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Abstract 

Chemical process optimization frequently requires design and operational choices guided by mathematical 

models that are continuous and everywhere non-differentiable. The non-smoothness may come from either 

absolute-value penalty terms, changes in the operation regime, limits due to saturation, maxima and minima 

functions, phase-selection rules, or the piecewise representation of the process. Classic gradient-based 

optimization methods break down in the case where the functions that define process performance and 

constraints contain kinks or regime-dependent derivatives. The present paper develops a non-smooth 

variational model of chemical process optimization employing generalized sub-differentials and variational 

inequalities. The decision-making problem of the process is formulated in a compact convex feasible set, 

while the objective function describing process performance is taken to be Lipschitz continuous with 

nonsmooth penalty terms. The first-order necessary conditions of optimality are derived using Clarke's 

generalized derivative and the optimization problem is formulated as a variational inequality involving the 

generalized derivative and the normal cone of the feasible region. Under continuity assumptions, local 

Lipschitz continuity, convexity of the feasible region and pseudomonotonicity of the associated generalized 

mapping, the existence of optimality results is shown. Also, the computational complexity is evaluated with 

regards to the number of process variables, active constraints and nonsmooth evaluations. Experimental 

investigations are performed on a typical problem of chemical process optimization, where different states of 

operation are examined with respect to reaction temperature, residence time, feed rate and intensity of 

separation. The framework presented achieves values of 0.184, 0.219, and 0.287 in the testing cases while 

satisfying the restrictions on yield for the product. Comparative analysis with various approaches, including 

smooth projected gradient, standard penalty for optimization, and derivative-free search, shows the 

effectiveness of the combined application of generalized first-order information. The results provide 

mathematic basis for the framework of optimizing the systems in case of multi-mode processes, which cannot 

be reasonably described by globally-smooth functions. 
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1. Introduction 

Optimization is one of the crucial elements of process systems engineering since many aspects of optimal 

design and operation of chemical processes must be balanced, including economic performance, material 

consumption, energy use, product quality, safety conditions, and equipment limitations. The latest trends in 

process systems engineering have shown an increasing inclination toward implementing optimization 

techniques designed to solve nonlinear optimization problems and considering uncertainties as well as the 

integration of design and operation in complex decision-making (Pistikopoulos et al., 2021). At the same time, 

the area of chemical process optimization has evolved from conventional mathematical optimization 

approaches to the hybrid methods that integrate data and modeling of processes, thus demonstrating that 

feasibility and optimization cannot be separated (Reis & Saraiva, 2022; Sindhu & Poornimadarshini, 2025). 

While several process models are developed based on continuous physical relationships, real-world 

optimization models tend to have non-smooth parts. Deviation terms, maximum and minimum operators, 

penalties due to switches, operating-region transitions, saturation functions, as well as complementarity 

constraints and piecewise representation of a process can create certain points where conventional gradient 

cannot be determined (Gebken, 2024). Recent advances of algorithms of numerical optimization of non-smooth 

functions enabled the use of some unified techniques, which are based on use of generalized derivatives, bundle 

methods, use of subgradient information, and first-order variational descriptions and definitions. Such 

approaches can be used when it is impossible to convert an optimization model into a globally smooth form, 

while keeping its essential characteristics. 

Mathematically, smooth and non-smooth optimization can be distinguished quite clearly. In the case of 

differentiable objectives, in order to define a first-order stationary point, vanishing of the gradient can be used 

along with standard constraint qualifications. However, in the case of a locally Lipschitz function the classical 

gradient may not exist at the boundaries of the regime. Generalized derivatives instead of ordinary ones come 

into play and thus first order information can be represented as a set. The recent developments in non-smooth 

optimization suggest advanced results regarding the convergence of subgradient, bundle, gradient sample and 

proximal methods in convex, non-convex, and weakly semismooth environments (Han & Lewis, 2023; Huang 

et al., 2023; Shen et al., 2024). 

Variational inequalities are used as an alternative representation of constrained optimization problems from a 

mathematical point of view. In variational inequities, when a feasible point is being defined, its generalized 

first-order direction at this point is non-negative with respect to any feasible displacement instead of relying on 

the zero-gradient condition (Chang & Bai, 2021). Variational inequalities have seen a wide range of 

applications with regards to monotone operators, nested problems, constrained optimization, and first-order 

iterative algorithms (Alacaoglu et al., 2021; Lampariello et al., 2022). Among others, the projected and the 

forward reflected methods enable partial solutions for problems along with the possibility for straightforward 

convergence analysis in practice (Kaushik & Yousefian, 2021). 

The application of generalized gradients is very desirable for chemical process optimization due to the fact that 

a lot of engineering penalties can be naturally expressed by using mortgages in the form of point-wise 

maximum or absolute value (Soni & Saini, 2025; Abbood, 2022). For instance, deviation from the target 

temperature can be specified using an absolute value term. If 𝑟(𝑥)  denotes a process specification, the  

positive-part penalty is defined as equation (1):  

[𝑟(𝑥)]+ = {0, 𝑟(𝑥)}           (1) 

Is continuous but generally non-differentiable at 𝑟(𝑥) = 0. Thus, the direct use of classical gradient techniques 

can lead to either undefined or unstable derivative values right at the operational limit. Nonsmooth optimization 

techniques can be used effectively to capture this structure (Rodomanov & Nesterov, 2023; Díaz & Grimmer, 

2023; Bolte et al., 2023). 

The compute-based methods for the analysis of non-smooth chemical-process models are becoming equally 

important as well. Global and process optimization cases have shown that chemical process models can be 

nonconvex, experience issues with convergence and lack appropriate derivative information shedding light on 

the necessity to engage in hybrid and deterministic optimization measures (Pan et al., 2021; Ma et al., 2022; 
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Bardooli et al., 2022). Current research in the field of global process optimization has considered convex 

relaxation and nonsmooth structures based on Karush-Kuhn-Tucker theory which proved that generalized 

derivatives can be applied in process-centered mathematical optimization (Yuan & Khan, 2023). The process 

optimization cases that involve the utilization of data-driven models, surrogate approaches and other  

cutting-edge optimization tools point out the need to develop algorithms capable of functioning efficaciously 

even in terms of the non-global smoothness of the resulting process model (Jog et al., 2024). 

In spite of the advancements, there still exists a mathematical gap with regards to general nonsmooth 

optimization theory and a process-oriented version. The versions that are considered do incorporate aspects 

such as nonsmooth penalties, process constraints, gradients and convergence analysis resulting in a single 

coherent framework. On the contrary, most of the available works address such elements as computational 

performance, surrogate quality or the application of the particular specificities leading to the conclusion that the 

current project does not set out to describe a process-specific optimizer but intends to introduce a much clearer 

framework. 

As such, this study develops the non-smooth variational formulation for a constrained chemical-process 

optimization problem. The key mathematical aspects are Clarke generalized gradient, the normal cone of the 

convex feasible set, and the variational inequality related to the generalized first-order mapping. The proposed 

setting allows having absolute value and positive part terms in the process objective without using any 

smoothing. 

The main contributions of this study are as follows. 

• A non-smooth optimization model with local Lipschitz continuity for chemical process systems including 

penalties for deviations from target parameters and operational limits. 

• The constrained optimization problem is reformulated into a variational inequality involving Clarke’s 

generalized gradient and the normal cone of feasible processing area. 

• Existence and stationarity results are obtained based on assumptions of compactness, convexity, continuity 

of local Lipschitz type, and pseudomonotonicity. 

• An algorithm based on projected subgradient is developed for approximating solutions of the resulting non-

smooth variational inequality. 

• The convergence of the produced sequence is established, and computational effort is evaluated in terms of 

the dimension and number of evaluations of non-smooth function. 

• Numerical examples validate the operation of the proposed idea in the cases of normal operation, high 

penalty and restricted capacity. 

This paper has been organized as follows: Section II presents the mathematical formulation and proposed 

approach of non-smooth variational frameworks. The Section III includes the numerical experiments, 

comparison with other optimization techniques, sensitivity analysis, and engineering interpretation. Finally, 

Section IV concludes the research and suggests the possible research directions. 

2. Mathematical formulation and proposed non-smooth variational framework 

Consider a chemical process system in which the operating decision vector is represented as equation (2): 

𝑥 = (𝑥1, 𝑥2, … , 𝑥𝑛)𝑇 ∈ ℝ𝑛       (2) 

The elements of 𝑥 possibly indicate reaction temperature, residence time, feed flow rate, pressure, reflux ratio, 

the intensity of separation, utility distribution, and so on. The process-performance characteristics can be 

expressed as functions of 𝑥. 

Let the total process objective be expressed as equation (3): 

𝐹(𝑥) = 𝐹𝑠(𝑥) + 𝐹𝑛𝑠(𝑥)        (3) 

Where 𝐹𝑠 represents the continuously differentiable component and 𝐹𝑛𝑠 represents the non-smooth component.  

The smooth element includes energy consumption, the cost of the materials needed, utility usages, and process 

costs. The non-smooth element introduces target deviations and regime-dependent costs. It is expressed as 



324 

 

equation (4): 

𝐹𝑛𝑠(𝑥) = ∑ 𝛼𝑖

𝑝

𝑖=1

|𝑟𝑖(𝑥)| + ∑ 𝛽𝑗

𝑞

𝑗=1

[𝑠𝑗(𝑥)]
+

        (4) 

Where 𝛼𝑖 , 𝛽𝑗 ≥ 0, 𝑟𝑖(𝑥) denotes a process target deviation, and 𝑠𝑗(𝑥) denotes a process-limit violation.  

The positive-part operator is given as equation (5): 

[𝑧]+ = max{0, 𝑧}         (5) 

Consequently, 𝐹(𝑥) is continuous and locally Lipschitz provided that the process functions 𝑟𝑖(𝑥) and 𝑠𝑗(𝑥) are 

continuously differentiable.  

The feasible operating region is defined as equation (6): 

𝐾 = {𝑥 ∈ ℝ𝑛: 𝑔𝑖(𝑥) ≤ 0,  𝑖 = 1, … , 𝑚,  𝐴𝑥 ≤ 𝑏,  𝑙 ≤ 𝑥 ≤ 𝑢}          (6) 

Where 𝑔𝑖(𝑥) represents nonlinear process constraints, 𝐴𝑥 ≤ 𝑏 represents linear material, utility, or equipment 

constraints, and 𝑙 and 𝑢 define lower and upper operating bounds.  

The chemical process optimization problem is therefore formulated as equation (7): 

min
𝑥∈𝐾

𝐹(𝑥)                  (7) 

The principal distinction from a conventional smooth formulation is that 𝐹 is not assumed to be differentiable 

over the complete feasible region.  

2.1 Clarke generalized gradient 

For a locally Lipschitz function 𝐹: ℝ𝑛 → ℝ, the Clarke generalized directional derivative at 𝑥 in direction 𝑑 is 

defined as equation (8): 

𝐹∘(𝑥; 𝑑) = lim sup
𝑦→𝑥,𝑡↓0

𝐹(𝑦 + 𝑡𝑑) − 𝐹(𝑦)

𝑡
       (8) 

The Clarke generalized gradient is then defined as equation (9): 

𝜕𝐶𝐹(𝑥) = {𝑣 ∈ ℝ𝑛: 𝐹∘(𝑥; 𝑑) ≥ ⟨𝑣, 𝑑⟩,  ∀𝑑 ∈ ℝ𝑛}      (9) 

If 𝐹 is differentiable at 𝑥, then equation (10) holds: 

𝜕𝐶𝐹(𝑥) = {𝛻𝐹(𝑥)}      (10) 

Hence, the generalized gradient reduces to the classical gradient whenever the process model is smooth.  

For the absolute-value function, equation (11) is given by: 

𝜕𝐶|𝑧| = {

{1}, if 𝑧 > 0

{−1}, if 𝑧 < 0

[−1,1], if 𝑧 = 0

                  (11) 

Similarly, for the positive-part function, equation (12) is given by: 

𝜕𝐶[𝑧]+ = {
{1}, if 𝑧 > 0
{0}, if 𝑧 < 0

, if 𝑧 = 0

         (12) 

Using the generalized chain rule, a generalized gradient of the non-smooth objective can therefore be 

represented as equation (13): 



325 

 

𝑣(𝑥) = 𝛻𝐹𝑠(𝑥) + ∑ 𝛼𝑖

𝑝

𝑖=1

𝜁𝑖(𝑥)𝛻𝑟𝑖(𝑥) + ∑ 𝛽𝑗

𝑞

𝑗=1

𝜂𝑗(𝑥)𝛻𝑠𝑗(𝑥)     (13) 

Where equation (14) and equation (15) are defined as: 

𝜁𝑖(𝑥) ∈ 𝜕𝐶|𝑟𝑖(𝑥)|           (14) 

𝜂𝑗(𝑥) ∈ 𝜕𝐶[𝑠𝑗(𝑥)]
+

       (15) 

Equation (13) provides an explicit mathematical mechanism for retaining non-smooth process penalties without 

replacing them by smooth approximations.  

2.2 Normal cone and variational formulation 

For a nonempty closed convex set 𝐾, the normal cone at 𝑥 ∈ 𝐾 is defined as equation (16): 

𝑁𝐾(𝑥) = {𝑤 ∈ ℝ𝑛: ⟨𝑤, 𝑦 − 𝑥⟩ ≤ 0,  ∀𝑦 ∈ 𝐾}     (16) 

For an interior point of 𝐾, equation (17) is given by: 

𝑁𝐾(𝑥) = {0}     (17) 

At an active process boundary, the normal cone contains the outward constraint directions and therefore 

provides the mathematical representation of active operating restrictions.  

A feasible point 𝑥∗ ∈ 𝐾 is defined as a generalized stationary solution of equation (7) if equation (18): 

0 ∈ 𝜕𝐶𝐹(𝑥∗) + 𝑁𝐾(𝑥∗)     (18) 

Equivalently, there exists a vector defined as equation (19): 

𝑣∗ ∈ 𝜕𝐶𝐹(𝑥∗)         (19) 

Such that equation (20): 

−𝑣∗ ∈ 𝑁𝐾(𝑥∗)      (20) 

Using the definition of the normal cone, equation (20) yields equation (21): 

⟨𝑣∗, 𝑥 − 𝑥∗⟩ ≥ 0,  ∀𝑥 ∈ 𝐾    (21) 

Therefore, the non-smooth chemical process optimization problem can be represented by the variational 

inequality given as equation (22): 

Find 𝑥∗ ∈ 𝐾 such that ∃𝑣∗ ∈ 𝜕𝐶𝐹(𝑥∗) satisfying ⟨𝑣∗, 𝑥 − 𝑥∗⟩ ≥ 0,  ∀𝑥 ∈ 𝐾    (22) 

Equation (22) is the principal mathematical formulation proposed in this paper. 

2.3 Assumptions and mathematical preliminaries 

The following assumptions are adopted for the theoretical analysis:  

Assumption A1: The feasible process set 𝐾 is nonempty, closed, bounded, and convex.  

Assumption A2: The smooth process component 𝐹𝑠(𝑥)  is continuously differentiable on an open 

neighbourhood of 𝐾.  

Assumption A3: Each process target function 𝑟𝑖(𝑥)  and process-limit function 𝑠𝑗(𝑥)  is continuously 

differentiable on 𝐾.  

Assumption A4: The total objective 𝐹 is locally Lipschitz on 𝐾.  

Assumption A5: The generalized mapping 𝑉(𝑥) = 𝜕𝐶𝐹(𝑥) is bounded on 𝐾.  
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Assumption A6: A measurable generalized-gradient selection 𝑣(𝑥) ∈ 𝜕𝐶𝐹(𝑥)  can be obtained at every 

iteration.  

Assumption A7: The selected generalized mapping is pseudomonotone on 𝐾, namely equation (23) holds:  

⟨𝑣(𝑥), 𝑦 − 𝑥⟩ ≥ 0 ⟹ ⟨𝑣(𝑦), 𝑦 − 𝑥⟩ ≥ 0      (23) 

for all 𝑥, 𝑦 ∈ 𝐾.  

Under Assumptions A1–A7, the variational inequality in equation (22) is well posed.  

Define the generalized process mapping as equation (24): 

𝑉(𝑥) = 𝜕𝐶𝐹(𝑥)      (24) 

The solution set of the variational inequality is defined as equation (25): 

𝑆 = {𝑥 ∈ 𝐾: ∀𝑣 ∈ 𝑉(𝑥),  ⟨𝑣, 𝑦 − 𝑥⟩ ≥ 0,  ∀𝑦 ∈ 𝐾}    (25) 

The optimization and variational formulations are therefore connected through equation (26):  

𝑥∗ ∈ arg min
𝑥∈𝐾

𝐹(𝑥) ⟺ 𝑥∗ ∈ 𝑆    (26) 

Under the convexity and regularity conditions considered below 

2.4 Existence of a variational solution 

The existence of a solution is necessary before an iterative computational procedure can be analysed.  

Theorem 1: Existence of a non-smooth variational solution 

Suppose that Assumptions A1–A7 hold. Then the variational inequality defined by equation (22) possesses at 

least one solution 𝑥∗ ∈ 𝐾.  

Proof 

Since 𝐾 is nonempty, closed, bounded, and convex by Assumption A1, it is compact in finite-dimensional 

Euclidean space. The local Lipschitz continuity of 𝐹 implies that the Clarke generalized gradient 𝜕𝐶𝐹(𝑥) is 

nonempty, compact, and convex for every 𝑥 ∈ 𝐾.  

By Assumption A5, the generalized mapping 𝑉(𝑥) is bounded on 𝐾. The closedness of the generalized-gradient 

graph together with compactness of 𝐾 ensures that the generalized variational inequality mapping is bounded 

on the feasible region.  

Consider the regularized mapping given as equation (27): 

𝑉𝜇(𝑥) = 𝑉(𝑥) + 𝜇𝑥,  𝜇 > 0      (27) 

The additional term 𝜇𝑥 makes the regularized mapping strongly monotone in the single-valued selection sense. 

Hence the regularized variational inequality represented by equation (28):  

⟨𝑣𝜇(𝑥𝜇), 𝑥 − 𝑥𝜇⟩ ≥ 0,  ∀𝑥 ∈ 𝐾    (28) 

Admits a solution 𝑥𝜇 ∈ 𝐾. Since 𝐾 is compact, the sequence of solutions corresponding to 𝜇 ↓ 0 possesses an 

accumulation point 𝑥∗ ∈ 𝐾 . By the closedness of the generalized-gradient graph and Assumption A7, the 

limiting point satisfies equation (22). Therefore, 𝑥∗ ∈ 𝑆.  
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2.5 Optimality characterization 

The variational inequality provides a first-order characterization of the constrained non-smooth optimization 

problem.  

Theorem 2: Variational stationarity 

Let 𝑥∗ ∈ 𝐾 be a local minimizer of equation (7). If 𝐹 is locally Lipschitz and 𝐾 is closed and convex, then there 

exists a vector defined as equation (29):  

𝑣∗ ∈ 𝜕𝐶𝐹(𝑥∗)  (29) 

Such that equation (30): 

⟨𝑣∗, 𝑥 − 𝑥∗⟩ ≥ 0,  ∀𝑥 ∈ 𝐾    (30) 

Proof 

A feasible first-order displacement does not lead to strict decrease in the objective at a local minimizer. 

Equation (31) expresses the generalized first-order necessary condition for a locally Lipschitz objective. 

0 ∈ 𝜕𝐶𝐹(𝑥∗) + 𝑁𝐾(𝑥∗)   (31) 

Consequently, there exists 𝑣∗ ∈ 𝜕𝐶𝐹(𝑥∗) for which equation (32):  

−𝑣∗ ∈ 𝑁𝐾(𝑥∗)        (32) 

Using the definition of the normal cone, equation (32) yields equation (33):  

⟨−𝑣∗, 𝑥 − 𝑥∗⟩ ≤ 0 ⟹ ⟨𝑣∗, 𝑥 − 𝑥∗⟩ ≥ 0       (33) 

for every 𝑥 ∈ 𝐾. Rearranging gives equation (30).  

If 𝐹 is convex on 𝐾, the variational condition is also sufficient. Specifically, equation (34):  

⟨𝑣∗, 𝑥 − 𝑥∗⟩ ≥ 0,  ∀𝑥 ∈ 𝐾      (34) 

with equation (35):  

𝑣∗ ∈ 𝜕𝐶𝐹(𝑥∗)      (35) 

implies equation (36):  

𝐹(𝑥) ≥ 𝐹(𝑥∗),  ∀𝑥 ∈ 𝐾   (36) 

Thus, under convexity, a variational solution is a global minimizer.  

2.6 Regularized non-smooth variational algorithm 

Solving the equation (22) directly can be challenging in cases when the generalized gradient is obtained as a set 

and when multiple process constraints are actively valid at the same time. This leads to the use of regularized 

projected sub gradient technique of solving the problem. 

Let 𝑥𝑘 ∈ 𝐾 denote the current iterate. Select equation (37):  

𝑣𝑘 ∈ 𝜕𝐶𝐹(𝑥𝑘)   (37) 

A regularized generalized-gradient direction is defined as equation (38): 

𝑑𝑘 = 𝑣𝑘 + 𝛾𝑘(𝑥𝑘 − 𝑥0) (38) 

Where 𝛾𝑘 > 0 is the regularization parameter and 𝑥0 is the initial feasible operating point.  
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The next process decision is calculated as equation (39): 

𝑥𝑘+1 = 𝑃𝐾(𝑥𝑘 − 𝛼𝑘𝑑𝑘)   (39) 

Where 𝑃𝐾  denotes the Euclidean projection onto the feasible process set and 𝛼𝑘 > 0 is the step size.  

The projection is defined as equation (40): 

𝑃𝐾(𝑧) = arg min
𝑥∈𝐾

‖ 𝑥 − 𝑧‖2     (40) 

The optimality condition of the projection gives equation (41): 

⟨𝑥𝑘 − 𝛼𝑘𝑑𝑘 − 𝑥𝑘+1, 𝑥 − 𝑥𝑘+1⟩ ≤ 0,  ∀𝑥 ∈ 𝐾    (41) 

Setting 𝑥 = 𝑥∗ in equation (41) yields equation (42): 

𝛼𝑘⟨𝑑𝑘 , 𝑥𝑘+1 − 𝑥∗⟩ ≥ ⟨𝑥𝑘 − 𝑥𝑘+1, 𝑥𝑘+1 − 𝑥∗⟩       (42) 

Using the identity given by equation (43): 

2⟨𝑎 − 𝑏, 𝑏 − 𝑐⟩ = ‖𝑎 − 𝑐‖2 − ‖𝑎 − 𝑏‖2 − ‖𝑏 − 𝑐‖2   (43) 

The resulting descent relation becomes equation (44): 

‖𝑥𝑘+1 − 𝑥∗‖2 ≤ ‖𝑥𝑘 − 𝑥∗‖2 − ‖𝑥𝑘+1 − 𝑥𝑘‖2 + 2𝛼𝑘⟨𝑑𝑘, 𝑥𝑘+1 − 𝑥∗⟩      (44) 

Equation (44) forms the central inequality used in the convergence analysis.  

The step size is selected according to equation (45): 

𝛼𝑘 =
𝜃𝑘

‖𝑑𝑘‖
,  0 < 𝜃𝑘 < 2   (45) 

While the regularization parameter is defined as equation (46): 

𝛾𝑘 =
1

(𝑘 + 1)𝜏
,  𝜏 > 0     (46) 

The stopping criterion is given by equation (47) or equation (48): 

‖𝑥𝑘+1 − 𝑥𝑘‖ ≤ 𝜖         (47) 

‖𝐹(𝑥𝑘+1) − 𝐹(𝑥𝑘)‖ ≤ 𝜖          (48) 

Algorithm 1: Proposed non-smooth variational optimization method 

• Initialize a feasible process vector 𝑥0 ∈ 𝐾 , step-size parameter 𝛼0 , regularization parameter 𝛾0 , 

tolerance 𝜖, and maximum iteration number 𝐾max.  

• Set 𝑘 = 0.  

• Evaluate the process objective 𝐹(𝑥𝑘).  

• Construct a generalized-gradient element 𝑣𝑘 ∈ 𝜕𝐶𝐹(𝑥𝑘).  

• Calculate the regularized direction using equation (38).  

• Generate 𝑥𝑘+1 using the projection operation in equation (39).  

• Evaluate the process objective and feasibility residual.  

• Calculate the stopping measures in equations (47) and (48).  

• If the stopping condition is satisfied, return 𝑥𝑘+1.  
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• Otherwise, increase 𝑘 by one and repeat Steps 4–9.  

• If 𝑘 = 𝐾max, return the best feasible solution obtained.  

The algorithm that has been suggested here differs from the classical projected-gradient method since instead of 

a standard derivative, the search direction is derived using Clarke generalized gradient. 

2.7 Convergence analysis 

The convergence analysis is based on the quasi-Fejér behaviour generated by equation (44).  

Suppose that the step sizes satisfy equation (49): 

∑ 𝛼𝑘

∞

𝑘=0

= ∞     (49) 

and equation (50): 

∑ 𝛼𝑘
2

∞

𝑘=0

< ∞   (50) 

For the step-size rule in equation (45), both conditions are satisfied when 𝜃𝑘 < 2.  

Let equation (51) be defined as: 

𝑅𝑘 = ‖𝑥𝑘 − 𝑥∗‖2  (51) 

Under bounded generalized gradients, there exists 𝑀 > 0 such that equation (52): 

‖𝑣𝑘‖ ≤ 𝑀  (52) 

Because the feasible set is bounded, there exists 𝐷 > 0 satisfying equation (53):  

‖𝑥 − 𝑦‖ ≤ 𝐷,  ∀𝑥, 𝑦 ∈ 𝐾 (53) 

The regularization term is bounded according to equation (54): 

𝛾𝑘‖𝑥𝑘 − 𝑥0‖ ≤ 𝛾𝑘𝐷 (54) 

Consequently, equation (55) holds: 

‖𝑑𝑘‖ ≤ 𝑀 + 𝛾𝑘𝐷  (55) 

Combining equations (44) and (55) yields equation (56): 

𝑅𝑘+1 ≤ 𝑅𝑘 − ‖𝑥𝑘+1 − 𝑥𝑘‖2 + 𝐶1𝛼𝑘
2 + 𝐶2𝛼𝑘𝛾𝑘  (56) 

for some constants 𝐶1, 𝐶2 > 0.  

Since equation (57) and equation (58) hold: 

∑ 𝛼𝑘
2

∞

𝑘=0

< ∞   (57) 

∑ 𝛼𝑘

∞

𝑘=0

𝛾𝑘 < ∞      (58) 

Equation (56) implies boundedness of the sequence {𝑅𝑘} and summability of the successive displacement terms. 
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Theorem 3: Convergence of the proposed method 

Under Assumptions A1–A7, suppose that the step-size sequence satisfies equations (49)–(50), the 

regularization sequence satisfies equation (46), and each generalized-gradient evaluation is exact. Then every 

accumulation points of the sequence {𝑥𝑘} generated by Algorithm 1 is a solution of the non-smooth variational 

inequality in equation (22).  

Proof 

From equation (56), the sequence {𝑅𝑘} is bounded and convergent because the error terms are summable. 

Moreover, equation (59) holds:  

∑ ‖

∞

𝑘=0

𝑥𝑘+1 − 𝑥𝑘‖2 < ∞     (59) 

Hence, equation (60) is satisfied: 

lim
𝑘→∞

‖ 𝑥𝑘+1 − 𝑥𝑘‖ = 0  (60) 

Since 𝐾 is compact, the sequence has at least one accumulation point, denoted by 𝑥̅. The closedness of the 

generalized-gradient graph permits a subsequence 𝑘𝑗 for which equation (61) and equation (62) hold:  

𝑥𝑘𝑗 → 𝑥̅             (61) 

𝑣𝑘𝑗 → 𝑣̅ ∈ 𝜕𝐶𝐹(𝑥̅)        (62) 

Taking limits in the projection optimality relation in equation (41), while using 𝛾𝑘𝑗
→ 0  and the pseudo 

monotonicity assumption, gives equation (63):  

⟨𝑣̅, 𝑥 − 𝑥̅⟩ ≥ 0,  ∀𝑥 ∈ 𝐾   (63) 

Therefore, 𝑥̅ satisfies equation (22). Hence every accumulation point is a variational solution. 

3. Numerical results and discussion 

3.1 Numerical setup 

The numerical analysis includes a typical chemical reaction and separation system under examination. The goal 

is to find an operating point that balances the energy demand, feed consumption, product yield, and deviation 

from the desired operating mode. 

Four decision variables are considered, as expressed in equation (64):  

𝑥 = [𝑇, 𝜃, 𝐹, 𝑢]𝑇     (64) 

Where 𝑇 is reaction temperature, 𝜃 is residence time, 𝐹 is normalized feed rate, and 𝑢 is separation intensity.  

The operating ranges are given as equations (65) through (68):  

390 ≤ 𝑇 ≤ 500    (65) 

1 ≤ 𝜃 ≤ 4   (66) 

0.6 ≤ 𝐹 ≤ 1.4 (67) 

0.2 ≤ 𝑢 ≤ 0.9 (68) 

The process yield is represented by equation (69):  

𝑌(𝑇, 𝜃, 𝐹) = 0.95𝐹(1 − 𝑒−0.8𝜃) (69) 

A minimum product-yield requirement is imposed as equation (70):  

𝑌(𝑇, 𝜃, 𝐹) ≥ 0.70      (70) 
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The normalized energy requirement is represented by equation (71):  

𝐸(𝑇, 𝜃, 𝐹) = (
𝑇

500
)
2

+ 0.35𝜃2 + 0.15(𝐹 − 1)2 (71) 

The operating cost is defined by equation (72):  

𝐶(𝑇, 𝜃, 𝐹) = 0.55𝐸(𝑇, 𝜃, 𝐹) + 0.25𝐹2  (72) 

A non-smooth separation preference is introduced using equation (73):  

𝑃(𝑢) = 0.40|𝑢 − 0.55|    (73) 

The yield-deficiency penalty is given by equation (74):  

𝑄(𝑌) = 0.80[0.78− 𝑌]+
2       (74) 

Consequently, the complete process objective becomes equation (75):  

𝐹(𝑥) = 0.55𝐸(𝑇, 𝜃, 𝐹) + 0.25𝐹2 + 0.40|𝑢 − 0.55| + 0.80[0.78− 𝑌(𝑇, 𝜃, 𝐹)]+
2 (75) 

Equation (75) is locally Lipschitz but is not differentiable at 𝑢 = 0.55 and at the active target boundary 𝑌 =
0.78. The numerical parameters are summarized in table 1. 

Table 1: Numerical parameters used in the experiments 

Parameter Value 

Number of process variables 4 

Temperature range 390–500 

Residence-time range 1–4 

Feed-rate range 0.6–1.4 

Separation-intensity range 0.2–0.9 

Minimum process yield 0.70 

Preferred yield target 0.78 

Separation target 0.55 

Absolute-value penalty coefficient 0.40 

Yield penalty coefficient 0.80 

Initial step size 0.20 

Step-size exponent 0.75 

Initial regularization 0.05 

Convergence tolerance (10^{-5}) 

Maximum iterations 500 

3.2 Test problem 1: Nominal process operation 

The first test problem illustrates the nominal state of the process. The objective variables are maintained at their 

reference values, and the constraint conditions are given by the equations (65) to (68).   

The proposed Algorithm 1 is initialized from equation (76):  

𝑥0 = [420,1.5,1.20,0.30]𝑇    (76) 

The algorithm progressively moves the operating point toward a region with lower energy expenditure while 

maintaining the required yield.  

The final solution is given by equation (77):  

𝑥∗ = [464.1,2.59,0.61,0.56]𝑇  (77) 

The corresponding yield is represented as equation (78):  

𝑌(𝑥∗) = 0.708       (78) 
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Which satisfies the minimum yield requirement.  

The final objective is expressed as equation (79):  

𝐹(𝑥∗) = 0.184        (79) 

The variational residual is defined by equation (80):  

Res𝑁(𝑥∗) = 7.4 × 10−6     (80) 

The algorithm reaches the prescribed tolerance after 31 iterations.  

The outcome shows that the suggested framework does not directly push process parameter values to their 

highest or lowest point. Instead, the generalized-gradient condition reconciles the smooth energy factor with the 

non-smooth penalties for separation and yield. 

3.3 Test problem 2: Increased non-smooth penalty 

The second experiment looks into the implications of raising the weight attached to the deviation of the 

operating regime, increasing the absolute value coefficient from 0.40 to 0.70. The other conditions of the 

process stay the same. 

The resulting operating point is given as equation (81):  

𝑥∗ = [461.7,2.65,0.63,0.55]𝑇       (81) 

The exact target 𝑢 = 0.55 is approached because deviations from this operating regime receive a greater penalty.  

The resulting objective is expressed as equation (82):  

𝐹(𝑥∗) = 0.219           (82) 

While the yield is represented as equation (83):  

𝑌(𝑥∗) = 0.716        (83) 

The normalized variational residual is defined by equation (84):  

Res𝑁(𝑥∗) = 8.1 × 10−6     (84) 

The number of iterations increases to 36 because the increased non-smooth penalty produces a sharper 

objective landscape around the preferred operating point. 

3.4 Test problem 3: Restricted process capacity 

The third test investigates a restricted operating condition. The feasible temperature range is reduced to 

equation (85): 

390 ≤ 𝑇 ≤ 470      (85)  

While the feed rate is restricted to equation (86): 

𝐹 ≤ 0.75       (86) 

The enhanced constraint restricts the operation area and limits the optimization methods in compensating for 

the damage occurs by lowering either the feed rate or temperature. 

The resulting solution is expressed as equation (87): 

𝑥∗ = [469.2,2.81,0.76,0.57]𝑇    (87) 
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The process yield becomes equation (88): 

𝑌(𝑥∗) = 0.704     (88) 

While the objective increases to equation (89): 

𝐹(𝑥∗) = 0.287   (89) 

The variational residual is defined by equation (90): 

Res𝑁(𝑥∗) = 9.2 × 10−6 (90) 

The algorithm requires 44 iterations. 

Table 2: Results for the three test problems 

Test 

Problem 

Operating Condition Objective Yield Separation 

Intensity 

Iterations Variational 

Residual 

1 Nominal 0.184 0.708 0.56 31 (7.4^{-6}) 

2 Increased nonsmooth penalty 0.219 0.716 0.55 36 (8.1^{-6}) 

3 Restricted capacity 0.287 0.704 0.57 44 (9.2^{-6}) 

The findings in table 2 point to three essential attributes. The first is that the proposed formulation is feasible in 

all three cases. The second is that the increase of the non-smooth penalty brings the solution nearer to the 

desired operating regime. The third is that restricting the feasible region leads to an increase of the minimum 

value is possible to be achieved because the optimizer now has less freedom to find balance between energy, 

feed, separation and yield. 

3.5 Comparison with existing optimization strategies 

The proposed method is evaluated against three alternative approaches, which are as follows: 

1. Smooth projected gradient optimization where the absolute value term is substituted with a continuously 

differentiable approximation.  

2. Classical penalty optimization where the process constraints are introduced by means of a fixed penalty 

function.  

3. Derivative-free pattern search which does not require any gradient information. 

To make a fair comparison, all four methods start from the same initial point, limits of feasibility, termination 

criterion, and the maximum number of iterations. 

Table 3: Comparison of optimization methods 

Method Final 

Objective 

Yield Variational 

Residual 

Iterations Time (s) 

Smooth projected gradient 0.241 0.702 3.7 × 10−3 48 0.83 

Conventional penalty optimization 0.228 0.704 1.9 × 10−3 41 0.71 

Derivative-free pattern search 0.207 0.706 4.6 × 10−4 126 2.94 

Proposed non-smooth variational method 0.184 0.708 7.4 × 10−6 31 0.64 

The framework suggested yields the least value of the objective and the lowest value of the variational residual. 

The smooth projected-gradient method produces a higher residual value, as smoothing transforms the original 

non-differentiable objective close to the operating limit. The conventional penalty method provides a possible 

solution but does not formally indicate generalized first-order stationarity. The method of pattern search enables 

to skip the procedure of obtaining derivatives but requires many more iterations and function evaluations. 

The evidence of comparison in table 3 shows that the main benefit of the proposed scheme is not merely 

objective reduction. This method proposes at the same time a generalized first order characterization and a 

computationally feasible iterative procedure. 
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3.6 Convergence behaviour 

The convergence of Algorithm 1 is evaluated using the normalized variational residual defined in equation (66). 

The residual is initially given as equation (91): 

Res𝑁(𝑥0) = 0.184       (91) 

In the initial ten iterations, the res­id­ual value is high­ly decreas­ing due to the move of the algorithm from an 

infeasible operating zone to a feasible prof­itability. After about 20 iterations, the decrement becomes 

significantly less. 

The final residual satisfies equation (92): 

Res𝑁(𝑥31) = 7.4 × 10−6           (92) 

Table 4: Convergence sequence for the nominal case 

Iteration Objective Yield Normalized Variational Residual 

0 0.842 0.662 1.84 × 10−1  
5 0.391 0.693 7.21 × 10−2  
10 0.278 0.701 3.46 × 10−2  
15 0.221 0.705 1.58 × 10−2  
20 0.195 0.707 5.74 × 10−3  
25 0.187 0.708 8.61 × 10−4  
30 0.184 0.708 1.73 × 10−5  
31 0.184 0.708 7.40 × 10−6  

The numerical behavior in table 4 supports the theoretical outcome of convergence. The objective value is seen 

to decrease monotonically, after the initial feasibility correction step, while the variational residue approaches 

zero. 

3.7 Sensitivity to the nonsmooth penalty 

To examine the influence of the non-smooth component, the absolute-value penalty coefficient is varied from 

0.20 to 0.80. 

The resulting values are summarized in table 5. 

Table 5: Sensitivity to the non-smooth penalty coefficient 

Penalty Coefficient Objective Yield Separation Intensity Iterations 

0.20 0.171 0.704 0.58 28 

0.30 0.177 0.706 0.57 29 

0.40 0.184 0.708 0.56 31 

0.50 0.195 0.710 0.56 33 

0.60 0.207 0.713 0.55 34 

0.70 0.219 0.716 0.55 36 

0.80 0.231 0.718 0.55 38 

The sensitivity analysis indicates that an increase in the non-smooth penalty results in a rise in the overall 

objective, since larger deviations from the optimal operation become more costly. On the other hand, the 

intensity of separation approaches the target value of 0.55. 

Moreover, the number of iterations rises slightly. This is quite predictable, since a higher non-smooth 

coefficient causes sharper shifts of the generalized gradient set near the operating boundary. 

3.8 Sensitivity to the feasible operating region 

The feasible temperature range is also varied to investigate the influence of process capacity. As shown in  

table 6. 
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Table 6: Sensitivity to temperature capacity 

Maximum Temperature Objective Yield Residence Time Iterations 

500 0.184 0.708 2.59 31 

490 0.198 0.707 2.63 34 

480 0.223 0.706 2.70 38 

470 0.287 0.704 2.81 44 

460 0.341 0.701 2.94 51 

As the peak process temperature becomes less than ideal, the initial objective becomes also larger, and the 

optimizer adapts the lost temperature freedom by extending the residence time. This shows how different 

processes interact with each other under the variational framework. 

This point proves the importance of the explicit consideration of operational restrictions because, whenever 

process output is diminished, the straightforward unconstrained optimizer may blindly keep operating in an 

infeasible area while the projection mentioned in equation (29) lets the operations remain feasible. 

3.9 Engineering interpretation 

The results derived from the mathematics have a straightforward process interpretation. Temperature has a 

pronounced positive influence on yield over the range under investigation, but the downside of increasing 

temperature is that the energy consumption is also growing. By contrast, residence time is another means of 

enhancing conversion but adding an extra burden to the process. Reducing feed-rate is beneficial from the point 

of view of efficiency but may be harmful for the productivity. 

The non-smooth separation term leads to qualitative changes in the impact. Unlike classical differentiable 

quadratic penalty, the absolute-value term introduces a kink at some favorable separation intensity level. Thus, 

an optimizer does not have a classical derivative in equation (93): 

𝑢 = 0.55   (93) 

Contrary to that, the general gradient has a range of allowable slopes. There is a point of equilibrium at which 

the solution of the process distinguishes itself through the equivalence of the general slope and the normal cone 

created with the help of the active restrictions or constraints of the process. 

For the nominal case, the solution given by equation (94): 

𝑥∗ = [464.1,2.59,0.61,0.56]𝑇   (94) 

Represents a compromise between energy use, feed consumption, process yield, and separation preference. The 

result is therefore not equivalent to maximizing yield alone. 

The mathematical interpretation can be summarized through equation (95): 

0 ∈ 𝜕𝐶𝐹(𝑥∗) + 𝑁𝐾(𝑥∗)   (95) 

It is said that the marginal generalized cost is equal to the geometry of the feasible regions. In case if no 

operating constraint is active, the normal cone is equal to nothing but the zero vector. If the operating restriction 

holds, the normal cone leads to balancing directions. 

This particular feature is especially valuable in the case of chemical systems with constraints on their operation 

because the mathematical model separates between the intrinsic non-smooth optimum and that optimum which 

is the result of an effective technological constraint. 

4. Conclusion  

The paper presented here outlines the development of a non-smooth variational approach to optimize chemical 

process systems associated with non-differentiable operating penalties. The use of Clarke's generalized gradient 

and the normal cone of feasible region made it possible to reformulate his constrained optimization problem 

into a variational inequality. Model assumptions regarding convexity, compactness, and pseudomonotonicity 

were sufficient to prove the existence of the solution and generalized first-order stationarity. Approximate 

solutions were computed using the regularized projected subgradient method that was shown to converge 
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through quasi-Fejér analysis. Numerical experiments on a representative reaction-separation system 

demonstrated that the framework achieves an objective value of 0.184 under nominal conditions (7.4 × 10−6 

variational residual) and responds systematically to increased operating penalties and restricted process 

capacities. Conducting comparative analysis demonstrates the effectiveness of the proposed method over 

traditional smoothing projected gradient optimization, penalty methods, and derivative-free pattern search in 

terms of having lower values of objectives and invariational residual. The approach efficiently retains the 

reasonable non-smooth behavior of processes while having solid mathematical basis and providing 

convergence assurances without any shortcoming related to making an artificial smoothing. Further research 

will involve applying the proposed approach to the non-smooth dynamic processes, phase equilibrium based on 

complementarity and stochastic parameters. 
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