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1. Introduction

Hankel tensors have important applications in signal processing [2, 3, 7, 10],
automatic control [28], and geophysics [20, 30]. For example, the positive semi-
definiteness of Hankel tensor can be a condition for the multidimensional moment
problem is solvable or not [4, 16, 24].

In [23], two classes of positive semi-definite (PSD) Hankel tensors were identified:
even order strong Hankel tensors and even order complete Hankel tensors. It was
proved in [18] that complete Hankel tensors are strong Hankel tensors, and even
order strong Hankel tensors are SOS (sum-of-squares) tensors. In [17], generalized
anti-circulant tensors were studied, which are one special class of Hankel tensors.
The necessary and sufficient conditions for positive semi-definiteness of even order
generalized anti-circulant tensors in some cases were given, and the tensors are
strong Hankel tensors and SOS tensors in these cases. Inheritance property was
given in [11], which means that if a lower-order Hankel tensor is positive semi-
definite (or positive definite, or negative semi-definite, or negative definite, or
SOS), then its associated higher-order Hankel tensor with the same generating
vector, where the higher order is a multiple of the lower order, is also positive
semi-definite (or positive definite, or negative semi-definite, or negative definite,
or SOS, respectively). The SOS decomposition of strong Hankel tensors have
also been given in [11]. The inheritance property established in [23] about strong
Hankel tensor can be regarded as a special case of this inheritance property.
There are other results about PSD Hankel tensors, SOS Hankel tensors and PNS
non-SOS (short for PNS as in [8]) Hankel tensors and some regions which do not
exist PNS Hankel tensors were given [6]. A recent detailed study on general SOS
tensors can be found in [5].

Denote [n] := {1,---,n}. The tensor A is said to be a symmetric tensor if its
entries a;,..;,,, is invariant under any index permutation. Denote the set of all the
real symmetric tensors of order m and dimension n by Sy, ..

Let v = (v, - - - ,v(n,l)m)T‘ Define A = (a4y...i,,) € Smn bY

iy iy, = Vi oo =m0 (1)

for 4y, ,im € [n]. Then A is a Hankel tensor [18, 21, 23] and v is called the
generating vector of A. An order m dimensional n Hilbert tensor H is a Hankel

tensor with v = (1,1, im)T, and even order Hilbert tensors are positive
definite [29].

19930 T 0y
Let x € R". Then x™ is a rank-one symmetric tensor with entries x;, --- ;. For

A € S, and x € R, we have a homogeneous polynomial f(x) of n variables
and degree m,

f(x) = Ax®™

Z ail...imxil s ZL’im. (2)

i1, im€[n]

Note that there is a one to one relation between homogeneous polynomials and
symmetric tensors. If f(x) > 0 for all x € R", then homogeneous polynomial
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f(x) and symmetric tensor A are called positive semi-definite (PSD). If f(x) >0
for all x € R, x # 0, then f(x) and A are called positive definite (PD). The
concepts of positive semi-definite and positive definite symmetric tensors were
introduced in [22]. The problem of determining if a given even order symmetric
tensor is positive semi-definite or not has important applications in engineering
and science [10, 15, 27]. If A is a Hankel tensor, then f(x) is called a Hankel
polynomial.

Let A = (a;;) be an [("_1%"”21 X [("_1%"”21 matrix with a;; = v;4j_2, where
Uyrtn-ymy is an additional number when (n — 1)m is odd. Then A is a Hankel
2

matrix, associated with the Hankel tensor 4. When (n — 1)m is even, such an
associated Hankel matrix is unique. Recall from [23] that A is called a strong
Hankel tensor if there exists an associated Hankel matrix A which is positive
semi-definite.

Let g(y) =y ' Ay, where y = (y1, -+ ,¥m-1ms2) " and A is an associated Hankel
2

matrix of A. Then, A is a strong Hankel tensor if and only if g is PSD for at
least one associated Hankel matrix A of A.

Another class of Hankel tensors given by Qi in [23] are complete Hankel tensors.
A vector u = (1,7,72,--+ ,4" 1) T for some v € R is called a Vandermonde vector
[23]. If the tensor A has the form

A= Z a;(u;)®™,

i€[r]

where u; for i = 1,--- ,r, are all Vandermonde vectors, then we say that A has
a Vandermonde decomposition. It was shown in [23] that a symmetric tensor
is a Hankel tensor if and only if it has a Vandermonde decomposition. If the
coefficients «; for ¢ = 1,--- r, are all nonnegative, then A is called a complete
Hankel tensor [23]. It was proved in [23] that even order strong or complete
Hankel tensors are positive semi-definite.

Let m = 2k. If f(x) can be decomposed into a sum of squares of polynomials
of degree k, then f(x) is called a sum-of-squares (SOS) polynomial, which means
that there exist forms g1(x),- - , gr(x) of degree k such that

F) = 3 0i0* )

and the corresponding symmetric tensor A is called an SOS tensor [14] (for a
recent study see also [5]).

Clearly, an SOS polynomial (tensor) is a PSD polynomial (tensor), but not vice
versa. In 1888, young Hilbert [13] proved that for homogeneous polynomials, only
in the following three cases, a positive semi-definite form definitely is a sum-of-
squares polynomial: (1) m = 2; (2) n =2; (3) m =4 and n = 3, where m is the
degree of the polynomial and n is the number of variables. Hilbert proved that in
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all the other possible combinations of n and even m, there are PNS homogeneous
polynomials. The first PNS homogeneous polynomial is the Motzkin function
[19] with m = 6 and n = 3. Other examples of PNS homogeneous polynomials
can be found in [1, 8, 9, 26].

Let A € S,,,,. If there are positive integer r € N and vectors x; € R" for j € [r]
such that
A=) x¥m, (4)
]

j€lr

then we say that A is a completely decomposable tensor. If A admits a decompo-
sition (4) with x; € R} for all j € [r], then A is called a completely positive tensor
[25]. Clearly, a complete Hankel tensor is a completely decomposable tensor.

By [23], a necessary condition for A to be PSD is that

Vi—1ym > 0 for 7€ [n]. (5)

We know many properties of strong Hankel tensors. However, we know little
about PSD Hankel tensors but not strong Hankel tensors. In this paper, we
present some classes of Hankel tensors which are PSD but not strong Hankel
tensors, including truncated Hankel tensors and quasi-truncated Hankel tensors.
Then we show that strong Hankel tensors are always completely decomposable,
and give a class of SOS Hankel tensors which are not completely decomposable.

The remainder of this paper is organized as follows.

In the next section, we introduce truncated Hankel tensors which are of odd

dimension, i.e., n is odd, and whose generating vector v has only three nonzero

entries: vy, Vm-ym and vg,_1),. Since we are only concerned about PSD Hankel
2

tensors, by (5), we assume that these three entries are all nonnegative. Under this
assumption, we show that a truncated Hankel tensor A is not a strong Hankel

tensor as long as v (n-1m is positive. Then we show that when m is even, n = 3 and
2

Vg = Vg, there are two numbers d; = dy(m) and dy = da(m) with 0 < dy < dj,
such that if vy > dyv,,, A is an SOS tensor; and if vy > dyv,,, A is an PSD
tensor. Then, for m = 6 and n = 3, we show that for a truncated Hankel tensor
A, the following three statements are equivalent: (1) A is PSD; (2) A is SOS; (3)
VoU1a > vgd; and we give an explicit value of d.

In Section 3, we introduce quasi-truncated Hankel tensors which are of odd di-

mension, i.e., n is odd, and whose generating vector v has only five nonzero

entries: Vg, U1, Vm-nm, Un—1)m—1 and vp_1)m. Again, since we are only concerned
2

about PSD Hankel tensors, by (5), we assume that vy, V@-nm and v(,_1)n, are
2

nonnegative. Under this assumption, we show that a quasi-truncated Hankel ten-

sor is not a strong Hankel tensor as long as vx-1m is positive. Then we give a
2

necessary condition for a sixth order three dimensional quasi-truncated Hankel
tensor A to be PSD, a sufficient condition for A to be SOS, respectively.
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In Section 4, we define completely decomposable tensors, show that strong Han-
kel tensors generated by absoluate integrable functions are always completely
decomposable, and give a class of SOS Hankel tensors which are not completely
decomposable.

2. Truncated Hankel Tensors

In this section, we consider the cases that the Hankel tensors A are generated by
v = (00,0, ,0,0@-1m, 0, ,0,0—1)m)" where n is odd. We call such Hankel
2

tensors truncated Hankel tensors.
If v.=(v5,0," 0,00 1m, 0, ,0,04_1)m) " where n is odd, (2) and g(y) have
2

the simple form

F(x) = vz + Vn—1)m®y

+ UW Z {(Z‘) (mt;h) e (m*tlfzi;“*tnﬂ)xlilm? .. .x;nftlftzf--.ftnfl

;(n—1)t1+(n—2)t2+---+tn_1:@}. (6)
and

g(y) = on% + U(n—l)my%nfl#

2 L . (n—1)m
+ ,U(n72l)m (y(n41>m+1 + Z {ylyj 1 +j =5 + 2}) . (7)

i#]

Since we are only concerned about PSD Hankel tensors, we may assume that (5)
holds. From (6) and (7), we have the following proposition.

Proposition 2.1. Suppose that (5) holds. If vm-uvm = 0, then the truncated

Hankel tensor A is a strong Hankel tensor, and furthermore an SOS Hankel
tensor if m is even. If vm-1m > 0, then A is not a strong Hankel tensor.
2

Proof. When vm-nm = 0, from (6) and (7), we see that the truncated Hankel
2

tensor A is a strong Hankel tensor, and furthermore an SOS Hankel tensor if m

is even. If Vst > 0, consider y = e; — e; where i + j = w +2 ., +# jand

i#1or % We see that ¢(y) = —20m-1ym < 0. Hence A is not a strong
2

Hankel tensor in this case. O]

We consider the case that m > 6 with m is even and n = 3. Assume that
Vg = VUgm. We have the following theorem.
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Theorem 2.2. Suppose that A = (a;,...,,) where m > 6, m is even and n = 3
is a truncated Hankel tensor and (5) holds. Assume that vy = va,. Let v =
(’UO?O?'“ 7O7Um707"' 707U0)T and

di(m) = inf{d > 0: A is an SOS tensor for all v such that vy > dv,,},
do(m) = inf{d > 0: A is a PSD tensor for all v such that vo > dvy,}.

Then (1) do(m) = di(m) =0 if v, = 0; (2) 0 < do(m) < dy(m) < 00 if v, > 0.
Proof. If v,, =0, it is clear that f(x) = vox* + voz§" is SOS (and in particular

PSD) because vy, vg,, > 0 and m is even. Thus, d;(m) = ds(m) = 0 in this case.
Now, let us consider the case where v,, > 0. We rewrite (6) as

f(x) = [(x) + f2(x) + f3(x),

where
"
fi) = S () (k) (o + o)’
p=1
"
folx) = vort" + S — S () (nh)ay
p=1
and

m
2
(¥ v _ _
fo(x) = vory' + Sty — =2 (5 (o y )y

Clearly, fi(x) is PSD and SOS. We now consider the terms in fy(x). For each
p=1,...,%, choose a positive constant §(p) such that

m
2

1= 2= ) 0

m
p=1

For each p = 1,..., %, let A(p) be another positive constant such that

m—2p

Alp)=o(p) =" = (™) (L),

Then, by the arithmetic-geometric inequality, for each p=1,..., %

)

2p 2p

() (25 Joweatr = (st N (awer)”

<"y ) + 2 (Aar ).

m
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This shows that, for each p=1,..., 7%,

U (stoyay ) + 22 sy ) - () (et et

is a PSD diagonal minus tail form, and hence SOS [12]. Note that f, can be
written as

falx) = ”7’"(1—2?3”"‘21’5(@)9:31

/UO >— : (p)/l)”“
m

then fy is PSD and SOS. Similarly, we may show that under the same condition,
f3 is also PSD and SOS. This, in particular, shows that

0< d2(m) < d1(m) <

A(p) < +oo. O

[M]
3 I

1

p

We consider the simple case that the tensors A are sixth order three dimensional
truncated Hankel tensors. Here we allow vy # v15. We give a necessary and suf-
ficient condition that the sixth order three dimensional truncated Hankel tensors
to be PSD, and show that such tensors are PSD if and only if they are SOS.

The sixth order three dimensional truncated Hankel tensor A is generated by
v = (v0,0,0,0,0,0,v6,0,0,0,0,0,v15)". Now, (6) and (7) have the simple form

f(x) = voa§ + ve (x5 + 30z 2573 + 9023 32 + 202323) + V1975 (8)
and

9(y) = voyi + v6(Vi + 201y7 + 29296 + 2y3ys) + Vi2y3. (9)

Theorem 2.3. Suppose that A is a sixth order three dimensional truncated Han-
kel tensor, the following statements are equivalent:

(i)  The truncated Hankel tensor A is a PSD Hankel tensor;
(ii)  The truncated Hankel tensor A is an SOS Hankel tensor;
(iii) The relation (5) holds and

v/ VoU12 2 (560 + 70\/%) Vg .- (10)
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Furthermore, the truncated Hankel tensor A is positive definite if and only if
Vo, Vg, V12 > 0 and strict inequality holds in (10).

Proof. [(i) = (iii)] Suppose that A is PSD, then clearly wvg, v, v12 > 0. To see
(iii), we only need to show (10) holds. Let ¢t > 0 and let X = (Zy, Zo, Z3) ", where

1

1 1 1
T1 = Uiy, To= \/E(Uovu)

2, T3 =—uf.

Substitute them to (8). If A is PSD, then f(x) > 0. It follows from (8) that
vov1g + v6(1* — 30t + 90t — 20)\/vov12 + vov12 > 0.

From this, we have

—t3 + 30t2 — 90t + 20
2 Vg

VoU12 >

Substituting ¢t = 10 + /70 to it, we have (10).

[(iii) = (ii)] We now assume that (5) and (10) hold. We will show that 4 is SOS.
If v¢ = 0, then by Proposition 2.1, A is an SOS Hankel tensor. Assume that
v > 0. By (10), vgp > 0 and vj5 > 0. We now have

1 1 2
o (@) 50214
V12 Vo
10 — /7
I %—%gju 150 + 15V 70z 2025 | + f1(x),

where

Ve
1 92 2

2)x6+‘/70_8 .

fl(X) = (UO — ]-OUG (’Uv_l(;)

3
+ (Uu — 10vs (2> ) 2§ — (60 + 15V70)vgalarsrs. (11)

Vo

We see that fi(x) is a diagonal minus tail form [12]. By the arithmetic-geometric
inequality, we have

1 1
2 V70 -8 2
(UO — 101}6 (:—0> > x? + T'Uﬁmg + (U12 — 101)6 (%) ) .fL'g
12 0

V70 - 8 ’
>3 <TU6(\/UOU12 - 101}6)2) ririTs.
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By (10),

V70 — 8
3(_2

3

v6(\/Vov12 — 101}6)2) aizsrs > (60 + 15V 70)verizsas. (12)

Thus, f; is a PSD diagonal minus tail form. By [12], f; is an SOS polynomial.
Hence, f is also an SOS polynomial if (5) and (10) hold.

[(ii) = (i)] This implication follows direct from the definition.

We now prove the last conclusion of this theorem. First, we assume that A is
positive definite. Then, vg = f(ey) > 0 as ey # 0. Similarly, vg = f(e;) > 0 and
vis = f(e3) > 0. Note that in the above [(i) = (iii)] part, f(X) > 0 as X # 0.
Then strict inequality holds for the last two inequalities in the above [(i) = (iii)]
part. This implies that strict inequality holds in (10).

On the other hand, assume that vy, v, v12 > 0 and strict inequality holds in (10).
Let x = (w1, 20,73)" # 0. If 21 # 0,25 # 0 and x3 # 0, then strict inequality
holds in (12) as vg > 0 and strict inequality holds in (10). Then f;(x) > 0. If
x9 # 0 but x;23 = 0, then from (11), we still have fi(x) > 0. If 25 = 0 and one
of z1 and z3 are nonzero, then we still have f;(x) > 0 by (11). Thus, we always
have fi(x) > 0 as long as x # 0. This implies f(x) > 0 as long as x # 0. Hence,
A is positive definite. ]

3. Quasi-Truncated Hankel Tensors

In this section, we consider the case that the Hankel tensor A is generated by
v = (v0,v1,0, ;0,0 @-1m, 0, , 0, V(n-1)ym—1, Vn—1)ym)  where n is odd. Adding
2

v1 and v(,—1)m—1 to the case in the last section, we get this case. We call such a
Hankel tensor a quasi-truncated Hankel tensor. Hence, truncated Hankel tensors
are quasi-truncated Hankel tensors.

Since we are only concerned about PSD Hankel tensors, we may assume that (5)
holds. Now, (2) and g(y) have the simple form

m m—1 m—1 m
f(x) = voz" + mui "™ o + MV(—1)ym-1Tn—1T, " + Vn—1)m T

) {(?Z’) (") e (TR T gt e
;(n—1>t1+(n—2)t2+--.+tn_1:m}. (13)
and

9(y) = voyi + 201192 + 20(n-1ym-1Y =yme2 Y n-nm + Vin—1)mY tn-tyms2
2

) . (n=1)m

i#]

We first show that a result that Proposition 2.1 continues to hold in this case.
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Proposition 3.1. Suppose that (5) holds and m is even. If vim-1ym = 0, then
2

the quasi-truncated Hankel tensor A is PSD if and only if vi = Vn-1ym-1 = 0. In
this case, A is a strong Hankel tensor and an SOS Hankel tensor. If vm—1m > 0,
2

then A is not a strong Hankel tensor.

Proof. Suppose that vm-1m = 0. Assume that v; # 0. If vg = 0, consider

2
x = (1,—v1,0,---,0)". Then f(X) = —mv? < 0. If vy > 0, consider X =
(1,=%,0,---,0)". Then f(X) = (1—m)vy < 0. Thus, A is not PSD in these two
cases. Similar discussion holds for the case that v(,—1)m—1 = 0. Assume now that
V1 = Vn-1)ym-1 = 0. By Proposition 2.1, we see that the quasi-truncated Hankel
tensor A is a strong Hankel tensor and an SOS Hankel tensor in this case. This
proves the first part of this proposition.

Suppose that vm-1ym > 0. Consider y = e; — e; where i + j = (R_Tl)m +2i#7

2

and 7 # 1 or w We see that g(y) = —2v<n721>m < 0. Hence A is not a

strong Hankel tensor in this case. O

We consider the simple case that the tensors A are sixth order three dimensional
quasi-truncated Hankel tensors. We give a necessary condition that the sixth or-
der three dimensional quasi-truncated Hankel tensors to be PSD, and a sufficient
condition that the sixth order three dimensional quasi-truncated Hankel tensors

to be SOS.

The sixth order three dimensional quasi-truncated Hankel tensor A is generated
by v = (vg,v1,0,0,0,0,v6,0,0,0,0,v11,v12) " € R¥3. (13) and (14) have the simple
form

f(x) = voa§ + 6v12izy + ve(25 + 30212573 + 9027 w325 + 2027 73)

+ 6U113§'2$§ + Ulgl'g, (15)
and

9(y) = voyi + 2v1p1ys + v6(Y; + 201y7 + 22y + 2y3ys)
+ 2011Y6Yr + V1Y (16)

To present a necessary condition for a sixth order three dimensional quasi-trun-
cated Hankel tensor to be PSD, we first prove the following lemma.

Lemma 3.2. Consider f(x1,z2) = vox8 + 6vi2725 + v625.

Then f is PSD if and only if vg > 0, vg > 0 and

ol < (12) k. ()
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Proof. Suppose that vy > 0, vg > 0 and (17) holds. Then, by the arithmetic-

geometric inequality, one has

1 1 1 1 1
’UoiC? + U6£L'g = gvolC? + gvol'? + gvox? + 5’0056? + gvol'? + ’0633'3

1
Un\ O 6
>6 ((g) x?%w%) > 6|viaiws).

This implies that f(z1,z2) > 0 for any (z1,25)7 € R2, ie., f(x1,2,) is PSD.

Suppose that f(xl, xg) is PSD. It is easy to see that vy > 0 and vg > 0. Assume
now that (17) does not hold, i.e.,

5
lv1| > <@>6 v (18)
5}
If vgp = v5 =0, let 2y = 1 and 29 = —v;. Then f(xl,x2) < 0. We get a
1 1
contradiction. If vy = 0 and ve # 0, let 1 = vg and x3 = —v7. Again,
f(z1,22) < 0. We get a contradiction. Similarly, if vy # 0 and vg = 0, we may
1 1

get a contradiction. If vy # 0 and vg # 0, let 27 = (5vg)s and x5 = —ﬁ—hv{f. Then
by (18),

~

1
f(zq,29) = 6vovs — 6’U1|(5U6)%U06 < 0.

We still get a contradiction. This completes the proof. O

We now present a necessary condition for a sixth order three dimensional quasi-
truncated Hankel tensor to be PSD.

Proposition 3.3. Suppose that (5) holds. If A is a sixth order three dimensional
PSD quasi-truncated Hankel tensor, then (17) and the following inequalities

3
ol < ()" 8 (19)

and
v/ UoU12 Z 1OU6 (20)
hold. If furthermore

5

5 5
V10l = v110§, (21)

then (10) also holds.

Proof. Suppose that A is PSD. In (15), let 3 = 0. By Lemma 3.2, (17) holds.
In (15), let x; = 0. By an argument similar to Lemma 3.2, (19) holds. In (15),
let 5 = 0. Since A is PSD, we may easily get (20).
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Suppose further that (21) holds. As in the part [(i) = (iii)] of the proof of
Theorem 2.3, we let t > 0 and let X = (Zy,72,73)', where 7; = vlé, Ty =
Vi(vgu) i, T3 = —UO%. It follows from (21) that

6V, 7579 + 6v11 975 = 0. (22)
This, together with (15) implies that

f(X) = voviz + v6(t* — 30t* + 90t — 20)/vov12 + vov12 > 0.

Proceed as in the part [(i) = (iii)] of the proof of Theorem 2.3: we see that (10)
holds in this case. This completes the proof. [
We can also present a sufficient condition for a sixth order three dimensional
quasi-truncated Hankel tensor to be SOS.

Proposition 3.4. Let A be a sizth order three dimensional quasi-truncated Han-
kel tensor. Suppose that vy, ve, v12 > 0. If there exist t1,t9 > 0 such that

1 10

] € = — e (23)
t1 t14/VoV12
1 10v

o | < — — s (24)

to  toy/VoV12
5\° 5 \° _ V70-38
|v1] (—) + [v11] ( ) < Vg (25)

1109 tov12 2

: :
Vo — ]-OUG 2 — |’U1|t11)0 V12 — 101)6 @ — |Ull|t21)12
V12 Vo
(VT8 0] 51’ ou] 5\°
——Vg — |U D — |V
2 ¢ '\t M\ taons

v3(60 + 15v/70)3 (26)

and

>
27

hold, then A is SOS.

Proof. We write f(x) = >, fi(x), where

fl(X> = Vo — 101)(5 — - |Ul|t1’Uo Ty
V12
V70 -8 5\ 5 \°\
+ <—2 Ve — |U1| (E) — |'U11| (t21}12> Xy

1

2
— (1}12 — 10?)6 (%) — |’U11|t2’012> ZL‘g — ’UG(GO + 15\/ 70)1’%1’;@% s

0
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1 1 2
i 1
fa(x) = 10vg o 3+ f12 zs |,
V12 Vo

5\ °
f3(x) = |vl|t1v0x? + 6v1x51’:p2 + |vi| | — a:g,
t1v0

5O\?
fa(x) = |v11|t2v12x§ + 6U11$§$2 + |11 5
tov12

2
10 — /70
f5(x) = e | 4/ T\/_xg + /150 + 15V 70z 2015 |

Clearly, f; and f5 are squares. From Lemma 1, we deduce that f3 and f; are
PSD. Since each of f3 and f; has only two variables, they are SOS. If (23)—(26)
hold, by the arithmetic-geometric inequality, f; is PSD. In this case, f; is a PSD
diagonal minus tail form. By [12], f; is SOS. Thus, if (23)—(26) hold, then f,
hence A, is SOS. O

and

4. A Class of SOS Hankel Tensors

In this section, we provide further classes for SOS Hankel tensors and examples
for SOS Hankel tensors which are not strong Hankel tensors.

We say that A is a strong Hankel tensor generated by an absolutely integrable
real valued function h : (—oo, +00) — [0, 400) if it is a Hankel tensor and its

generating vector v = (vg, vy, - - - ,v(n_l)m)T satisfies
Ve = / t*h(t)dt, k=0,1,---,(n—1)m. (27)

Such a real valued function A is called the generating function of the strong Hankel
tensor A. It has been shown in [23] that any strong Hankel tensor generated by an
absolutely integrable real valued nonnegative function is a strong Hankel tensor.

We now define the completely decomposable tensor.

Definition 4.1. Let A € S5,,,,. If there are positive integer r € N and vectors
x; € R" for j € [r] such that
A= xim, (28)
JElr]

then we say that A is a completely decomposable tensor.

Then in the following theorem, we will show that when the order is even, a strong
Hankel tensor generated by an absolutely integrable real valued nonnegative func-
tion is indeed a limiting point of complete Hankel tensors, which is a completely
decomposable tensor.
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Theorem 4.2. (Completely decomposability of strong Hankel tensors)

Let m,n € N. Let A be an mth-order n-dimensional strong Hankel tensor gen-
erated by an absolutely integrable real valued nonnegative function. If the order
m is an even number, then A is a completely decomposable tensor and a limiting
point of complete Hankel tensors. If the order m is an odd number, then A is a
completely r-decomposable tensor with r = (n — 1)m + 1.

Proof. Let h be the generating function of the strong Hankel tensor A. Then,
for any x € R”,

n

f(X) = AX@m = Z Vig+io+..ctim—mLig Lig - - - Liyy,
21,225yt =1
n +w . .
= > ( / t”*”*"'“m_mh(t)dt) Ti\ Ty - Ty
01,82, 0nyim=1 N~
_ / N gttty o, | B dE
=00 \iy,ige. im=1
+o00 o m
= / > #7ay | h(t)dt = lim fi(2), (29)
oo P =400
where

) n m
fl(X)Z/ (Zti_lxi) h(t)dt .

=1\ i=1
By the definition of Riemann integral, for each [ > 0, we have f;(x) = lim f(x),
where fF(x) is a polynomial defined by Froo

oo = S EmE =07 G D),

Fix any [ > 0 and k£ € N. Note that

Z (Cr (=1 ) " h(d — 1)

k
7=0
B 2kl (n (i_ly—lh(%_l)# )m
=22 ; 7
j=0 \i=1 km
2kl
=D ((u;,x)™,
§=0
where u; = w (1, % —1..., (% — l)”*l). Here u; are always well-defined

km

as h takes nonnegative values [23]. Define AF be a symmetric tensor such that



Q. Wang, G. Li, L. Qi, Y. Xi / Positive Semi-Definite Hankel Tensors — 245

fF(x) = AFx®™. Then, it is easy to see that each AL is a complete Hankel
tensor and thus a completely decomposable tensor. Note that the completely
decomposable tensor cone C'D,, ,, is a closed convex cone when m is even. It then
follows that A = limy_, o lim;_, Aﬁg is a completely decomposable tensor and a
limiting point of complete Hankel tensors.

To see the assertion in the odd order case, we use a similar argument as in [23].
Pick real numbers 74, ..., v, with r = (n—1)m+1 and ~; # ~; for i # j. Consider
the following linear equation in o = (v, . .., ) with

vk:Zai’yf, k=0,...,(n—1)m.
i=1

Note that this linear equation always has a solution say a = (aq, ..., a@,) because
the matrix in the above linear equation is a nonsingular Vandermonde matrix.
Then, we see that

T T
_ _ ~ i1+ Fim—m __ — ®
Aiscsin = Vir i —m = E ;' n = E @i ((Uz‘) m)il im
ey tm
=1 i=1

where u; € R" is given by w; = (1,7;,...,7" ). This shows that A =
1 ®m
> ie Qi(w)®™. Now, as m is an odd number, we have A = 37, (o?[” ui> :

Therefore, A is a completely decomposable tensor and the last conclusion fol-
lows. O

In [23], the third author has provided an example of a positive semi-definite
Hankel tensors with order m = 4, which is not a strong Hankel tensor generated
by an absolutely integrable real valued nonnegative function. We now extend this
example to the general case where m = 2k for any integer £ > 2. We will further
show that such tensors are indeed SOS tensors but not completely decomposable
(and so, are not strong Hankel tensors generated by an absolutely integrable real
valued nonnegative function by Theorem 4.2).

Let m = 2k, n = 2, k is an integer and k > 2. Let vg = v,, = 1, Vg = U0 =

—ﬁ, l=1,....,k—1, and v; = 0 for other j. Let A = (a;..;,,) be defined
21

by @;,...i,, = Vij4eti,,—m, fOT @1, iy = 1,2. Then A is an even order Hankel
tensor. For any x € R2, we have

E
[\

k—1
2
o gt =N g — k=i j _ k—j=2_j+2
AxE™ = 2" — xy Yy 4l = (xl Ty — x] x .
J=1

<.
Il
o

Thus, A is an SOS-Hankel tensor, hence a positive semi-definite Hankel tensor.
On the other hand, A is not a completely decomposable tensor. Assume that A
is a completely decomposable tensor. Then there are vectors u; = (a;,b;)" for
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j € [r] such that A =377 u}, and for any x € %?,

r m r
®m __ m o__ m—J m=J,.J
AxE™ = E (apry + byzo)™ = E E (,)ap by,
p:]_ ]:0 p:1 j
On the other hand,
k—1
®m __ ,.m m—2j _2j m
J=1
m—2

Comparing the coefficients of z7" “r3 in the above two expressions of Ax™, we

have

This

r m .
Z(2>ap 2be:—l.

p=1

is impossible. Thus, A is not completely decomposable (and so, is not a

strong Hankel tensor generated by an absolutely integrable real valued nonnega-
tive function).

We now have two further questions:

1. Is
2. Is

a completely decomposable Hankel tensor always a strong Hankel tensor?

a truncated Hankel tensor completely decomposable?
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