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Abstract

The prediction of structural reliability in uncertain operational conditions is still a mathematically difficult task
because of the presence of stochastic loading, variation of materials, and insufficiently known probabilities. In
this paper, a new approach based on the theory of stochastic modeling, minimax optimization, and variational
analysis is used to provide a robust prediction of structural reliability. A minimax estimation problem is
formulated using a saddle point approach where the optimal estimator finds the minimum of the maximum
expected loss over the class of possible distributions. A variational inequality approach is used to derive a
reliable structural reliability estimator, whereas existence, uniqueness, and convergence properties of this
solution are established using the theory. A steel beam structural system is chosen for numerical demonstration
using a Gaussian uncertainty model for loading and random variation of material parameters in 10,000
simulations. Improved results of the structural reliability estimator using the proposed framework are
demonstrated, with a mean square error of 0.0064, worst case risk of 0.034, and reliability accuracy of 97.8%.
Additionally, the suggested model has a robustness index of 95.9% with a distribution shift error of 0.0126,
thus exhibiting improved performance in terms of dealing with uncertainties. According to the convergence
analysis, it is stable in optimizing the problem as its objective function decreased from 0.084 to 0.011 after 50
iterations. The suggested probabilistic minimax formulation has provided a mathematically sound methodology
to predict uncertainty-resilient structural reliability.

Keywords: Probabilistic minimax estimation, structural reliability, uncertainty quantification, variational
inequality, saddle-point optimization, robust estimation, stochastic modeling.

1. Introduction

Reliability analysis of structures is essential in determining the safe operation of engineering systems under
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uncertain conditions. Actual structures like bridges, machine parts, and aerospace systems are subjected to
varying influences due to random loading, deterioration of materials, errors in manufacturing, and changing
environmental conditions (Rahman & Begum, 2024). All these factors have an important impact on the behavior
of the structures and make reliability analysis mathematically difficult. Probabilistic and computational methods
of reliability analysis of structures have been considered in recent studies (Kumar et al., 2024; Zhang et al., 2023).
Advanced reliability analysis procedures using importance sampling and surrogate modeling have been studied
to enhance the accuracy of estimating small failure probabilities in structural models (Echard et al., 2013).
Conventional reliability analysis procedures usually use probability distributions of uncertain quantities, which
are unable to account for uncertainties due to incomplete information and distributional uncertainty.

There are several approaches based on estimation and optimization that have been proposed for uncertainty
consideration in reliability analysis. The Bayesian estimation procedure is one such approach, providing an
efficient way to model uncertainties; however, its efficiency strongly depends on the choice of the initial
information and correct probabilistic assumptions. In addition, Monte Carlo-based procedures ensure the
reliability of the failure probability estimation, but they require considerable computational efforts, especially for
complex structural systems with multiple uncertain parameters. Stochastic differential equations-based reliability
models have been considered to model the dynamics of the propagation of uncertainties in engineering
mission-critical systems; nonetheless, such approaches require stochastic characterization of system behavior
(Veerappan & Arvinth, 2025). Uncertainty consideration in structural integrity assessment has also drawn
attention to the necessity of correct uncertainty modeling to avoid failure of engineering systems (Ikechukwu et
al., 2019).

To solve these shortcomings, reliable mathematical techniques utilizing the minimax estimation and optimization
theories have become a subject of great interest. The minimax estimation techniques allow solving worst-case
uncertainty conditions and finding an optimal solution through minimizing estimation risks (Qu et al., 2010;
Kogan, 2014). Linear minimax estimation techniques have been developed to address uncertain random vectors
that have parametric uncertainties, which show improvements in robust estimation (Bitar et al., 2010). Likewise,
minimax optimization techniques can be utilized to deal with uncertainty ranges and risk sensitivity in various
optimization and engineering applications (Fredriksson et al., 2011; Polak et al., 2010). In addition, the
probabilistic minimax and scenario-based optimization techniques can also be utilized to address uncertain
distributions and worst-case performance (Sun et al., 2015; Natarajan et al., 2014; Care et al., 2015). Further
research into the minimax estimation theory has shown robust estimation under various moment conditions and
uncertainty of statistical models (Dikkala et al., 2020).

Despite their importance in addressing uncertainties, existing reliability estimation methods only consider the
minimization of average estimation error and do not incorporate a mathematical method to manage worst-case
uncertainties in reliability estimation. Hence, this paper introduces the probabilistic minimax estimation approach
where the structure parameters are considered to be random variables and the reliability prediction is defined in
terms of a minimax optimization problem involving a trade-off between the estimation accuracy and robustness
against uncertainties. The minimax principle gives a powerful tool for finding such an estimator which will
minimize the maximum expected loss from an admissible set of probability distributions.

The main purpose of this paper is the development of a probabilistic minimax estimation framework for structural
reliability prediction that involves the use of stochastic modeling, minimax optimization, and variational analysis
tools. This framework is defined as the reformulation of the reliability estimation problem in terms of a saddle
point problem. The main achievements of the current research can be summarized as follows: (i) formulation of
the probabilistic minimax reliability estimation model with consideration of worst-case distributional uncertainty,
(i1) development of the optimization approach based on operators for solving the minimax problem and finding
the optimal estimator, and (iii) investigation of the existence, uniqueness, and convergence properties of the
developed minimax solution. The structural reliability example illustrates the possibility of using the developed
mathematical approach for obtaining reliable reliability predictions.

Structure of the paper: Section II contains the mathematical background, Section III contains the probabilistic
minimax problem formulation, Section IV describes the variational analysis, Section V covers the theoretical
properties, Section VI gives the numerical verification, Section VII contains the results and discussion, and
Section VIII concludes the work.

2. Mathematical preliminaries

The probabilistic minimax estimation method presented in this research work has been formulated based on some
basic principles of probability theory, structural reliability theory, and minimax decision-making theory. This
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section deals with the basic definitions needed for formulating the reliability prediction of structures in terms of
uncertain probabilities. Uncertain structural parameters have been modeled in terms of random variables that are
defined in some appropriate probability space. The reliability estimation problem is formulated as an optimization
problem.

2.1. Probability space and random variables

Unknowable structural parameters are considered random variables that have admissible probability
distributions.

X(w):Q > R" (1)

Where equation (1) denotes stochastic state of structural system by X(w) and dimension of uncertain parameters
is denoted by n. The probability distribution of X controls the randomness in structural response and affects the
reliability assessment process directly. In view of ambiguity in practical engineering systems related to
probabilistic data, the model under consideration utilizes admissible probability distribution class instead of fixed
distribution.

2.2. Reliability function definition

Reliability of structures is developed using the relation between structural resistance and loads. Assume the
performance function of the structure is written as:

GX) = RX) = SX) 2

Equation (2) where R (X) is the resistance of the structure, and S(X) is the load effect. The performance function
gives the safety status of the structural system; where if the performance function is positive, then the structure
is in safe operation, and otherwise, the structure has failed.

2.3. Minimax estimation theory

In the proposed scheme, the reliability estimation problem is cast as a minimax estimation problem to achieve an
estimator that is optimal even under worst-case uncertainty conditions. Let Y be the available structural
information due to observations or system response. Then the reliability estimate is done via an estimator:

6=¢() )

In equation (3), where ¢ (+) is the estimation operator, and 8 is the estimated reliability parameter. The estimation
capability is then quantified with respect to a loss function in equation (4):

L(6,¢(V)) 4)

It defines the difference between the actual reliability parameter 6 and the estimation result. Regarding the
uncertainty in the probability distribution, the uncertainty set can be described as follows in equation (5):

P ={P,,P,,..,Pn} Q)

Where each P € P is the corresponding probability distribution of the uncertain structure. The optimal minimax
estimator can be calculated through solving equation (6):

¢* = argminsup Ep [L(6, (V)] (6)
¢ pep

where Ep[-] is the expectation of the loss under probability distribution P, the minimization operator gives the
minimum risk estimator, while the maximization operator takes into account the worst-case uncertainty situation.
This gives a robust mathematical framework for the prediction of structural reliability because of the stability of
the estimator under unknown uncertainty distributions.

3. Probabilistic minimax reliability formulation

Prediction of structural reliability in the presence of uncertain loading requires a mathematical model that can
account for both stochasticity and the lack of information regarding the distribution of uncertainty. The
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conventional methods of probabilistic reliability typically rely on the assumption that the probability distribution
of the structural parameter is fully available. However, in reality, the presence of uncertainty with respect to
loadings, material behavior, and other factors might result in an ambiguous probability model. Thus, this paper
proposes to treat the reliability prediction problem as a probabilistic minimax estimation problem.

1. Structural Uncertainty Uncertain ( . .
Parameters: Material, Loads, Environment, {-------- Sources of Uncertainty in
[ Modeling Errors L Structural SyStems
i y (
i 2. Probabilistic Model Y = H(X) + € Mathematical Model of
; (Stochastic Structural Response) [~ Uncertain Response
i \
5 v - \
E 3. Reliability Measure Performance Function and
i R(X) = P(G(X) > 0) (Probability of Safety) Reliability Definition
: \_ J
Feedback for Model Updating ¢ ( - N )
and Refinement 4. Uncertainty Set PEP | ________. Amblgu%ty n Probablhty
(Set of Admissible Distributions) Distribution
\ J
¢ e N

5. Minimax Formulation
min, max, J (6,P)  p--------
J (@, P) Ep[(R-(Y))*]

Estimator Minimizes Worst- Case
Expected error

i N y
! 6. Variational Inequality ( )
E Find 7* = (0%, P*) such that ~ --------- Saddle Point _E.qulhbrlum
! " Condition
' (F(2), z-z") >0 L )
E ¢ ( N\
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oo 8. Optimal Reliability Estimator *(Y) | ________ Stable and Robust Reliability

(Robust Reliability Prediction) Estimation

|

Figure 1: Conceptual framework of the probabilistic minimax reliability estimation model.

Figure 1 provides a description of the suggested probabilistic minimax reliability estimation method. The method
commences from the initial uncertain structural parameter and probabilistic representation, through reliability
representation and uncertainty distribution representation, to finally reach the optimal reliability estimator
through minimax optimization, variational inequality analysis, proof of validity, and projections.

3.1. Structural uncertainty model
The random nature of the structural behavior is modelled using a stochastic response function.
Y=HX)+¢ (7

From equation (7), where X € R™ is the uncertain structural parameter vector, H(X) is the structural response
mapping, Y is the observed structural response, and ¢ is the error due to measurements and modeling. The
randomness of the structural parameters is not confined to only one probability distribution but to a family of
admissible probability distributions formulated as follows:

Py e P ®)

From equation (8), where P is the set of all probability distributions modeling the structural uncertainty. This
probabilistic formulation facilitates the proposed methodology for modeling the uncertainties in the structural
parameters without the need to have specific knowledge about their statistical properties.
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3.2. Reliability estimation operator

The structural reliability will depend on the ability of the structure to fulfill the safety requirements. From the
limit state definition as given above, the reliability requirement can be defined as:

R(X) = P(G(X) > 0) ©

From equation (9), where G (X) denotes the structural performance function. The reliability operator represents
the probability of keeping the structural system in the safe region under uncertainty conditions.

As it is impossible to know the exact probability distribution of X, calculation of R(X) becomes difficult. Thus,
a reliability estimation operator is defined as:

R =) (10)

From equation (10), ¢(-) stands for the mapping function estimating the structural reliability index based on the
observed structural data. The goal here is to find an estimator which gives reliable prediction of the reliability
measure while being robust to uncertain probability distributions.

3.3. Probabilistic minimax optimization model

For attaining robustness regarding unknown probability distributions, the reliability estimation problem is
formulated based on the minimax optimization approach. The optimal reliability estimator can be found through
the minimization of the maximum expected estimation error with respect to the uncertainty class of probability
distributions as follows

P = argrr(lgn rglea?))(Ep [(R(X) - ¢(Y))2] (11)

In equation (11), Ep[+] is the expectation operator with respect to the probability distribution P. The inner
maximization finds out the worst probability distribution resulting in the maximum estimation uncertainty,
whereas the outer minimization finds out the reliability estimator with minimum risk.

The minimax risk functional can be stated as equation (12):

J($,P) = Ex |[(RCO = 6 ()] (12)

With the help of this risk functional, the reliability estimate problem can be formulated as a saddle-point
optimization problem as shown in equation (13):

md)in r;lgj))(]@, P) (13)

The saddle point formulation gives a mathematical framework for the interplay of the reliability estimator and
the uncertain probability distribution. The reliability estimator aims to minimize the error in the reliability
estimate while the uncertain probability distribution stands for the most adverse scenario in terms of estimation
accuracy.

The minimax reliability approach proposed in this study forms a basis for predicting the reliability of structures
under uncertainty using stochastic and minimax techniques. In contrast to traditional reliability approaches based
on fixed probability assumptions, the current formulation takes all the possible uncertainties in the probability
space into account and develops an estimator with better stability. This will be studied theoretically through
variational optimization techniques in the next section.

4. Variational analysis of the minimax estimation framework

The minimax reliability approach presented here is studied using variational optimization theory. First, the
minimax problem is converted into a saddle point problem in order to develop equilibrium equations and an
iteration algorithm to find the optimal reliability estimator under uncertain probability distributions.

4.1. Saddle point formulation

The reliability estimation problem is expressed as:
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¢* = argminmax)(9, P) (14)

In equation (14)

Where J (¢, P) represents the expected estimation risk under uncertainty distribution P.

The minimax reliability estimation problem is formulated as a saddle point optimization problem where the
estimator ¢ is the solution to minimize the maximum risk resulting from the worst-case uncertainty distribution
P.

4.2. Variational inequality representation

F(x)T(y—x) =0, VyeXx (15)

In equation (15) where x* is the optimal minimax reliability estimator and F(:) is the variational operator
corresponding to it.

This equilibrium point is converted into a variational inequality problem, wherein the optimal point satisfies the
equilibrium criterion on the feasible set X

4.3. Projection-based solution method
The minimax solution is computed using a projection-based iterative scheme:

Zr+1 = HQ(Zk - aF(Zk)) (16)
In equation (16)

Where I, is the projection operator on the feasible set, and a stands for the step size. This iterative approach
forms the foundation of the convergence study of the introduced probabilistic minimax reliability estimator.

5. Theoretical analysis of the proposed framework

Probabilistic Minimax Reliability Theory is mathematically considered in order to prove the existence and
uniqueness of the optimal estimator. The mathematical consideration relies on the continuity, convexity, and
monotonicity of the risk function and its corresponding variational operator.

5.1. Existence of minimax solution

Suppose the feasible space of estimators and the space of distributions of uncertainty are nonempty, compact,
and convex. If the risk function (¢, P) is continuous in both arguments, then there exists a minimax equilibrium
solution.

Theorem 1:
There exists an optimal pair (¢, P*) satisfying:

(¢*,P") € arg mqgn max / (¢, P)

Proof:

The feasible sets are compact and convex, while J(¢, P)is continuous; thus, the minimax optimization problem
meets the necessary requirements for the existence of the saddle-point solution.
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5.2. Uniqueness of reliability estimator

The uniqueness of the optimal estimator is ensured by the strongly convex structure of the risk functional in terms
of the estimator parameter.

The operator F (z) satisfies strong monotonicity by equation (17)

(F(21) = F(22), 21 — 23) 2 ul|2, — 7,]|? (17)
Where p > 0 represents the monotonicity constant.
Theorem 2:
If the operator F (2) is strongly monotone, the minimax reliability estimator z* is unique.
Proof:

Strong monotonicity guarantees that there does not exist multiple equilibrium points. This means that the
variational inequality has one and only one solution which is the minimax estimator.

5.3. Convergence analysis

The iterative procedure is investigated via the property of the contraction of the operator mapping. The iteration
step is formulated as equation (18):

Zr+1 = HQ(Zk - aF(Zk)) (18)
The step size satisfies:

0<a<? (19)
In equation (19)
Where L represents the Lipschitz constant of F(z).

This theoretical investigation proves that the above suggested minimax approach for structural reliability analysis
based on probability distribution uncertainty yields a stable and convergent solution.

6. Numerical simulation and structural reliability application

The probabilistic minimax estimation technique is applied to a numerical structural reliability problem. This
section does not involve the development of any engineering model, but rather it focuses on verifying the
usefulness of the proposed mathematical model in the presence of uncertain probabilities.

6.1. Simulation setup

In the analysis, a steel beam structural system is considered as the validation example where uncertainty occurs
due to randomness of loadings, random variability of materials, and measurement errors. The uncertain structural
parameters are described in terms of random variables, and the safety condition is checked using the limit-state
function. The safety condition is determined using the limit state function as described in Eq. (2), and the
corresponding structural reliability probability is found using Eq. (9). Steel beam structural system is used in this
case to validate the proposed probabilistic minimax reliability method. In the problem setup, there is uncertainty
in loading, random variability of material properties, and 10,000 sample simulations. The safety condition is
determined using the limit-state function, where the structure is said to be safe if (G(X)>0).

These uncertainties are tested using the proposed minimax estimation technique and comparing the robustness of
the proposed minimax technique with other reliability estimation techniques.

6.2. Comparative reliability estimation methods

The proposed probabilistic minimax estimator reliability is examined by comparing the reliability estimator
performance with other reliability estimators.



123

Monte Carlo reliability estimation

The Monte Carlo method evaluates reliability based on sampling the probability distribution of the random
variables:

1
P~ IR 1(G(X) > 0) (20)
In equation (20), I(-) represents the indicator function.

Bayesian reliability estimation

Bayesian estimation involves the use of prior knowledge and observations of the structural system for estimating
the uncertain reliability parameters. However, its effectiveness is contingent upon the prior distribution choice.

Polynomial Chaos Expansion (PCE)

Polynomial chaos expansion relies on orthogonal polynomial functions for approximation of the uncertain
structural response as well as estimation of the reliability response by means of stochastic expansion.

Proposed probabilistic minimax estimator

The suggested procedure determines the reliability by solving the minimax optimization problem in equation
(21):

¢ = arg rr(lgn rglea?))(Ep [(R(X) - ¢(Y))2] (21)

This metric takes into account the worst-case probability distribution, providing robustness with respect to
uncertainty and ambiguity.

6.3. Evaluation Metrics
Performance of the methods used in reliability estimation is assessed by means of error and robustness metrics.

Mean squared estimation error

MSE = L3I, (R; — R;)” (22)
In equation (22), R; and R; represent estimated and reference reliability values.
Worst-case risk

WCR = max Ep [L(R, ¢(M)] (23)

Maximum estimation risk for the case of uncertain probability distribution can be calculated by the equation (23).
Reliability accuracy

RA=1-|P - B (24)
This is shown in equation (24) where P. is the true probability reliability and P.is the estimation reliability.
Convergence error

Ex = ||zx — 27| (25)
This is illustrated in equation (25) where z,is the iterative minimax solution and z*is the optimal equilibrium.
These measures give a quantitative measure of the estimation error, uncertainty robustness, and convergence

stability. The framework designed is expected to exhibit lower estimation errors and reduced worst-case risks
due to its minimax optimization technique.
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7. Results and discussion

Performance analysis of the probabilistic minimax estimation scheme is carried out in the context of reliability
estimation accuracy, robustness to uncertainty in probability distribution functions, and convergence analysis.
The obtained numerical results show the possibility of using the developed method for minimization of the worst-
case estimation risk and reliable predictions of structural reliability.

7.1. Reliability estimation performance
The performance of reliability estimation for the developed framework is compared against traditional methods
such as Monte Carlo Reliability Estimation, Bayesian Reliability Estimation, and Polynomial Chaos Expansion.

The comparison is done through mean square error estimation (MSE), reliability accuracy (RA), and worst-case
risk (WCR).

Table 1: Comparative reliability estimation performance.

Method MSE | | WCR | | Reliability Accuracy (%) 1
Monte Carlo Estimation 0.0185 | 0.092 91.4
Bayesian Reliability Estimation 0.0142 | 0.076 93.1
Polynomial Chaos Expansion 0.0108 | 0.061 94.6
Proposed Probabilistic Minimax Estimator | 0.0064 | 0.034 97.8

As indicated in table 1, the newly introduced probabilistic minimax estimator provides the minimum value of
MSE equal to 0.0064 and worst-case risk equal to 0.034, as well as maximum reliability accuracy equal to 97.8%.
In contrast, the reliability accuracies obtained through the methods of Monte Carlo, Bayesian, and Polynomial
Chaos Expansion are 91.4%, 93.1%, and 94.6%, respectively. The improved results are achieved due to the fact
that the newly introduced approach optimizes the maximum expected loss across the uncertainty distribution
family instead of considering only one probability distribution.

Comparison of Reliability Estimation Performance

Bl Mean Squared Error (MSE)
BN Worst-Case Risk (WCR)

012

0.10

0.092

0.08 A

0.06
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0.04
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Monte Carlo Bayesian Polynomial Chaos Proposed Minimax
Estimation Estimation Expansion Estimator

Estimation Methods

Figure 2: Comparison of reliability estimation performance using MSE and worst-case risk.

Figure 2 illustrates the reliability estimation efficiency of various approaches based on MSE and Worst-Case
Risk (WCR) measures. The novel minimax-based probability approach yields the lowest MSE measure of 0.0064
and the WCR measure of 0.034 compared to Monte Carlo (0.0185, 0.092), Bayesian (0.0142, 0.076), and
Polynomial Chaos Expansion (0.0108, 0.061) approaches.

7.2. Worst-case robustness analysis

Robustness analysis is conducted using variations of the structural parameters in the distribution. Traditional
reliability techniques exhibit reduced performance when there is a discrepancy between the real distribution and
its assumed form. The proposed minimax estimation technique assumes an admissible set of probability
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distributions and seeks the best estimator under the worst distribution assumption.

As can be seen in table 2, the newly proposed estimator of probabilistic minimax has a maximum robustness
index 0f 95.9%, which corresponds to the minimum distribution shift error of 0.0126, when compared to the other
methods, such as Monte Carlo estimation (82.6%, 0.0412), Bayesian estimation (85.4%, 0.0358), and Polynomial
Chaos Expansion (88.7%, 0.0284). It is evident that the proposed framework is effective in mitigating the effects
of probability distribution mismatching. Through the use of the worst-case probability measure, it maintains its
stability in reliability prediction performance.

Table 2: Robustness evaluation under distribution uncertainty.

Nominal Distribution Distribution Shift Robustness Index
Method
Error Error (%)
Monte Carlo Estimation 0.0185 0.0412 82.6
Bayesian Estimation 0.0142 0.0358 85.4
Polynomial Chaos 0.0108 0.0284 88.7
Expansion
Proposed Minimax 0.0064 0.0126 95.9
Estimator

7.3. Convergence behavior analysis

Convergence performance of the proposed projection-based solution can be examined by employing the
equilibrium error.

The iterative solution reveals that the objective function decreases monotonically and asymptotically converges
to the saddle point equilibrium.

Convergence Behaviour of the Probabilistic Minimax Estimator
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Figure 3: Convergence behavior of the probabilistic minimax estimator.
Convergence behavior of the proposed probabilistic minimax estimator based on the projection approach is

shown in figure 3 for 50 iterations. It can be seen that the objective function value reduces from 0.084 to 0.011
from iteration 10 to iteration 50, respectively, whereas the convergence error also reduces from 0.042 to 0.003.

7.4. Engineering interpretation

However, despite the fact that the suggested framework is essentially mathematical, the structural reliability
problem clearly shows the practical relevance of the proposed method. The minimax approach helps to enhance
the quality of probability estimation, decreasing the impact of the uncertainty of probability distributions. The
derived estimator gives a dependable structural safety evaluation in an uncertain environment.

The findings show that the probabilistic minimax methodology proposed by shows better ability to cope with
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uncertainties, converges stably, and evaluates the reliability compared to the conventional probabilistic approach.
The formulation of the mathematical problem provides a solid basis for making decisions in structures in an
uncertain environment.

7.5. Discussion

The presented probabilistic minimax estimation technique exhibited a higher level of performance in reliability
prediction for the uncertain structural cases. According to the comparison study conducted, the developed method
proved to be the one which provided the smallest MSE of 0.0064, the smallest WCR value of 0.034 and the
highest reliability accuracy of 97.8% as compared to Monte Carlo (0.0185, 0.092, 91.4%), Bayesian (0.0142,
0.076, 93.1%) and Polynomial Chaos Expansion (0.0108, 0.061, 94.6%). Robustness analysis provided additional
evidence of the robustness of the developed technique, which resulted in a robustness index of 95.9% with the
minimum value of distribution shift error equal to 0.0126. Thus, the obtained results confirm the efficiency of
the minimax approach based on risk optimization rather than probability. Moreover, the convergence analysis
further confirmed the stability of the optimization process, where the objective function has been decreased from
0.084 to 0.011 while the convergence error has decreased from 0.042 to 0.003 after 50 iterations. It is concluded
that the framework suggested has an effective mathematical approach for assessing structural reliability with
inadequate uncertainty information. However, at this stage, the analysis is confined only to a numerical reliability
evaluation of steel beam structures and cannot reflect the real-world complexities related to dynamic structures
and large-scale systems.

8. Conclusion

The prediction of structural reliability considering uncertain loads, uncertainties in material parameters, and
incomplete probability information is still a difficult mathematical problem since traditional reliability prediction
models tend to be based on specific distributions and might fail to tackle extreme uncertainty scenarios. To solve
the problem of predicting structural reliability under uncertain conditions, this study presents a new minimax
estimation model in the framework of probabilistic optimization and converts the problem of reliability prediction
into a robust optimization problem. Stochastic modeling, minimax estimation, variational inequality formulation,
and a projection-based optimization method are combined to formulate a reliability prediction model under
uncertain conditions. Numerical examples show that the new method is effective and has the best performance
with MSE value of 0.0064, worst-case risk of 0.034, and reliability accuracy of 97.8% among all other methods
such as Monte Carlo, Bayesian, and Polynomial Chaos Expansion (Monte Carlo MSE: 0.0185, WCR: 0.092,
Accuracy: 91.4%; Bayesian 0.0142, 0.076, 93.1%; Polynomial Chaos Expansion 0.0108, 0.061, 94.6%). From
the convergence analysis, stability in the optimization process was confirmed by the reduction in objective from
0.084 t0 0.011 for 50 iterations. The main implication derived from the study is that the use of minimax approach
to reliability evaluation ensures a mathematically solid solution for cases when probability distributions are not
well understood. This approach enhances reliability prediction stability, minimizes worst-case reliability
estimation errors, and lays a foundation for future developments.
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