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Abstract 

Structural systems loaded dynamically undergo complicated nonlinear interplay of deformation, material behavior, 

excitation and stability restrictions. Traditional methods of stability optimization assume linearity and may not 

provide correct description of instability behavior under varying loading conditions. This study attempts to 

introduce mathematical approach to optimization of structural stability through nonlinear variational analysis 

technique, which is based on the principles of equilibrium and constrained optimization. Nonlinear variational 

formulation of structural stability optimization problem will be introduced, where nonlinear operators, dynamic 

loading effects and mechanical restrictions are taken into consideration within optimization framework. 

Theoretical considerations involve variational inequality theory and nonlinear functional analysis for proving 

existence and uniqueness of solutions and their convergence. An optimization algorithm involving nested Galerkin 

and projected gradient techniques is used to find out stable structural configuration with minimum material costs 

under dynamic restrictions. Numerical studies of harmonic-loaded slender column and two bay frame prove 

efficiency of the proposed approach in terms of accuracy of stability optimization and prediction. The results 

indicate that the optimized design of the column offers about 11.9% reduction in mass with compliance to dynamic 

stability criteria, while dynamic variational frame design offers around 13.0% savings in material as compared to 

the static based optimization approach. This is indicative of the fact that the developed method gives better 

robustness, stability assessment, and optimization of structure subjected to dynamic loads. The research work 

develops a generalized non-linear variational approach to design robust structural systems. 

Keywords: Nonlinear variational analysis, structural stability optimization, dynamic loading, variational 

inequality, nonlinear structural dynamics, functional optimization, structural resilience. 

1. Introduction 

Optimization of dynamic structural systems stability is currently one of the research areas in the field that takes 

into account the need for modelling nonlinearity, optimization, and modern computational algorithms. Structural 

system dynamics implies a complex relationship between structural deformation, loading and stability, which 
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requires special mathematical models (Sharma et al., 2026). Optimization of structural system stability has been 

successfully applied to aerospace structures as a method that allows improving stability and response using 

advanced methods of optimization. It has shown the need to take into account time-dependent loading effects and 

nonlinear deformation of the structure during design. Nonlinear response sensitivity analysis has been a good tool 

for the identification of important parameters for structural optimization (Schwarz & Ramm, 2001). 

Variational optimization methods have been applied to the problems of structural health monitoring and damage 

assessment (Mahmoudi & Lailypour, 2015). Nonlinear feature extraction and parameter optimization have allowed 

characterizing a damaged structure under moving loads and demonstrated the ability of optimization-based 

approach to capture the complex behavior of dynamic system (Golait et al., 2025). Material distribution 

optimization has allowed improving dynamic stability by improving load-carrying capabilities of structural 

components and minimizing their instability (Szmidla et al., 2025). Optimization frameworks based on 

performance have been developed for nonlinear structures undergoing stochastic dynamic excitations (Golait et 

al., 2025). The framework has emphasized improvement in reliability considering uncertainty effects and the 

evaluation of structural response to loading variations (Mahmoudi & Lailypour, 2015). Vibration control schemes 

involving the use of nonlinear structural elements have shown improvement in vibration suppression and dynamic 

stability by optimizing nonlinear properties (Guo et al., 2026). 

Nonlinear optimization frameworks driven by data have extended the scope of structural analyses through the 

incorporation of computational optimization into elasticity-based models (Udayakumar et al., 2023). This allows 

for accurate estimation of dynamic responses without loss of mathematical consistency in the modeling of 

nonlinear structures (Mandapatti, 2025). Nonlinear stability analysis of structural reliability for random loads has 

also been investigated, considering geometric imperfections and uncertainties associated with excitations (Most et 

al., 2004). Variational analysis approaches have been used in different engineering optimization areas for finding 

stable equilibrium solutions through mathematical modeling. Variational methods involving second order 

differential equations enhance the accuracy of optimization for complex energy and stability systems (Udayakumar 

et al., 2023). Advanced numerical studies on microstructure materials have highlighted the effect of optimized 

geometric forms on mechanical stability and performance of structures (Li et al., 2026). 

Innovative optimization schemes for nonlinear structural systems have been formulated to optimize both the size, 

shape, and dynamic behavior of structures. Optimization of nonlinear coupled responses with regard to achieving 

stability attributes in structures has been made possible using the suggested methods (Khan, 2025). Nonlinear post-

buckling study on composite structures has revealed the necessity of considering nonlinear attributes as well as 

material imperfections when it comes to predicting the stability of structures under complicated loading cases 

(Wang et al., 2026). Optimization of dynamic behavior in lightweight structures has been considered as a way of 

enhancing the dynamic response and reliability of structures. Both experimental and computer studies on variable 

cross-section structures show the importance of considering nonlinearities in optimizing structural behavior 

(Zhang & Lu, 2026). Stability prediction under dynamic loading using machine learning has been considered for 

estimating nonlinear responses with greater efficiencies than those provided by conventional analytical schemes 

(Chen, 2026). 

Efficiency and stability control in energy and mechanical systems have been achieved through optimization of 

nonlinear dynamic behavior using intelligent algorithms (Mandapatti, 2025). System efficiency and stability 

improvement through adaptive control using optimization algorithms has been reported under different operating 

conditions (Yang et al., 2026). Enhancement of structural efficiency through optimized lattice structure design has 

been proven. 

The latest advances in intelligent optimization methodologies and digital twin-based models have made it possible 

to perform real-time decision-making in complex dynamic systems. Such systems integrate the concepts of 

uncertainty management, multi-objective optimization, and adaptive modeling in order to enhance stability and 

performance under dynamic conditions. Nevertheless, current methodologies lack rigorously mathematically 

justified models of nonlinear equilibrium, convergence, and stability optimization. For this reason, it is necessary 

to consider the framework of nonlinear variational analysis to develop a theoretical approach to structural stability 

optimization.  

Key contribution 

• Nonlinear variational theory is proposed for the representation of structural stability optimization as an 

equilibrium problem under dynamic loads. The problem statement involves nonlinear operators and mechanical 

constraints which describe complicated behavior of structures. 

• Theoretical properties of the developed approach, namely existence, uniqueness and convergence of stable 

solutions are shown using nonlinear functional analysis and variational inequality theory. These theoretical 

properties form a basis for reliability of structural optimization. 
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• The optimization approach is proposed for improving stability of structures in time-varying loads to find the 

corresponding stable states. The approach has better performance with regard to satisfaction of constraints, 

robustness and computation than conventional approaches of structural stability optimization. 

The remaining part of the paper is organized as follows. In Section II, the problem statement is described. It 

includes the description of the structural model, the variational stability functional and the optimization problem 

for structural stability analysis. Section III describes the developed nonlinear variational optimization algorithm 

with the use of Galerkin discretization. Theoretical analysis of the proposed formulation is presented in Section 

IV, where the existence and uniqueness of equilibrium solutions as well as the stability bounds for the same under 

dynamic loading are proven. The numerical analysis and performance assessment of the proposed model have 

been carried out through the application of harmonic loads to slender columns and two-bay frames this section 

further discusses the aspects of optimization performance, stability enhancement, and material savings. Finally, 

Section V summarizes the research findings and suggests future scope of research. 

2. Problem formulation 

2.1. Structural and loading model 

Consider a slender elastic structure occupying a reference domain Ω ⊂ ℝ (or a one-dimensional parametrization 

𝑠 ∈ [0, 𝐿] along its centerline, for a column, beam, or frame member), with transverse displacement field 𝑤(𝑠, 𝑡) 

and a design variable field 𝑥(𝑠) e.g., cross-sectional area or second moment of area chosen from an admissible 

design set 𝑋ad. The structure is subjected to an axial load 𝑃(𝑡) = 𝑃0 + 𝑃1 cos(Ω𝑡), representing a static component 

𝑃0 plus a harmonically varying dynamic component of amplitude 𝑃1 and frequency Ω, together with a transverse 

forcing 𝑞(𝑠, 𝑡) where relevant. 

The total mechanical energy of the structure at time t combines strain energy, the potential of the applied axial load 

acting through the beam's geometric shortening, and kinetic energy: 

ℰ[𝑤, 𝑥](𝑡) = ∫
1

2

𝐿

0

𝐸𝐼(𝑥(𝑠))𝑤′′(𝑠,𝑡)2
 𝑑𝑠 − ∫

1

2

𝐿

0

𝑃(𝑡)𝑤′(𝑠,𝑡)2
 𝑑𝑠 + ∫

1

2

𝐿

0

𝜌𝐴(𝑥(𝑠))𝑤̇(𝑠, 𝑡)2 𝑑𝑠       (1) 

In Equation (1) describes the where 𝐸 is Young's modulus, 𝐼(𝑠) the second moment of area (an increasing, concave 

function of 𝑠 for standard cross-sectional families), 𝜌 the material density, 𝐴(𝑠) the cross-sectional area 

(increasing, convex in 𝑠 for most practical parametrizations), primes denote differentiation in 𝑠 (𝑤′ =
𝜕𝑤

𝜕𝑠
, 𝑤′′ =

𝜕2𝑤

𝜕𝑠2
), and dots differentiation in 𝑡 (𝑤̇ =

𝜕𝑤

𝜕𝑡
). The first term is bending strain energy, the second is the destabilizing 

work of the axial load through second-order (rotation) shortening, and the third is kinetic energy in table 1. 

Notation 

Table 1: Notation used in the variational model 

 

Symbol Definition 

𝑤(𝑠, 𝑡) Transverse displacement field 

𝑥(𝑠) Design variable field (e.g., cross-sectional area/stiffness distribution) 

𝐸, 𝜌 Young's modulus, mass density (material constants) 

𝐼(𝑥), 𝐴(𝑥) Second moment of area, cross-sectional area, as functions of x 

𝑃(𝑡)
= 𝑃0 + 𝑃1 cos(Ω𝑡) 

Time-varying axial load: static component P₀, dynamic amplitude P₁, frequency Ω 

𝑉 = 𝐻0
2(0, 𝐿) Admissible displacement space (clamped/simply-supported boundary conditions) 

𝐽[𝑤, 𝑥] Generalized Rayleigh-type stability functional 

𝜆dyn(𝑥) Dynamic stability margin (generalized critical-load multiplier) 

𝜆stat(𝑥) Classical static buckling multiplier (Ω → 0 limit of 𝜆_𝑑𝑦𝑛) 

𝑚(𝑥) = ∫ 𝐴
𝐿

0

(𝑥(𝑠)) 𝑑𝑠 Structural mass/material used (objective to be minimized) 

𝑋ad 

Admissible set of design fields, 

𝑋ad = {𝑥: 𝑥𝐿 ≤ 𝑥(𝑠) ≤ 𝑥𝑈,  ∀𝑠} 
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2.2. Variational stability functional 

Structural equilibrium at fixed design 𝑥 and fixed time-instant load level 𝑃 is characterized variationally as a 

stationary point of the potential-energy part of (1) over the admissible displacement space 𝑉 = 𝐻0
2(0, 𝐿) (functions 

with square-integrable second derivative satisfying the boundary conditions) in Equation (2). 

𝑤 ∈ 𝑉 solves: 𝛿 [∫
1

2

𝐿

0

𝐸𝐼(𝑥)(𝑤′′)2 𝑑𝑠 − ∫
1

2

𝐿

0

𝑃(𝑤′)2 𝑑𝑠] = 0 for all admissible variations.         (2) 

The stability of the equilibrium state depends on the sign of the second variation, with instability occurring when 

the following Rayleigh quotient a min-max/eigenvalue problem formulation takes the value one for the first time 

as 𝑃 varies in Equation (3). 

𝜆stat(𝑥) = min
𝑤∈𝑉
𝑤≠0

∫ 𝐸
𝐿

0
𝐼(𝑥)(𝑤′′)2 𝑑𝑠

∫ (𝑤′)2𝐿

0
 𝑑𝑠

                                                    (3) 

Thus, the classical static critical load becomes: 

𝑃𝑐𝑟   (𝑥) = 𝜆𝑠𝑡𝑎𝑡   (𝑥) 

Thus, the classical static critical load becomes 𝑃_"𝑐𝑟"  (𝑥) = 𝜆_"𝑠𝑡𝑎𝑡"  (𝑥) which is achieved through the min-

max principle for the smallest eigenvalue of the corresponding linear buckling operator. To generalize this result 

for the case of the dynamic loads, one has to introduce the term associated with the kinetic energy into the Rayleigh 

quotient and compute it under the dynamic load.  

                                   𝐽[𝑤, 𝑥](𝑡) =
∫ 𝐸

𝐿
0

𝐼(𝑥)(𝑤′′)2 𝑑𝑠−∫ 𝜌
𝐿
0

𝐴(𝑥)𝑤̇2 𝑑𝑠

∫ (𝑤′)2𝐿
0

 𝑑𝑠
                                               (4) 

                      𝜆dyn(𝑥) = ∗ 𝑒𝑠𝑠 𝑖𝑛𝑓𝑡∈[0,𝑇] min
𝑤∈𝑉
𝑤≠0

𝐽 [𝑤, 𝑥](𝑡)                                                             (5) 

In Equations (4) and (5),  𝜆_"𝑑𝑦𝑛"  (𝑥) becomes 𝜆_"𝑠𝑡𝑎𝑡"  (𝑥) for the case where the inertial term becomes zero 

(quasi-static load), and is thus, by its very construction, a conservative (lower bound) stability margin over the 

load history interval [0, 𝑇], because it considers the worst-case time and mode shape combination. 

2.3. Structural stability optimization model 

The design problem is to choose the design field 𝑥 to minimize structural mass subject to the requirement that the 

applied load amplitude remain below the dynamic stability margin by a prescribed safety factor 𝛾 ≥ 1: 

minimize
x∈Xad

 m(x) = ∫ A
L

0

(x(s)) ds                                              (6) 

subject to λdyn(x) ≥ γ(P0 + P1)                                                  (7) 

Equations (6) and (7) express a nonlinear non-convex variational optimization problem (in general), because 

𝜆_"𝑑𝑦𝑛"  (𝑥) is defined by inner optimization over displacement field 𝑤. The theory behind this problem is 

developed in Section 4, while the numerical treatment is discussed in Section 5. Theoretical results 

This subsection proves the existence of an equilibrium displacement field satisfying equation (2), the uniqueness 

of the solution under the condition of strict convexity, and a variational min-max lower bound for the dynamic 

critical load, thus justifying the use of 𝜆_"𝑑𝑦𝑛" (𝑥) as a design constraint. 

2.4. Existence of the equilibrium displacement field 

Theorem 1.  

Fix a design 𝑥 ∈ 𝑋ad with 0 < 𝐼min ≤ 𝐼(𝑥(𝑠)) ≤ 𝐼max < ∞ for all 𝑠, and fix a load level 𝑃 < 𝜆stat(𝑥). Then the 

potential-energy functional in Equation (8) 

𝛱[𝑤] = ∫
1

2

𝐿

0

𝐸𝐼(𝑥)(𝑤′′)2 𝑑𝑠 − ∫
1

2

𝐿

0

𝑃(𝑤′)2 𝑑𝑠                                                 (8) 

attains a minimum over 𝑉 = 𝐻0
2(0, 𝐿), i.e., an equilibrium displacement field 𝑤∗ ∈ 𝑉 exists. 
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Proof. Apply the direct method of the calculus of variations, verifying coercivity and weak lower semi continuity 

of Π on 𝑉. 

Coercivity: Because 𝑃 < 𝜆stat(𝑥), by definition (3) of 𝜆stat(𝑥) as the minimum of the Rayleigh quotient, for every 

𝑤 ∈ 𝑉, in equation (9) 

∫ E
L

0

I(x)(w′′)2 ds ≥ λstat(x) ∫ (w′)2
L

0

 ds > P ∫ (w′)2
L

0

 ds,                                                             (9) 

so there exists 𝜀 = 1 − 𝑃/𝜆stat(𝑥) > 0 such that in Equation (10) 

𝛱[𝑤] ≥
1

2
𝐸𝐼𝑚𝑖𝑛‖𝑤′′‖

𝐿2
2 −

1

2
𝑃 ∫ (𝑤′)2

𝐿

0

 𝑑𝑠 ≥
1

2
𝜀 ∫ 𝐸

𝐿

0

𝐼(𝑥)(𝑤′′)2  𝑑𝑠 ≥
1

2
𝜀𝐸𝐼𝑚𝑖𝑛‖𝑤′′‖

𝐿2
2 ,       (10) 

and by the Poincare–Friedrichs inequality on 𝑉 = 𝐻0
2(0, 𝐿) (which controls ‖𝑤‖𝐻2 by ‖𝑤′′‖𝐿2 under the 

clamped/simply-supported boundary conditions), Π[𝑤] → +∞ as ‖𝑤‖𝐻2 → ∞; hence Π is coercive on 𝑉. 

Weak lower semi continuity: Π is the sum of two quadratic forms in w with bounded and measurable coefficients 

𝐸𝐼(𝑥(𝑠))  ∈  [𝐸𝐼_𝑚𝑖𝑛, 𝐸𝐼_𝑚𝑎𝑥] 𝑎𝑛𝑑 𝑃; quadratic forms in bounded coefficients are continuous, and convex and 

continuous functionals on a Hilbert space are weakly lower semi-continuous (convexity alone guarantees weak 

lower semi-continuity of norms), hence, Π is weakly lower semi-continuous on V. Since 𝑉 is a closed subspace of 

the Hilbert space  𝐻2(0, 𝐿), it is itself weakly sequentially complete, and any minimizing sequence for the coercive 

functional Π is bounded in 𝑉 and therefore has a weakly convergent subsequence 𝑤𝑘 ⇀ 𝑤∗; weak lower semi 

continuity gives so 𝑤∗ is a minimizer in Equation (11), 

𝛱[𝑤∗] ≤ 𝑙𝑖𝑚 𝑖𝑛𝑓
𝑘

𝛱 [𝑤𝑘] = 𝑖𝑛𝑓
𝑉

𝛱 ,                                                       (11) 

2.5. Uniqueness of the equilibrium 

Theorem 2.  

Under the hypotheses of Theorem 1, the equilibrium displacement field 𝑤∗ is unique. 

Proof. It suffices to show Π is strictly convex on 𝑉 whenever 𝑃 < 𝜆stat(𝑥). 

Π is quadratic, Π[𝑤] =
1

2
𝑎(𝑤, 𝑤), with bilinear form 

a(w, v) = ∫ E
L

0

I(x)w′′v′′ ds − P ∫ w
L

0

′

v′  ds                                           (12) 

As shown in the proof of Theorem 1, 

a(w, w) ≥ εEImin‖w′′‖
L2
2  for ε = 1 −

P

λstat(x)
> 0                              (13) 

In Equation (12), and (13) so 𝑎(𝑤, 𝑤) > 0 for every nonzero 𝑤 ∈ 𝑉; that is, 𝑎 is positive definite on 𝑉. 

A quadratic functional with a positive-definite bilinear form is strictly convex, since for 𝑤 ≠ 𝑣 and 𝑡 ∈ (0,1), 

Π[tw + (1 − t)v] = tΠ[w] + (1 − t)Π[v] −
1

2
t(1 − t)a(w − v, w − v)

< 𝑡Π[𝑤] + (1 − 𝑡)Π[𝑣]                                            (14) 

In Equation (14) describes 𝑎(𝑤 − 𝑣, 𝑤 − 𝑣) > 0 for 𝑤 ≠ 𝑣. 

Strictly convex functions have only one minimizer in a convex domain (by using a standard midpoint contradiction 

argument: Two different minimizers of the same value will violate the strictly convex property at the midpoint). 

Since there is an existence proof of Theorem 1, w^ ∗  is uniquely determined. 
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2.6. A variational min-max lower bound on the dynamic critical load 

Theorem 3. 

Let 𝑤1(𝑥) denote the first (lowest) static buckling mode shape attaining the minimum in (3), normalized by 

∫ (𝑤1′)2𝐿

0
 𝑑𝑠 = 1, and let 𝜅(𝑥, 𝑡) = ∫ 𝜌

𝐿

0
𝐴(𝑥)𝑤̇1

2 𝑑𝑠 evaluated along the corresponding time history of the first 

mode under harmonic excitation at frequency Ω. Then the dynamic stability margin obeys the lower bound in 

Equation (15) 

λdyn(x) ≥ λstat(x) − sup
t∈[0,T]

κ(x, t)                                                                                             (15) 

so that the loss of dynamic stability margin relative to the static case is bounded above by the peak modal kinetic 

energy of the first buckling mode. 

Proof. By definition (5), 𝜆dyn(𝑥) = ∗ 𝑒𝑠𝑠 𝑖𝑛𝑓𝑡 min
𝑤≠0

𝐽 [𝑤, 𝑥](𝑡), where 𝐽 is the Rayleigh-type quotient in (4). For 

any fixed admissible 𝑤 with ∫ (𝑤′)2𝐿

0
 𝑑𝑠 = 1, 

J[w, x](t) = ∫ E
L

0

I(x)(w′′)2 ds − ∫ ρ
L

0

A(x)ẇ2 ds ≥ λstat(x) − sup
t

∫ ρ
L

0

A(x)ẇ2 ds,          (16) 

In Equation (16) using the definition (3) of 𝜆stat(𝑥) as the minimum of the (purely elastic) Rayleigh quotient over 

all normalized 𝑤 ∈ 𝑉, which bounds the first term from below independently of 𝑡. 

Taking the minimum over 𝑤 on the left-hand side preserves the inequality, since the right-hand side does not 

depend on 𝑤. In particular, evaluating the bound along the first static buckling mode 𝑤1(𝑥) — which is the 

minimizer of the purely elastic quotient and hence the mode most likely to dominate the infimum in (5) for loading 

frequencies Ω well below higher modal frequencies — gives min
𝑤

𝐽 [𝑤, 𝑥](𝑡) ≥ 𝜆stat(𝑥) − 𝜅(𝑥, 𝑡) with 𝜅(𝑥, 𝑡) =

∫ 𝜌
𝐿

0
𝐴(𝑥)𝑤̇1

2 𝑑𝑠. 

Taking the essential infimum over 𝑡 ∈ [0, 𝑇] on both sides, 

𝜆dyn(𝑥) = ∗ 𝑒𝑠𝑠 𝑖𝑛𝑓𝑡∈[0,𝑇] 𝑚𝑖𝑛
𝑤

𝐽 [𝑤, 𝑥](𝑡) ≥ 𝜆stat(𝑥) − 𝑠𝑢𝑝
𝑡∈[0,𝑇]

𝜅(𝑥, 𝑡) ,                          (17) 

which is equation (17).  

Corollary. Since 𝜅(𝑥, 𝑡)  ≥  0 at all times, Equation (8) indicates that 𝜆_"𝑑𝑦𝑛" (𝑥)  ≤  𝜆_"𝑠𝑡𝑎𝑡"(𝑥), implying that 

the dynamic stability margin cannot be larger than the static buckling factor, which establishes that a static buckling 

evaluation alone will be non-conservative if κ is significant compared to 𝜆_"𝑠𝑡𝑎𝑡"(𝑥). 

The bound (8) also gives a computationally cheap surrogate constraint — replacing the exact but expensive 

𝜆dyn(𝑥) ≥ 𝛾(𝑃0 + 𝑃1) in equation (18) with the sufficient condition: 

𝜆stat(𝑥) − 𝑠𝑢𝑝
𝑡∈[0,𝑇]

𝜅(𝑥, 𝑡) ≥ 𝛾(𝑃0 + 𝑃1)                                                                               (18) 

3. Algorithm (nested galerkin / projected-gradient design optimization) 

1. Initialization: 

Initialize the design 𝑥(0) ∈ 𝑋ad from the static-buckling-only design (𝜆stat in place of 𝜆dyn), or from the Theorem 3 

surrogate constraint in Equation (19) 

λstat(x) − 𝑠𝑢𝑝
𝑡∈[0,𝑇]

𝜅(𝑥, 𝑡) ≥ 𝛾(𝑃0 + 𝑃1)                                                                              (19) 

2. Modal discretization: 

At iteration 𝑘, discretize 𝑤 via 𝑀 buckling modes of the current design 𝑥(𝑘) and assemble the reduced mass, 

stiffness, and geometric-stiffness matrices. 
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3.Time-sweep eigenvalue solve: 

Sweep 𝑡 over a fine grid on [0, 𝑇]; at each 𝑡, solve the reduced generalized eigenvalue problem for the modal 

Rayleigh quotient, and record 𝜆̂dyn(𝑥(𝑘)) as the minimum over the grid (a discretized version of (5)). 

4. Augmented lagrangian & adjoint gradient: 

Form the augmented Lagrangian functional: 

ℒ(x, μ) = m(x) + μ max{0,  γ(P0 + P1) − λ̂dyn(x)} +
ρpen

2
(max{0,  γ(P0 + P1) − λ̂dyn(x)})

2
                  (20) 

and compute its gradient 𝛻𝑥ℒ in 𝑥 via the adjoint method applied to the reduced eigenvalue problem in Equation 

(20). 

5. Projected gradient update: 

Update the design variable vector: 

x(k+1) = ProjXad
(x(k) − ηk∇xℒ)                                                                              (21) 

In Equation (21) with step size 𝜂𝑘 chosen by an Armijo backtracking line search. 

6. Outer loop refinement & convergence check: 

After each 𝑇_"𝑜𝑢𝑡"  outer iterations, increment the penalty coefficient 𝜌_"𝑝𝑒𝑛"  and the number of modes M 

(mesh-modal refinement) until constraint (7) is fulfilled to the desired tolerance and the mass 𝑚(𝑥) has stabilized; 

then terminate and output 𝑥 ˆ. 

Since the problem in general is non-convex, 𝜆_𝑑𝑦𝑛 is a minimum, hence non-concave, function of quadratic-in-w 

quotients of the design x), there are no guarantees from Algorithm 2 beyond convergence to a Karush-Kuhn-Tucker 

(KKT) point. The theory of Section 4 guarantees that for each fixed design iterate, the inner displacement problem 

(2) is well-posed (Theorems 1-2), and that the surrogate bound (8) provides a conservatively feasible search region, 

but it does not guarantee optimality of the outer design problem. Random restarts in Section 6 are employed to 

study local optimum sensitivity. 

4. Numerical analysis 

4.1. Case study 1: slender column under harmonic axial load 

Consider a pinned-pinned slender column of length 𝐿 = 3 m, Young's modulus 𝐸 = 200 GPa, and mass density 

𝜌 = 7850 kg/m
3
, subjected to a time-varying axial load  𝑃(𝑡) = 𝑃0 + 𝑃1 cos(Ω𝑡). Load is defined with respect to 

the Euler buckling load 𝑃_"𝑠𝑡𝑎𝑡, 𝑟𝑒𝑓" of the uniform cross-section, having an offset load value of 𝑃_0 =
0.6𝑃_"𝑠𝑡𝑎𝑡, 𝑟𝑒𝑓"  and dynamic amplitude of 𝑃_1 = 0.3𝑃_"𝑠𝑡𝑎𝑡, 𝑟𝑒𝑓" . Frequency of the excitation is changed with 

respect to the first natural frequency of the column ω_1 to study near-resonance phenomena. The design parameter 

x(s) describes the circular cross-section radius with respect to the length, such that the second moment of inertia 

I(x)∝x^4 and cross-sectional area A(x)∝x^ 

Table 2: Ratio of dynamic to static stability margin for the reference design as excitation frequency approaches 

resonance 

 

Ω

/𝜔1 

𝜆dyn(𝑥ref)

/𝜆stat(𝑥ref) 
Relative margin loss 

0.25 0.958 0.042 

0.50 0.901 0.099 

0.75 0.812 0.188 

0.90 0.734 0.266 

0.98 0.686 0.314 

Table 2 describes the frequency of excitation Ω gets closer to the first eigenfrequency 𝜔_1, the dynamic stability 

factor 𝜆_"𝑑𝑦𝑛" is reduced to 68.6% of the static buckling factor 𝜆_"stat" , thus verifying the Corollary to Theorem 

3 (𝜆_"𝑑𝑦𝑛" ≤  𝜆_"𝑠𝑡𝑎𝑡" ), and indicating that an optimization of structure taking into account static buckling only 



19 

may result in overestimation of the critical load by 15-31%, in accordance with the value stated in the abstract of 

15-22%, which corresponds to the frequency band chosen for optimization (𝛺/𝜔_1 ≈  0.5" −  0.75). 

4.2. Design optimization convergence 

Algorithm 2 has been used to perform minimization of the mass of the columns for which the constraint 

𝜆_"𝑑𝑦𝑛"(𝑥) ≥ 𝛾(𝑃_0 +  𝑃_1) has been satisfied with a safety factor of 𝛾 = 1.15 𝑎𝑡 𝛺/𝜔_1 = 0.6 using M=6 

buckling modes and 200-time samples per excitation cycle. 

Table 3: Convergence of algorithm2: dynamic stability constraint ratio  

 

Outer iteration Mass m(x) (kg) Constraint ratio λ_dyn / [γ(P₀+P₁)] 

0 18.42 0.913 

5 16.05 0.958 

10 15.21 0.997 

20 14.98 1.006 

40 14.87 1.011 

Table 3 describes the constraint ratio goes above 1.0 at the 10th iteration and the mass reaches the value of about 

14.87 kg at the 40th iteration, representing a mass decrease of 11.9% compared to the mass 16.87 kg required by 

a design based only on the static buckling constraint 𝜆_"𝑠𝑡𝑎𝑡" (𝑥) ≥ 𝛾(𝑃_0 + 𝑃_1) with the same safety factor — 

since the static design has to make up, with additional mass, for the margin that it loses due to dynamics, which it 

does not know about. 

4.3. Case study 2: two bay frame-static vs dynamic design comparison 

Secondly, another case study deals with the two-bay portal frame having four design sections (columns and beams), 

loaded with harmonically correlated axial loadings in both columns at a frequency ratio 𝛺/𝜔_1 = 0.55. The static-

buckling design method is compared with the dynamic-variational approach in table 4, at the same target 𝛾 = 1.2. 

Table 4: Static vs dynamic variational frame design comparison 

 

Design approach Total mass 

(kg) 

Achieved 
𝜆dyn

𝛾(𝑃0 + 𝑃1)
 

Meets dynamic 

constraint 

Static buckling design 42.6 0.79 No 

Dynamic variational (this 

paper) 

37.1 1.02 Yes 

Static buckling, although weighing 5.5 kg (12.9%) more than the dynamic variational design, does not satisfy the 

dynamic stability constraint (ratio 0.79 < 1), thus establishing that static design is non-conservative for near 

resonant dynamic loads. The dynamic variational design satisfies the constraint while at the same time using less 

material, since its mass is 13.0% less than that of the static design when adjusted to satisfy the dynamic constraint. 

4.4. Sensitivity to the dynamic safety factor 

Table 5: Mass sensitivity to the dynamic safety factor 

 

Safety factor 𝜸 Optimized column mass (kg) 

1.05 13.9 

1.15 14.87 

1.25 15.9 

1.40 17.6 
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Figure 1: Effect of safety factor on optimized column mass 

Table 5 and figure 1 describe that the mass is increasing with γ in an accelerated manner due to the convex nature 

of the displacement problem, which is reflected through the adjoint sensitivity approach in Algorithm 2 into a 

similar convex cost versus margin trade-off; the relation is identical to the well-known diminishing returns property 

between the safety factor and material cost in the static case. 

4.5. Discussion 

Existence and uniqueness results established in Section 4 are valid for the linear-elastic small deflection 

displacement problem at a given design and a given subcritical load level; these results establish the well-posedness 

of the inner equilibrium problem that Algorithm 2 should repeatedly solve, but do not hold in the full geometrically 

nonlinear post-buckling domain, where the energy functional is no longer convex and several equilibrium solutions 

may coexist simultaneously. The min-max bounds in Theorem 3 were obtained with the use of the first mode of 

the static buckling as a representative mode in the kinetic penalty term; this is a valid approximation in the situation 

when the excitation frequency is sufficiently far away from the natural frequencies, as in the cases considered in 

Section 6, but in case of coupling of modes close to the internal resonance, e.g., when Ω coincides with a sum of 

two natural frequencies, then such single-mode approximation fails, and more modes have to be included into the 

estimate. 

Outer design optimization of Algorithm 2 is, in general, a non-convex problem; only convergence to the KKT 

point is guaranteed. Similar to the numbers in Section 6, the particular numbers used are an example of how the 

process works and has not been calibrated to any particular fabricated structure or loading pattern; the real-world 

implementation would require calibrating E, ρ, section parameters, and P(t) to the specifics of the problem. The 

incorporation of the effects of material or geometrical nonlinearity, stochastic (not harmonic) loading, which would 

be naturally related to the chance-constrained stochastic optimization approach used for reliability-based design 

in related research, and multiple mode resonances are proposed as the future development areas. 

5. Conclusion 

This research intended to formulate a new optimization framework for nonlinear variational analysis of structural 

stability under dynamic loading conditions. In particular, this study sought to address the inadequacies associated 

with existing structural stability optimization methods in terms of capturing the effects of nonlinearity,                        

time-dependency of loads, and mathematical stability requirements by integrating all of them within one 

optimization framework. Such an optimization framework formulates the structural design problem as a variational 

equilibrium problem using nonlinear operators and functional optimization approaches. While theoretical analysis 

of existence and uniqueness of the solution to such problems was performed using nonlinear functional analysis, 

the new nested Galerkin and projected-gradient optimization algorithm allowed for an efficient computation of the 

stable structural configurations. Numerical results obtained during this work showed the efficiency of the proposed 

approach in improving structural performance and decreasing material needs. In particular, in the case of the 

harmonic-loaded slender column, the proposed approach helped to reduce the structural mass by approximately 

11.9% while satisfying dynamic stability constraints. Moreover, in the case of the two-bay frame, the dynamic 
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variational design helped to decrease the number of used materials by almost 13.0% compared to conventional 

static-based optimizations and maintain the necessary stability margin. It can be seen that the use of dynamic 

effects in the variational approach helps to make stability prediction more accurate and optimization more 

effective. Future research will involve extension of the proposed framework towards consideration of fully 

nonlinear post-buckling behavior, stochastic dynamic loading, and multiresonance effects. In addition, integration 

of the framework with real-time structural monitoring systems, digital twin technology, and adaptive optimization 

will be considered. Large-scale experimental validation of the proposed approach will also be taken into account. 
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      𝜆 ˆ  dyn  (   x   ( k ) )


  ℒ  ( x , μ ) = m  ( x ) + μ  max ⁡   { 0 ,   γ  (  P 0 +  P 1 ) −    λ ˆ  dyn  ( x ) } +    ρ  pen 2    (  max ⁡   { 0 ,   γ  (  P 0 +  P 1 ) −    λ ˆ  dyn  ( x ) } ) 2                                     ( 20 )


    𝛻  x ℒ


  x


   x   ( k + 1 ) =    Proj   X  ad ⁡   (  x   ( k ) −  η k  ∇ x ℒ )                                                                                                                                                             ( 21 )


    𝜂  k


  T _ " o u t "


  𝜌 _ " p e n "


  m ( x )


    x   ˆ .


  𝜆 _ d y n  


  L = 3  m


  E = 200  GPa


  𝜌 = 7850    kg/m 3


    P  ( t ) =   P 0 +   P 1  cos ⁡   ( Ω t )


  P _ " s t a t , r e f


  P _ 0 = 0 . 6 P _ " s t a t , r e f "


  P _ 1 = 0 . 3 P _ " s t a t , r e f "   .


  Ω /   𝜔 1


    𝜆  dyn  (   x  ref ) /   𝜆  stat  (   x  ref )


  Ω


  𝜔 _ 1


  𝜆 _ " d y n


  𝜆 _


  ( 𝜆 _ " d y n "   ≤   𝜆 _ " s t a t "   ) ,


  ( 𝛺 / 𝜔 _ 1   ≈   0 . 5 " −   0 . 75 ) .


  𝜆 _ " d y n " ( x ) ≥ 𝛾 ( P _ 0   +   P _ 1 )


  𝛾   = 1 . 15   a t   𝛺 / 𝜔 _ 1 = 0 . 6


  𝜆 _ " s t a t "   ( x ) ≥ 𝛾 ( P _ 0 + P _ 1 )  


  𝛺 / 𝜔 _ 1 = 0 . 55 .


  𝛾 = 1 . 2


      𝜆  dyn  𝛾  (   P 0 +   P 1 )
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