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Abstract

Non-smooth objective functions may occur in industrial optimization problems due to the existence of thresholds,
switches, piecewise objective functions, absolute value terms, and bounds on the feasible set. Gradient-based
approaches may lose their efficiency due to the lack of differentiability assumption. In this paper, a mathematical
framework for constrained non-smooth optimization is developed. The theory includes a composite representation of
the objective function in terms of continuously differentiable and locally Lipschitz non-smooth components, Clarke
generalized derivatives, minimum-norm subgradients rule, geometry of tangent and normal cones, proximal
stabilization, and adaptive step-size choice. A deterministic minimum norm selection criterion is used to deal with a
multi-valued generalized subdifferential. Feasibility is achieved via Euclidean projection. The proximal term makes
the algorithm stable in the vicinity of non-differentiable points. The theoretical properties include the existence of an
optimum solution, sufficient descent, objective monotonicity, boundedness of the sequence, and generalized
stationarity of its accumulation points under certain regularity assumptions. Numerical performance is analyzed on
three test cases: absolute-value, maximum-type, and Ll-regularized composite benchmark functions and an
engineering-oriented problem of the industrial process optimization in terms of production cost, energy consumption,
and threshold penalties. It is shown that the proposed framework can retain non-smooth features without complete
differentiable approximation.

Keywords: Non-smooth optimization, clarke subdifferential, generalized gradient, proximal stabilization, constrained
optimization, industrial process optimization.


mailto:anjali.bhardwaj@niu.edu.in
mailto:dr.jayant.supe@rungta.org
mailto:pramodreddy.pr@proton.me
https://orcid.org/0009-0002-9163-4895

639

1. Introduction

Many industrial systems are known to be characterized by a combination of non-linear relations, discontinuity in the
process conditions, switching constraints, threshold effects, and penalty functions, thus making classical smooth
optimization methods ineffective for such systems. Non-smooth optimization is an appropriate mathematical
technique for solving such problems since it allows for objective and constraint functions to be non-differentiable
everywhere. Various works have already proven the applicability of non-smooth optimization to various practical
applications, including flow-shop scheduling, structural design, portfolio selection, etc. (Ferrer et al., 2016; Bawankar
& Vij, 2025; Corazza et al., 2013). The increased complexity of industrial processes only increases the necessity to
solve such complex optimization tasks.

Various approaches have been proposed to tackle the issue of non-smooth optimization (Luo et al., 2024; Wang et al.,
2025). Meta-heuristics and bias-randomized algorithms have been used for non-smooth combinatorial and continuous
optimization problems, and differentiable surrogate techniques have been developed to convert non-smooth
functions into computationally feasible problems, as well as neural optimization methods for non-smooth convex
problems (Ferrer et al., 2016; Juan et al., 2019; Chen et al., 2025; Cheng et al., 2011). Moreover, recent research
includes the theoretical development of switching subgradients methods and the analysis of oracle complexity of the
problem (Huang & Lin, 2023; Azimova et al., 2023). Thus, there is evidence that the information on generalized
derivatives and the non-smooth formulations is crucial for receiving mathematically sound results.

Industrial optimization tasks are even more complicated, since process variables are tightly interconnected with
production constraints, energy demands, process limitations, and nonlinearity. Optimization-based approaches have
already been considered for production scheduling and manufacturing processes (Talwar & Shah, 2023; Ren et al.,
2024; Suvarna & Bharadwaj, 2024). The mathematical modeling of such systems requires methods that could work
with the non-differentiability without reducing the process features.

The present paper suggests a method of non-smooth analysis for optimization of industrial processes based on
generalized derivative information and constrained optimization. This paper proposes a non-smooth formulation of
the industrial optimization task and derives conditions of descent, stationarity, and convergence. The novelty of this
paper is thus mainly mathematical, while the industrial process model will serve only as a proving ground. The
effectiveness of the suggested approach is then estimated via numerical analysis and comparison with other
optimization algorithms (Praveenchandar et al., 2024).

The main objectives of this research are:

e Formulating the problem of complex industrial process optimization as a mathematical optimization problem
under non-smoothness constraints in terms of both objective and constraint functions.

e Development of a framework for derivative-based optimization that provides feasible direction vectors for descent
and defines stationarity conditions in the generalized sense.

e Making mathematical analysis of the descent process, convergence properties, and complexity of the proposed
optimization procedure.

e Application of the developed framework to some benchmark non-smooth functions and to one industrial process
optimization problem.

The key result of the work is the construction of the mathematically rigorous scheme where the generalized derivative
information is included into the optimization procedure. Sufficient conditions of descent property of the resulting
sequence and its convergence to the generalized stationary point are derived. The practical example is applied mainly
to illustrate the applicability of the mathematical model rather than to substitute the theoretical result.

The rest of the paper is organized as follows. In Section 2, mathematical background, generalized derivatives,
subdifferential notions, and the formulation of the constrained nonsmooth optimization problem are introduced. The
construction of the nonsmooth optimization scheme and its iterative algorithm are discussed in Section 3. Results
regarding the descent property, stationarity, convergence, and computational complexity of the new algorithm are
presented in section 4. Examples for the algorithm and its use in the industrial process are presented in section 5.
Section 6 concludes the study and discusses possible directions for future research.
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2. Mathematical preliminaries and problem formulation
2.1 Non-smooth functions and generalized derivatives

Let F: R™ — R denote the objective function of the optimization problem. Unlike classical smooth optimization, F is
not required to be differentiable at every point. A function F is locally Lipschitz at x if there exist L > 0 and a
neighborhood U of x such that

IF) —F(@)| < Llly —zll, Vy,zeU.

Local Lipschitz continuity provides sufficient regularity for generalized differential analysis at points where the
classical gradient may not exist. This property is relevant to optimization models containing piecewise objectives,
switching conditions, threshold penalties, and non-smooth constraints (Juan et al., 2019; Chen et al., 2025; Gu et al.,
2026).

For a locally Lipschitz function, the Clarke generalized directional derivative of F at x in the direction d is defined as

F(y +td) —F(y)
- :

F°(x;d) = limsup
y-x
£l0

Unlike the classical directional derivative, this definition accounts for nearby perturbations of the base point and is
therefore suitable for non-differentiable functions.

2.2 Clarke generalized gradient and subdifferential
The Clarke generalized gradient, or Clarke subdifferential, of a locally Lipschitz function F at x is defined by
OF(x) ={¢ eR™F°(x;d) = ¢7d, vd € R"}.
If F is differentiable at x, then
OF (x) = {VF(x)}.

Thus, the generalized gradient extends the classical gradient to points at which F is non-differentiable.
A point x* is Clarke-stationary for the unconstrained problem if

0 € OF (x).
For the composite objective

F(x) = f() +9(),
where f is continuously differentiable and g is locally Lipschitz, the generalized sum rule gives
OF(x) € Vf(x)+ dg(x),

with equality under appropriate regularity conditions. This decomposition allows smooth process-performance terms
and non-smooth penalties to be treated within a unified mathematical formulation.

For example, for
g(x) = Allxll;,

the component-wise subdifferential is
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{I}I xj > 0)
=4 , x=0
{—]}, x]' < 0.

Hence, the non-smoothness is explicitly retained rather than replaced by an artificial differentiable approximation.
2.3 Directional derivatives and generalized stationarity
For a differentiable function, a direction d is a descent direction when
VF(x)Td < 0.
For a locally Lipschitz non-smooth function, the corresponding sufficient condition is
F°(x;d) < 0.
This approach proves especially significant at kinks and switches, where a specific classical gradient does not exist.
Consider the feasible set
Q={xeR™qgx)<0, i=1..m}
Let N (x) denote the normal cone to Q at x. The constrained generalized first-order stationarity condition is
0 € 0F (x*) + Ng(x™)
and reduces to the conventional first-order condition when both the objective and constraints are differentiable.
For numerical purposes, define the generalized stationarity residual as
R(x) = dist(0,0F (x) + No(x)).
Therefore,
R(x) =0
characterizes generalized stationarity, while
R(x)<e

defines an e-stationary solution.
2.4 Mathematical formulation of the optimization problem
The optimization variables are represented by

x = [x;,% ., %,]7 €R™
The proposed framework considers the composite constrained problem

min F(x) = £() + g(x)
subject to

cx)<0, i=1..,m,
and

l]- sxj<u, j=1,..,n
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Here, f (x) denotes the smooth component of the objective, while g(x) represents its non-smooth component (Zhang
& Lan, 2025; Tran-Dinh et al., 2022). The latter may describe piecewise costs, switching penalties, threshold effects,
absolute-value terms, or other non-differentiable characteristics.

The feasible region is therefore defined as
Q= {x:ci(x) <0, j<x < uj}.
A representative composite objective is
F(x) = f(x) + 4llx]l; + A, max{0, h(x)},

where A;,4, =0, and h(x) represents a threshold or violation function. The function ||x||; introduces
non-differentiability at zero, while the hinge-type term

max{0, h(x)}

is non-differentiable at h(x) = 0. This formulation provides a general mathematical representation of optimization
problems in which the objective changes its analytical form across different operating regions.

The framework is developed primarily as a theoretical and algorithmic non-smooth optimization method. Industrial
process variables are used as an application-oriented interpretation of the decision vector rather than implying the
availability of measurements from a specific physical plant (Chen et al., 2025).

2.5 Assumptions
The theoretical development is based on the following assumptions.

e Assumption 1: F: R"™ — R is proper, lower bounded on Q, and locally Lipschitz.
e Assumption 2: The feasible set Q is non-empty, closed, and bounded.
e Assumption 3: The smooth component f(x) is continuously differentiable, while g(x) is locally Lipschitz on Q.

e Assumption 4: The projection onto Q is well-defined. In particular, Q is taken to be closed and convex for the
projection-based analysis.

e Assumption 5: At iteration k, the generalized subgradient is selected deterministically using the
minimum-norm rule

v, = arg min v
k ngaF(xk)” Il

whenever the minimum-norm element is unique. Equivalently,
Ve = Pop(x) (0)-

This rule removes the ambiguity associated with selecting an arbitrary element from a multi-valued Clarke
subdifferential.

e Assumption 6: The algorithm uses a proximal stabilization parameter p > 0 or an analogous safeguarded step size
scheme. This eliminates the need for imposing an unnecessary uniform positive lower bound on a step size in
backtracking near non-smooth points.

Given these conditions, the framework possesses a well-defined notion of stationarity and a mathematically feasible

foundation for proving descent and convergence. The deterministic selection of subgradients and proximal
stabilization are used explicitly in the optimization algorithm introduced in Section 3.

3. Proposed non-smooth optimization framework

The suggested framework is formulated as the constrained proximal generalized gradient approach for the problems
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with locally Lipschitz non-smooth criteria. The primary objective of this approach is to retain the non-smooth property
of the optimization problem and to provide deterministic subgradient selection, feasible descent directions and stable
updates. In contrast to the heuristic optimization technique, the approach is designed on the basis of generalized

stationarity conditions

0 € 0F(x*) + No(x™).

The use of a proximal term is introduced to stabilize the iterations near non-differentiable points and to avoid relying

on an unsupported assumption that the backtracking step size remains uniformly bounded away from zero.

3.1 Decomposition of smooth and non-smooth components

The objective function is represented as

F(x) = f(x) + g(x),

where f: R" — R is continuously differentiable and g: R™ — R is locally Lipschitz and may be non-differentiable.

Under the generalized sum rule,
0F(x) 2 Vf(x) + ag(x).
Accordingly, the generalized subgradient at iteration k is selected by solving

v, = arg min v
k ngaF(xk)” Il.

Thus,
Vi = Pop(e (0),
where Pyp(x,)(0) denotes the projection of the origin onto the Clarke subdifferential.
For the composite representation, this can equivalently be obtained through
v = V() + wy,
where

wp =arg min || Vf(x) +wll.
weadg(xg)

This deterministic minimum-norm selection is important because dF (x;) can contain multiple generalized gradients

at a non-differentiable point. When F is differentiable, the subdifferential contains only one element and therefore

VU = VF(xk)

Hence, the proposed framework naturally reduces to a gradient-based formulation in smooth regions.
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3.2 Generalized descent direction and cone projection

For a constrained problem, simply using d;, = —v, may result in an infeasible direction. Therefore, the feasible
geometry of Q is explicitly incorporated.

Let T (x;) denote the tangent cone and N, (x;) the normal cone. For a closed convex feasible set, these cones satisfy
the polar relationship

Ta(x) = No(xi)°.

The Moreau decomposition gives

Vi = Proiog) (W) + Prg) Wk,
with

(PTQ(xk)(Vk)' PNQ(xk)(vk)) = 0.
Consequently,

Pro) (Wk) = vk — Py (Wi,
and the feasible generalized descent direction is defined as

i = —Pryeg) (Vi) = =V + P (W)

If x;, lies in the interior of , then Ng, (x;,) = {0}, and therefore d;, = —v;. Therefore, the suggested direction is always
equal to the negative gradient direction when the current point is both smooth and lies within the feasible region.

3.3 Proximal stabilization and iterative update

To increase stability near such points, a proximal regularization function is added to the local optimization
formulation. At iteration k, consider

1 u
Qu(x) = F(x0) + (v x = xi) 45—l = X134 5 1l = 2113,
ay 2

where @, > 0 is the step parameter and u > 0 is the proximal stabilization parameter.
The next iterate is obtained from
Xp+; = argmin Qy (x).
X€EQ

Ignoring terms independent of x, the problem becomes

. 1 +.uak 2
Xy = argmin {(vk,x —x) + “Ja, [lx — xk”Z}'

Therefore,

P ( i )

Xer; = Po % ———v, ).
et = Fo (X = 7 oV

Defining

=75 uay’

the update can be written compactly as
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X1 = P — nivg).

The close parameter keeps the system from becoming overly aggressive during motion near nonsmooth areas and
serves as another means of stabilizing the iteration process.

3.4 Adaptive step-size strategy

The step parameter is adjusted according to the local behavior of the objective. Initially, o = ap.x. Should the
sufficient decrease condition not be met, then the parameter value is decreased as

ar =P e 0<B <1,
where r denotes the number of reductions.
The accepted step must satisfy
F(xe1) < F(xe) = 0ll%es s — xill3,
where o > 0.
The condition is expressed in terms of the actual iterate displacement rather than directly imposing
F(xp11) < F(x,) — oaglldg|l,. The above is a better approach to deal with the proximal projected update since the

projection and stabilization affect the actual step.

In this respect, the adaptation approach involves both the minimization of the objective function locally and the
proximal regularization without assuming that a;, has a universal positive lower bound.

3.5 Constraint projection strategy
The projection operator is defined as

Po(z) = argmin || x — z||3
XEQ
Since (Q is assumed to be closed and convex, the projection is well-defined and unique.

For the bound-constrained region Q = {x: [ <x < uj}, the projection can be calculated independently for each
variable:

xk+,_j = min{uj,max{lj, xk‘j — nkvk_]-}}.
Such a projection technique ensures that all the iterates created are bound to satisfy the given variable restrictions.

In case of general convex restrictions, a Euclidean projection can be accomplished by solving an auxiliary convex
optimization problem. Thus, the projection becomes independent of objective function minimization.

3.6 Generalized stationarity and stopping criterion
The generalized stationarity residual is defined as
Ry = dist(0,0F (x;) + No(xy)).
The algorithm terminates when R, < ¢ for a prescribed tolerance € > 0.
For an unconstrained problem, N (x;) = {0}, and consequently,
Ry = dist(0,9F (xy)).

At a smooth interior point,
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Ry = IVF(x)ll>.

Hence, the suggested residual is a consistent measure applicable in both smooth and non-smooth, constrained and
unconstrained situations.

3.7 Proposed iterative algorithm
Algorithm 1: Proximal Generalized-Gradient Non-Smooth Optimization

1. Initialize x5 € Q, a0 > 0,0 < B < 1, 1 > 0, tolerance € > 0, and maximum iteration number K.

[\

. Evaluate F(x;).
3. Construct the Clarke subdifferential OF (xy ).

4. Select the deterministic minimum-norm generalized gradient vy = Pyp(y,)(0).
5. Evaluate Ry, = dist((), OF (xp) + NQ(xk)).
6. If R, < ¢, terminate and return xy.

7. Initialize @) = Q-

ak
I+pay

8. Calculate the effective step 1, =

9. Generate the trial point £, ; = Po (X — N V).

10. Check the sufficient-decrease condition F(Ry;) < F(xy) — 0||Xks; — Xk l|3

11.If the condition is not satisfied, set a;, « fa, and repeat Steps 8—10.

12. Set Xk+] = X’k+/'

13.Repeat Steps 2—12 until R, < eork = K.

The resulting sequence {x;}K_, S Q remains feasible throughout the optimization process. In contrast to the
traditional minimum-norm subgradient that is indeterminate in the generalized derivative choice, the deterministic
minimum-norm subgradient ensures the definiteness of the choice of the generalized derivative, and the relationship

between the tangent-normal cone ensures the needed link between descent directions and stationarity.

The descent and convergence properties of this modified scheme will be presented in Section 4.

4. Theoretical analysis of the proposed method

The analysis proves the existence, descent dynamics, stationarity, and convergence characteristics of the suggested
proximal generalized gradient method. In contrast to the previous definition, the analysis does not make any
assumptions on the backtracking parameter being uniformly positive. Rather, the stabilizing effects of the proximal
term defined in Section 3 are taken into account in the proof of convergence.

4.1 Existence of an optimal solution

Consider the problem

in F
min £ (x),

where F: R™ — R is proper and locally Lipschitz and Q is non-empty, closed, and bounded.

Theorem 1. Under Assumptions 1—4, there exists at least one global minimizer x* € Q.
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Proof. Since Q) c R" is closed and bounded, it is compact. Local Lipschitz continuity of F implies continuity on .
Therefore, by the Weierstrass theorem, F attains its minimum over (). Hence,

F(x*) = min F(x)
XEQ
for at least one x* € Q.

The result establishes the existence of an optimal solution for the mathematical optimization problem under the
adopted feasibility and regularity assumptions.

4.2 Minimum-norm subgradient selection

Because the Clarke subdifferential may contain multiple elements at a non-differentiable point, the proposed method
uses

Ve = Pap(x) (0D

Proposition 1. If 9F (x;) is non-empty, closed, and convex, then the minimum-norm generalized gradient v, exists
and is unique.

Proof. The Clarke subdifferential of a locally Lipschitz function is a non-empty, compact, convex set under the
standard finite-dimensional assumptions. The function

2
v vl

is strictly convex. Therefore, its minimization over the closed convex set dF (x;) admits a unique minimizer.
Consequently,

v, = arg min v
k ngaF(xk)” Il

is uniquely defined.
This result provides a deterministic generalized-gradient selection mechanism for Algorithm 1.
4.3 Descent property of the proximal direction

Define the effective step

493

Mk u>0,

= m,
and the update
X1 = Po (X — M)
The projection optimality condition gives
(o = MV — Xp X — Xpeq ) < 0, Vx € Q.

Taking x = x;, yields
2.
(Vs Xpe s — Xp) < _77_ %4 s — xicll3
k

Thus, whenever xj,,, # Xy,
(Vi Xpey; — i) < 0.

The proximal projection therefore generates a feasible direction that is opposite to the selected minimum-norm
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generalized gradient in the local first-order model.
4.4 Sufficient descent and monotonicity
Suppose the accepted iterate satisfies the sufficient-decrease condition
F(xps1) < F(xie) = 0|24 — xill3, o> 0.
Theorem 2. The objective sequence {F (x; )} generated by Algorithm 1 is monotonically non-increasing.
Proof.
Since
0 llXess = 2l13 2 0,
the sufficient-decrease condition directly gives
F(xpqs) < Fxp).
Therefore,
F(xg) 2 F(x;) = F(x;) = .
Because F is bounded below on (2, the monotone sequence {F (x;)} converges to a finite value F,.

Moreover, summing the sufficient-decrease inequality gives

K—1
UZ x4 — X I3 < F(x9) — F (xg).
k=0

Taking K — oo,

0

2
D s = 1ell3 <
k=0

Consequently,
47 = xicll2 = 0.

This establishes asymptotic regularity of the generated sequence without assuming that the original backtracking
parameter @, is bounded away from zero.

4.5 Existence of accumulation points
Since every iterate satisfies
X €EQ

and (1 is bounded, the sequence {x, } is bounded. Therefore, by the Bolzano-Weierstrass theorem, it possesses at least
one convergent subsequence

for some x € Q.

Combined with
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1%+ s — xicll2 = 0,

the generated sequence cannot maintain a non-vanishing displacement between consecutive iterations. This property
is subsequently used to establish generalized stationarity of accumulation points.

4.6 Convergence to a generalized stationary point

The proposed update satisfies the proximal optimality condition
1
0€ v+ a(xk+1 = xp) + No (X4 1)-
Therefore,

_77_ (Xk41 — Xk) € Vg + No (X4 )
k

Suppose the effective step sizes satisfy the standard safeguarded condition
0 < Nin < Mk < Mipax < ©
on iterations for which the stationarity residual remains above the prescribed tolerance. Since
1%+ — xxll2 = 0,
obtain

1%+ — Xell2
_—
Nk

0.

Theorem 3. Under the stated assumptions, every accumulation point X of the generated sequence satisfies
0 € OF (X) + Nq(x).
Proof.

Consider a convergent subsequence

Because
X1 = X112 = 0,
also have
Xiej+1 = X.
The proximal optimality condition gives

—%(xkj+l - xk,—) € 0F (xkj) +No (xka)'

J

The left-hand side converges to zero. Under the closedness of the relevant generalized-gradient and normal-cone
mappings, the limiting relation therefore yields

0 € OF (%) + No(%).

Hence, X is a generalized stationary point.
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This result establishes convergence of accumulation points without requiring the stronger and potentially unjustified
claim that the raw backtracking parameter «;, remains uniformly positive.

4.7 Stationarity residual convergence
The stationarity residual is defined as
Rk = dlSt(O, aF(xk) + NQ(xk)).

For the proximal update, an associated residual can be expressed as
Ry = — Xk — el
Mk

From the proximal optimality condition, R), provides a computable measure of the distance from the current point to
generalized stationarity.

When
Ry = 0,
the iterative displacement vanishes and, under the assumptions of Theorem 3,
0 € OF (x™) + No(x™).
The numerical stopping condition is therefore defined by
Ry <.
This criterion is directly applicable even when F is not differentiable.
4.8 Computational complexity

Let n denote the number of optimization variables, m the number of constraints, and K the number of iterations. The
total computational complexity can be expressed as

O[K(Cr + Cor + Cc + C)l,

where Cp, Cyr, C., and Cy denote the computational costs of evaluating the objective, generalized subgradient,
constraints, and projection, respectively.

For separable objectives with n variables,
Cr =0(n), Caor = 0(n).
For simple box constraints,
Cn=0(),

because the projection is performed independently for each variable. Hence, for sparse or separable formulations, the
per-iteration computational cost is approximately

o(n + m).
The overall complexity becomes approximately
O0(K(n+m))

when the objective, subgradient, and constraint functions have linear complexity. In general for nonlinear feasible
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regions, the projection step may involve an additional optimization step and therefore take up the bulk of the
computational cost.

4.9 Theoretical implications

The theoretical analysis derives the main mathematical properties of the proposed scheme. Infeasible formulation
implies that there exists an optimal solution for the problem, whereas minimum norm subgradient is the deterministic
generalized derivative of the problem at non-differentiability point. The tangent-normal cone decomposition ensures
the compatibility between feasible directions and stationary conditions.

Furthermore, the proximal regularization does not use a lower bound of the raw backtracking parameter uniformly.
Under the given assumptions, the sufficient decrease property yields a non-increasing objective function sequence and
makes sure

1+ — xxll2 = 0.
Consequently, every accumulation point satisfies

0 € OF (x*) + Ng(x"),

which establishes generalized first-order stationarity for the proposed non-smooth optimization framework.

5. Numerical experiments and industrial process applications

The numerical experiments have been conducted mainly with the objective of proving the mathematical soundness of
the proposed non-smooth optimization method. As the novelty lies in the mathematical aspects, the tests are performed
on standard non-smooth test problems, convergence properties, comparison with other optimization algorithms, and
a sample engineering-oriented process problem. The industrial problem formulation is employed just to show how the
mathematical structure can be utilized for process optimization.

5.1 Benchmark non-smooth test problems

Three benchmark problems are considered to evaluate the ability of the proposed method to handle different forms of
non-differentiability.

The first problem is the absolute-value quadratic function

n

F;(x) = Z (|xi| +éxi2),

i=1
where the objective is non-differentiable at

x; =0
Its unique global minimizer is

x*=0

The second problem is a maximum-type function
T Koz
F,(x) = Im_ax{ai x+b}+ 3 [1x]I5, u> 0.
<isq

Non-differentiability occurs at points where two or more of the affine functions have the maximum value. The
quadratic part makes sure that there is a strongly convex function and serves as a test on the interplay between
differentiability and non-differentiability.

The third problem is a composite L1-regularized quadratic function
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1
F;(x) =§||Ax—b||§+/1llx||1, A>0.

Its generalized gradient is
OF;(x) = AT(Ax — b) + A9||x||,.

The L, term introduces non-differentiability at zero and allows the framework to be evaluated on a composite objective
containing both smooth and non-smooth components.

The principal performance measures are the final objective value F(xy), number of iterations, objective-function
evaluations, final stationarity residual, and computational time. The principal mathematical convergence measure is

Rk = dlSt(O, aF(xk) + NQ(xk)).
5.2 Experimental configuration

The benchmark problems are evaluated using multiple feasible starting points to examine sensitivity to initialization.
The proposed method uses the parameters

Amax > 0, 0<p<lI, u>0,

together with the sufficient-descent parameter
o> 0.
The stopping tolerance is selected as
e=10""
unless otherwise stated. The maximum number of iterations is fixed at K.4.
At each iteration, the minimum-norm generalized subgradient is calculated according to
Ve = Pop(x) (0D

The effective step is

(497

T =7 + pay’

and the new point is obtained from
Xper1 = Po (e — Mivpe).
The line-search procedure is continued until
F(Xpes 1) < F(xp) = 01X — xicll3

This arrangement is a direct consequence of the mathematical definition derived from Sections 2 to 4.
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5.3 Comparative evaluation

To evaluate the performance of the proposed framework, four well-known optimization techniques are selected as
alternative methods:

1. Classical subgradient method, which directly updates the solution using a selected subgradient.

2. Proximal-gradient method, which is appropriate for composite objectives containing differentiable and non-
smooth components.

3. L-BFGS-B, representing a quasi-Newton method for differentiable bound-constrained optimization.

4. Bundle-type optimization, representing a model-based approach specifically designed for non-smooth objectives.

The comparison is conducted using a common initialization and stopping tolerance. The principal evaluation measures
are Njier, the number of iterations, Ngg, the number of objective-function evaluations, Ry, the final stationarity
residual, and T¢py, the computational time.

The final objective reduction is calculated as

AF = F(xp) — F(xg).
Success of a method is defined in terms of the simultaneous fulfillment of two criteria — low final objective function
value and low generalized stationarity measure value. The inclusion of L-BFGS-B in the study serves as a smooth
optimization benchmark. Therefore, the performance of this method at non-differentiable points is analyzed
independently.
5.4 Convergence and numerical stability analysis
The convergence behavior is examined using the sequences {F (x;)}K_, and {R,}X_,.
The objective convergence curve is represented by

F(x,) — F*

when the known optimum F* is available. Otherwise, the normalized objective reduction

F(xy) — F (xx)
|F(x9) = F(x)| + 6

is used, where § > 0 prevents division by zero.
The stationarity behavior is analyzed using
log,,(Ry + 6).

A successful trajectory should show a decreasing objective and progressive reduction in the stationarity residual. In
accordance with Theorem 2,

F(x4) < F(xy)
should hold for all accepted iterations.

Further analysis for numerical stability involves repeating each experiment with various starting points that are
feasible. The numerical stability will be evident if the solutions end up with similar objective values and stationarity
residuals.

5.5 Engineering-oriented industrial process formulation

For application-oriented validation, consider an engineering process described by the decision vector
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x = [x;,%5 ., x,]7,

where the variables may represent operating quantities such as processing temperature, pressure, production rate,
energy input, material flow, or machine operating conditions.

The process optimization problem is formulated as

r}Peig F(x) = Cy(x) + A,E(x) + A,P(x),

where C,(x) represents a production-related cost, E(x) represents energy consumption, and P(x) represents non-
smooth operational penalties.

A threshold-based penalty is represented by

m
P(x) = Z max{0, ;).
i=1
Consequently,

F(x) = Cy(x) + LE®) + 1, Z max{0, ¢, ()}.

i=1
The objective is non-differentiable whenever
ci(x) =0.
The feasible operating region is
Q= {x:lj Sxj<u, j= ],...,n}.

The resulting mathematical problem is therefore

m

mxin [Cp )+ 4EMx)+ 2, ) max{0,c; (x)}l

i=1

subject to

The formulation demonstrates that the suggested approach is able to consider engineering objectives with threshold
effects without substituting the original non-smooth expression for its smooth counterpart.

5.6 Sensitivity Analysis

Sensitivity analysis is performed with respect to the principal model parameters, particularly the non-smooth penalty
coefficient A,, proximal parameter y, and operating limits.

Let F*(1) denote the optimized objective corresponding to parameter A. A finite-difference sensitivity measure is
defined as

_FrA+AD) - F* ()
A AL '

In terms of the penalty parameter, an increase in the value of 4, makes it important to stay away from violations of
the threshold. As a result, the best solution can move into a more conservative area of operation.

The proximal parameter is examined through
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1€ iy o) ey r 3

For the small values of i, get an approach similar to that of the basic projected generalized gradient method, and the
large values generate stabilization effect and smaller effective steps. Therefore, the goal is to determine the range
where stability is achieved without unnecessary slow convergence.

5.7 Numerical results and discussion

The numerical evaluation examines the performance of the proposed framework using the three benchmark
non-smooth functions F;, F,, and F;. The objective value F(x;) and generalized stationarity residual R, are used as
the primary convergence measures (Khudhair, 2024). For the absolute-value quadratic function F;, the method
approaches the global minimizer at the origin while handling the undefined classical gradient at x; = 0. For the
maximum-type function F,, the minimum-norm generalized-gradient selection allows the optimization process to
operate at switching points where multiple affine components become active. For the composite L;-regularized
function F;, the framework effectively combines the smooth quadratic gradient with the non-smooth L,
subdifferential.

The comparison is made by employing objective function reduction, number of iterations, number of function
evaluations, computation time, and stationarity residual at the end point of the process. Since the proposed
methodology does not involve replacing the original objective by its smooth approximation, it is supposed to give
stable convergence for explicitly non-smooth cases (Zeng et al., 2023). In addition to the minimum-norm subgradient
direction, which guarantees deterministic search, and proximal term responsible for the stabilization near kink and
switchings points, L-BFGS-B algorithm is considered as a benchmark of smooth optimization, and subgradient and
bundle algorithms are utilized for non-smooth comparison.

As far as the process model for engineers is concerned, the obtained results confirm the mathematical ability of the
approach to find an optimal trade-off between production cost, energy, and penalties depending on the threshold
conditions within feasible region boundaries. Higher value of penalty coefficient 1, pushes the optimum towards the
area of lesser threshold violations, while the proximal coefficient p controls the stability of the iterative trajectory. In
general, the behavior of the approach corresponds to theoretical properties of the process — objective function
decreases under sufficient decrease condition, stationarity residual decreases along the way, and the iterates stay
feasible.

6. Conclusion and future research directions

In this paper, a new mathematical algorithm was constructed for the purpose of constrained optimization of
complicated systems with non-smooth objective functions. The presented model uses Clarke generalized derivatives,
deterministic minimum-norm subgradient selection, tangent-normal cone projection, proximal stabilization, adaptive
stepsize, and feasibility projection as part of an iterative algorithm. In contrast to existing approaches, the presented
method takes into account the non-smooth nature of the objective function without using smooth approximations of
the original function, hence, the suggested model is applicable for mathematical problems involving absolute value,
thresholds, switching, and piecewise operating costs. From the theoretical point of view, all essential properties of the
suggested approach were proven. Under the assumptions presented above, the feasible optimization problem has an
optimal solution; the minimum-norm principle guarantees the uniqueness of generalized gradient selection; proximal
projected updates produce feasible sequences and the sufficient decrease principle results in monotonicity of objective
values. The resulting iterative displacements converge toward zero, and accumulation points satisfy the generalized
constrained stationarity condition 0 € dF (x*) + Ng(x*). In this regard, it should be noted that the convergence
analysis does not depend on any assumption about uniform lower bound for the backtracking parameter since the
approach involves the use of proximal stabilization. This is evidenced by the numerical analysis with respect to several
examples of non-smooth functions which show the feasibility of applying the proposed framework in solving
optimization problems with absolute value, maximum function, and composite L regularization cost objectives. The
formulation additionally reveals the ability of the framework to express production cost, energy, and threshold
penalties in the mathematical model.
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