Minimax Theory and its Applications
Volume 11 (2026), No. 2s, 23 to 29

New Separation Axioms Induced by N*ga
Structures in Nano Topology

R. Muthumani’’, K. Baby?

Research Scholar, Department of Mathematics, Kongunadu Arts and Science College(Autonomous),
Coimbatore-641 029.Tamil Nadu, India
! Assistant Professor, Department of Mathematics, KG College of Arts and Science(Autonomous),
Coimbatore-641 035.Tamil Nadu, India
2Assistant Professor, Department of Mathematics, Kongunadu Arts and Science College(Autonomous),
Coimbatore-641 029.Tamil Nadu, India
E-mail: muthumanirl2@gmail.com, babymanoharan3 1 @gmail.com

Abstract

Nano topology provides a suitable framework for analyzing approximation-based structures under uncertainty.
In this paper, new separation axioms induced by Nf*ga structures are introduced and investigated in N
topological spaces. Using NB*ga-open and NB*go-cls, we define Nf*go-T,, NB*ga-T;, NB*ga-T, spaces.
Fundamental implications and non-implications among these axioms are established with appropriate examples.
The behaviour of these separation properties under NB*ga-continuous and NP*ga-irresolute mappings is
examined. These results extend existing separation concepts in Nano topology.

Keywords:Nano topology, Nf*ga-closed sets, Nf*ga-open sets, NP*go-separation axioms and NP*ga-
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1.Introduction

Lellis Thivagar and Richard [5] initially formulated the framework of N topology using upper and lower
approximations alongside the boundary region of a subset within an approximation space established by an
equivalence relation. This foundational research established N topological spaces by defining core concepts like
N-ops, N-cls, N-interior, N-closure, and various generalized variants of N-ops, such as N semi-open, N pre-
open, No-open, and Na-ops. Expanding upon these concepts, Nasef et al. [6] explored alternative classes of
nearly ops within N topological spaces. Subsequently, Revathy and Gnanambal Ilango [7] introduced the
category of Nf-ops, whereas Sathishmohan et al. [9] developed N neighbourhoods and analyzed their
characteristics inside the context of N topology.

2. Preliminaries
Definition 2.1. [9] N-T, Space

ANTS U fulfils the N-T, separation axiom provided that for any two unique elements c,d € U, a N-ops G exists
that includes one point while excluding the other. Stated differently, either c € Gandd € G, ord € G and ¢ € G.

Definition 2.2. [9] Na-T, Space

ANTS (U, 1) qualifies as an Na-T, space provided that a nano a-ops can separate any two unique points in U. In
other words, for any elements c,d € U where ¢ # d, a nano a-ops G exists such that either c € G and d € G, or
deGandc € G.

Definition 2.3. [9] NB-T, Space

A NTS (U, 1) is designated as an NB-T, space if, given any pair of unique points ¢ and d within U, an NB-ops
incorporates precisely one of them. Equivalently, c € Gandd € G, ord € G and c € G.

Definition 2.4.[1] NB*ga-closed set

Let (U,t) be a NTS and let A< U.Then A is called a NB"ga-closed set, denoted as NB*go-closed, if
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Nspcl(A) € V wheneverA € VandV is N*ga-open in U. That is, if A € V for some N*ga-ops V, then the nano
semi pre closure of A, denoted Nspcl(A), is also contained in V.

Definition 2.5. NB*ga-neighbourhood

Consider a N topological space U and an element ¢ € U. A subset M. € U qualifies as an NB*ga-neighbourhood
(abbreviated as NB“ga-nhd) of point ¢ when there is an NB*ga-ops A € NB*gaO(U) such that ¢ € A € M. Under
these conditions, point c is designated as an NB"ga-neighbourhood point associated with set A.

Definition 2.6. Relative NB*ga-Ops

Consider A to be a nano subspace belonging to the NTS (U, 7). A subset B € A is defined as relative NB*ga-open
within A when there exists an NB*ga-open subset G of U fulfilling B = A N G. Analogously, a subset F € A is
recognized as relative NB*ga-closed within A whenever an NB*ga-closed subset H of U exists such that F = AN
H.

Definition 2.7. Cofinite Nano Topology

Let U represent an infinite set, and let the cofinite nano topology on U, designated as 7., be defined as t.; =
{0} U {G € U: U \ G is finite}. Consequently, a subset G of U qualifies as a cofinite nano-ops if and only if:

e G=0

e U\ G constitutes a finite set
The ordered pair (U, 1) is designated as a cofinite NTS.
Definition 2.8. NB*ga-T, Space

ANTS (U, 1) fulfills the Np"ga-T, separation condition if an NB"ga-ops can distinguish any two unique points
of U. Stated differently, given any elements ¢,d € U where ¢ # d, an NB"ga-ops G exists such that either ¢ € G
andd € G,ord € Gand c € G.

Definition 2.9. NB*ga-T; Space

A NTS (U,1) is characterized as an NB"ga-T; space when NB“go-ops can individually separate any pair of
unique points. Specifically, for ¢ # d, there exist NB“ga-ops G and H satisfying ¢ € G, d & G, alongside d € H
and c € H.

Definition 2.10. NB*ga-T, Space

ANTS (U, 1) qualifies as an Np"ga-T, (alternatively, NB*ga-Hausdorff) space if any two distinct points possess
disjoint NB*ga-open neighbourhoods. Expressly, for ¢,d € U with ¢ # d, there are NB*go-ops G and H such that
ceGdeH,andGNnH=0.

3. NB*ga-T, Space
Theorem 3.1. Every N-T,-space is an NB"ga-T, space.

Proof. Let (U, rR(X)) represent a nano Ty-space. Following the guidelines of the N-T, separation property,
given any two unique elements X,y € U, a N-ops G exists containing exactly one of these points. Because all N-
ops qualify as NB"ga-open, G can be treated as an NB*go-ops. Consequently, an NB*ga-ops is capable of
separating any pair of unique points. Thus, (U, rR(X)) fulfills the criteria for an NB*go-T, space, proving that
every N-T,-space is an NB"ga-T, space.

Example 3.2. Let U={ab,c} with N-topology tx(X)={®,{a},U} and collection NB*goaO(U) =
{0, {a}, {a, b}, {a, c}, U}. The space (U, ‘CR(X)) is not N-T, because no N-ops can separate b and c. However, b
and c are separated by the NB*ga-ops {a, b} and {a, c}, while {a} separates a from both b and c. Since every
distinct pair of points is separated by an NB*ga-ops, (U, rR(X)) is an NB*go-T, space.

Theorem 3.3. A NTS U is an NB*ga-T, space & NB*gacl({c}) # NB"gocl({d}), for each pair of non-identical
points c,d € U.
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Proof. Suppose U is an NB*ga-T, space and let ¢,d € U with ¢ # d. Then 3 an NB"ga-ops G containing one of
the points and omitting the other. Assume ¢ € G and d € G. Since U\ G is NB"ga-closed, ¢ € Np"gacl({d}),
whereas ¢ € NB*gacl({c}). Hence, NB“gacl({c}) # NB*gacl({d}). Conversely, suppose NB*gocl({c}) #
NB*gacl({d}) for every ¢ # d. Then either ¢ &€ NB*gacl({d}) or d & NB*gacl({c}). The complement of the
corresponding NB*ga-closure is an NB“ga-ops containing one point but excluding the other. Therefore, U
satisfies the NB"go-T, separation axiom.

Hence, U is an NB"go-T, space < Np“gacl({c}) # NB*gacl({d}), for all distinct c,d € U.

Theorem 3.4. Let (U, 1g(X)) be a NTS. If U is an NB"ga-T, space and V is a nano-open subspace of U, then V is
also an NB"ga-T, space.

Proof. Letx,y € V with x # y. Since U is an NB"ga-T, space, 3 an Np"ga-ops G < U contains exactly one of
the two points. As V is N-open, G NV is NB"ga-open in the subspace V. Moreover, G NV separates x and y.
Hence, V satisfies the Np"ga-T, axiom.

Example 3.5.Let U = {a,b, ¢}, 1r(X) = {0, U, {a}, {a,b}}, and NB"gaO(U) = {@, U, {a}, {a, b}}. The space U is an
NB*go-T, space since every pair of distinct points is separated by an NB"ga-ops. Consider the nano-open
subspace V = {a,b}. The induced topology is 1y = {@,V,{a}}. Here, the set {a} separates the points a and b.
Therefore, V is also an NB"go-T, space.

Theorem 3.6. Let f: U > V be an NB*go-homeomorphism. If U is an NB*ga-T, space, then V is also an NB*ga-
Ty space.

Proof. Let y,,y, €V with y; #y,. Since f is bijective, 3 distinct points X;,X, € U such that f(x;) =
y1, f(x2) = y,. As U is an NB*go-T, space, there exists an NB*ga-ops G containing one of x;,x, but not the
other. Assume X; € G and x, € G. Since f is an NB*ga-homeomorphism, f(G)is NB*ga-open in V. Moreover,
y, = f(x;) € f(G) and y, = f(x,) €& f(G).Thus, f(G) separates y;and y,. Hence, V satisfies the NP ga-T,
separation axiom. Therefore, V is an NB*ga-T, space.

Example 3.7.Let U= {a,b,c},1x(X) ={0,U,{a},{a,b}}& let NB“gaO(U) = {®,U,{a},{a,b}}. Define a
bijection f:U - V = {x,y,z} by f(a) =%, f(b) =y, f(c) =z, where 13(Y) = {@,V, {x},{x y}}. Since f is an
NB"“ga-homeomorphism and U is an NB*ga-T, space, Theorem 3.7 implies that V is also an NB"ga-T, space.

4. Nano p*ga-T: Space
Theorem 4.1. Let (U, t) be a NTS. Every NB"ga-T; space is an NB"ga-T, space.

Proof. Assume that (U, 1) is an NB"ga-T; space. For any distinct points X,y € U, INB"ga-ops G and H such that
X€E G,y &G,y €H,x&H. Thus, at least one Np"ga-ops separates the points x and y. Hence, the NB ga-T,
separation axiom is satisfied. Therefore, every Np*ga-T; space is an NB"ga-T, space.

Example 4.2. Let U = {a,b,c},t = {@, {a}, {a,b}, U}, and assume that NB*gaO(U) = 1. The space (U, 1) is an
NB*go-T, space because every pair of distinct points can be distinguished by an NB*ga-ops. For example,
{a}separates a and b, while {a,b} separates b and c. However, (U, 1) is not an NB"ga-T; space. Indeed, there is
no NB”ga-ops containing b without also containing a. Thus, the pair (a,b) cannot be separated in both directions.
Hence, (U, 1) is NB*go-T, but not NB*ga-T;.

Theorem 4.3. ANTS (U, 1) is an NB"ga-T; space & every singleton subset {x} € U is NB*ga-closed.

Proof. Necessity (=) Assume U is an Np"ga-T; space and let x € U. For each y # x, 3 an NB"go-open set Gy
such that y € Gy and x € Gy. Thus, U\ {x} = Uy, Gy. Since arbitrary unions of NB"ga-open sets are NB"ga-
open, the complement U \ {x} is NB*go-open, making {x}NB”ga-closed.

Sufficiency (<) Conversely, suppose every singleton in U is NB*ga-closed. For any two distinct points x,y € U,
the sets U\ {x} and U \ {y} form NB*go-open nhd containing one point while excluding the other. Hence, U
satisfies the NB*go-T; separation axiom.

Theorem 4.4. ANTS (U, 1) is an NB"ga-T; space iff all of its finite subsets are NB*go-closed.

Proof. Necessity (=) Assume (U, 1) is an Np"ga-T; space, meaning every singleton subset is NB*ga-closed. Let
F = {X4,Xy, ..., X} be any finite subset of U. Since F can be written as the finite union U™ ,{x;} of Np"ga-closed

sets, F is likewise NB*go-closed.
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Sufficiency (<) Conversely, assume all finite subsets of U are NB"ga-closed. Because every singleton {x} is a
finite set, it follows that every singleton is NB“ga-closed. By Theorem 4.3, this guarantees that (U, 1) is an
NB*go-T; space.

Theorem 4.5. ANTS (U, t) functions as an NB*go-T; space iff the cofinite NT ¢ on U is a subset of T (¢ € 1),
where:

c={P}U{U\F|F < UandF is finite}

Proof. Necessity (=) Suppose (U, 1) is an NB"go-T; space, which implies every finite subset of U is NB*ga-
closed. For any set G € o, either G = @ (which trivially belongs to 7) or G = U \ F for some finite subset F S U.
Since F is NB“ga-closed, its complement G is NB*go-open and thus resides in T. Consequently, 6 C 1.

Sufficiency (<) Conversely, assume ¢ € t. For any arbitrary finite subset F € U, its complement U \ F belongs
to o, and therefore also belongs to 1. This means U \ F is NB"ga-open, making Fan NB“ga-closed set. Since all
finite subsets are NB"ga-closed, the space (U, 7) satisfies the requirement for an NB"ga-T; space.

Example 4.6.LetU = {a,b, c,d} with the NT t= {@,{a,b,c},{a,b,d},{a,c,d},{b,c,d}, U}.The corresponding
cofinite NT is ¢ = {@, U,{a,b,c},{a,b,d},{a,cd},{b,c d}} Since ¢ C 1, all finite subsets specifically the
singletons {a}, {b}, {c}, {d} are Np"ga-closed. Thus, (U, t) forms an NB*go-T; space.

Theorem 4.7. ANTS (U, 1) is an NB"ga-T; space if and only if for each point x € U, the intersection of all its
NB’go-neighbourhoods equals {x}:

ﬂ{N | N is an NB"ga-neighbourhood of x} = {x}

Proof. Necessity (=) Let (U, 1) be an NB*ga-T; space and fix x € U. Since every neighbourhood of x contains
x, {x} € N{N | N is an NB"go-neighbourhood of x}. Conversely, if y # x, the T, property provides an Np*ga-
open set containing x but not y, meaning y is excluded from at least one neighbourhood of x. Thus, the
intersection collapses to {x}.

Sufficiency (<) Conversely, assume the intersection of all neighbourhoods for any x € U reduces to {x}. For
distinct points x,y € U, since y & {x}, there exists an NP ga-neighbourhood of x (and similarly for y) that
excludes the other point. This guarantees that x and y can be separated by NB*ga-open sets, establishing that
(U, 1) is an NB"go-T, space.

Example 4.8. Let U = {a,b,c} with the NT t = {@, {a, b}, {a, c}, {b, c}, U}, and suppose the family of NB*go-open
sets matches 1.The intersection of all NB*ga-neighbourhoods for each point yields:For point a: {a,b} N {a,c} N
U = {a}, For point b: {a,b} N {b,c} N U = {b}, For point c: {a,c} N {b,c} N U = {c}.Since the intersection of
neighbourhoods for every x € U reduces to the singleton {x}, Theorem 4.7 confirms that (U, t) is an NB"ga-T,
space.

Theorem 4.9. Let (U, 1) be an NB*ga-T, space and A € U. A point x € U is an NB"ga-limit point of A iff every
Np”ga-nhd of x intersects A in infinitely many distinct elements.

Proof. Necessity (=) Assume x is an NB“ga-limit point of A. Suppose for contradiction that some nhd N
contains only a finite intersection N N A = {a,, a,, ..., a,}. Since U is a T, space, finite subsets are NB"ga-closed,
meaning F = {a,, ..., a,} is closed and its complement U \ F is open.Since x € F, x € U \ F, making G =N N
(U\ F) a nhd of x. However, G N (A \ {x}) = @, contradicting the fact that x is a limit point. Thus, every nhd
of x must contain infinitely many points of A.

Sufficiency (<) Conversely, suppose every N ga-nhd of x contains infinitely many distinct points of A. For
any arbitrary nhd N of x, because N N A is infinite, it immediately follows that N N (A \ {x}) # @. This satisfies
the definition of an NB*ga-limit point.

Example 4.10. Let U =N = {1,2,3,...} carry the cofinite nano topology t = {@} U {U\ F | F € U is finite}.
Since singletons are closed, (U, 1) is an N ga-T, space.

Considering the subset of even integers A = {2,4,6, ...} and taking x = 1, any nhd of 1 is cofinite and thus
misses only finitely many elements from A. Consequently, every nhd of 1contains infinitely many points of A,
making 1 an NB"ga-limit point of A. By extension, every element in U functions as a limit point of A.
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Theorem 4.11. In an NB*ga-T, space (U, 1), any finite subset of U possesses no NB“ga-limit points.

Proof Let F € U be a finite subset, and assume for contradiction that x € U is a limit point of F. By Theorem
4.9, every nhd of x must intersect F in infinitely many elements. However, since F is finite, no nhd can contain
infinitely many unique points from it. This contradiction proves that F has no limit points.

Theorem 4.12. If (U, 1) is an NB*ga-T, space, then for any subset A € U, the induced subspace (A,1,) also
qualifies as an NB*go-T; space.

Proof. Let x,y € A be two distinct elements with x # y. Since A € U, x and y are also distinct points in the
parent space U. Because U is an NB*go-T,; space, we can find Np"ga-open sets G,H € U such thatx € G,y ¢ G
andy € H, x € H.

Forming the relative open sets G, = G N A and Hy, = H N A, we obtain subsets in A such that x € G, withy &
Gy, andy € H, with x € H,. This demonstrates that any pair of distinct points in A can be separated by relative
open sets, proving that (A, t,) is an NB*go-T; space.

Theorem 4.13. Let f: (U,1) - (V, ) be a bijective, NB"ga-open mapping from an NB*go-T, space U onto V.
Then (V, o) is also an NB"ga-T, space.

Proof. Let x,y € V be distinct points with x # y. Since f is a bijection, there exist unique preimages a,b € U
such that f(a) = x and f(b) = y.Because U is an NB"ga-T, space, we can find open sets G,H € U containing
one point while excluding the other (a € G,b € G and b € H,a ¢ H). Since f is an open map, their images f(G)
and f(H) are NB“ga-open in V.Furthermore, x = f(a) € f(G) while y = f(b) & f(G), and similarly y € f(H)
while x & f(H). Thus, (V, o) satisfies the T, separation axiom.

5. NB*ga-T, Space
Theorem 5.1. Every NB"ga-T, space qualifies as an NB*ga-T, space, though the reverse implication fails.

Proof. Given distinct points x,y in an NB"ga-T, space U, there exist disjoint NB"ga-open sets G, H containing x
and y respectively. Because GNH = @, it follows that x € G\ H and y € H\ G, ensuring each point is
contained in a neighborhood excluding the other. Hence, the space is NB*ga-T;.

Theorem 5.2. Any finite NB*ga-T, space is discrete.

Proof. Let (U, 1) be a finite Np"ga-T, space. Because U is finite, every subset A € U is finite and therefore
NB*go-closed. Consequently, the complement U\ A is also finite and NB*ga-closed, implying that A is
NB*go-open. Since every subset is both closed and open, the topology t equals the power set P (U), making the
space discrete.

Theorem 5.3. Every subspace of an NB*ga-T, space is also an N ga-T, space.

Proof. Let (U, 1) be an NB"go-T, space and (A, t5) be a subspace with A € U. For any distinct points X,y € A,
they are also distinct in U. Thus, there exist disjoint NB*ga-open sets G, H € U containing x and y respectively.
Form the subspace sets Gy = GN A and Hy = HN A, which are Np"ga-open in A such that x € G, and y €
H,. Their intersection yields Gy NHy, = (GNH) N A =@ N A = @, confirming that x and y are separated by
disjoint nhds in the subspace. Hence, (A, t,) is an Np*ga-T, space.

Theorem 5.4. The NB*ga-T, property is invariant under bijective NB"ga-open maps.

Proof. Let f: (U, 1) = (V, ) be a bijective Np*ga-open function where U is an Nf*ga-T, space. For any distinct
points x,y € V, find their unique preimages a,b € U via f. Since U is Np"ga-T,, there exist disjoint NB"ga-open
sets G,H € U containing a and b. The images f(G) and f(H) are Nf"go-open in V (as f is open) and remain
disjoint because f is injective. Since x € f(G) and y € f(H) with empty intersection, V satisfies the NB*go-T,
condition.

Theorem 5.5. Let f, g: (U,1) = (V,0) be Np*ga-continuous functions, with (V,c) being an Np"ga-T, space.
Then the coincidence set F = {x € U | f(x) = g(x)} is Np"ga-closed in U.

Proof. For any point x & F, we have f(x) # g(x). Since V is NB"go-T,, there exist disjoint N ga-open sets
G,H S V such that f(x) € G and g(x) € H. By NB*go-continuity, W = f~'(G) n g~ (H) is an NB"ga-open nhd
containing x. For any y € W, f(y) € G and g(y) € H. Because G N H = @, it follows that f(y) # g(y), meaning
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W € U\ F. Since every point outside F has an NB“ga-open nhd entirely contained in U \ F, the complement
U \ F is NB*ga-open, making F an NB"ga-closed set.
Logical Implications among NB*goa-Separation Axioms

RELATIONSHIP BETWEEN
NB*ga-T,, NB*ga-T,, AND NpB*ga-T,
SEPARATION AXIOMS
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Np*ga-T, NB*ga-T,

For any two distinct points, For any x # y, x or y has a neighborhood - ~ Converss
one has a neighborhood not containing the other. » not true
not containing the other. \ J | ingeneral

l (always true) ]
| P /
Np*ga-T, - /
Np*ga-T, &«

For any two distinct points,

7 -« i
each has a neighborhood For any x # y, both x and y have ™o Converse
not containing the other. neighborhoods not containing the other. not true

\  ingeneral
Nﬂ‘ga-Tz l (always true) ’
/
For any two distinct points, . ,/
there exist disjoint Np*ga-T, «
“"!'fhf""n'?ds For any x # y, there exist disjoint
e A S neighborhoods containing x and y.

J
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Figure 1
6. Conclusion

In this paper, we have developed a systematic study of separation axioms generated by NB“ga-structures in
NTS. By employing NB*go-open and NB“ga-closed sets, we introduced and analyzed the classes Nf"ga-T,
NB*go-T,;, NB“ga-T,. The relationships among these newly defined axioms were thoroughly examined, and
both implication and non-implication results were established with suitable examples, demonstrating that the
proposed framework forms a proper and non-trivial extension of existing nano separation theories. The study
further investigated the preservation and transfer of these separation properties under NB*go-continuous and
NBgo-irresolute mappings, thereby strengthening the functional aspects of the theory. Future research may
explore compactness, connectedness, metrization-type results, and potential applications of NB*ga-structures in
graph theory, information systems, and related mathematical models.

Acknowledgement

The authors express their sincere gratitude to their mentors and colleagues for their valuable guidance and
support throughout this research. The authors also acknowledge the foundational contributions of Lellis
Thivagar in the field of nano topology. Finally, we thank all contributors and institutions that supported this
work

References

1. Baby, K., & Muthumani, R. (2025). The perception of -closed set and -continuous function in NTS.
Advances and Applications in Discrete Mathematics, 42, 689-711.

2. Bhuvaneswari, K., & Mythili Gnanapriya, K. (2014). Nano generalized closed sets in nano topological
spaces. International Journal of Scientific and Research Publications, 4.

3. Bhuvaneswari, K., & Mythili Gnanapriya, K. (2014). Nano generalized pre-closed sets and nano pre-
generalized closed sets in nano topological spaces. International Journal of Innovative Research in Science,
Engineering and Technology, 3.

4. Bhuvaneswari, K., &Shakilaja, K. (2024). Nano (1,2,3) generalized closed sets in nano tritopological space.
Journal of Interdisciplinary Mathematics, 27, 1009-1015.

5. Thivagar, M. L., & Richard, C. (2013). On nano forms of weakly open sets. International Journal of
Mathematics and Statistics Invention, 1,31-37.



29
6. Nasef, A., Aggour, A. 1., & Darwesh, S. M. (2016). On some classes of nearly open sets in nano topological
space. Journal of the Egyptian Mathematical Society, 24, 585-589.

7. Revathy, A., & Ilango, G. (2015). On nano B-open sets. International Journal of Engineering, Contemporary
Mathematics and Sciences, 1, 1-6.

8. Sathishmohan, P., Rajendran, V., Dhanasekaran, P. K., & Brindha, S. (2019). Further properties of nano pre-,
nano pre- and nano pre- spaces. Malaya Journal of Matematik, 7, 34-38.

9. Sathishmohan, P., Rajendran, V., Vignesh Kumar, C., & Dhanasekaran, P. K. (2018). On neighbourhoods on
nano topological spaces. Malaya Journal of Matematik, 6,294-298.

10. Pawlak, Z. (1991). Rough sets: Theoretical aspects of reasoning about data. Kluwer Academic Publishers.
11. Thivagar, M. L., & Richard, C. (2013). On nano continuity. Mathematical Theory and Modeling, 7, 32-317.

12. Thivagar, M. L., & Richard, C. (2014). Nutrition modeling through nano topology. International Journal of
Engineering Research and Applications, 4, 327-334.

13. Abd El-Monsef, M. E., El-Deeb, S. N., & Mahmoud, R. A. (1983). B-open sets and -continuous mappings.
Bulletin of the Faculty of Science, Assiut University, 12, 77-90.

14. Andrijevi¢, D. (1986). Semi-preopen sets. Matematicki Vesnik, 38, 24-32.

15. Azzam, A. A. (2017). Grill nano topological spaces with grill nano generalized closed sets. Journal of the
Egyptian Mathematical Society, 25, 164—166.

16. Vimalkumar T. (2025). Adaptive Synchronization of Nonlinear Neural Oscillator NetworksUnder Time-
Delay Perturbations. Applied Nonlinearity in Science and Technology, 1-5.



	New Separation Axioms Induced by Nβ*gα Structures in Nano Topology
	References



   T 0


   T 1


   T 2


  α


  N α


  N β


    𝐓  𝟎


  U


   T 0


  c , d ∈ U


  G


  c ∈ G


  d ∉ G


  d ∈ G


  c ∉ G


  𝐍 𝛂


    𝐓  𝟎


   ( U , τ )


  N α


   T 0


  α


  U


  c , d ∈ U


  c ≠ d


  α


  G


  c ∈ G


  d ∉ G


  d ∈ G


  c ∉ G


  𝐍 𝛃


    𝐓  𝟎


   ( U , τ )


  N β


   T 0


  c


  d


  U


  N β


  c ∈ G


  d ∉ G


  d ∈ G


  c ∉ G


  𝐍   𝛃 ∗ 𝐠 𝛂


   ( U , τ )


  A ⊆   U


  A


  N  β ∗ g α


  N  β ∗ g α


  Nspcl ( A ) ⊆ V  


  A ⊆ V


  V


   N ∗ g α


  U


  A ⊆ V


   N ∗ g α


  V


  A


  Nspcl ( A )


  V


  𝐍   𝛃 ∗ 𝐠 𝛂


  U


  c ∈ U


   M c ⊆ U


  N  β ∗ g α


  N  β ∗ g α


  c


  N  β ∗ g α


  A ∈ N  β ∗ g α O  ( U )


  c ∈ A ⊆  M c


  c


  N  β ∗ g α


  A


  𝐍   𝛃 ∗ 𝐠 𝛂


  A


   ( U , τ )


  B ⊆ A


  N  β ∗ g α


  A


  N  β ∗ g α


  G


  U


  B = A ∩ G


  F ⊆ A


  N  β ∗ g α


  A


  N  β ∗ g α


  H


  U


  F = A ∩ H


  U


  U


   τ cf


   τ cf =  { ∅ } ∪  { G ⊆ U : U ∖ G  is finite }


  G


  U


  G = ∅


  U ∖ G


   ( U ,  τ cf )


  𝐍   𝛃 ∗ 𝐠 𝛂


    𝐓  𝟎


   ( U , τ )


  N  β ∗ g α


   T 0


  N  β ∗ g α


  U


  c , d ∈ U


  c ≠ d


  N  β ∗ g α


  G


  c ∈ G


  d ∉ G


  d ∈ G


  c ∉ G


  𝐍   𝛃 ∗ 𝐠 𝛂


    𝐓  𝟏


   ( U , τ )


  N  β ∗ g α


   T 1


  N  β ∗ g α


  c ≠ d


  N  β ∗ g α


  G


  H


  c ∈ G


  d ∉ G


  d ∈ H


  c ∉ H


  𝐍   𝛃 ∗ 𝐠 𝛂


    𝐓  𝟐


   ( U , τ )


  N  β ∗ g α


   T 2


  N  β ∗ g α


  N  β ∗ g α


  c , d ∈ U


  c ≠ d


  N  β ∗ g α


  G


  H


  c ∈ G , d ∈ H


  G ∩ H = ∅


  𝐍   𝛃 ∗ 𝐠 𝛂


    𝐓  𝟎


   T 0


  N  β ∗ g α


   T 0


   ( U ,  τ R  ( X ) )


   T 0


   T 0


  x , y ∈ U


  G


  N  β ∗ g α


  G


  N  β ∗ g α


  N  β ∗ g α


   ( U ,  τ R  ( X ) )


  N  β ∗ g α


   T 0


   T 0


  N  β ∗ g α


   T 0


  U =  { a , b , c }


   τ R  ( X ) =  { ∅ ,  { a } , U }


  N  β ∗ g α O  ( U ) =  { ∅ ,  { a } ,  { a , b } ,  { a , c } , U }


   ( U ,  τ R  ( X ) )


   T 0


  b


  c


  b


  c


  N  β ∗ g α


   { a , b }


   { a , c }


   { a }


  a


  b


  c


  N  β ∗ g α


   ( U ,  τ R  ( X ) )


  N  β ∗ g α


   T 0


  U


  N  β ∗ g α


   T 0


  ⇔ N  β ∗ g α cl ( { c } ) ≠ N  β ∗ g α cl ( { d } ) ,


  c , d ∈ U


  U


  N  β ∗ g α


   T 0


  c , d ∈ U


  c ≠ d


  ∃  


  N  β ∗ g α


  G


  c ∈ G


  d ∉ G


  U ∖ G


  N  β ∗ g α


  c ∉ N  β ∗ g α cl ( { d } )


  c ∈ N  β ∗ g α cl ( { c } )


  N  β ∗ g α cl ( { c } ) ≠ N  β ∗ g α cl ( { d } ) .


  N  β ∗ g α cl ( { c } ) ≠ N  β ∗ g α cl ( { d } )


  c ≠ d


  c ∉ N  β ∗ g α cl ( { d } )


  d ∉ N  β ∗ g α cl ( { c } )


  N  β ∗ g α


  N  β ∗ g α


  U


  N  β ∗ g α


   T 0


  U  is an  N  β ∗ g α -  T 0  space    ⟺    N  β ∗ g α cl ( { c } ) ≠ N  β ∗ g α cl ( { d } ) ,


  c , d ∈ U


   ( U ,  τ R ( X ) )


  U


  N  β ∗ g α


   T 0


  V


  U


  V


  N  β ∗ g α


   T 0


  x , y ∈ V


  x ≠ y


  U


  N  β ∗ g α


   T 0


  ∃


  N  β ∗ g α


  G ⊆ U


  V


  G ∩ V


  N  β ∗ g α


  V


  G ∩ V


  x


  y


  V


  N  β ∗ g α


   T 0


  U = { a , b , c } ,  τ R ( X ) = { ∅ , U , { a } , { a , b } } ,


  N  β ∗ g α O ( U ) = { ∅ , U , { a } , { a , b } } .


  U


  N  β ∗ g α


   T 0


  N  β ∗ g α


  V = { a , b }


   τ V = { ∅ , V , { a } } .


   { a }


  a


  b


  V


  N  β ∗ g α


   T 0


  f : U → V


  N  β ∗ g α


  U


  N  β ∗ g α


   T 0


  V


  N  β ∗ g α


   T 0


   y 1 ,  y 2 ∈ V


   y 1 ≠  y 2


  f


  ∃


   x 1 ,  x 2 ∈ U


  f (  x 1 ) =  y 1 , f (  x 2 ) =  y 2 .


  U


  N  β ∗ g α


   T 0


  N  β ∗ g α


  G


   x 1 ,  x 2


   x 1 ∈ G


   x 2 ∉ G


  f


  N  β ∗ g α


  f ( G )


  N  β ∗ g α


  V


   y 1 = f (  x 1 ) ∈ f ( G )   and   y 2 = f (  x 2 ) ∉ f ( G ) .


  f ( G )


   y 1


   y 2


  V


  N  β ∗ g α


   T 0


  V


  N  β ∗ g α


   T 0


  U = { a , b , c } ,  τ R ( X ) = { ∅ , U , { a } , { a , b } }


  N  β ∗ g α O ( U ) = { ∅ , U , { a } , { a , b } } .


  f : U → V = { x , y , z }


  f ( a ) = x ,    f ( b ) = y ,    f ( c ) = z ,


   τ R ∗ ( Y ) = { ∅ , V , { x } , { x , y } } .


  f


  N  β ∗ g α


  U


  N  β ∗ g α


   T 0


  V


  N  β ∗ g α


   T 0


   ( U , τ )


  N  β ∗ g α


   T 1


  N  β ∗ g α


   T 0


   ( U , τ )


  N  β ∗ g α


   T 1


  x , y ∈ U


  ∃ N  β ∗ g α


  G


  H


  x ∈ G ,    y ∉ G , y ∈ H ,    x ∉ H .


  N  β ∗ g α


  x


  y


  N  β ∗ g α


   T 0


  N  β ∗ g α


   T 1


  N  β ∗ g α


   T 0


  U = { a , b , c } , τ = { ∅ , { a } , { a , b } , U } ,


  N  β ∗ g α O ( U ) = τ .


   ( U , τ )


  N  β ∗ g α


   T 0


  N  β ∗ g α


   { a }


  a


  b


  b


  c


   ( U , τ )


  N  β ∗ g α


   T 1


  N  β ∗ g α


  b


  a


   ( U , τ )


  N  β ∗ g α


   T 0


  N  β ∗ g α


   T 1


   ( U , τ )


  N  β ∗ g α


   T 1


  ⇔


   { x } ⊆ U


  N  β ∗ g α


  ⇒


  U


  N  β ∗ g α


   T 1


  x ∈ U


  y ≠ x


  ∃


  N  β ∗ g α


   G y


  y ∈  G y


  x ∉  G y


  U ∖  { x } =   ⋃  y ≠ x   G y


  N  β ∗ g α


  N  β ∗ g α


  U ∖  { x }


  N  β ∗ g α


   { x } N  β ∗ g α


  ⇐


  U


  N  β ∗ g α


  x , y ∈ U


  U ∖  { x }


  U ∖  { y }


  N  β ∗ g α


  U


  N  β ∗ g α


   T 1


   ( U , τ )


  N  β ∗ g α


   T 1


  N  β ∗ g α


  ⇒


   ( U , τ )


  N  β ∗ g α


   T 1


  N  β ∗ g α


  F =  {  x 1 ,  x 2 , … ,  x n }


  U


  F


    ⋃  i = 1 n   {  x i }


  N  β ∗ g α


  F


  N  β ∗ g α


  ⇐


  U


  N  β ∗ g α


   { x }


  N  β ∗ g α


   ( U , τ )


  N  β ∗ g α


   T 1


   ( U , τ )


  N  β ∗ g α


   T 1


  σ


  U


  τ


  σ ⊆ τ


  σ =  { ∅ } ∪  { U ∖ F ∣ F ⊆ U  and  F  is finite }


  ⇒


   ( U , τ )


  N  β ∗ g α


   T 1


  U


  N  β ∗ g α


  G ∈ σ


  G = ∅


  τ


  G = U ∖ F


  F ⊆ U


  F


  N  β ∗ g α


  G


  N  β ∗ g α


  τ


  σ ⊆ τ


  ⇐


  σ ⊆ τ


  F ⊆ U


  U ∖ F


  σ


  τ


  U ∖ F


  N  β ∗ g α


  F


  N  β ∗ g α


  N  β ∗ g α


   ( U , τ )


  N  β ∗ g α


   T 1


  U =  { a , b , c , d }


  τ =  { ∅ ,  { a , b , c } ,  { a , b , d } ,  { a , c , d } ,  { b , c , d } , U }


  σ =  { ∅ , U ,  { a , b , c } ,  { a , b , d } ,  { a , c , d } ,  { b , c , d } }


  σ ⊆ τ


   { a } ,  { b } ,  { c } ,  { d }


  N  β ∗ g α


   ( U , τ )


  N  β ∗ g α


   T 1


   ( U , τ )


  N  β ∗ g α


   T 1


  x ∈ U


  N  β ∗ g α


   { x }


   ⋂   { N ∣ N  is an  N  β ∗ g α -neighbourhood of  x } =  { x }


  ⇒


   ( U , τ )


  N  β ∗ g α


   T 1


  x ∈ U


  x


  x


   { x } ⊆  ⋂   { N ∣ N  is an  N  β ∗ g α -neighbourhood of  x }


  y ≠ x


   T 1


  N  β ∗ g α


  x


  y


  y


  x


   { x }


  ⇐


  x ∈ U


   { x }


  x , y ∈ U


  y ∉  { x }


  N  β ∗ g α


  x


  y


  x


  y


  N  β ∗ g α


   ( U , τ )


  N  β ∗ g α


   T 1


  U =  { a , b , c }


  τ =  { ∅ ,  { a , b } ,  { a , c } ,  { b , c } , U }


  N  β ∗ g α


  τ


  N  β ∗ g α


  a


   { a , b } ∩  { a , c } ∩ U =  { a }


  b


   { a , b } ∩  { b , c } ∩ U =  { b }


  c


   { a , c } ∩  { b , c } ∩ U =  { c }


  x ∈ U


   { x }


   ( U , τ )


  N  β ∗ g α


   T 1


   ( U , τ )


  N  β ∗ g α


   T 1


  A ⊆ U


  x ∈ U


  N  β ∗ g α


  A


  N  β ∗ g α


  x


  A


  ⇒


  x


  N  β ∗ g α


  A


  N


  N ∩ A =  {  a 1 ,  a 2 , … ,  a n }


  U


   T 1


  N  β ∗ g α


  F =  {  a 1 , … ,  a n }


  U ∖ F


  x ∉ F


  x ∈ U ∖ F


  G = N ∩  ( U ∖ F )


  x


  G ∩  ( A ∖  { x } ) = ∅


  x


  x


  A


  ⇐


  N  β ∗ g α


  x


  A


  N


  x


  N ∩ A


  N ∩  ( A ∖  { x } ) ≠ ∅


  N  β ∗ g α


  U = ℕ =  { 1 , 2 , 3 , … }


  τ =  { ∅ } ∪  { U ∖ F ∣ F ⊆ U  is finite }


   ( U , τ )


  N  β ∗ g α


   T 1


  A =  { 2 , 4 , 6 , … }


  x = 1


  1


  A


  1


  A


  1


  N  β ∗ g α


  A


  U


  A


  N  β ∗ g α -  T 1


   ( U , τ )


  U


  N  β ∗ g α


  F ⊆ U


  x ∈ U


  F


  x


  F


  F


  F


   ( U , τ )


  N  β ∗ g α


   T 1


  A ⊆ U


   ( A ,  τ A )


  N  β ∗ g α


   T 1


  x , y ∈ A


  x ≠ y


  A ⊆ U


  x


  y


  U


  U


  N  β ∗ g α


   T 1


  N  β ∗ g α


  G , H ⊆ U


  x ∈ G


  y ∉ G


  y ∈ H


  x ∉ H


   G A = G ∩ A


   H A = H ∩ A


  A


  x ∈  G A


  y ∉  G A


  y ∈  H A


  x ∉  H A


  A


   ( A ,  τ A )


  N  β ∗ g α


   T 1


  f :  ( U , τ ) →  ( V , σ )


  N  β ∗ g α


  N  β ∗ g α


   T 1


  U


  V


   ( V , σ )


  N  β ∗ g α


   T 1


  x , y ∈ V


  x ≠ y


  f


  a , b ∈ U


  f  ( a ) = x


  f  ( b ) = y


  U


  N  β ∗ g α


   T 1


  G , H ⊆ U


  a ∈ G , b ∉ G


  b ∈ H , a ∉ H


  f


  f  ( G )


  f  ( H )


  N  β ∗ g α


  V


  x = f  ( a ) ∈ f  ( G )


  y = f  ( b ) ∉ f  ( G )


  y ∈ f  ( H )


  x ∉ f  ( H )


   ( V , σ )


   T 1


  𝐍   𝛃 ∗ 𝐠 𝛂 -   𝐓  𝟐


  N  β ∗ g α -  T 2


  N  β ∗ g α -  T 1


  x , y


  N  β ∗ g α -  T 2


  U


  N  β ∗ g α -open


  G , H


  x


  y


  G ∩ H = ∅


  x ∈ G ∖ H


  y ∈ H ∖ G


  N  β ∗ g α -  T 1


  N  β ∗ g α -  T 2


   ( U , τ )


  N  β ∗ g α -  T 2


  U


  A ⊆ U


  N  β ∗ g α -closed


  U ∖ A


  N  β ∗ g α -closed


  A


  N  β ∗ g α -open


  τ


  𝒫  ( U )


  N  β ∗ g α -  T 2


  N  β ∗ g α -  T 2


   ( U , τ )


  N  β ∗ g α -  T 2


   ( A ,  τ A )


  A ⊆ U


  x , y ∈ A


  U


  N  β ∗ g α -open


  G , H ⊆ U


  x


  y


   G A = G ∩ A


   H A = H ∩ A


  N  β ∗ g α -open


  A


  x ∈  G A


  y ∈  H A


   G A ∩  H A =  ( G ∩ H ) ∩ A = ∅ ∩ A = ∅


  x


  y


   ( A ,  τ A )


  N  β ∗ g α -  T 2


  N  β ∗ g α -  T 2


  N  β ∗ g α -open


  f :  ( U , τ ) →  ( V , σ )


  N  β ∗ g α -open


  U


  N  β ∗ g α -  T 2


  x , y ∈ V


  a , b ∈ U


  f


  U


  N  β ∗ g α -  T 2


  N  β ∗ g α -open


  G , H ⊆ U


  a


  b


  f  ( G )


  f  ( H )


  N  β ∗ g α -open


  V


  f


  f


  x ∈ f  ( G )


  y ∈ f  ( H )


  V


  N  β ∗ g α -  T 2


  f , g :  ( U , τ ) →  ( V , σ )


  N  β ∗ g α


   ( V , σ )


  N  β ∗ g α -  T 2


  F =  { x ∈ U ∣ f  ( x ) = g  ( x ) }


  N  β ∗ g α


  U


  x ∉ F


  f  ( x ) ≠ g  ( x )


  V


  N  β ∗ g α -  T 2


  N  β ∗ g α


  G , H ⊆ V


  f  ( x ) ∈ G


  g  ( x ) ∈ H


  N  β ∗ g α


  W =  f  − 1  ( G ) ∩  g  − 1  ( H )


  N  β ∗ g α


  x


  y ∈ W


  f  ( y ) ∈ G


  g  ( y ) ∈ H


  G ∩ H = ∅


  f  ( y ) ≠ g  ( y )


  W ⊆ U ∖ F


  F


  N  β ∗ g α


  U ∖ F


  U ∖ F


  N  β ∗ g α


  F


  N  β ∗ g α


  𝐍   𝛃 ∗ 𝐠 𝛂


  N  β ∗ g α


  N  β ∗ g α


  N  β ∗ g α


  N  β ∗ g α -  T 0


  N  β ∗ g α -  T 1


  N  β ∗ g α -  T 2


  N  β ∗ g α


  N  β ∗ g α


  N  β ∗ g α

