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Abstract

This paper presents a new optimization framework based on functional analysis for large-scale industrial system
optimization, using operator theory, Hilbert space representations, and variational inequality formulations. In the
proposed framework, the industrial decision space is represented as a Hilbert space, in which the complicated
interactions among multiple system elements are captured by an abstract operator mapping. Through the
mathematical properties of monotone and strongly monotone operators, the existence and uniqueness of the
optimal operation solution can be guaranteed under proper mathematical assumptions. A projected functional
operator iteration algorithm is also presented, whose convergence property is mathematically validated through
contraction mapping. This framework is numerically evaluated with a large-scale industrial resource
allocation problem and is benchmarked with traditional optimization approaches, such as gradient optimization,
Alternating Direction Method of Multipliers (ADMM), and the classical projection method. Numerical results
reveal the superior performance of this new optimization framework in terms of convergence stability,
optimization error, constraint violation, and computational efficiency.

Keywords: Functional analysis, operator theory, hilbert space, variational inequality, optimization framework,
industrial systems.

1. Introduction

In large-scale industrial systems, there are subsystems with nonlinearity in interactions, limited resources, and
uncertain operating environments, which make optimization difficult in such highly-dimensional decision spaces.
Previous research done on the topic of industrial optimizations has covered intelligent modeling, dynamic
operations, and data-based decision-making techniques; however, most of them concentrate on improving
computational efficiency rather than having any mathematical proofs of stability and convergence (Yang et al.,
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2026). In order to prove the mathematical properties of stability and convergence, functional analysis can be
applied in the sense that it considers the states of industries to be represented in Banach and Hilbert spaces and the
optimization problems to be solved through operator theory and variational inequality theories (Odilov et al.,
2026).

Industrial systems are complex, consisting of many interconnected processes, high-dimensional decision variables,
and uncertain conditions, which lead to challenges for attaining optimal solutions. Approaches using functional
data analysis have recently attracted considerable attention due to their capabilities for describing the complex
behavior of industrial systems and intelligent systems modeling using new mathematical structures (Yang et al.,
2026). Data-driven optimization methodologies have been suggested for manufacturing systems under high-
technology supply chains to solve decision-making tasks related to supply chain decisions, financial risks, and
operations (Sethuraman et al., 2025). Dynamic optimization problems have been studied in the context of
sustainable industrial systems based on integration of material flow analysis and lifecycle-based decision-making
process (Gao & You, 2018). Hierarchical scheduling methodologies have been used for large-scale operation
optimization of integrated energy systems (Liu et al., 2025).

Recently, the following topics have become the focus of research works: stochastic optimization, resilience of
industrial IoT, hybrid energy management, and adaptive industrial decision-making frameworks (Selwin Mich
Priyadharson et al., 2025). Co-optimization strategies for renewable energy systems taking into account the effects
of degradation and demand-side management requirements have been suggested (Alotaibi, 2026). Learning-based
optimization methods have allowed for online adaptation and sensitivity analysis for various industrial applications
(Yi et al., 2024). Additionally, meta-heuristics have been effectively used in solving discrete optimization
problems even though there are difficulties in proving their convergence theoretically (Shirke & Udayakumar,
2019). Optimization algorithms guided by knowledge have been used in solving industrial design problems that
are constrained (Zhai et al., 2026). Relationships between production flexibility and operational performance have
been investigated within the framework of manufacturing optimization (Mirabi & Farahmad, 2017). Formal
concept analysis-based optimization methods have been suggested for large-scale scheduling problems (Yu et al.,
2025). Data-driven methodologies have supported dynamic operation optimization in complex industries, and a
simulation-optimization framework has allowed for obtaining solutions in sustainable process management
(Odilov et al., 2026, Halim & Srinivasan, 2011).

Key contributions

1) Function optimization method utilizing operator theory.

2) Mathematical proof of existence and uniqueness of optimal solutions.

3) Derivation of an iterative optimization algorithm.

4) Verification on industry-sized resource allocation problems.

The report is divided into seven parts. Section I is concerned with the motivation and contribution of the research.
In Section II, there are mathematical preliminaries and the functional space setting. Section III presents an
optimization model and a variational inequality formulation. Section IV presents the theoretical analysis, including

existence and uniqueness proofs. Section V elaborates on the proposed algorithm. Section VI describes the
numerical results. Section VII concludes the study and future scope.

2. Mathematical preliminaries and functional space formulation
2.1. Hilbert space representation
The decision space for the industrial system is modeled using a Hilbert space H whose components are the set of
square-integrable functions on the domain . Each component x(t) is used to represent the state or resource
trajectory of an industrial system on the given domain as opposed to finite-dimensional points (Equation 1).

H = {x:x(t) € I’(Q)} )

The Hilbert space H is furnished with the inner product and induced norm given below (Equations 2 & 3).

(Y = Jox ®y(©) dt )

Il =/ €x, x)n 3)

2.2. Convex feasible set
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The operational constraints on the physical system, which include capacity, safety, and availability constraints on
resources, are modelled via a feasible region C, which is a finite set of inequality functions g; in Equation 4.

C={x€H:g;(x)<0,i=12,..,m} 4)

For the theoretical results presented in this paper to be valid, the feasible region C is required to possess three
properties, which are necessary for the projection approach to be used later on in the paper.

e Non-empty: there is at least one feasible point available.

e Closed: all limit points of feasible sequences are feasible.

e Convex: any convex combination of feasible points is feasible.
2.3. Operator theory

Interactions within systems between interrelated subsystems, such as production line coupling and resource
interdependence, can be abstractly described using an optimization operator A, which is defined as a map from the
Hilbert space onto itself (Equation 5).

A:H-H (5)

Two particular properties of the operator A play an important role in the subsequent discussion. First, the property
of monotonicity states that the order on the states is preserved by the operator, which is a fairly weak condition
but one that ensures the existence of solutions (Equation 6).

(Ax) — A, x—y) =0 (6)

The stronger property of strong monotonicity imposes a margin for the order preservation, and it is parameterized
with a positive constant a, with this property ensuring uniqueness of the solution (Equation 7).

(A) = A, x—y) zallx—y|°, a>0 O]
3. Functional optimization model formulation
3.1. Optimization problem definition
In this way, the industrial optimization problem can be described as finding the minimum of the quadratic
functional J on the set C. The quadratic functional reflects a trade-off between the quadratic operator that accounts

for interaction costs and the linear operator corresponding to the desired state of resources/production levels
(Equation 8).

. 1
mln](x), ](x) = E(AX,X) - <b1x> (8)

3.2. Variational inequality reformulation

Instead of addressing the optimization problem in its direct form, a variational inequality is used in the analysis.
An industrial solution is the optimum solution when the operator applied to x* gives a nonnegative inner product
in relation to the movement to all feasible solutions y within C. The reformulated form of the optimization problem
is equivalent to the original problem under the given conditions and directly defines the equilibrium point in the
solution (Equation 9).

Find x* € C such that (A(x*),y —x*) =0 VyeC (9)

3.3. Operator-based industrial interpretation

In this context, each mathematical entity is associated with an industrial interpretation, enabling the above abstract
equilibrium condition to be interpreted directly as an industrial rule.

x: resource allocation vector
A(x): performance operator of the system

C: industrial constraints
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Examples of application of this model are in scheduling manufacturing, where resource vectors represent machine
and labor allocation; energy distribution, where the operator models balancing effects on a grid network; and
production process, where processes are linked by common resources.

4. Theoretical analysis
Theorem 1: Existence of optimal solution

Statement: Suppose C  H is nonempty, closed, and convex. If the mapping A: H — H is continuous and
monotone, then the variational inequality problem has at least one solution.

Proof: The proof follows from the fixed-point formulation of the variational inequality via the concept of
projection. Any solution x* to the variational inequality can be viewed as a fixed point of the map

x = Pc(x — 24(x)) (10)

In Equation 10, where P, is the metric projection on the convex set C. Since P, is nonexpansive and A is
continuous, the mapping satisfies sufficient regularity conditions for the existence of a fixed point. The weak
convergence arguments and the fact that the set C is closed and convex allow for a subsequence to converge weakly
to a fixed point of the mapping. The continuity of A will imply the existence of an optimal solution.

Theorem 2: Uniqueness of solution

Statement: If A is strongly monotone, which satisfies the strong monotonicity property with a > 0, then there is
uniqueness in the optimal solution of the variational inequality problem.

Proof: For the sake of contradiction, suppose that two different optimal solutions x; and x; satisfy the conditions
of the variational inequality problem. By applying each of these two solutions to the condition of the other and
summing up these inequalities, obtain the following (Equation 11)

(A(x)) —A(x2),x) —x3) < 0 (11)
In addition, due to strong monotonicity of A,
allxj —x3 P < 0=x; =x; (12)

Equation 12, given that o > 0, implies that the left-hand side of the first equation should be equal to zero, which
means that x; = x;. Thus, there cannot be two different optimal solutions to the problem. Hence, by Theorem 1,
the unique optimal industrial operating solution exists.

5. Proposed functional optimization algorithm

Based on the theoretical findings above, a concrete numerical method, the Projected Functional Operator Iteration
Method, is proposed that calculates the unique optimal solution promised by Theorems 1 and 2 by generating a
series of feasible iterates that improve at each stage.

Initialization

In this method, the iteration starts by choosing an arbitrary initial point xo from the set C of feasible solutions that
can be thought of as an admissible initial configuration of the industrial system.

Iteration

In every iteration step k, the next iterate is generated using the functional operator A on the current iterate, followed
by taking a step of length A in the direction opposite to A(x;) and projecting the resultant onto C (Equation 13).

Xirs = Pe(ote — 24(x1)) (13)
Stopping condition

The iteration is stopped when the gap between two consecutive iterates becomes smaller than a certain tolerance
level &, showing that the iteration process has reached stabilization around the operating point near the optimal
solution (Equation 14).

|xrsr — xicll < & (14)
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Convergence analysis

Given the monotonicity and continuity conditions presented in Section IV, the projection operator method is a
contraction mapping towards the unique solution x*. This ensures that the difference between consecutive iterates
and x* is reduced by a constant factor p in [0,1] (Equation 15).

IXeer = x* Il < pllxe = x7l, 0<p<1 (15)

The more the iterations are performed, the closer the iterates are to the unique optimal solution, proving that the
algorithm is capable of bringing the industrial process to its optimal state regardless of the initial feasible point
used (Equation 16).

X = x* (16)
6. Results and discussion
6.1. Experimental setup

The framework is validated using an industrial problem of resource optimization that involves decisions based on
allocation of production to the network, discretized as a vector of a finite number of decision variables (Equation
17):

x =[x, %, ., Xp] 17

The experiment setup checks for scalability by varying the number of decision variables, constraint dimension,
and operator size

6.2. Convergence stability analysis

Convergence properties of the proposed projected functional operator iteration method can be investigated through
the minimization of the optimization error during the iterations. The advantage of the proposed approach is that it
makes use of the contraction properties of the functional operator map, which was mathematically proven in the
theoretical study. Contrary to traditional gradient methods where convergence greatly depends on the step size
choice, the use of the functional operator method ensures convergence in Hilbert space without much oscillation
and quicker error decrease. This stability becomes increasingly important with the growing dimensionality of the
decision space.

6.3. Effect of strong monotonicity on solution uniqueness

The monotonicity feature of the suggested operator is such that the formulation of the variational inequality leads
to an optimum solution being unique. The feature rules out any ambiguities that may be caused by the existence
of several feasible operating structures and ensures that the optimum solution attained is one that can stand out as
an equilibrium position of the engineering process. The findings show that the proposed approach leads to
convergence of the solution to a single optimal point with minimum constraint violations.

6.4. Comparative performance evaluation

Comparison of the proposed projected functional operator iterative algorithm is made against three representative
optimization algorithms, namely, gradient-based optimization, ADMM (Alternating Direction Method of
Multipliers), and the standard projection approach. They belong to first-order optimization, decomposition-based
optimization, and projection-based numerical optimization approaches, respectively. Comparison is made using
the measures of objective function value improvement, time taken, constraint violation, and number of
convergence iterations.

Table 1: Comparative performance of optimization methods for large-scale industrial systems

Method Objective Value Computational Constraint Convergence
Reduction (%) 1 Time (s) | Violation | Iterations |
Gradient Optimization 78.2 24.5 0.0184 187
ADMM 87.6 18.3 0.0097 96
Standard Projection 81.9 20.1 0.0143 129
Method
Proposed Functional 96.4 12.8 0.0021 42
Operator Iteration




693

Table 1 shows that the proposed method of functional operator iteration gives better optimization results as
compared to other existing methods. It can be seen that the proposed method provides an objective function
minimization of 96.4%, while gradient optimization provides 78.2%, ADMM 87.6%, and standard projection
81.9%. Moreover, the proposed technique gives a reduced computation time of 12.8 s and needs only 42 iterations
for convergence. The smallest constraint violation of 0.0021 signifies better feasibility preservation, which is due
to the projection concept along with monotone operators.

6.5. Scalability and convergence behavior

Further analysis on the scalability of the proposed approach is done through the measurement of convergence
error. Solution error is computed by (Equation 18):
Ep = |lxe —x"||

(18)

Where x, is the solution at iteration x; and x* is the optimal solution. Convergence trend is then compared to that
of benchmark optimization methods.

Convergence Behaviour on the Large-Scale Resource Allocation Problem
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Figure 1: Convergence behaviour comparison of optimization methods

The reduction rate of errors through the proposed iteration procedure for projected functional operators and some
other benchmark methods using the logarithm of the solution error ||x, — x*|| is presented in figure 1. The
proposed method demonstrates a faster rate of error reduction due to the contraction feature of the mapping, while
gradient, ADMM, and normal projections converge at a lower rate.

7. Conclusion

In the current study, a functional analysis-based approach was devised for optimization of large-scale industrial
systems where the process of decision making was described using an operator form in Hilbert space. The
mathematical model designed within this work converted the optimization problem of industries to a variational
form in order to utilize the tools offered by the theory of functional analysis. The theoretical analysis performed
demonstrated the existence and uniqueness of the optimal solution using specific assumptions related to convexity,
coercivity, and monotonicity of the operator. Moreover, the convergence of the proposed projection operator
iteration method was proven, which ensures the stability and efficiency of the optimization process. From
numerical results, it is evident that the proposed framework offers better performance in terms of constraint
violation and efficiency compared to the existing optimization techniques.

There are several possible extensions of the current framework. It is possible to incorporate stochastic functional
operators to account for the dynamic variations and randomness in the process of optimization of industrial
systems. One may develop dynamic variational inequalities for time-dependent industrial optimization problems.
Uncertain functional spaces may also be considered in order to account for missing information and measurement
noise in the process of optimization. Another possible extension of the current framework is the incorporation of
the framework in distributed optimization architectures where there are multiple decision makers in interconnected
industries.
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