that x3 — uy, x3 — uy are two global minima of the functional I + ¢, and the
proof is complete. H
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6. A range property for non-expansive potential operators

In this section, (X, (-,-)) is an infinite-dimensional real Hilbert space and T' :
X — X is a non-expansive potential operator. This means that

IT(x) = Tl < [l =yl

for all z,y € X and that T is the Gateaux derivative of a functional J : X — R.
For instance, any continuous symmetric linear operator from X into itself, with
norm less than or equal to 1, is a non-expansive potential operator.

Another classical example of such operators is as follows. Let f : X — R be
a convex continuous function and, for each = € X, let f(x) denote the sub-
differential of f at x, i.e.

0f () = { € X inf(f(y) — (2.9)) = fla) - <z,x>} .

yeX

Then x — x — (id + df)~*(x) is a non-expansive potential operator.
Now let @ : X — X be the operator defined by ®(z) =z + T'(z) for all z € X.

The following result does highlight a range property of the operator . The proof
is based on combining some ideas from [11] with Theorem 1.C.

Theorem 6.1. If the functional J is sequentially weakly lower semicontinuous,
then there exists a closed ball B in X such that ®(B) intersects each conver and
dense subset of X .

Before proving Theorem 6.1, some remarks are in order.

When T is a contraction, Theorem 6.1 is immediate. Actually, in that case,
thanks to the Banach fixed point principle, the operator ® turns out to be a
homeomorphism between X and itself. Hence, the really interesting case is when
the Lipschitz constant of T is exactly 1.

Theorem 6.1 is no longer true if J is not sequentially weakly lower semicontinuous.
In this connection, the simplest example is provided by T'(z) = —z. Actually,
since dim(X') = oo, the norm is not sequentially weakly upper semicontinuous.

A further remark is that, under the assumptions of Theorem 6.1, it may happen
that the set ®(B) has an empty interior for every ball B in X. In this connection,
consider the case where 1" is a compact, symmetric, negative linear operator with
norm 1. In such a case, by classical results, J is sequentially weakly continu-
ous and ®(X) # X. Since ®(X) is a linear subspace, this clearly implies that
int(®(X)) = 0.

Proof of Theorem 6.1. If the functional J is convex, then T is maximal
monotone and, by a classical result of Minty, ® turns out to be a homeomorphism
between X and itself. So, in that case, we are done. Therefore, assume that J is
not convex. As a consequence, there exist z1,xs € X and A €]0, 1] such that

A (x1) + (1 = X)J(x2) < J(x3)
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where x3 = Az; + (1 — N)xy . Fix z € X so that
(x1 — x9, 2) = J(21) — J(22)
and put J(z) = J(xs — x) — (x5 — x, 2) for all z € X. Note that
J(\(z1 — 22)) = J((1 = N)(22 — 21)) < J(0) . (6.1)
Now, put
r = max{\, 1 — \}||z; — x|

and denote by C' the closed ball in X of radius r centered at 0. Fix a convex and
dense set V C X and put Y =V — x3 — z. Hence, Y is convex and dense too.
Consider the function f: X x Y — R defined by

flz,y) = J(z) + (2,y)
for all (z,y) € X x Y. Observing that, for each y € Y, one has

min{(A(z1 = 22),9), (1 = M) (w2 = 21),9)} <0,

in view of the equality in (6.1), it follows that

sup iggf(x,y) < Tz — ) . (6.2)

yey T
On the other hand, by the density of Y, for each z € C'\ {0}, one has

sup{x,y) = 00
yey

and hence

inf sup f(x,y) = J(0) . (6.3)

zeC yEY

Thus, from (6.1), (6.2), (6.3) it follows that

sup inf f(x,y) < inf sup f(z,y) .
yey T€C (z.y) 2€C yey (z,y)

Then, since f(-,y)|c is weakly lower semicontinuous in C' (thanks to the Eberlein-
Smulyan theorem) and f(z,-) is concave and continuous in Y, we can apply
Theorem 1.C. Accordingly, there exists § € Y such that f(-,9)c has at least
two global minima u, us in C. Now, consider the function g : X x [1, +oo[— R

defined by
A .
92,2 = S (el =) + £z, 9)

for all (z,\) € X x [1,+o00[. Observe that the functional g(-, A) (besides being
continuous) is strictly convex and coercive if A > 1, while it is convex if A = 1.
Indeed, let A > 1. For each z,y € X, we have

Mo+ T (23 —2) = Ay +T(23—y), 2—y) = Mz —y|* —(T(xs—2) = T(a3~y), v ~y)
> Mz —yll> = ||T(z5 — ) = T(zs — y)||lz — yl| = (A= D]z —y||*.
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From this, it follows that the Gateaux derivative of the functional g(-, A) (that is,
the operator © — Az — T'(x3 — x) 4+ z + ¢) is monotone and that it is uniformly
monotone if A > 1. Now the claim follows from classical results ([29], pp. 247-
248). Furthermore, for each = € X, the function g(z, -) is concave and continuous,
and limy_, ;1 g(0,\) = —oo. So, we are allowed to apply a classical saddle-
point theorem ([29], Theorem 49.A) to the function g. Accordingly, there exists
(#,\) € X x [1,+00[ such that

~

g(&,A) = inf g(x, ) = supg(i, \) .
rzeX A>1

This implies that z € C,

DO | >

4]+ £(2,9) = inf (gw + f<x,yf>) (6.4)

and

. Lo
(121" =r*) = 52l =) - (6.5)
We claim that A = 1. If ||| < r, this follows directly from (6.5). So, assume

that ||Z|| = r. In this case, for i = 1,2, we have

N >

~ ~

A . A Lo
el + Fus, 9) < SUP + £(3.9)

and hence from (6.4) it follows that

DN | >

JualP + £ (s, §) = inf (guxw + f<x,yf>) . (6.6)

But, for A > 1, the functional z — %||:L'||2 + f(z,9) has a unique global minimum
in X because it is strictly convex. So, the equality A = 1 follows from (6.6).
Therefore, by (6.4), the Gateaux derivative of the functional z — £||z[|*+ f(z, 9)
vanishes at . This means that

Txs—2)—t=2z+79.

Therefore, if B is the closed ball of radius r centered at x3, we have 23 — & € B
and ®(z3 — &) € V, and the proof is complete. O

7. Singular points of non-monotone potential operators

In this section, (X, | -||) is a reflexive real Banach space, with topological dual
X* and T : X — X* is a continuous potential operator. As a consequence, the
functional

r— Jp(z) = /0 T(sx)(x)ds
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is of class C! in X and its Gateaux derivative is equal to 7. Let us recall a few
classical definitions.

T is said to be monotone if (T'(z) — T(y))(z —y) > 0 for all x,y € X. This is
equivalent to the fact that the functional Jr is convex.

T is said to be closed if for each closed set C' C X, the set T'(C) is closed in X*.

T is said to be compact if for each bounded set B C X, the set T'(B) is compact
in X*.

T is said to be proper if for each compact set K C X*, the set T7!(K) is compact
in X.

T is said to be a local homeomorphism at a point xy € X if there are a neigh-
bourhood U of zy and a neighbourhood V' of T'(x) such that the restriction of T
to U is a homeomorphism between U and V. If T" is not a local homeomorphism
at xy, we say that z( is a singular point of 7. We denote by St the set of all
singular points of T'. Clearly, the set T' is closed.

Assume that the restriction of T' to some open set A C X is of class C'. We
then denote by ch , the set of all zyp € A such that the operator 7"(x) is not
invertible. Since the set of all invertible operators belonging to £(X, X*) is open
in £(X, X™*), by the continuity of 7", the set S’T‘A is closed in A.

T is said to be a Fredholm operator of index zero in A if, for each x € A, the
codimension of T"(x)(X) and the dimension of (7”(z))~'(0) are finite and equal.

A set in a topological space is said to be o-compact if it is the union of an at most
countable family of compact sets.

A functional I : X — R is said to be coercive if | |}im I(x) = +o0.
x||—+o00

Let us recall the two following results:

Theorem 7.A. ([23], Theorem 2.1) If X is infinite-dimensional, if T is closed
and if St is o-compact, then the restriction of T to X \ St is a homeomorphism
between X \ St and X \ T(Sr).

Theorem 7.B. ([8], Theorem 5) If dim(X) > 3, if T is a C* proper Fredholm
operator of index zero and if St is discrete, then T is a homeomorphism between
X and X*.

We wish to show that a joint application of these results with Corollary 5.1 gives
the following ones:

Theorem 7.1. If X is infinite-dimensional, if T is closed and non-monotone,
if Jr is sequentially weakly lower semicontinuous and Jr + ¢ is coercive for all
p € X*, then both Sy and T'(St) are not o-compact.

Theorem 7.2. In addition to the assumptions of Theorem 1, suppose that there
exists a closed, o-compact set B C X such that the restriction of T to X \ B is
of class C*. Then, both STixm @nd T(ST, .\ ) are not o-compact.
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Theorem 7.3. Assume that (X, (-,-)) is a Hilbert space, with dim(X) > 3, and
that T is compact and of class C* with

liminf 22 > (7.1)

and, for some \g > 0 and for all A\ > \g

lim ||z + AT'(2)|| = +o0 . (7.2)

[|]| =00
Set I'={(z,y) e X x X : (T"(x)(y),y) <0} and, for each u € R,
A, ={r e X :T'(x)(y) = py for some y € X\ {0}} .

1 T
When T # 0, set also [L:max{——, inf L(z)’y)}
Ao @wer |l

Then, the following assertions are equivalent:

(i) the operator T is not monotone;
(i) there exists jp < 0 such that A, #0;
(iii) T # 0 and, for each p €]f1,0[, the set A, contains an accumulation point.

Remark 7.1. Of course, Theorem 7.2 is meaningful only when X and X* are
linearly isomorphic. Indeed, if not, the fact that St .., is not o-compact follows
directly from the equality St , = X \ B.

We now establish the following technical proposition:

Proposition 7.1. If V is an infinite-dimensional real Banach space space and if
U CV is a o-compact set, then there exists a convexr cone C C V, dense in V,
such that UNC = 0.

Proof. We distinguish two cases. First, assume that V is separable. Fix a
countable base {A,} of open sets in V. We claim that there exists a sequence
{zn} in X such that, for each n € N, z,, € A, and UNC(y,, . ,) = 0 where

We proceed by induction on n. Clearly, the set Uy~oAU is o-compact and so,
since X is infinite-dimensional, it does not contain A;. Thus, if we take x; €
A\ UxsoAU, we have U N C,y = (. Now, assume that zq,...,x,, with the
desired properties, have been constructed. Consider the set U,sou(U _C(scl,...,xn))-
One readily sees that it is o-compact, and so it does not contain A, ;. Choose

Tpi1 € Apg1 \ Upsoit(U — Clay ... ,y). Then, one has

un C(ml,...,mn+1) = @ .
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Indeed, if there was © € U N Cy,,....00,,), We would have T = Z?:ll Aixi, with

Ai > 0 and Z?:Jrll A; > 0. In particular, Ap,y1 > 0, since U N Cay,.n,) = 0.
Consequently, we would have

and s0 Zp41 € Uusoi(U — Clg,y,..0)), against our choice. Thus, the claimed
sequence {x,} does exist. Now, put

C=JCurn -
n=1

It is clear that C'is a convex cone which does not meet U. Moreover, C'is dense in
V since it meets each set A,. Now, assume that V' is not separable. Let {z,},er
be a Hamel basis of V. Set

A={yel:z,¢gspan(U)} and L =span({z,:v€A}).

Clearly, span(U) is separable since U is so. Hence, A is infinite. Introduce in A
a total order < with no greatest element. Next, for each v € A, let ¢, : L -+ R
be a linear functional such that

1 ity =a,
@DV(IQ)_{O if v# .

Now, set D = {x € L : 38 € A: ¢g(x) > 0 and ¢, (z) = 0 Vy > S}. Of
course, D is a convex cone. Fix x € L. So, there is a finite set I C A such that
T = Z,YE] Yy (2)z,. Now, fix f € A so that § > max . For each n € N, put

1
n =2+ —Tg .
Y n P

Clearly, ¥3(yn) = % and ¢, (y,) = 0 for all v > 5. Hence, y, € D. Since
lim, ¥, = x, we infer that D is dense in L. It is now immediate to see that

the set D + span(U) is a convex cone, dense in V', which does not meet U. 0

Proof of Theorem 7.1. Let us prove that Sy is not o-compact. Arguing
by contradiction, assume the contrary. Then, by Theorem 7.A, for each ¢ €
X*\ T(Sr), the equation T'(z) = ¢ has a unique solution in X. Moreover,
since T is continuous, T'(S7) is o-compact, too. Therefore, in view of Proposition
1, there is a convex set Y C X*, dense in X*, such that T(Sr) NY = (. On
the other hand, thanks to Corollary 5.1, there is ¢ € Y such that the functional
Jr — ¢ has at least two global minima in X which are therefore solutions of the
equation T'(x) = ¢, a contradiction.

We now prove that T'(St) is not o-compact. Arguing by contradiction, assume
the contrary. Consequently, since T is proper ([23], Theorem 1), T-'(T(St))



132 B. Ricceri / On a Minimaz Theorem: an Improvement ...

would be o-compact. But then, since St is closed and Sy C T~Y(T(S7)), Sr
would be o-compact — a contradiction, and the proof is complete. O

Proof of Theorem 7.2. By Theorem 7.1, the set St is not o-compact. Now,
observe that if ¥ € X\ (57, 5 U B), then,by the inverse function theorem, 7" is
a local homeomorphism at x, and so x € Sp. Hence, we have

St C S'T‘(X\B) UB.

We then infer that ST‘ (x\p 18 not o-compact since, otherwise, ST‘ x\p U B would
be so, and hence also S; would be o-compact being closed. Finally, the fact that
T(S;q (x\m) 18 not o-compact follows as in the final part of the proof of Theorem
7.1, taking into account that St .., is closed in X \ B. 0

Proof of Theorem 7.3. Clearly, since X is a Hilbert space, we are identifying
X* with X. Let us prove that (i) — (¢i¢). So, assume (7). Since Jr is not convex,
by a classical characterization ([27], Theorem 2.1.11), the set I" is non-empty. Fix
p €], 0[. For each z € X, put

1 1
Lu(x) = ll=l” = pJT(fv) :

Clearly, for some (z,y) € I', we have

<y - %T’<x><y>,y> <0

and so, since
1
(@) (y) =y — ” T'(x)(y)
the above recalled characterization implies that the functional I, is not convex.
Since T' is compact, on the one hand, Jr is sequentially weakly continuous ([29],
Corollary 41.9) and, on the other hand, in view of (7.2) the operator I;, (recall
that —— 5> Ao) is proper ([28], Example 4.43). The compactness of T’ also implies

that, for each x € X, the operator T"(x) is compact ([28], Proposition 7.33) and
so, for each A € R, the operator y — y + A\T"(z)(y) is Fredholm of index zero
([28], Example 8.16). Therefore, the operator I, is non-monotone, proper and
Fredholm of index zero. Clearly, by (7.1), the functional z — I,(x) + (z, ) is
coercive for all z € X. Then, in view of Corollary 5.1, the operator I}, is not
injective. At this point, we can apply Theorem 7.B to infer that the set Sp
contains an accumulation point. Finally, notice that

S'I;IL = A,uv

and (7i7) follows. The implication (iii) — (é¢) is trivial. Finally, the implication
(73) — (i) is provided by Theorem 2.1.11 of [27] again. O
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8. Integral functionals on LP-spaces

In this section, we present an application of Theorem 3.1 to integral functionals
on [P-spaces. The main general result is Theorem 8.1 below from which, in turn,
we derive a series of consequences.

In the sequel, (7', F, 1) (u(T") > 0) is a o-finite measure space, Y is a reflexive real
Banach space and ¢, : Y — R are two sequentially weakly lower semicontinuous
functionals such that, for some p > 0,

g min{e(y) v(y)}
vey 1+ ylP

(8.1)

For each A € [0, oo], we denote by M) the set of all global minima of ¢+ A or the
empty set according to whether A < 400 or A = 4+00. We adopt the conventions
inf ) = +o00 and sup ) = —oco.

Moreover, a,b are two fixed numbers in [0, +occ], with a < b, and «, § are the
numbers so defined:

a:max{infz/),supz/)} , ﬂzmin{sup@b,inf@D} .
Y My Y Mo,

As usual, LP(T,Y) denotes the space of all p-strongly measurable functions w :
T — Y such that

/ la(t) [Py < +0o
T

Theorem 8.1. Assume that the functional p + \ip is coercive and has a unique
global minimum for each A €|a,b[. Assume also that o < 3.

Then, for each v € L>(T) N LY(T) \ {0}, with v > 0, and for each r €], B[, if
we put

Vo= {uer@yys [swvuem < [

T

v(t)du} :

we have

in / A()p(u(t))dp = inf o / NOLR (3.2)

uEVy r P»=1(r)

Proof. First, we assume additionally ¢(0) = 1(0) =0.

Actually, once we prove the theorem under this additional assumption, the general
version is obtained applying the particular version to the functions ¢ — ¢(0) and
1 — 1(0). Next, observe that the functionals ¢ and v are Borel (in the weak
topology, and so in the strong one too). This implies that, for each u € LP(TY),
the functions ¢ o w and v o u are p-measurable. On the other hand, in view of
(8.1), for some ¢ > 0, we have

—cy() (1 + [Ju(®)||?) < ~v(t) min{p(u(t)), Y (u(t))}
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for all t € T. Since v € L°°(T) N LY(T), the function t — —~(t)(1 + |lu(t)|]?)
lies in L'(T'), and so the integrals [, v(t)p(u(t))dp and [ ~y(t)y(u(t))dp exist
and belong to | — oo, +0o0]. For each A €|a,b], denote by ¢, the unique global
minimum in Y of the functional ¢ + A¢). By Theorem 3.1 and Remark 3.1, there
exists A, €la, b[ such that ¢ (g,,.) = . So, we have

©(Gr,) + A < o(y) + N (y)

for all y € Y. From this, it clearly follows that

jr) = inf . 8.3
e(9x,) b e (8.3)

Likewise, for each uw € LP(T,Y"), it follows that

(6l0n,) + 2 [

T

V@WS/@®WMW+NWWWW-

T

Therefore, for each u € V., we have

i) / A(t)dp < / At put))dps

and hence
olin) [0 < it [ 2(p®)dn . (3.4)
T uEV-y,r T
In view of (8.3), to get (8.2), we have to show that
plin) [ 0= inf [ 2O(ut)dn (8.5)
T uGVq,r T

Arguing by contradiction, assume that (8.5) does not hold. So, in view of (8.4),
we would have

o) / At < inf / At o))y (5.6)

uEVy,r

From (8.6), in turn, as (T, F, ut) is o-finite, the existence of some T € F with
pu(T) < +oo would follow, such that

o) / Aty < inf / ot plult) )y (8.7)

uev—y,r'
Now, consider the function @ : T'— Y defined by

~ g)\r if xe T7
ity = {0 :
0 if zeT\T.
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Clearly, u € LP(T,Y). We also have

[ ataeydn = [ A< [ 2o

T

>

and so u € V,,,. But
[ A0eta)d = e(in,) [ A0
T T
and this contradicts (8.7) — and the proof is complete. O

Remark 8.1. In general, the conclusion of Theorem 8.1 is no longer true if, for
some X €]a, b, the function ¢+ Ap has more than one global minimum. A simple
example (with a = 0 and b = 4+00) is provided by Y = R,

{?f if y<1

W=y iy

and 1 (y) = y?. So, ¢ is unbounded below and ¢ + A\ is coercive for all X > 0.
Clearly, we have @ = 0 and § = 4+00. However, for r = 1, (8.2) is not satisfied,
since 0 € V., [ 7()¢(0)dp = 0, while infy-1(1)p = 1.

Remark 8.2. At present, we do not know if the conclusion of Theorem 8.1 holds
without the coercivity assumption on ¢ + A.

We now consider a series of consequences of Theorem 8.1.

First, we want to state explicitly the form Theorem 8.1 assumes when T"= N, F
is the power set of N and pu(A) = card(A) for all A C N.

Denote by 1,(Y) the space of all sequences {u,} in Y such that

o
> lunll? < +o0.
n=1

Theorem 8.2. Let ¢, satisfy the assumptions of Theorem 8.1.

Then, for each sequence {a,} € l1(R)\ {0}, with inf,ena, > 0, and for each
r €la, B, if we put

Vian}r = {{Un} ELY) Y antb(u,) <r an} ,
1

n=1 n=

we have

inf Z anp(uy,) = wi*q{r) © Z Qy .

{Un}ev{an}ﬂ‘ n=1

The next two results deal with consequences of Theorem 8.1 in the case when
v € Y*\ {0}.
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Theorem 8.3. Let y — ||y||? be strictly convex for some ¢ > 1 and let ¢ be
non-zero, continuous and linear. Moreover, let 1 : [0, +o0[— R be an increasing
strictly convex function.

Then, for each v € L=(T) N LY(T) \ {0}, with v > 0, and for each r > n(0) and
p > 1, if we put

WWZ&%LWEWZA%WMMWWWSTAd@W},

/T Y(E)dp -

Proof. The assumptions made on 7 imply that the functional y — n(||y[|9) is
strictly convex and, for some m,c > 0, one has n(t) > mt —c for all t > 0. As a
consequence, for each A > 0, the functional y — ¢ (y) + A\n(||y||?) is coercive and
has a unique global minimum in X. At this point, the conclusion follows directly
from Theorem 8.1, applied taking a = 0, b = 400, ¥(y) = n(]|y||?) and observing
that (8.1) holds for each p > 1 and that a = 7(0), § = +00. O

we have

Q[

mféﬂ@ﬂﬂﬂ@ﬁ*ﬂ%w@*U»

UEV'\/,T

Theorem 8.4. Let ¢ be non-zero, continuous and linear, and let ¢ be C' with

W) _ e (8.8)

lyll—+oo [lyll

Finally, assume that, for each u < 0, the equation

V'(y) = e (8.9)
has a unique solution in'Y or even at most two when dim(Y') < co.
Then, for each p > 1, the conclusion of Theorem 8.1 holds with any r > infy ¢ .

Proof. In view of (8.8), the functional ¢ + A\ is coercive for each A > 0. Let &
be a global minimum of this functional. Then, # satisfies (8.9) with p = —\7%.
So, when dim(Y’) = oo, the uniqueness of & follows from an assumption directly.
Now, assume that dim(Y') < oco. In this case, ¢ + A\ satisfies the Palais-Smale
condition. As a consequence, if ¢ + A\ was admitting two global minima, then,
thanks to Corollary 1 of [9], (8.9) would have at least three solutions for = —\71,
against an assumption. Now, we can apply Theorem 8.1, with p > 1, a = 0,
b = +o0, observing that o = infy ¢ and § = 4o00. O

Here is a consequence of Theorem 8.1 in the case when Y is a Hilbert space and
© has a Lipschitzian derivative:

Theorem 8.5. Let Y be a Hilbert space, let ¢ be C* and let ' be Lipschitzian,
with Lipschitz constant L > 0. Assume that ©'(0) # 0. Set

S={yeV:¢(y +Ly=0} and p=inf]y|*.
Y
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Then, for each v € L*(T) N LY(T) \ {0}, with v > 0, and for each r €0, p|,
p > 2, if we put

Vo= {ue @y [ Pasr [0,
we have

in / A(Ep(u())dp = inf o(y) / A(t)du.

ueVy,r lyl2=r

Proof. Note that the functional y — ¢(y) + 3||y|? is convex if X = L, while
it is strictly convex and coercive if A > L (see, for instance, Proposition 2.2 of
[16]). So, this functional has a unique global minimum if A > L, while the set
of its global minima coincides with S if A = L. At this point, the conclusion is
obtained applying Theorem 8.1 with

_ lwl?
Uy) =75
forally € Y, a = L and b = +00, taking into account that (8.1) is satisfied for
each p > 2 since ¢’ is Lipschitzian and observing that « = 0 and 8 = £. O

In the next result, we will apply Theorem 8.1 taking as Y the usual Sobolev space
Wy ?(Q) with the usual norm

(f |w<x>wx)é,

where 2 is bounded domain in R" (n > 3) with smooth boundary and ¢ > 1.

Moreover, if u € LP(T, W,(Q)) we will write u(t, z) instead of u(t)(z). That is,
we will identify u with the function w : T'x Q — R defined by w(t, ) = u(t)(z)
for all (t,z) € T x Q.

Theorem 8.6. Let f : R — [0,400] be a continuous function, with f(0) = 0

and liminfe . f(§) > 0, such that £ — ffq(f)l is decreasing in |0, +oo| and

f(€)

j€l—>+o0 |€|771

for some q > 1. Then, for each v € L=(T) N LY(T) \ {0}, with v > 0, and each
r >0, p>q, if we put

Vo= {ue rawin@): [0 ([ 1vonapa) s [ o,

we have
ap [0 ([ s )an= sw [ P [0,
u€Vy,r JT Q veW, (), Q T
Jo V()9 da=r

where F(§) = fog f(s)ds for all € € R.

=0 (8.10)
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Proof. We are going to apply Theorem 8.1 taking Y = Wol’q(Q),
o) == [ Fo@)d, and vo)= [ [Voto)as
Q Q

for all v € W,(€). Due to (8.10), by classical results, ¢ is sequentially weakly
continuous in Wol’q(Q), (8.1) is satisfied for any p > ¢, and, for each A > 0,
the functional ¢ + A\ is C*, coercive and satisfies the Palais-Smale condition.
Moreover, since f > 0, its non-zero critical points are strictly positive in £ ([3],
f(&)
ga—t
4.2 of [4] ensures that, for each A > 0, there exists at most one strictly positive
critical point of ¢ + A). As a consequence, we infer that, for each A > 0, the
functional ¢ + A has a unique global minimum in I/VO1 (Q), since otherwise, in
view of Corollary 1 of [9], it would have at least three critical points. Hence, we
are allowed to apply Theorem 8.1 with a = 0 and b = +o00. Clearly, we have
a = 0 and f = 400 (since lime, o F(§) = +oo and hence ¢ is unbounded
below). The proof is complete. O

[26]). Moreover, since the function £ — is decreasing in |0, +oco[, Proposition

The next application of Theorem 8.1 concerns a Jensen-like inequality in LP-
spaces.

Theorem 8.7. Let f : R — R be a continuous function, positive and differen-
tiable in |0, +oo[, with SUP|_so ) f < 0. Assume that, for some 6 > 0, the function
y — 0ly|” — f(y) has no global minima in R,

lim sup /) =9 (8.11)
y—too YP
: fly) . o
and the function y — s injective in |0, +00].
Y

Then, for each v € L>(T)N L*(T)\ {0}, with v > 0, and for all uw € LP(T)

[ sty s ((f }(tﬁg’;ﬂd’i)) R

Proof. We are going to apply Theorem 8.1 with Y =R, ¢(y) = —f(vy), ¥(y) =
ly[P and a = 0, b = +o0. Fix A > §. From (8.11), we clearly infer that ¢ + A is
coercive. We now show that this function has a unique global minimum. Arguing
by contradiction, assume that y;,y, € R are two distinct global minima of ¢ +
M. We can suppose that y; < ys. Since ¢(y) + Mp(y) > 0 for all y < 0 and
©(0)+ A (0) = 0, it would follow that y; > 0. By the Rolle theorem, there would
be y3 €]y1, y2| such that pAyt~' = f'(y3). As a consequence, we would have

f’(y2) f’(y:’))
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contrary to the assumption that the function y — % is injective in |0, +ool.

So, we are allowed to apply Theorem 8.1, observing that « = 0 and f = +o0.
Let u € LP(T). Put

_ et Ipdu
foy

If » = 0 the inequality to prove is clear: both sides are zero. So, assume r > 0.

Clearly, we have
t)|Pd
nf = (fTv (t)] u)
$i(r) Jro(t

and hence, since v € V,,, it follows

/T v(t)f(u(t))duﬁf((fT}ﬂ 'pd“) ) / Y(t)du,

as claimed. O

Remark 8.3. The class of functions f satisfying the assumptions of Theorem
8.7 is quite broad. For instance, a typical function in that class is

k

f(y) = anlog(1 + (y*)") + D aly*)"

1=1

where y* = max{y,0}, a; ( = 0,...,k) are k + 1 non-negative numbers, with
Zf:o a; >0, and ¢; (i =1,..., k) are k positive numbers less than p.

As a consequence of this remark, we get, for instance, the following
Corollary 8.1. For each v € L=(T)N LY(T)\ {0}, with v > 0, one has

/ v(t)log(1+|U(t)|”)duSlog( fT?H 'pd“) [ @12

for allu € LP(T).

9. Integral functionals on Sobolev spaces
From now on, {2 C R" is a bounded domain with smooth boundary.

For p > 1, on the Sobolev space W1?(Q2) we consider the norm

lull = (/Q|VU(I)Ipdx+LIU($)Ipd$)%

If p>n, WH(Q) is compactly embedded in C°(Q2) and hence the constant

su u\x
oy SPacalu(®)

(9.1)
weW1LP(Q)\{0} [ ull

is finite.
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Recall that a function f: Q x R™ —| — 00, +00] is said to be a normal integrand
([22)) if it is £(2) ® B(R™)-measurable and f(z,-) is lower semicontinuous for
a.e. x € 2. Here £(Q2) and B(R™) denote the Lebesgue and the Borel o-algebras
of subsets of €2 and R, respectively.

Recall that if f is a normal integrand, then, for each measurable function v : Q —
R™, the composite function x — f(z,u(z)) is measurable ([22]).

If £ € R, we continue to denote by £ the constant function on {2 assuming the
value &.

The next result is an application of Theorem 5.1.

Theorem 9.1. Assumep > n. Let f : QxR —]—00,4+00] and ¢ : QxRXR" —
| — 00, +0] be two normal integrands satisfying the following conditions:

(i) there exist v > 0 and v € L*(Q) such that

V(€ + nl”) +(z) < ¢(z, & n)
forall (x,&,m) € QxR xR", and, for each (x,&) € Q xR, the function (x,&, ")

1s convex in R™;

(i) for each € > 0, there exists . € L*(2) such that

— €&l +e(e) < flx,€)
for all (z,£) € A xR ;
(i) there exist &, p € R such that

/Q (.60, 0)dz < p | /Q fla&)ds <400 and f(r.6) = inf f(2.)

§l<é

_ dao\ »
for all x € Q, where § =c (M) and c is given in (9.1).
v

Under these hypotheses, for every sequentially weakly closed set V. C WLP(Q)
containing the constant & and a w for which

/ap(x,w(x),Vw(x))dx < 400 and /f(x,w(x))dx < / f(x, &) dx,
Q Q Q
there exists \* > 0 such that the restriction to V' of the functional
u — / flz,u(x))dz + \* / o(x,u(z), Vu(z))dx
Q Q

has at least two global minima.

Proof. For each u € W'P(Q), set

j(u):/ﬂf(x,u(:z))da: and é(u)z/gap(x,u(a:),Vu(:z))d:E.
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By a classical result ([2], Theorem 4.6.8), for each A > 0 the functional J+ A is
sequentially weakly lower semicontinuous. On the other hand, for € €]0, Av[, by
(i), we have

J(uw) + A0(u) > (v — €)||ul| + /Q%(:)s)d:):.

Consequently, by reflexivity and Eberlein-Smulyan theorem, the sub-level sets of
J + AP are weakly compact. Now, let V' C W'P(Q) be as in the conclusion. Set

X ={u eV :sup{J(u),®(u)} < +oo}.
Observe that &, w € X and that
{fue X Ju)+X0(u) <r}={uecV:Ju)+\p(u) <r} (9.2)

for all A\ > 0, r € R. Denote by J and ® the restrictions to X of J and ®
respectively. We want to apply Theorem 5.1 considering X with the relative
weak topology. Clearly, in view of (9.2), (a1) holds. Concerning (by), observe
that for each u € ®7(] — o0, p|), by (i), one has

www+/v@MxSp
Q

and so

p—@wwM)%

wMM§c<
Q

Y

the above inequalities being strict if ®(u) < p. Then, from this and from (4i7), it
follows that
J(&)= inf J and P(&)<p
&=t (]—o00,p])
as well. Consequently, (by) is satisfied taking u; = & and us = w. So, the
conclusion follows directly from Theorem 5.1. 0J

Let p > 1. If n > p, we denote by A, the class of all continuous functions
f : R — R such that

1 f(&)]
cen 1+ [€]*

WhereO<s<% if p<n,and 0 < s < 400 if p = n. While, when n < p,
A stands for the class of all continuous functions f : R — R. Given f € A,,
consider the following Dirichlet problem

< 400,

{—dwuw—?w ~fw) 9. ()

u=2~0 on 0f).

Let us recall that a weak solution of (Py) is any u € VVO1 P(Q2) such that
/ |Vu(x)|P2Vu(r)Vo(r)dz — / flu(z))v(x)dx =0
) Q

for all v € W, (9).
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Moreover, \;, denotes the principal eigenvalue of the problem

—div(|VuP72Vu) = MulPu  in Q,
u=0 on 092,

and we have
\V4 Pd
Ap = inf —fQ Vu(o)Pde
wewlr@\oy Jg lu(z)Pde

We recall the following consequence of the variational principle shown in [10]:

Theorem 9.A. Let X be a reflexive real Banach space and let &, ¥ : X — R be
two sequentially weakly lower semicontinuous functionals, with ®(0) = ¥(0) = 0,
and with U also coercive and continuous. Then, for each o > infx ¥ and each A
satisfying

N _ian*l(}—m,a}) d

o
the functional ANV + ® has a local minimum belonging to ¥='(] — oo, o]) .

The next result is an application of Theorem 8.1.

Theorem 9.2. Let f € A,, with f >0, and let F(§) = f(f F(t)dt for all £ € R.
Assume that:

(a1) limge_o+ Fé(f) = +00;

(@) =

(a3) the function & — 0&P — F(&) has no global minima in [0, 400[;

(ag) for each X > pd, the equation NP~ = f(€) has at most two solutions in
10, +o0f .

az) 0 :=limsupg, < +00;

(e2]

Under these hypotheses, for each p > 0 and each v €]0,1] satisfying

Al,ppp
pF(p)’

v <<

the problem
—div(|Vu[P~2Vu) = vf(u) in Q
u=>0 on 0Of)

has a positive weak solution satisfying

/ |Vu(z)[Pdx < pPA;, meas(€2) .
Q

Proof. Fix p and v as above. Since f > 0, by classical results ([3], [27]), the
positive weak solutions of the problem are exactly the non-zero critical points in
Wy (Q) of the energy functional

"o %/Qwu(x)wdx _ V/QF(u(x))dx |
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We are going to apply Theorem 8.1 taking Y = R, ¢(&) = —vF (&), ¥(§) = |€]P,
a = ¢ and b = +oo. Note that ¢ is non-negative in | — 00, 0]. So, (8.1) is satisfied
in view of (ay). Fix A > J. From (ay) again, it follows that ¢ + A is coercive .
Arguing by contradiction, assume that ¢ 4+ Ay has two global minima, say &, &o,
with & < &. From (a;) it follows that

inf (¢ + M) <0.

[0,400[

This fact implies that & > 0. As a consequence, the equation

P = f(€)

would admit the solutions &, & and a third one in |3, &[ given by Rolle’s theorem.
But, this contradicts (as). Hence, the function ¢ + A¢ has a unique global
minimum. Further, note that & = 0 and, in view of (a3), 8 = +oo. Then, if we
put

V= {ue @ [ lutapde < pmeasio}

Theorem 8.1 ensures that

sup /Q F(u(z))dx = F(p) meas(2) . (9.4)

ueV,

On the other hand, setting

B, = {u e WyP(Q) : / |Vu(z)|Pdx < pp)\l,pmeas(ﬂ)} :
Q

we have
B,CV,.

Consequently
sup / F(u(zx))dx < sup / F(u(z))dz. (9.5)
ueB, JQ ueVy, JQ

Now, if we put

o = pPAy pmeas(€2),
in view of (9.3) , (9.4) and (9.5), we have
o
sup / vE(u(z))de < —.
Q

uGW()l'p(Q) p
Jo IVu(z)|Pde<o

We apply now Theorem 9.A taking X = W, ?(Q), ¥(u) = Jo [Vu(z)Pdz and
®(u) = —v [, F(u(z))dz. Hence, the energy functional has a local minimum u
(which is therefore a solution of the problem) such that

/ |Vu(z)Pdx < pPA;, meas(€2) .
Q
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To show that u # 0, we finally remark that 0 is not a local minimum of the energy

functional. Indeed, by a classical result, there is a bounded and positive function
v € W, P(Q) such that

/Q [Vo(z)Pde = Ay /Q lv(z)[Pda .

By (ay), there is 6 > 0 such that
A
F(g)> g
vp

for all £ €]0,0|]. Hence, for each n € ]0 b [, we have

? supqn v

I//QF(nv(:c))d:c> %/ﬂhv(azﬂpdx:Z%/Q\Vm}(:cﬂpd:c.

This shows that the energy functional takes negative values in each ball of VVO1 P(Q)
centered at 0 and so 0 is not a local minimum for it, and the proof is complete. [

Note the following corollary of Theorem 9.2 (for the uniqueness, consider again
Proposition 4.2 of [4]):

Corollary 9.1. For each v €]0,1], the unique positive weak solution of the
problem

—div(|Vu|Vu) =vu in Q,
u=20 on 0N,

satisfies the inequality

27 meas(2) 4

3. o 2 Meas(il)
/Q|Vu(x)| dx < SN2, 2

Now, let a,b € R, with a > 0 and b > 0. Consider the non-local problem

—(a+0b [, |Vu(z)*dz) Au= h(z,u) in Q,
u=>0 on 0f),

h: QxR — R being a Carathéodory function.

On the Sobolev space Hj(f2), we consider the scalar product

(u,v) :/QVU(:L’)VU(x)dx

foll = ( |Vu<sc>|2d:c)é .

and the induced norm
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We denote by A the class of all Carathéodory functions f : 2 x R — R such that

< |f(x, &)
up
@e)enxr L+ [€]P

< 400 (9.6)

for some p € }O, Z—J_’g [

Moreover, we denote by A the class of all Carathéodory functions g : @ xR — R

such that
sup lg(z,§)]
@eeaxr 1+ [£]9

< 400 (9.7)

for some q € ]0, % [ Furthermore, we denote by A the class of all functions

h: QxR — R of the type

h(z,§) = f(x,§) + afx)g(x,§)

with f € A,g € Aand o € L2(Q). For each h € A, we define the functional
I, - HY(Q) — R, by putting for all u € H}(2) and for all (z,£) € 2 x R

13
Ip(u) = /Q Hz,u(z)dz and H(z,¢) = /0 W, t)dt

By classical results (involving the Sobolev embedding theorem), the functional
I;, turns out to be sequentially weakly continuous, of class C*!, with compact
derivative given by

() = [ e ute)u(e)ds
for all u,w € H} ().

Now, let us recall that, given h € A, a weak solutions of the problem

—(a+0b [, |Vu(z)?dz) Au= h(z,u) in Q,
u=>0 on 0f),

is any u € H(€) such that

(a—l—b/ﬂ\Vu(x)\zdx) /QVu(x)Vw(x)da::/h(x,u(:c))w(a:)

Q
for all w € H}(Q). Let @ : H}(Q) — R be the functional defined by

b
D(u) = Sl + 7|l
for all w € H}(Q). Then the weak solutions of the problem are precisely the
critical points in H}(Q) of the functional ® — Ij,.



146  B. Ricceri / On a Minimaz Theorem: an Improvement ...

As an application of Theorem 5.8, we now obtain

Theorem 9.3. Let n >4, let f € A and let g € A be such that the set

{x € Q:suplg(x,§&)| > 0}

£ER

has a positive measure. Then, there exists \* > 0 such that, for each A > \* and
each convex set C' C L?(Q) whose closure in L*(Q) contains the set {G(-,u(")) :
u € Hi(Q)}, there exists v* € C' such that the problem

{— (a+0b [, |Vu(@)?dz) Au= f(z,u) + \(G(z,u) — v*(z))g(z,u) in Q,
u=>0 on 02,

has at least three weak solutions, two of which are global minima in HJ () of the
functional

w— D) — /QF(:C,U(:C))dx - %[2|G(x,u(x)) — o (2)|2de.

Furthermore, if the functional
u— P(u) — / F(z,u(x))dz
Q

has at least two global minima in HY(Q) and the function G(x,-) is strictly mono-
tone for all x € Q), then \* = 0.

Proof. For each A > 0, v € L*(Q), consider the function hy, : @ x R = R
defined by

hao(,€) = (2, ) + MG(x, ) = v(x))g(,€)
for all (z,£) € Q x R. Clearly, the function hy, lies in A and

Hy(2.6) = F(.€) + 5 (16(.8) ~ v(a)? — o(@)?) -

So, the weak solutions of the problem are precisely the critical points in HJ ()
of the functional ® — I, . Moreover, if p € }0 "—+2[ and q € }O L[ are such

' n—2 ’ n—2

that (9.6) and (9.7) hold, for some constant c) ,, we have

/Q [ Hyo(@,u(z))|de < cx ( /Q lu(z)[P + /Q |u(x)\2(q+1)dx+1)

for all u € H (). Therefore, by the Sobolev embedding theorem, for a constant
Cxv, We have

b .
P(u) = Iy, () > llull* = xn(flull ™ + flul T + 1) (9.8)
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for all u € H(€2). On the other hand, since n > 4, one has
2n
max{p+1,2(¢+ 1)} < — <A4.
n J—

Consequently, from (9.8), we infer that

(®(u) = In, ,(u)) = +oo. (9.9)

l[ul|—=+o0

Since the functional ® — I, is sequentially weakly lower semicontinuous, by the
Eberlein-Smulyan theorem and by (9.9), it follows that it is inf-weakly compact.

Now, we intend to apply Theorem 5.8 taking X = H}(Q) with the weak topology
and A =Y = L?*(Q) with the strong topology, and yy = 0. The symbols x and A
appearing in Theorem 5.8 are replaced by the symbols u and v respectively. We
take

1
plw) =5 [ o)z
Q
for all w € L?(Q). Clearly, ¢ € G. Furthermore, we take
U(u,v)(z) = G(z,u(z)) — v(z)

for all u € H}(Q),v € L*(Q),z € Q. Clearly, ¥(u,v) € L*Q), ¥(u,-) is a
homeomorphism, and we have v, () = G(z,u(z)). We show that the map u — v,
is not constant in H} (). Set

A= {x € Q:sup|g(x, &) > 0} .
¢eR

By assumption, meas(A) > 0. Then, by the classical Scorza-Dragoni theorem
([2], Theorem 2.5.19), there exists a compact set K C A, of positive measure,
such that the restriction of G to K x R is continuous. Fix a point & € K such

that the intersection of K and any ball centered at = has a positive measure.
Next, fix &1, & € R such that

G(2,6) <G(7,6).
By continuity, there is a closed ball B(z,r) such that
G(z,&) < G(z,&)

for all z € K N B(Z,r). Finally, consider two functions u,us € HJ(2) which are
constant in K N B(Z,r). So, we have

G(z,ui(z)) < G(x,us(x))

for all x € KN B(Z,r). Hence, as meas(K N B(Z,r)) > 0, we infer that v,, # vy,,
as claimed. As a consequence, ¥ € H. Of course, p(V(u,-)) is continuous and
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convex for all w € X. Finally, take J = ® — Iy. Clearly, J € M. So, for what
seen above, all the assumptions of Theorem 5.8 are satisfied. Consequently, if we
take

A =0(p, W, J) (9.10)

and fix A > A\* and a convex set C' C L?(Q2) whose closure in L*(Q2) contains the
set {G(-,u(-)) 1 u € Hy(2)}, there exists v* € C such that the functional &—1Ij, .
has at least two global minima in H} () which are, therefore, weak solutions of
the problem. To guarantee the existence of a third solution, denote by k the
inverse of the restriction of the function at + bt* to [0,4o00[. Let T : X — X be
the operator defined by

E(llwl) :
T(w)= 4 o1 w if w#0,
0 if w=0,

Since k is continuous and k(0) = 0, the operator 7" is continuous in X. For each
u € X \ {0}, we have

_ k(e blful*)[ul)

7(@/0) = T((a-+ oulye) = S o
N T,
= By @ ol =

In other words, 7" is a continuous inverse of ®'. Then, since I}  is compact, the
U

functional ® — I, . satisfies the Palais-Smale condition ([29], Example 38.25)
and hence the existence of a third critical point of the same functional is assured
by Corollary 1 of [9].

Finally, assume that the functional ® — Iy has at least two global minima, say
Uy, Ug. Then, the set D := {z € Q : 4y(z) # U2(x)} has a positive measure. By
assumption, we have

Gz, () # Gz, Uy(x))

for all z € D, and so vy, # vg,. Then, by definition, we have

J (@) — J(iz)
(p(\If(ﬂl, Uﬁz))

and so \* =0 in view of (9.10). O

0<0(p,0,J) < =0

Notice the following simple corollary of Theorem 9.3:

Corollary 9.2. Letn > 4 and letp € ]0 2 [ Then, for each X > 0 large enough

' n—2

and for each convex set C' C L*(Q) whose closure in L*()) contains H}(S2), there
exists v* € C' such that the problem

—(a+b [, |Vu(z)]Pdz) Au = [ufP"'u+ A(u — v*(z)) in Q,
u=>0 on 0f),
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has at least three solutions, two of which are global minima in H}(QY) of the
functional

w%@@y—giiﬁhmmﬁwz—%zlm@-wwwﬁm.

Among the other consequences of Theorem 9.3, we highlight the following
Theorem 9.4. Let n >4, let f € A and let g € A be such that the set

{er:supF(x,ﬁ) >O}

£eER

has a positive measure. Moreover, assume that, for each x € Q, f(x,-) is odd,
g(x,-) is even and G(x,-) is strictly monotone. Then, for each A\ > 0, there ezists
w* > 0 such that, for each u > p* and for each conver set C C L*(Q) whose
closure in L*(Q) contains the set {G(-,u(-)) : w € H} ()}, there exists v* € C
such that the problem

—(a+0b [, [Vu(@)]*dz) Au = pf(z,u) — A*(z)g(z,u) in Q,
u=0 on 0f),

has at least three weak solutions, two of which are global minima in HJ () of the
functional

u— d(u) — ,u/QF(x,u(:z))d:E + )\/Qv*(at)G(:z,u(x))dx.

Proof. Set D = {:c € Q:sup F(z,€) > O} . By assumption, meas(D) > 0.
¢eR

Then, by the Scorza-Dragoni theorem, there exists a compact set K C D, of
positive measure, such that the restriction of F' to K x R is continuous. Fix a
point & € K such that the intersection of K and any ball centered at & has a
positive measure. Choose £ € R so that F(#, &) > 0. By continuity, there is
r > (0 such that

F(z,) >0
for all z € K N B(Z,r). Set
M= sup  |F(z,8)].
(,)€Qx[-[¢],[¢]]

Since f € A, we have M < +00. Next, choose an open set Q such that

KNB(@r)cQcQ
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and

fKﬁB(fc,r) F(z,§)dx
% .

meas(Q \ (K N B(i,7)) <
Finally, choose a function @ € H}(f2) such that
G(z)=£€ forall ze KnB(zr),
a(z) =0 forall zeQ\Q, and
ji(z)] < |¢] forall €.

Thus, we have

Lﬂ%mmwzémwf@@m+/ F(z,a(x))dx

O\(KNB(&,r)

>/ F(z,€)dz — Mmeas (Q\ (K N B(&,7)) > 0.
KnB(&,r)
Now, fix any A > 0 and set

* _ (I)(a) + %IGg(ﬂ)
: Iy(a) '

A
Fix g > p*. Hence ®(a) — pls(a) + §]Gg(ﬂ) <0.

From this, we infer that the functional ® — p1/y + %Igg possesses at least to global
minima since it is even. At this point, we can apply Theorem 9.3 to the functions
g and puf — AGg. Our current conclusion follows from the one of Theorem 9.3
since we have A* = 0 and hence we can take the same fixed A > 0. O

To state the last result, denote by H () the dual of H}(Q).
If n > 2, we denote by A the class of all Carathéodory functions f: Q2 x R - R

such that
B TICRS]
up
@eeoxr 1+ [

< 400,

WhereO<q<Z—J_’§ ifn>2and 0 < g < +o0if n =2. While, when n =1, we
denote by A the class of all Carathéodory functions f : 2 x R — R such that,
for each r > 0, the function x — supy <, | f(z, £)| belongs to L'(Q2).

Given f € A and p € H~1(), consider the following Dirichlet problem

—Au = f(x,u)+¢ in Q,
u=20 on 0f.

Let us recall that a weak solution of (Py,) is any u € H}(2) such that

/Vu )Vou(x d:ﬂ—/fxu (x)dz — p(v) =0

for all v € H}(Q). Applying Theorem 5.10, we obtain
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Theorem 9.5. Let f € A be such that the set

§
{xEQ:sup/ f(:c,t)dt>0}
§ER Jo

has a positive measure and

§
su x,t)dt
lim sup Paeq fo 2f( ) <0.
|| 4-00 3

Then, for every X > 0 large enough and for every conver set C C H=1(Q) dense
in H=1(Q), there exists p € C' such that the problem

—Au = Af(x,u)+¢ in Q,
u=>0 on 0f),

has at least three weak solutions, two of which are global minima in HJ () of the

functional u — [, |Vu(x)|* dz — A fQ(fou(m) fx,&)dE) dr — p(u).

Acknowledgement. The author has been supported by the Gruppo Nazionale
per I’Analisi Matematica, la Probabilita e le loro Applicazioni (GNAMPA) of the
Istituto Nazionale di Alta Matematica (INAAM).

References
[1]  G. Cordaro: On a minimax problem of Ricceri, J. Inequal. Appl. 6 (2001) 261-285.
[2]  Z. Denkowski, S. Migérski, N. S. Papageorgiou: An introduction to nonlinear

analysis: theory, Kluwer Academic Publishers (2003).

[3] P. Dréabek: On a mazimum principle for weak solutions of some quasi-linear
elliptic equations, Appl. Math. Letters 22 (2009) 1567-1570.

[4] P. Drébek, J. Herndndez: Ezistence and uniqueness of positive solutions for some
quasilinear elliptic problems, Nonlinear Anal. 44 (2001) 189-204.

[5] V. L. Klee: Convezity of Chebyshev sets, Math. Ann. 142 (1960/1961) 292-304.
6] E.Klein, A. C. Thompson: Theory of correspondences, John Wiley & Sons (1984).

[7] S. J. N. Mosconi: A differential characterisation of the minimaz inequality, J.
Convex Analysis 19 (2012) 185-199.

8] R. A. Plastock: Nonlinear Fredholm maps of index zero and their singularities,
Proc. Amer. Math. Soc. 68 (1978) 317-322.

9]  P. Pucci, J. Serrin: A mountain pass theorem, J. Differential Equations 60 (1985)
142-149.

[10] B. Ricceri: A general variational principle and some of its applications, J. Com-
put. Appl. Math. 113 (2000) 401-410.

[11] B. Ricceri: The problem of minimizing locally a C* functional around non-critical
points is well-posed, Proc. Amer. Math. Soc. 135 (2007) 2187-2191.



152

12]
13]
14]
15)
16]
17)
18]
19]
20]
21]
22)
23]
24]
25)

[26]

B. Ricceri / On a Minimax Theorem: an Improvement ...

B. Ricceri: Well-posedness of constrained minimization problems via saddle-
points, J. Global Optim. 40 (2008) 389-397.

B. Ricceri: On a theory by Schechter and Tintarev, Taiwanese J. Math. 12 (2008)
1303-1312.

B. Ricceri: Multiplicity of global minima for parametrized functions, Rend. Lincei
Mat. Appl. 21 (2010) 47-57.

B. Ricceri: A strict minimazx inequality criterion and some of its consequences,
Positivity 16 (2012) 455-470.

B. Ricceri: Fized points of nonexpansive potential operators in Hilbert spaces,
Fixed Point Theory Appl. 2012 (2012) 123.

B. Ricceri: A range property related to non-expansive operators, Mathematika 60
(2014) 232-236.

B. Ricceri: Integral functionals on LP-spaces: infima over sub-level sets, Numer.
Funct. Anal. Optim. 35 (2014) 1197-1211.

B. Ricceri: Singular points of non-monotone potential operators, J. Nonlinear
Convex Anal. 16 (2015) 1123-1129.

B. Ricceri: Energy functionals of Kirchhoff-type problems having multiple global
minima, Nonlinear Anal. 115 (2015) 130-136.

B. Ricceri: Miscellaneous applications of certain minimax theorems I, Proc. Dy-
nam. Systems Appl. 7 (2016) 198-202.

R. T. Rockafellar: Integral functionals, normal integrands and measurable selec-
tions, Lecture Notes in Math. 543, springer-Verlag Berlin (1976) 157-207.

R. S. Sadyrkhanov: On infinite dimensional features of proper and closed map-
pings, Proc. Amer. Math. Soc. 98 (1986) 643-658.

J. Saint Raymond: On a minimaz theorem, Arch. Math. (Basel) 74 (2000) 432—
437.

M. Schechter, K. Tintarev: Spherical mazxima in Hilbert space and semilinear
elliptic eigenvalue problems, Differential Integral Equations 3 (1990) 889-899.

J. L. Vazquez: A strong mazimum principle for some quasilinear elliptic equa-
tions, Appl. Math. Optim. 12 (1984) 191-202.

C. Zalinescu: Convex analysis in general vector spaces, World Scientific (2002).

E. Zeidler: Nonlinear functional analysis and its applications, vol. I, Springer-
Verlag Berlin (1986).

E. Zeidler: Nonlinear functional analysis and its applications, vol. 111, Springer-
Verlag Berlin (1985).



