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We study the discrete fourth order boundary value problem

Atu(t —2) — aAu(t — 1) + Bu(t) = f(t,u(t)), te[l,N]z,
u(—=1) = Au(=1) =0, u(N +1)=A%u(N)=0,

where N > 1 is an integer, o, > 0, and f: [1,N]z x R — R is continuous in the second

argument. We obtain several criteria for the existence of one and multiple solutions of the

problem. Our analysis is mainly based on the variational method and critical point theory.
Examples are presented to illustrate our results.
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1. Introduction

Throughout this paper, for any integers ¢ and d with ¢ < d, let [c, d]z denote the
discrete interval {c,c+ 1,...,d}. In this paper, we study the discrete nonlinear
fourth order boundary value problem (BVP)

(1)

Atu(t = 2) — aA?u(t — 1) + fu(t) = f(t,u(t), t€[L, Nz,
u(=1) = Au(-1) =0, u(N+1)=A%(N)=0,

where N > 1 is an integer, a, 8 > 0, A is the forward difference operator defined
by Au(t) = u(t + 1) — u(t), A%(t) = u(t), Alu(t) = A7 (Au(t)) for i > 2, and
f:[1,N]z x R — R is continuous in the second argument. By a solution of BVP
(1), we mean a function u: [-1, N 4+ 2]z — R that satisfies both equations in (1).

We can regard BVP (1) as a discrete analogue of the fourth order problem for a
beam equation

{ u® () — au’(t) + Bu(t) = f(t,u(t)), te(0,1),

U(O) = u’((]) =0, u(l) _ U”(l) — 0, (2)
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where the boundary conditions correspond to the left end of the beam being
clamped, and the right end being hinged when there is no bending moment. In
the literature, BVP (2) and its variations have been studied by many researchers
using a variety of methods. For a small sample of the work, the reader may refer
to [4, 5, 14, 23, 24] and the references therein.

Nonlinear difference equations have been widely used to study discrete models in
numerous fields such as statistics, computer science, economics, neural network,
biology, and a variety of other fields as can be seen in [1, 18, 19]. In recent years, a
lot of research has been carried out by numerous researchers to study the existence
and multiplicity of solutions for discrete BVPs. For some recent results, see, for
example, [2, 9, 15, 16, 17, 20, 26] for work on fourth order discrete problems
with separated BCs and [3, 7, 8, 11, 12, 13] for work on periodic problems. In
particular, paper [7] applied the Krasnosel’skii fixed point theorem to study the
existence of positive solutions of the periodic BVP

u(t +4) + Mu(t) = Ag(t) f(u(t)) + h(t), t € [0, N — 1]z,
u(i) =u(N +1i), 1=0,1,2,3,

where f, g, h are functions satisfying some suitable conditions, A > 0 is a parame-
ter, and M is a real parameter; while papers [11, 12, 13] used variational methods
and critical point theory to investigate the existence of one and multiple solutions
for a class of fourth order periodic problems. Motivated by papers [11, 12, 13],
in this paper, we further apply variational methods and some basic theorems in
critical point theory to BVP (1) and obtain several criteria for the existence of at
least one and multiple solutions. In the statements and proofs of our theorems,
we utilize the eigenvalues of a symmetric matrix associated with the problem.

As a final note of this section, we comment that, with little modification of the
arguments, the results obtained in this paper can be extended to the more general
problem

Atu(t—2) — A(p(t—1)Au(t—1)) + q(t)u(t) = f(t,u(t)), t € [1,N]z,
u(—1) = Au(—-1) =0, u(N+1)=A%(N)=0,

where p: [0, N]z — R and ¢: [1, N]z — R are two nonnegative functions. For
the ease of notations in the discussion, we discuss BVP (1) instead of (3) in this
paper.

The rest of this paper is organized as follows. Section 2 contains some preliminary

results. Section 3 contains the main results of this paper and their proofs, and
two examples.

2. Preliminary results

This section presents some background knowledge which is needed in the proofs
of our main results. Assume that X is a real Banach space and J € C'(X,R).
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As usual, J is said to satisfy the Palais-Smale (PS) condition if every sequence
{u,} C X, such that J(u,) is bounded and J'(u,) — 0 as n — oo, has a
convergent subsequence. The sequence {u,} is called a PS sequence.

Lemma 2.1 below can be found in [21, 25], Lemma 2.2 in [6], and Lemma 2.3 can
be seen in [10, 22].

Lemma 2.1. Let X be a real reflexive Banach space, and let J be a weakly upper
(lower, respectively) semicontinuous functional such that

lim J(u) = —o0 ( lim J(u) = oo, respectively) :

[[uf| =00 |ul| =00
Then, there exists uy € X such that

J(ug) = sup J(u) (J(uo) = in)f( J(u), respectz'vely) .
ue

uceX
Furthermore, if J € C*(X, R), then J'(up) = 0.

Lemma 2.2. Let X be a real Banach space with a direct sum decomposition
X = X, ® Xy with dim Xy < oo. Suppose that J € CY(X,R) satisfies the PS
condition and is bounded below, J(0) = 0, and inf,cx J(u) < 0. Assume also that
J has a local linking at 0, that is, for some R > 0,

J(u) >0 for allu € Xy with ||u|| <R,

J(u) <0 forallu e Xy with ||ul| < R.

Then, J has at least two nontrivial critical points.

Lemma 2.3. Let X be a real Banach space and J € CH(X, R) be even, bounded
from below, and satisfy the PS condition. Suppose that J(0) = 0 and there
is a set K C X such that K is homeomorphic to S™ ' by an odd map and
sup,cx J(u) < 0, where S™~1 is the n — 1 dimensional unit sphere. Then, J has
at least n disjoint pairs of nontrivial critical points.

From now on, let X be the vector space defined by
X ={u: [-1,N+2)z > R | u(-1) = Au(-1) =0, u(N +1) = A*u(N) =0},

and for any u € X, define

N 1/2
ull = u(t)|? and ||ulleo = max |u(?)].
o] (D <>|> fulle = max Ju(t)

Then, X is a N-dimensional reflexive Banach space equipped with the norm || - ||
or | - floo-
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For any u € X, let the functional J be defined by

N+1
1
J(u) = 3 Z (A u(t—2)* +alAu(t—1)|

t=1

MIQ

Z P=) Ftu(h),  (4)

where F(t,x) fo f(t,s)ds for x € R. Then, it is easy to see that J is con-
tmuously differentiable and its derivative J'(u) at u € X and v € X is given by

N+1

T(w)(v) = (A%u(t — 2)A%(t — 2) + aAu(t — 1)Av(t — 1))

t=1

+ﬁ§;u(t)v(t) - éf(t,u(t))v(t)- (5)
Lemma 2.4. For any u,v € X, we have
in: A2u(t — 2)A%(t — 2) = éyu(f — 2)u(t) (6)
wnd N+1

ZAut—l)Avt—l

t=1

IIMZ

u(t —1)v (7)

Proof. We first prove (6). For any u,v € X, applying the summation by parts
formula, we have

N+1

> A%u(t - 2)A%(t —2) =

t=1

= A*u(N)Av(N) — A?u(—1)Av(—1) — NZH Adu(t — 2)Av(t — 1)

t=1
N+1

== Alu(t—2)Av(t — 1) = —APu(N — 1)Av(N

t=1

A3u(N — 1)v(N) — (A%(N — Dv(N) — Adu(—1)v(0) — Z Atu(t — 2)v(t)>

N
Z u(t — 2)v

i.e., (6) holds.

u(t —2)Av(t — 1)

IIMZ
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Next, we show (7). Again, the summation by parts formula yields that

N+1

> Au(t — DAv(t — 1) = Au(N)Av(N) + > Au(t — 1)Av(t — 1)

t=1

= —Au(N)v(N) + (Au(N)v(N) — Au(0)v(0) — Z APu(t — 1)v(t))

N
IO MR
-1
i.e., (7) holds. This completes the proof of the lemma. O

In view of (5) and Lemma 2.4, J'(u) can be written as
N
=2 (Auft

t=1

—2) — alAu(t — 1) + Bu(t) — f(t,u)))v(t), veX.

Thus, the following lemma is obviously true.

Lemma 2.5. A function u € X is a critical point of J if and only if u(t) is a
solution of BVP (1).

In what follows, we present an equivalent form of the functional J. Let

( (5) it N =1,
5 —4 .
( 44 ) if N =2,
6 —4 1
—4 6 —4 if N =3,
1 —4 5!
A - 6 —4 1 0 0 0O 0 0 O
- — 6 —4 1 0 0 0 0 0
1 —4 6 —4 1 0 0 0 0
0 1 -4 6 —4 0 0 0 0
0 0 1 —4 6 0 0 0 0
S . it N >4,
O o0 0 0 0 6 —4 1 0
o 0 0 0 O -4 6 —4 1
0 0 0 0 0 1 —4 6 —4
\ 0 0 0 0 o --- 0 1 —4 5) NN
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( (2a) it N =1,
< 200 —a > if N =2,
—a 2
B — 20 —a 0 0 0
-a 200 —o - 0 0
0 —o 2« 0 0
. if N > 3,
0 0 0 200 —«
L 0 0 0 —a 2« NN
and
6 0 0 0 0
0 8 0 0 0
0 0 0 O
C = . p .
o 00 -+ B0
oo0oo0 -+ 0p NN

Then, A, B, and C' are symmetric, and for all u € X, some calculations lead to

N+1 N+1

1A%t =2 =) (uP(t) + 4Pt — 1) + uP(t — 2)—

— 4u(t);(t — 1) — 4u(t — Du(t — 2) + 2u(t)u(t — 2)) = u" Au,

a [Au(t—1)]P=a ) (WP(t)+ Pt —1) = 2u(t)u(t — 1)) = u" Bu,

and
N
B fu(t)]’ = u"Cu.
t=1

Thus, in view of (4), J can be rewritten as

J(u) = %UTDU =) F(t,u(t)), (8)
where
D=A+B+C. (9)

Remark 2.6. Clearly, A is positive definite, B and C' are positive semidefinite.
Thus, D = A+ B + (' is positive definite.
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3. Main results

In the sequel, let A\;,  =1,..., N, be the eigenvalues of D ordered as follows
0< A <A< <y,
and let &; be an eigenvector of D associated with \; such that
wo-{ 17
1, =7
Then, for any u = (u(1),u(2),...,u(N))T € RY, we see that

Allull? < " Du < Ayl (10)

For convenience, we use the following notations:

t t
fo =liminf min I ’:E), % = limsup max ,x)’
z—0 te[1,N]z & z—0 t€[LN]z T
t t
foo = liminf min it ,:13)7 £ =limsup max f ,:13)'
|z| =00 t€[1,N]z T || —00 te[1,N]z T

The following assumptions are needed in the paper.

s
—_

(H1) foo > An;

(H2) [ <Ay

(H3) there exists m € {1,..., N — 1} such that A\, < fo < f° < A\py1;
(H4) f(t,—z) = —f(t,x) for (t,z) € [1, N]z X R;

(H5) there exists m € {1,..., N} such that f° < \,;

(

H6) there exists m € {1,..., N} such that fy > A,.

Theorem 3.1. (a) Assume that either (H1) or (H2) holds. Then, BVP (1) has
at least one solution.

(b) Assume that either (H1) and (H3) or (H2) and (H3) hold. Then, BVP (1)

has at least two nontrivial solutions.

Proof. We first prove part (a). Assume that (H1) holds. Then, there exists
€ € (0, foo — An) and ¢ > 0 such that

f(t,.’lf) Z )\N + € for all (t’ |:L‘|) - []_,N]Z X (Cl,OO),
T

which in turn implies that there exists ¢y € R such that

)\N;— ‘2 + ¢y for all (t,x) € [1, N]z x R. (11)

F(t,x) >



42 Lingju Kong / Solutions of a Class ...

For any v € X, from (8), (10), and (11), we have

Ay +¢€
2

al 1
Dol =N = —Zelul® — ;N (12)

t=1

1
Tw) < SAwlul® -

Thus, J(u) — —oo as |ju|| — oco. Hence, from Lemma 2.1, there exists uy € X
such that J'(ug) = 0. By Lemma 2.5, uy(t) is a solution of BVP (1).

Assume now that (H2) holds. Using (H2), similar to (11), there exist € € (0, \; —
f°°) and ¢z € R such that

AL~ 2?4 cs forall (t,x) € [1,T]z x R.

F(tx) <
Combining this with (8) and (10) yields that for u € X,

A1

N
1 — 1
T) 2 gl = =53 o) = eV = elulf® — ealV

Thus, J(u) — oo as ||u|| — co. Again, applying Lemmas 2.1 and 2.5, BVP (1)
has at least one solution. This shows part (a).

To prove part (b), first assume that (H1) and (H3) hold. Let H(u) = —J(u).
Then, H(0) = 0, and from (12),

1
H(u) > §e||u|| + N forall u e X.

Then, H is bounded below and satisfies the PS condition. In fact, any PS sequence
{u,} C X must be bounded, and since the dimension X is finite, {u,} has a
convergent subsequence.

Define X; and X5 as follows: X; = span{¢y,...,&n}, Xo =span{&ui1,...,&n}-
Clearly, X = X; & X5. By (H3), we see that there exists ¢, > 0 such that

A, < @ < A1 forall (¢, |z]) € [1, Nz x [0, ¢4). (13)

Note that X is finite dimensional. Then, there is R > 0 such that ||u|. < ¢4 for
u € X with ||u]| < R. From (8) and (13) we get for u € X; with ||ul]| < R,

1 N 1 N pul)
H(u) = —§uTDu + Z F(t,u(t)) > —5)\m||u||2 + Z/o f(t,s)ds
t=1 t=1

1 1
> — Al + SAnlul? =0,
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and for u € X, with |Ju|| < R,

N N

1 1 u(t)

H( = —30"Du+ D F(tu(t) < ~phwaalul?+ 3 [ 700 5)ds
t=1 t=1 "

1 1
< —gAmnllull® + S Amia[[ull® =0,

i.e., H has a local linking at 0.

If inf,ex H(u) < 0, then Lemma 5 implies that H has at least two nontrivial
critical points, and so does J. Hence, by Lemma 2.5, BVP (1) has at least two
nontrivial solutions. If inf,cx H(u) > 0, then H(u) = inf,cx, H(u) = 0 for any
u € Xy with ||u|| < R. This shows that H has infinitely many critical points, and
so does J. From Lemma 2.5, BVP (1) has infinitely many nontrivial solutions.

For the case when (H2) and (H3) hold, we apply Lemma 2.2 to J directly with
X; and X, defined by X; = span{&,+1,...,&{n} and X5 =span{&,..., &0}

The rest of the proof is similar to the case when (H1) and (H3) hold, and hence
is omitted. This completes the proof of the theorem. [

Theorem 3.2. Assume that (H1), (H4), and (H5) hold. Then, BVP (1) has at
least 2(N — m + 1) nontrivial solutions.

Proof. Let H(u) = —J(u). Then, H(0) = 0 and H is even by (H4). Since (H1)
holds, from the proof of Theorem 3.1, H is bounded below and satisfies the PS
condition. If f© > —oo, we let 0 < u < A\, — f°. Then, by (H5), there exists
¢5 > 0 such that

f(zl’) < fO4+u forall (t,|z]) € [1,N]z x [0, cs).

Consequently,

F(t,x) = /Ox ft,s)ds < =(f*+pw)a® forall (¢, |z]) € [1,T]z x [0,¢5].  (14)

N | —

Define a set K C X by K:{uzzf\imdi@ . Y d2:c§}.

Let SY=™ be the unit sphere in RY=™%! Let T: K — S¥~™ be defined by

1
T(u) = — (dm,dms1,- -, dN) -

Cs

Obviously, T is an odd homeomorphism between K and S™¥~™. For any u € K,
from (8) and (14), it follows that

1

N N
H(w) = 5" Dut 37 F(tu(t) <~ hallull + 3£+ ) 3 u(t)?

1
=§(f0+,u—)\m)c§ < 0.
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Then, sup,cx H(u) < 0. When fY = —oo, we can similarly show that this
inequality also holds. Hence, we have shown that all the conditions of Lemma
2.3 are satisfied. Thus, H has at least 2(IN — m + 1) nontrivial critical points.
Applying Lemma 2.5 then completes the proof of the theorem. ]

Theorem 3.3. Assume that (H2), (H4), and (H6) hold. Then, BVP (1) has at
least 2m nontrivial solutions.

Proof. It is clear that J(0) = 0 and J is even by (H4). Since (H2) holds, from
the proof of Theorem 3.1, we know that J is bounded below and satisfies the PS
condition. Assume first that fy < co. Let 0 < v < fo — A,. Then, from (H6),
there exists cg > 0 such that

f(t,x)

X

> fo—v forall (t,|z]) € [1,N]z x [0, cg),
and so

F(t,x) = /Ox f(t,s)ds >

Let a set K C X be defined by K ={u=>3Y " ,d& : Y, d? =c}.
Let S™~! be the unit sphere in R™. Let T: K — S™~! be defined by

(fo—v)x? for all (t,|z|) € [1, N]z x [0,¢c6).  (15)

DN | —

1
T(U) = — (dl,dg,...7dm).

Ce

Clearly, T is an odd homeomorphism between K and S™~ 1. For any u € K, (8)
and (15) imply that

J(u) = %UTDU - ;F(t,u(t)) < Il = 25— v Z

1
= é(Am — P+ 1) <.

Hence, sup,cx J(u) < 0. If fo = oo, it can be shown that this inequality also
holds. Thus, all the conditions of Lemma 2.3 are satisfied. Now, Lemmas 2.3 and
2.5 imply that BVP (1) has at least 2m nontrivial solutions. This completes the
proof of the theorem. O

To end this paper, we provide the following two examples.

Example 3.4. In BVP (1),let N =8, =2, =3, and

5(1 + 62%)
1423

f(t,z) = x forall (t,z) € [1,8]z x R.

Then, we claim that BVP (1) has at least two nontrivial solutions.
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In fact, with the above N, «, and (3, let the matrix D be defined by (9). Then,
using MATLAB, we find that the eigenvalues of D are given by

A1 R 3.2767, Ay~ 4.2343, A3~ 6.1555, A4~ 9.2506,
A5 = 134278, X = 18.1781, A7 =~ 22.6399, Mg~ 25.8371.

Moreover, O = fo =5 and f* = f,, = 30. Thus, (H1) and (H3) with m = 2
hold. The claim then follows from Theorem 3.1.

Example 3.5. Let N, «, and 3 be given as in Example 3.4. Define f(t,z) by

5(1 + 622)

flt.o) = 2

x forall (t,z) € [1,8]z x R.

Then, we claim that BVP (1) has at least 12 nontrivial solutions.

In fact, it is obvious that f(¢,z) is odd in z, f© = fo = 5, and f* = f = 30.
Also, the eigenvalues \;, i = 1,...,8, of D, defined by (9), are given as in Example
3.4. Thus, (H1), (H4), and (H5) with m = 3 hold. The claim then follows from
Theorem 3.2.

References

[1] R.P.Agarwal: Difference Equations and Inequalities, Theory, Methods, and Ap-
plications, 2nd edition, Marcel Dekker, New York (2000).

[2] D.R.Anderson, F.Minhés: A discrete fourth-order Lidstone problem with param-
eters, Appl. Math. Comput. 214 (2009) 523-533.

3] F.M. Atici, G.Sh. Guseinov: Positive periodic solutions for nonlinear difference
equations with periodic coefficients, J. Math. Anal. Appl. 232 (1999) 166-182.

[4]  J.Ben Amara: Oscillation properties for the equation of vibrating beam with ir-
reqular boundary conditions, J. Math. Anal. Appl. 360 (2009) 7-13.

[5] L.Bougoffa, R.Rach, A. Wazwaz: On solutions of boundary value problem for
fourth-order beam equations, Math. Model. Anal. 21 (2016) 304-318.

[6] H.Brézis, L. Nirenberg: Remarks on finding critical points, Comm. Pure Appl.
Math. 44 (1991) 939-963.

[7]  A.Cabada, N.Dimitrov: Multiplicity results for nonlinear periodic fourth order
difference equations with parameter dependence and singularities, J. Math. Anal.
Appl. 371 (2010) 518-533.

[8] A.Cabada, J.B.Ferreiro: Ezxistence of positive solutions for nth-order periodic
difference equations, J. Difference Equ. Appl. 17 (2011) 935-954.

9] X.Cai, Z. Guo: Ezxistence of solutions of nonlinear fourth order discrete boundary
value problem, J. Difference Equ. Appl. 12 (2006) 459-466.

[10] D.C.Clark: A wvariant of the Liusternik-Schnirelman theory, Indiana Uni. Math.
J. 22 (1972) 65-74.



46

[11]

[12]

Lingju Kong / Solutions of a Class ...

J.R. Graef, L.Kong, M. Wang: Solutions of a mnonlinear fourth order periodic
boundary value problem for difference equations, Dynam. Contin. Discrete Impuls.
Syst. Series A 20 (2013) 53-63.

J.R. Graef, L. Kong, M. Wang: Ezistence of multiple solutions to a discrete fourth
order periodic boundary value problems, Discrete Contin. Dyn. Syst. Suppl. (2013)
291-299.

J.R. Graef, L. Kong, M. Wang: Multiple solutions to a periodic boundary value
problem for a nonlinear discrete fourth order equation, Adv. Dyn. Syst. Appl. 8
(2013) 203-215.

J.R. Graef, B.Yang: Upper and lower estimates of the positive solutions of a
higher order boundary value problem, J. Appl. Math. Comput. 41 (2013) 321-337.

T.He, Y.Su: On discrete fourth-order boundary value problems with three param-
eters, J. Comput. Appl. Math. 233 (2010) 2506-2520.

Z.He, J.Yu: On the existence of positive solutions of fourth-order difference
equations, Appl. Math. Comput. 161 (2005) 139-148.

J. Ji, B. Yang: Figenvalue comparisons for boundary value problems of the discrete
beam equation, Adv. Difference Equ. (2006) Art. ID 81025, 9 pp.

W. G. Kelly, A.C. Peterson: Difference Equations. An Introduction with Applica-
tions, 2nd edition, Academic Press, New York (2001).

V.L.Kocic, G.Ladas: Global Behavior of Nonlinear Difference FEquations of
Higher Order with Applications, Kluwer Academic Publishers, Dordrecht (1993).

R.Ma, Y.Xu: Existence of positive solution for nonlinear fourth-order difference
equations, Comput. Math. Appl. 59 (2010) 3770-3777.

J. Mawhin, M. Willem: Critical Point Theory and Hamiltonian Systems, Applied
Mathematical Sciences 74, Springer, New York (1989).

P. H. Rabinowitz: Minimaz Methods in Critical Point Theory with Applications to
Differential Equations, CMBS Regional Conf. Ser. Math. 65, Amer. Math. Soc.,
Providence (1986).

J.R.L. Webb, G.Infante: Non-local boundary value problems of arbitrary order,
J. London Math. Soc. 79 (2009) 238-258.

B. Yang: Upper and lower estimates for positive solutions of the higher order
Lidstone boundary value problem, J. Math. Anal. Appl. 382(1) (2011) 290-302.

E. Zeidler: Nonlinear Functional Analysis and its Applications III, Springer, New
York (1985).

B.Zhang, L. Kong, Y.Sun, X.Deng: Ezistence of positive solutions for BVPs of
fourth-order difference equation, Appl. Math. Comput. 131 (2002) 583-591.



