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Abstract

The problem of controlling process parameters in case of non-convex processes represents a mathematically difficult
one since the process operator can ignore global monotonicity while the feasible domain of the process parameters
may have a non-convex structure. In this paper, an approach to solving such problems based on variational
optimization is developed. The process-control problem is formulated as a non-convex variational inequality and
equivalently represented through the inclusion 0 € F(x*) + Nk (x*). To eliminate the ambiguity of the projection into
anon-convex set, the feasible set is supposed to be locally r-prox-regular, thus guaranteeing a unique metric projection
along the optimization path. The weak monotonicity constant for the function is calculated from the symmetric
Jacobian, hence the initial regularization coefficient is defined. The proposed method introduces F,(x) = F(x) +
u(x — xy) and progressively reduces y toward zero. Lyapunov descent is used to prove that a certain type of
resummability is attained and that the accumulation points converge to the state of variational stationarity, under the
described local regularity assumptions. The results are confirmed by numerical tests, conducted for a nonlinear three-
parameter process model, where a convergence for different starting points is achieved with the variational gap being
less than 10~°. The locally minimal stationary states are separated from other stationary points based on the analysis
of the reduced Hessian. The unregularized projected gradient stress benchmark shows improved stability.

Keywords: Non-convex optimization, variational inequality, prox-regularity, hypomonotonicity, process parameter
control, regularization.

1. Introduction

Non-convex optimization offers a natural way to mathematically formulate process parameter control in cases where
the correlation between the operating parameters and the process performance is non-linear, coupled, and
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multi-feasible. In real-life process systems, interactivity among parameters will generate multiple local stationary
points, whereas physical constraints on operation might give rise to feasible sets that do not satisfy global convexity
assumptions. These two issues make the classical convex optimization approach infeasible, and hence the necessity
of mathematical models to address the problem of non-convexity directly (Jain & Kar, 2017; Danilova et al., 2022).

Variational analysis offers a solid mathematical basis for this class of optimization problems via concepts such as
tangent cone, normal cone, variational inequalities, and generalized stationarity conditions. The variational inequality
approach, in particular, allows for formulating optimization and equilibrium problems in terms of an operator defined
over a feasible set (EI Idrissi et al., 2024). In addition, normal cone formulations offer a compact way to represent
first-order optimality conditions and enable solving constrained problems without having to convert them into
unconstrained formulations (Sherjonov et al., 2025). Nonetheless, most of the classic variational optimization theory
is developed under convexity and monotonicity assumptions, making it less suitable for optimization of processes
with non-convex objective functions and non-convex feasible regions (Bassily et al., 2021).

There is therefore a considerable gap in the development of variational optimization approaches that would take into
account non-convex feasible sets, non-monotone operators, and numerically stable solution algorithms (Alhazmi,
2026; Csetnek, 2020). Conventional gradient-based methods might converge to local stationary points without giving
a variational formulation of the problem. At the same time, standard variational inequality approaches are often based
on the monotonicity and convexity assumptions. Weak monotonicity is a less restrictive assumption compared to the
former and allows for a bounded level of non-monotonicity (Héberle et al., 2020). Nonetheless, an appropriate
regularization and projection technique is needed to take advantage of this property in the context of a non-convex
process control problem (Wei & Xie, 2023; Bianchi & Jakubowicz, 2012; Wang et al., 2023). Regularization offers a
way to enhance the mathematical stability of ill-posed or difficult optimization problems, but it is yet to be
incorporated efficiently in the non-convex variational process optimization setting (Grammatico et al., 2015; Liu et
al., 2019; Bianchi et al., 2022; Anantrasirichai et al., 2020).

This gap is being addressed in this study by formulating the process parameter control problem as a variational
inclusion

0 € F(x*) + Ng(x"),

where x € R"denotes the process-parameter vector, Krepresents the potentially non-convex feasible region, Fis the
process-performance operator, and N (x*)is the normal cone of K. A regularized operator is used to handle weak
non-monotonicity, and then an iterative projection scheme is applied to find the solution of stationary solutions. The
suggested formulation is studied through variational gap functions and stationarity residuals, and convergence analysis
of the algorithm (Shirke & Udayakumar, 2019). Engineering process model is used just to illustrate mathematically
the suggested formulation.

Contributions of this work can be outlined in four points. Firstly, a non-convex variational formulation is constructed
for process parameter optimization under constraints. Secondly, a concept of weakly monotone operators is introduced
as a relaxation of the classical monotonicity condition. Thirdly, a regularized projected variational iteration is
formulated for finding stationary solutions in the non-convex feasible set. Fourthly, a study on convergence to
variationally stationary points is conducted under certain regularity and boundedness conditions and step-size
selection rules. Hence, the primary contribution is mathematical, and the process parameter control problem is
considered as an engineering test bench.

This paper is organized as follows. Mathematical background, including non-convex feasible set, process objective
functional, variational inequality, tangent and normal cones, and variational gap function, is introduced in Section 2.
Non-convex variational formulation employing weak monotonicity and regularization as well as the corresponding
stationarity condition is formulated in Section 3. A regularized projected variational approach is proposed and
analyzed in Section 4. Numerical analysis, including convergence, sensitivity, and stationary solution computation for
a nonlinear engineering process parameter model, is provided in Section 5. Conclusions and mathematical extensions
are summarized in Section 6.

2. Mathematical preliminaries and problem formulation

This section sets out the mathematical setting necessary to describe the problem of process parameters control as a
constrained non-convex optimization problem (Luedke & Kingdone, 2025; Suvarna & Bharadwaj, 2024). This
description employs a finite-dimensional space of parameters, a possibly non-convex feasible set, a nonlinear
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functional describing the performance of the process, and the variational inequality form. Definitions introduced in
this section are prerequisites to developing the regularized variational optimization approach in following sections.

2.1 Process parameter space and feasible region
Let the process parameter vector be represented by
x = [x;,%, .., x,]T € R,

where x;denotes an adjustable process parameter. Depending on the engineering process, these parameters may
represent temperature, pressure, feed rate, rotational speed, residence time, or other operating variables.

The admissible parameter domain is defined as
K={xeR"g;(x) <0, j=1,..,m}, €))

where g;: R" — Rrepresents a nonlinear process constraint. Simple parameter bounds can additionally be expressed
as

linl’Sui, i=1,...,n.

The feasible set Kis assumed to be nonempty and closed but is not required to be convex. Consequently, there may
exist x,y € Kand A € (0,1)such that

Ax+ (U -y K.
This assumption distinguishes the proposed formulation from conventional convex process optimization.
2.2 Process performance functional
Let
O:K >R

denote the process-performance functional. It represents the combined effect of process quality, energy consumption,
operating cost, deviation from desired operating conditions, or other engineering objectives.

A general weighted formulation can be expressed as

q q
O(x) = Zwr D,.(x), w, =0, Z w, = 1. 2)
r=] r=1

Here, ®,.(x)denotes an individual process objective and w,represents its relative contribution.

The resulting constrained optimization problem is

gcr}sllr{l D(x). 3)

The objective is considered non-convex when there exist x, y € Kand A € (0,1)such that
PAx + (I — Dy) > 10(x) + (I — D)D(y).
For a twice differentiable objective, global convexity is not guaranteed when
7’d(x) = 0

does not hold throughout K. Therefore, the optimization problem in (3) may contain multiple local stationary points.
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2.3 Process operator
For the variational formulation, define an operator
F:K - R".
When the process functional is differentiable, the natural choice is
F(x) = VO(x).
Thus,

— 6(D_
0x;
o0

F(x) =|ax, |

oD

[ 0x,, ]

The operator formulation is more general than directly treating the problem through the objective function because it
can accommodate process interactions that may not have a simple scalar-potential representation.

For x,y € K, a classical monotone operator satisfies

(F(x) —F(y),x —y) = 0.
The proposed non-convex formulation does not require this condition globally.
2.4 Weak monotonicity

To characterize controlled non-monotonicity, Fis assumed to satisfy the weak monotonicity condition

[(F@) — F),x —y) = —vlx = yII’, 4)

for some v = Oand all x, ywithin the region of analysis.

When v = 0, (4) reduces to the conventional monotonicity condition. For v > 0, the operator may be non-monotone,
but its departure from monotonicity is bounded by v. This assumption is appropriate for nonlinear process models in
which interacting parameters can produce locally adverse curvature or multiple stationary regions.

2.5 Variational inequality formulation
The finite-dimensional variational inequality associated with the process parameter problem is defined as follows.

Definition 1. Find x* € Ksuch that

|(F(x*),x—x*) >0, \7’xEK.| (5)

The solution is denoted by
x* € VI(F,K).

If F = V®, (5) represents the first-order variational characterization of a constrained stationary point. For a convex
feasible region and convex differentiable objective, this condition can characterize a global minimum. In the present
study, however, K and @ may be non-convex. Consequently, the variational inequality is interpreted primarily as a
stationarity condition rather than automatically as a global optimality condition.
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2.6 Tangent cone

For a feasible point x € K, the tangent cone describes feasible first-order directions. It is defined by

X — X
TK(.x) = {d € Rn:Eltk l 0, Xk € K, kt e d}
k

A vector d € Ty (x)therefore represents a direction along which the process parameters can be perturbed while
remaining asymptotically feasible.

A necessary first-order condition for a local minimum x*is

[(7O(x"),d) >0, vd € T (x").| (6)

Equation (6) provides the local variational interpretation of process parameter stationarity.
2.7 Normal cone
The normal cone associated with Kat x € Kis defined as
Ne(x) ={veR"{(v,y—x)<0, Vye€eK}
The relationship between the tangent and normal cones can be expressed through the polar operation as
Ng(x) = Tg(x)°.

Using the normal cone, the variational inequality in (5) can be equivalently represented by the inclusion

[0 € F(x*) + N¢(x).| @)

For the differentiable objective case,

[0 € 7O (x™) + N (x").] (®)

Equation (8) represents the primary first order stationarity relation used in the following developments. In the non-
convex case, it defines the variational stationary point without guaranteeing the latter to be the global minimum point.

2.8 Variational gap function

To quantify the deviation of an arbitrary feasible point from a variational solution, define the gap function as

G(x) = sup{(F (x),x — y)}. 9

yEK

For a variational solution x*, the gap satisfies
G(x*) = 0.

Therefore, during numerical optimization, the quantity G (x;)can be used to monitor the approach of the generated
sequence toward variational stationarity.

For numerical implementation, a normalized gap can additionally be defined as

G (xx)

max (L IFGOl) (10)

Gn(x) =

The normalized form reduces the influence of the magnitude of the operator and provides a more consistent
convergence indicator across different parameter scales.
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2.9 Regularized operator

Because the process operator may be weakly monotone rather than monotone, introduce the regularized operator

B = FO) +utc—x),  1>0) an

where x, € Kis an initial feasible point.
Forx,y €K,
Hence, whenever
u>v,
the regularized operator possesses a strong monotonicity property with modulus
u—v>0 (12)
This property forms the mathematical basis for stabilizing the iterative procedure developed in Section 4.
2.10 Regularized problem formulation

The regularized variational inequality is defined as finding x, € Ksuch that

|(F(x#) +u(x, —xp)x—x,) =0, VxEe K.| (13)

Equivalently, using the normal cone,

|0 € F(x,) +u(x, —x)) + NK(xH).| (14)

The corresponding regularized gap function is

Gu(x) = Su£{<F(x) + ulx — x9),x — y)}. (15)
ye

A solution x,,0f the regularized variational inequality satisfies

Gy (x”) = 0.

As the regularization parameter decreases,

lim F,(x) = F(x). (16)
u—0

Consequently, under the required continuity and stability conditions, the regularized inclusion in (14) approaches the
original non-convex variational condition

[0 € F(x") + Ny (x").] (17)

Therefore, the mathematical problem studied in this investigation is a solution of a series of regularized variational
problems with gradual decrease in the regularization coefficient such that the obtained solution converges to a
stationary point of the initial non-convex process optimization problem.

In further numerical analysis, the corresponding stationary criterion may be controlled using the residual

|%kss — xk”}

Ry, = max {G#k(xk), —max{l, el

(18)
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R, of a certain sufficiently small value would imply simultaneous decrease of the variational gap and the sequential
parameter shift. Thus, equation (18) will serve as the main stopping rule for the suggested non-convex variational
optimization technique discussed in Section 4.

3. Non-convex variational formulation
Parameter control of the process is stated as a non-convex variational inequality where both the performance process
operator and the set of admissible parameters may have non-convex behavior. As projection onto an arbitrary non-
convex set is always multi-valued, some extra geometrical conditions must be imposed in order to obtain a uniquely
defined iteration scheme. Hence, it is assumed that the feasible region is rg -prox-regular in the vicinity of the generated
trajectory.
3.1 Local variational inequality
Let
K c R"
be a nonempty closed feasible parameter set and let
F:K - R"
denote the process operator. A point x* € K is a local variational solution if there exists p > 0 such that
(F(x*),x—x*) =0, Vx € K N B(x* p). (19)
For a differentiable process-performance functional,
F(x) = V0(x),
and therefore

(VO(x*),x — x*) = 0. (20)

Because K and @ are not assumed to be convex, this condition represents local variational stationarity rather than
global optimality.

3.2 Prox-regular feasible region
The non-convex projection issue is addressed by imposing a local geometric assumption on K.

Assumption 1. The feasible region K is ri-prox-regular along the trajectory generated by the proposed method. That
is, there exists 1y > 0 such that for every trajectory point x € K, the metric projection

Py (z) = argmin |z —y| (21)
is a singleton for all
z € U, (K) = {z:dist(z,K) <rg}.
Under this assumption,
Py: Uy (K) > K
is single-valued and locally Lipschitz continuous.
This is less restrictive than global convexity and allows for non-convex sets to have sufficiently smooth boundaries.

This also removes the arbitrariness involved in choosing an arbitrary element from disconnected projections when
analyzing convergence.
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3.3 Normal-cone stationarity
For a prox-regular set, the tangent and normal cone construction remains applicable locally. The normal cone is
Ne(x) ={veR™(v,y—x) <0, Vy EK}

under the regularity conditions considered here.
The variational inequality can therefore be expressed as

0 € F(x™) + Ng(x™). (22)

For F =V®,

0 € VO(x™) + Ng(x™). (23)
Equation (23) is the principal first-order stationarity condition used throughout the proposed method.
3.4 Local weak monotonicity

The weak-monotonicity constant introduced previously is treated as a local quantity, rather than an unrestricted global
constant.

Let D c K be a bounded neighborhood containing the optimization trajectory. Assume that there exists
vp =0
such that
(FC) —FO),x—y) = —vplx—yF,  Vx,y€D. (24)

Thus, vy, is a local hypomonotonicity bound over the region actually explored by the algorithm.

For a continuously differentiable operator, a practical estimate can be obtained from the smallest eigenvalue of the
symmetric Jacobian,

Jr(x) + Jr ()"

]s(x) = 2

An empirical bound over sampled points x(© € D is

L— - (@)

Vp = m;lx[ Ammin (]S(x ))L (25)
A safety factor k,, > 1 is then introduced and

Ko = KvﬁD (26)

is selected, with the practical requirement

My > Vp.

This provides a reproducible method for selecting the initial regularization rather than treating v as an unspecified
tuning constant.

3.5 Regularized operator

Define

B, (x) = F(x) + pe(x — xp). 27)
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Using (24),
Hence, during the phase satisfying

Uy > Vp, (28)
the regularized operator is strongly monotone with modulus

my = Uy —vp > 0. (29)
3.6 Regularized variational problem
The regularized problem is

(Fu(xy)x —x,,) =0,  Vx€eK. (30)
Equivalently,

0 € F(x,,) + (%, — x0) + Ne(x4,)- (31)

The regularization is gradually reduced so that the regularized stationary problem approaches the original inclusion
(22).

3.7 Variational gap function

The regularized gap is defined as

Gy, (x) = sup{(F#k (x),x — y)} (32)
YEK

A regularized variational solution satisfies

Guk(xuk) = 0. (33)
The gap is therefore used together with the update residual to establish numerical stationarity.
3.8 First- and second-order stationarity

First-order stationarity does not distinguish between a local minimum, saddle point, or local maximum in a non-
convex problem. Therefore, after obtaining a stationary solution x*, a second-order screening procedure is applied.

Let A(x™) denote the matrix of active constraints and let
7 € pnxd

contain an orthonormal basis for the tangent subspace satisfying

A(x*)Z = 0. (34)
The reduced Hessian is

Hiy(x*") = ZTV?®(x*)Z. (35)
A candidate stationary point is classified as a second-order local minimizer when

Amnin(Hr (x) > 0. (36)

This post-processing step prevents a first-order stationary saddle point from being incorrectly reported as an optimal
process configuration.
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4. Proposed non-convex variational optimization method

The developed algorithm employs a regularized variational operator along with a unique local metric projection (Hadri
et al., 2021). Prox-regularity, discussed in Section 3, guarantees the well-posedness of the projection operator in the
neighborhood that includes the generated sequence.

4.1 Prox-regular projected variational iteration
The proposed update is
X+l = PK[xk - akFuk(xk)]- 37)
Using (27),
Xer1 = Pglx — i {F () + g G — x) 3. (38)
Because K is assumed to be rg-prox-regular, the projection is single-valued whenever
dist(xy, — aFy, (xx), K) < 7. (39)
This condition is explicitly monitored during implementation.
4.2 Step-size selection

The step size is selected according to

oy

T+ @0

(497

where
ay >0, >0, 0<y<l1

For the convergence analysis, the sequence satisfies

0

Z ap = o, Z ai < o, (41)

0
k=0 k=0

The step size is additionally restricted locally according to

2mk
0<a,< L—Z, (42)
k

where my. = w — vp and Ly is a local Lipschitz constant of F,, .
4.3 Regularization continuation
The regularization parameter follows
Kit1 = Mt 0<n<l (43)
However, to avoid prematurely destroying the strong-monotonicity property, the reduction is performed in two stages:

Nl e > Vp + 8y,

44
max (M, Umin), CONtinuation phase, (44)

M1 ={

where §, > 0 is a safety margin.

Once the stabilized solution is sufficiently close to the target stationary region, y;, is reduced toward zero. This avoids
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interpreting the early strongly regularized iterates as solutions of the original problem.
4.4 Lyapunov descent function

To correct the previous conditional convergence argument, define the Lyapunov energy
1 *|2 2
E = 5 |l = x*|7 + cuppelxie — x01°, (45)

where ¢, >0.

Under the local Lipschitz, prox-regularity, and strong-monotonicity conditions, the projected update satisfies the local
descent inequality

Er1 < e — 1 X s — xie)? — | By )17 + Culthiers — il (46)
where ¢, ¢; > 0 and €, > 0 are bounded constants over the local trajectory.
Since
te =0

and

Z|Hk+1—lik| <o,
[

the last term is summable. Therefore,

o0

Z Qe e — x> < o0 (47)
k=0
and
> |, ol <o (48)
=0
Because

equation (48) implies

liﬂglfl F, ()| = 0. (49)
The same descent relation yields

likm_i?ﬂ Xie1 — Xi| = 0. (50)
Thus, the residual behavior is obtained from the descent argument rather than assumed a priori.
4.5 Vanishing variational gap

The residual result is combined with continuity of F, y;, — 0, and the local continuity of the metric projection. For
every accumulation point X,
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Fu () = F(X)
along the corresponding convergent subsequence.
Since

lin}{infl F, () =0

and the projected residual vanishes along the convergent subsequence,
Xgr — Xk = 0,

the limiting point satisfies

0 € F(x) + Ng(x). (51)
Consequently,

G(%) = 0. (52)
4.6 Convergence theorem
Theorem 1.

Let K ¢ R™ be closed and locally r-prox-regular along the generated trajectory. Let F be locally Lipschitz and locally
vp-hypomonotone on a bounded neighborhood D. Assume that the step-size sequence satisfies (41), the projection
iterates are within the prox-regular set, and the regularization continuation satisfies (43)-(44). If Lyapunov descent
condition (46) is satisfied, then:

Z ag |F;¢k(xk)|2 < o,

k

and

lln}(lnfl Xk+] — xkl = (.

Every accumulation point X of the generated sequence satisfies
0 € F(X) + Ng(x).

If, in addition, the stationary point is isolated in the considered neighborhood, the entire sequence converges to that
stationary point.

Proof.
From (46), the Lyapunov sequence is bounded below and the regularization variation sequence is summable. Summing
up (46), have (47) and (48). As the step sizes sequence is divergent, from (48), have (49). From the projected residual
equation, with prox-regularity, have local control on the distance between the forward and projected points. Hence,
along a convergent subsequence,

X+ — X = 0.
Because F is continuous and p; — 0,

Fy () = F (%0).
The limiting projection optimality condition gives

—F(x) € Ng (%),
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which is equivalent to (51). Hence
G(x)=0.

If the stationary point is isolated, no two distinct accumulation points can occur in the same local basin, implying
convergence of the entire sequence.

4.7 Algorithm

Algorithm 1: Prox-Regularized Non-Convex Variational Optimization

1. Select a feasible x, € K.
2. Estimate Vp, using (25).
3. Select
Up = Ky, Vp, K, > 1.

4. Evaluate F(x;).
5. Calculate

Fu, Oa) = F () + O — xp).
6. Compute a;, from (40).
7. Calculate

z = X — ik, ().
8. Verify that z, remains within the prox-regular projection neighborhood.
9. Calculate
X+ = Px(zg)-
10. Evaluate Ry, G, (xi), and &.
11. Update u;, using (44).
12. Stop when
R, < g, and Gy, (xi) < &

13. Apply the reduced-Hessian test to the resulting stationary point.

14. Retain the point as a process-control solution only when the second-order test confirms local minimality.

5. Numerical validation using process parameter control

A numerical evaluation of the proposed non-convex variational optimization technique is conducted using a process
parameter control problem that is nonlinear in nature. The objective of this experiment is not to generate a process
model specific to the problem at hand; rather, the intention is to check whether the proposed mathematical approach
will be able to generate feasible stationary points given the non-convex objective and non-convex feasible region.

In light of the problems discussed above, the numerical experiment is redesigned. The feasible process domain is
selected to be a non-convex annulus since its boundary is smooth and locally prox-regular and its projection can be
calculated explicitly.
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5.1 Nonlinear process objective
Consider

x =[x}, %5, %35]", (53)
where the variables represent normalized process temperature, feed rate, and operating pressure.
The process objective is

Its gradient is

F(x) = Vd(x),
with
Fi(x) = 0.60(x; — 0.65) + 0.60x, cos(4x;x,) + 0.20x3(x;x3 — x3), (54)
Fy(x) = 0.50(x; — 0.45) + 0.60x; cos(4x;x,) — 0.40x,(x ;x5 — x3), (55)
and
F3(x) = 0.40(x; — 0.60) + 0.20x;(x,x3 — x3). (56)

The trigonometric and interaction terms make the objective non-convex.
5.2 Prox-regular non-convex feasible set

The feasible region is defined by

K ={x:01<x;209, 018 <\[(x; = 057 + (x; — 0.5 < 032}. (57)

The (x;, x,) domain is therefore an annulus.

The set is non-convex due to the exclusion of its central disk. Yet both boundary curves are smooth circles. During
the process of numerical iterations, the method stays away from the singular point of the annulus, and the projection
operator is locally unique.

For a point

z=[z,,2, Z3]T'

let

1, =+/(z; — 0.5)2 + (z, — 0.5).

The projection onto the annular component is

Ziy — (05,05)
05,05 +018———, r, < 0.18,
z
PA(Z) = Zj, 0.18 < T, < 032, (58)
z;, — (0.5,0.5)
0.5,05) + 032 ——, r, > 0.32.
z
The third parameter is projected as
P[0.1,0.9] (Z_;) = mln{OQ, max{().], 23}} . (59)

Thus, the numerical experiment does not rely on an arbitrary selection from a disconnected projection set.



5.3 Numerical configuration
The main experiment uses
ay = 0.08, T =0.01, y = 0.60, (60)
and
n=097. (61)
The convergence tolerances are
g, = 1075, gc = 107°. (62)
Four feasible initial conditions are examined:
x$P = [0.68,0.32,0.55]",
x? = [0.38,0.68,0.65]",
x$ = [0.72,0.62,0.35]",
and
x$? = 1[0.32,042,0.75]".
For the main experiment,
Uy = 0.60.
5.4 Convergence results
The numerical results obtained from the proposed method are summarized below.

Table 1: Convergence result.

575

Initial condition | Iterations x1* X2* x3* D(x*) Rk Gk
xél) 622 0.460529 | 0.182444 | 0.549397 | 0.083475 1'1120_8 ?('91?6_7
xéz) 827 0.460527 | 0.182444 | 0.549409 | 0.083475 1'7160_8 ?('9120_7
xé3) 689 0.758819 | 0.688183 | 0.605386 | 0.148081 iﬁ%_g ?('9110_7
xéﬂ 842 0.460527 | 0.182444 | 0.549409 | 0.083475 1'71%_8 ?('91%_7

As seen in table 1, the proposed algorithm converges to small values of both the update and variational gap residuals
starting from all four initialization points. Three of these initializations lead to almost identical stationary points, while
the fourth one leads to a different stationary point. Such a pattern can be expected in a non-convex problem and

explains why the results should be regarded as stationary points and not as global optima.
5.5 Sensitivity to initial regularization
The influence of y, is examined using the first initial condition.

Table 2: Sensitivity to initial regularization.

| po |Iterations | x1x | X2% | x3* | D(x*) | Rk | Gk
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040 | 596 | 0460529 | 0.182444 | 0.549397 | 0.083475 | /% 998
% 10 % 10
0.60 622 0460529 | 0.182444 | 0549397 | 0.083475 | 12 993
% 10 % 10
0.80 641 0460529 | 0.182444 | 0549397 | 0.083475 | O 994
% 10 % 10
100 | 656 | 0460529 |0.182444 | 0549397 | 0.083475 | 93 | .94
% 10 % 10

From table 2, it can be noted that the stationary solution after convergence does not differ significantly depending on
the chosen value for the regularization parameter. The slight increase in p, leads to an increase in the number of
iterations as a result of spending more iterations in the strongly regularized phase of the process.
5.6 Comparative benchmark
The proposed method is compared with an unregularized projected-gradient scheme,
X1 = Pxlxp — aF (x;)]. (63)
A stress-test configuration with a fixed aggressive step
a=935
is used to examine the effect of removing regularization and adaptive step-size control.
For the first initialization, the proposed method reaches
Ry =712x107% G, =993x1077
after 622 iterations.
Under the aggressive unregularized scheme, after 700 iterations,
x = [0.561950, 0.186054, 0.900000]7,

with

Ry, =832x 107",
and

Ge =181 x 107",
The corresponding objective value is

®(x) = 0.120859,
which is substantially different from the stationary value

O(x*) = 0.083475
obtained by the proposed method.
This comparison shows the stability provided by the regularized problem setup when used with a high-step-size
scheme. It is important to note, however, that this finding should not be seen as a test limit for the unregularized
method; rather, it is a stress test showing that under certain circumstances, the conventional projected scheme fails to

converge.

5.7 Variational-gap comparison
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The convergence history between the suggested algorithm and the unregularized stress benchmark is analyzed in terms

of the variational gap as depicted in figure 1 below.

Convergence comparison using the variational gap

10° 4

107! }

[
o
"

103
]
107 4

1072 4

Regularized / variational gap

- Proposed regularized variational method
1077 1 —— Unregularized projected gradient (a=5)

6 100 200 300 400 500 600 700

Iteration

Figure 1: Iteration versus variational gap for the proposed regularized method and the unregularized projected-

gradient stress benchmark.
The proposed method drives the gap toward
107,
whereas the aggressive unregularized iteration remains at approximately

1.81 % 107!

after 700 iterations. This indicates that the regularization process together with the reduction in step size gives a more

stable path compared to the selected stress test.
5.8 Second-order stationarity screening
The final stationary points are further examined using the reduced Hessian
Hy = ZTV°®(x")Z.
For the principal stationary solution,
x* = [0.460529, 0.182444, 0.549397]",

the reduced Hessian is approximately

0.5159 0.0980

He = [0.()98() 0.44241" (64)
Its eigenvalues are
A(Hg) = {0.3745, 0.5838}. (65)

Since
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Ain(Hg) = 0.3745 > 0,

the stationary point satisfies the second-order sufficient condition in the tangent subspace and is therefore classified
as a local minimizer.

For the alternative stationary solution
x* =1[0.758819, 0.688183, 0.605386],

the reduced Hessian is approximately

1.1615 —0.2213
HR = ],

T Ll-02213 05152

with eigenvalues
{0.4467, 1.2301}.

Both eigenvalues are positive, indicating that this point is also a local minimum, although its objective value
DO(x*) = 0.148081

is higher than that of the first stationary solution.

This observation indicates that the algorithm can detect several locally minimizing stationary points based on how the
algorithm is initialized. This means that multi-start is required for the search of a preferred stationary point.

5.9 Numerical discussion

The numerical experiments validate three mathematical characteristics of the new approach. First, the locally prox-
regular feasible set allows for a unique projection along the trajectory of the optimization algorithm and thus eliminates
an ambiguity of an arbitrary choice of projection on the general non-convex set. Second, the regularized iteration
process decreases the update residual and variational gap regardless of the initialization point. Third, the analysis of
the reduced Hessian guarantees that the stationary solutions found in the experiment are locally minimizing, not just
first-order stationary.

The existence of two local minima proves that the approach cannot be viewed as a global optimization method (Mishra
& Soy, 2025). The goal of the theoretical framework is to find the variational stationary solutions to the non-convex
problem, while the second-order and multi-start analysis helps choose preferred solutions.

6. Conclusion

The current work has put forward a rigorous mathematical optimization method based on the variational optimization
method which is non-convex in nature for the process parameter control. There are basically three main challenges
that have been overcome by this formulation. The process-control problem was represented through the variational
inclusion 0 € F(x™) + Ny (x™), thereby providing a general first-order characterization without requiring global
convexity. The regularized operator was employed to deal with local hypomonotonicity, whereas the choice of the
regularization parameter relied on the local Jacobian upper bound. Locally r-prox-regularity of the feasible set was
supposed, thereby addressing the issue of metric projection ambiguity and providing mathematical validity of the
projected iteration in the vicinity of the optimization path. Instead of relying only on conditional convergence proof,
the revised analysis includes a Lyapunov energy functional, whose use ensures the summability of the residuals of the
regularized operator as well as consecutive update terms. Therefore, limit points of the sequence generated by the
algorithm satisfy the variational stationarity equation for the regularization parameter tending to zero. Numerical
verification for the nonlinear three-parameter process model showed convergence from the different starting points
and with different values of the regularization parameter. The primary solution yielded a variational gap smaller than
107°. Multiple starting-point tests proved the existence of different locally minimizing stationary points, which is an
expected feature of the non-convex formulation. A reduced Hessian check of positive definiteness on the feasible
tangent subspace provided another way to distinguish between the minimizing stationary solutions. The comparison
of the regularized method with the aggressive unregularized projected-gradient technique demonstrated better stability
of the proposed approach. In general, the approach constitutes a rather flexible mathematical foundation for
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constrained non-convex process control and may be extended to non-smooth, stochastic and high-dimensional
variational systems.
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