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The aim of this note is to prove the following minimax theorem which generalizes a result by
B. Ricceri and extends a previous result of the author: let F be a infinite-dimensional Banach
space, F' be a Banach space, X be a convex subset of F whose interior is non-empty for the weak
topology on bounded sets, A a finite-dimensional convex compact subset of L(E, F'), ¢: F — R
be a continuous convex coercive map, and ¥: A — R a convex continuous function. Assume
moreover that A contains at most one compact operator. Then

sup Jnf (p(Tw) +9(T)) = jnf :lelg(@(Tx) +4(T)) .
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1. Introduction

For any two normed spaces E and F we will denote by L(F,F) the space of
continuous linear mappings from FE to F, itself normed by ||T| = sup, <1 [|Tz]-
It was shown by E. Asplund and V. Ptak in [1] that for two normed spaces E and
F of dimension > 2 and any two A and B in L(FE, F) the following inequality
holds

sup inf ||[Ax + ABz|| < inf |A + AB|| = inf sup ||Az + ABz||
o <1AER ACk AR ||z <1

and that the equality in the above relation is attained for every pair A, B in
L(E, F) if and only if both F and F' are inner product spaces. In the sequel the
unit ball of E is replaced by a convex set whose interior is non-empty for the
weak topology o(FE, E*) or more generally the ‘weak topology on bounded sets’
and we are interested in proving such a minimax equality.

For a Banach space E, we will denote by S(E, E*) the finest locally convex topol-
ogy on E which agrees with the weak topology o(FE, E*) on the bounded subsets
of E. Converging sequences for 3(E, E*) are all weakly converging sequences. If

ISSN 2199-1413 (printed), ISSN 2199-1421 (electronic) / $ 2.50 © Heldermann Verlag



132 J. Saint Raymond / A New Minimaz Theorem for Linear Operators

a subset U of E is open for S(E, E*) then every weakly converging sequence in
E whose weak limit is in U has all but finitely many terms inside U. Conversely
if E* is separable (e.g. if E is reflexive and separable) this characterizes the
B(E, E*)-open subsets of E.

The following theorem has been proved by B. Ricceri in [4] (Theorem 3).

Theorem 1.1. Let E be an infinite-dimensional reflexive Banach space, T: E —
E a non-zero linear compact operator, p: E — R a convez continuous and coercive
functional, J C R a compact interval with 0 € J, ¥: J — R be a continuous
convex function. Then, for each r > ¢(0), one has

sup inf(o(Tx — Ax) +¥(N)) = r + ¢(0)

zeX AeJ

where X = {zx € E: o(Tx) <r}.

Our main theorem extends this latter statement: indeed X has non-empty interior
for B(E, E*) because of Theorem 4.4, and for A = {T'— A\ : A\ € J}, we then
have sup,cx p(T'r — Ax) = +oo for all A € J \ {0} and so infc;sup,cx ¢(Tz —
Az) +1p(N) is clearly equal to r + 1(0).

In the previous paper [5], the author proved the same result with the additional
hypotheses that the space E does not contain ¢! and A is a segment. It will be
proved here in Theorem 2.8 that in this case the sets U which are f(E, E*)-open
are characterized by the fact that every weakly converging sequence in E whose
weak limit is in U has all but finitely many terms inside U.

We will also show by providing counter-examples that the hypotheses are neces-
sary: the minimax equality can fail if there are several compact operators in A
or if X has empty interior for S(E, E*).

The scheme of proof in this paper is quite similar to this of [5] but it has been
of course necessary to change a large part of the proofs for getting rid of this
geometrical hypothesis and generalizing to the multidimensional case of A. We
refer to [5] for the proofs which have not been modified.

2. Weak topologies

As said in the introduction, for a Banach space E, we will denote by 5(FE, E*)
the finest locally convex topology on E which agrees with the weak topology
o(E, E*) on the bounded subsets of E. This topology is finer than o(F, E*) and
coarser than the norm topology: so it is compatible with the duality betweeen
E and E*. We will also consider the locally convex topology 7, for which the
convex open sets are the convex subsets U C E such that every sequence which
converges weakly to some point a € U has cofinitely many terms in U. Of course
such sets are norm-open, and 75 is coarser than the norm-topology. Since every
weakly converging sequence is bounded hence also S(F, E*)-converging, it is clear
that every S(E, E*)-open set is Ts-open. So 7y is finer than B(E, E*).
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If F is infinite-dimensional and has the Schur property, the weakly converging
sequences are norm-converging: so in this case 7, agrees with the norm-topology
and is strictly finer than S(F, E*) since for this latter topology the origin is
a cluster point of the unit sphere. But if E is a separable Banach space not

containing ¢!, e.g. a separable reflexive space, we shall prove that 7, coincides
with (E, E*).

Definition 2.1. Let E be a metric space, X be a subset of £ and ¢ > 0. Then
X will be said to be e-distal if d(x,y) > e for any two distinct points x and y of
X. And FE will be said to be e-precompact iff every e-distal subset of E is finite
(in particular F is covered by finitely many open balls of radius ).

Conversely, in an open ball of radius ¢, a 2e-distal subset has at most one point.
So if E' is covered by finitely many open balls of radius ¢ it is 2e-precompact.

Lemma 2.2. If A C E* is norm-compact, then its polar set
A={zeE:Vz* e A (2", x)>—1}
is a neighborhood of 0 for B(E, E*).

Proof. Let R > 0. Then A is covered by finitely many balls of radius (2R)™*
centered at z (1 <7 <m). And the set

}

N | —

W= ﬂ{er: (a7}, 2)| <
j=1

is a weak neighborhood of 0 in £ which satisfies A° > W N B(0, R): indeed for
x € W and 2" € A there exists j < m such that ||z} — 2*|| < (2R)~". If moreover
|z|| < R we get

1 1 1

hence (x*,x) > — [{z*,z)| > —1, so z € A°. O

Lemma 2.3. If C C E is a neighborhood of 0 for 5(E,E*), then C° is norm-
compact in E*.

Proof. For all n, C'N B(0,2") is a weak neighborhood of 0 in B(0,2"). Thus
there exists some finite subset .J,, of E* such that

<||x|| < 2" and Va* € J, [(a",x)| < 1) —xeC.

It follows that for all n:

C° C W(B(O, 27" U{ta" :x" € Jn}> C B(0,27")+ K,
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where K is the convex norm-compact set {er g Aert DY A | < 1} which

is itself covered by finitely many open balls of radius 27". We conclude that C°
is covered by finitely many open balls of radius 2!™", hence is 22~ "-precompact.
Thus C° is totally bounded, and complete since norm-closed in £F*. This com-
pletes the proof of compactness of C°. O

Corollary 2.4. Let C' be a closed convexr subset of E containing 0. Then C is a
neighborhood of 0 for B(E, E*) if and only if C° is norm-compact in E*.

Proof. Indeed we then have C' = (C?)°. O

Lemma 2.5. Let E be a Banach space, C' a bounded conver symmetric subset of
E and p a continuous linear mapping from E to a finite-dimensional normed space
V. Then there exists some constant M such that the inequality d(z, C' N ker p) <
M -||p(z)|| holds for every x € C.

Proof. Up to replacing V by its linear subspace generated by p(C'), we can
assume that the convex symmetric set W = p(C) is a neighborhood of 0 in
V. If (e1,es,...,ex) is a basis of V' consisting of members of W, we let ap =
1 .

7 25:1 e; € W and a; = % for 1 < j < k. We then have Z?ZO a; = 0 and
aj € W. Then K = conv(a; : 0 < j < k) is a neighborhood of 0 in V, and there
exists r > 0 such that B(0,r) C K C W . There are then (§;)o<j<x € C such
that p(§;) = a;.

IfxeC,w=p(x)and 0 < ||p(z)| = p < r, then we have —rw/p € K and there
exist non-negative (A;)o<j<r With sum 1 such that —rw/p = 3. Aja;. It follows

that 0 r
0 — E)\ , S
rtp 4 ]a3+r+ v

p

This equality still holds if w = 0 with any (};), hence

~ 1% r
= E A&+ .
T m— j & s T

satisfies p(Z) = 0 and = € C. It follows that

d(z,C Nkerp) < ||z — || = rf_p Hg; IR

~diam(C)

p .
< . <
< L dian(C) < [p(a) |- =

L In fact it is possible to prove that if dim(V) = k and W D B(0,7g) there are k + 1 elements
ag,ai,...a of W such that Zj a; = 0 and B(0,r) C K = conv(ag,a1,...,ar) where r =

k=3/2ry: take the vertices of a regular simplex and r = k~l.ry if V is euclidean, and use
Dvoretzky-Rogers theorem [3] to reduce the problem to the euclidean case.
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This inequality still holds if ||p(z)|| > 7 since 0 € C' N ker p and

d(,C Akerp) < o] < diam(C) < PO Giamicy

r

It is then enough to take M = diam(C)/r. O

Lemma 2.6. Let E be a Banach space, C' a non-compact bounded convex sym-
metric closed subset of E and p a continuous linear mapping from E to a finite-
dimensional normed space V. Then C' Nkerp is not compact. More precisely, if
C' is not §-precompact, then C' N ker p is §'-precompact for no 6" < 6/2.

Proof. If the complete set C' is not compact, there exists § > 0 and an infinite
J-distal sequence (z;) in C. Let §' < 0/2. Since W = p(C) is a bounded subset
of V, W is compact and the sequence (p(z,)) has a subsequence (p(x;,)) which
converges to some w € W.

If w =0, it follows from Lemma 2.5 that there are & € Cy = C N ker p such that
I, — &) < M- [p(a,)l|- Thus we have for £ < k, [l& — &| > 6 — M(|lp(az, | +
|p(z;,)]), and in particular || — & > §/2 > ¢’ for large ¢, which contradicts
the ¢’-precompactness of Cj.

t
dn=——¢€]0,1].
[and = —— €]0,1]

N | —

5/
Conversely, if w # 0, take ¢ €] 5

We have —w € W and 0 € I/IO/, hence —nw = n.(—w) + (1 —n).0 € W. Thus
there exists y € C such that p(y) = —nw. Letting 2, = tx; + (1 — t)y, we get

zi € C, ||7) — || = tla; — x| > t6 > 0" and p(x},) = tp(z;,) — (1 —t)nw =
t(p(:z:je) — w) — 0. As in the previous case, we then can find & € Cj such that
|€c — & || > o' for large ¢ and k. O

Theorem 2.7. Let E be a Banach space and U C E be a symmetric conver set.
Assume that U contains some ball B(0,¢) and that U is not a neighborhood of 0
for B(E, E*). Then there exists R > 0 such that for all finite-dimensional linear
subspace L of E, U + L does not contain the ball B(0, R).

Proof. Consider the polar set C'= U° = (U)° of U, which is a symmetric closed
convex subset of E*. Since U D B(0,¢), we have C C B(0,1/¢), which shows
that C' is bounded. Since U is not a neighborhood of 0 for S(E, E*), we know by
Corollary 2.4 that C' is not compact.

Let L be a finite-dimensional subspace of E. We have conv(U U L) = U + L,
whence (U + L)° = U°NL° = C N L° Then L° is a closed linear finite-
codimensional subspace of E* | and the canonic mapping p: E* — E*/L° has
finite rank. It follows from Lemma 2.5 that there exists 6 > 0 depending only on
U such that C is not d-precompact, and by Lemma 2.6 that C Nkerp = C N L°
cannot be (20/5)-precompact. In particular, we cannot have C'N L° C B(0,d/5).
And if we had U + L D B(0,R), we would have C N L° C B(0,1/R). The
statement follows with R = 5/4. O
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Theorem 2.8. Let E be a separable Banach space not containing (* and U be
a convex subset of E. If a € U and if every sequence weakly converging to a
has cofinitely many terms in U, then U is a neighborhood of a for B(E, E*). In
particular 75 coincides with B(E, E*).

Proof. Under these hypotheses, it is clear that U is a norm-neighborhood of a in
E. Let U = (U—a)N(a—U) ; then U’ is symmetric and contains a ball centered
at 0. If U is not a neighborhood of a for S(E, E*), then U’ is not a neighborhood
of 0 for B(E, E*) and there exists by previous theorem some R > 0 such that, for
every finite-dimensional subspace L of E, U’ + L does not contain B(0, R).

We construct inductively a sequence (z,) in B(0, R) such that z, —z, ¢ U’
whenever p < ¢. Put zp = 0. If the z;,’s are defined for p < ¢, we take for L the
linear space generated by (z,)y<q, and since B(0, R) \ (U’ + L) # (), we choose z,

such that ||z,|| < R and that z, ¢ U’ + L. In particular, for p < ¢, z, ¢ z, + U’,
itis xg —xz, ¢ U

The sequence (z,) has at least a cluster value z** in the ball of E** of radius R
equipped with the topology o(E**, E*) which is compact. And since E does not
contain ¢!, it follows from Bourgain-Fremlin-Talagrand’s theorem (cf. [2]) that
there exists a sequence (x,,) extracted from (z,,) which converges to some z** for
o(E**, E*). Then the sequence y; = x, , — 1, converges to 0 for o(£**, £*) it is
for the weak topology o(E, E*). Moreover y; ¢ U’ for all j. This means that for
all j either a +y; ¢ U or a —y; ¢ U. So we can find a sequence (¢;) € {—1,1}
such that a + ¢;y; ¢ U while (a + ¢;y;) converges weakly to a. This shows that
there exists a sequence which converges to a € U while none of its terms belongs
to U, a contradiction.

It follows that U is a neighborhood of a for S(FE, E*). And since this holds for
any convex subset U, we conclude that 7, = S(E, E¥). ]

3. A geometric lemma

Let A be a finite-dimensional normed space, F' be a Banach space, F be an
infinite-dimensional normed space and ®: A x F — F' be a continuous bilinear
functional. To each element = of E corresponds a linear operator ®, € L(A, F)
defined by ®,(\) = ®(\,x) and by abuse we will denote for x € E: ker(z) :=
ker(®,) C A the kernel of the operator ®,. It is quite clear that the mapping
x — ®, is continuous from E to L(A, F).

The aim of this section is to prove the following:

Theorem 3.1. Let A be a finite-dimensional normed space, F' be a Banach space,
E be an infinite-dimensional normed space and ®: A x E — F be a continuous
bilinear functional. Assume that there exists some non-empty compact subset K
of A not containing 0 such that ker(x) N K # () for every x € E. Then there
exists some a € K and some closed finite-codimensional subspace E of E such
that ®(a,z) = 0 for every x € E.
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The previous statement will be derived from the following theorem.

Theorem 3.2. Let A be a normed space of finite dimension ¢, K be a compact
subset of A not containing 0, F' be a Banach space, E be a linear normed space and
®: A x E— F be a continuous bilinear functional. Assume that K Nker(x) # ()
for each x € E, that K is minimal for this property and spans linearly the space
A. Then there exists a subspace Fy of F with dimension at most {({ — 1) which
contains ®(a,x) for every x € E and every a € A.

We need several lemmas for proving this theorem. For each of them we assume
silently the conditions of Theorem 3.2 are satisfied.

Lemma 3.3. The set Uy of those © € E such that the rank rk(®,.) of the linear
mapping P, is maximal is a dense open subspace of E.

Proof. Since rk(®,) < ¢ there exists some integer p < ¢ such that we obtain
p = max,ep rk(P,). For every o = (a1, a9, ...,a,) € AP the set

Wo={T € LIN,F): (Tay,Tay,...,Ta,) is linearly independent }

is an open subset of L(E, F') and Uy = |Jyeppiz € B2 @, € Wy} ;5 s0 U is open.

Furthermore let y € Uy, € £ and € > 0. There exists a € A? such that &, € W,
and for t € R we denote 2, = (1—t)x+ty € E. Of course ||z, — z|| = |t|-||x — y|| <
e for ¢ small enough. The exterior product P(t) = Aj_, ®(a;,z,) € \"F is
polynomial in ¢ (of degree < p) and does not vanish at 1. So there are at most p
values of t such that P(t) = 0, and one can find some t* such that both P(t*) # 0
and |t*| < ¢/ ||z — yl||. For such a t* we have p < 1k(®,,.) < max,eprk(®,) = p,
hence xp« € Uy. This shows that d(z, Uy) < e. Therefore Uy is dense in E. O

Lemma 3.4. The set of those a € K such that a € ker(zx) for some x € Uy spans
linearly the space E.

Proof. Assume towards a contradiction that there exists an hyperplane H of A
containing ( J, ¢y, ker(z). We would have ker(z)NK C H for all z € Uy. Following
Lemma 3.3 for every = € F there exists a sequence (x,,) in Uy converging to z.
By hypothesis we can find for every n some a,, € K Nker(z,). Then a, € KNH
and by compactness of K N H there is a subsequence (a,,) which converges
to some a € KN H. So ®(a,z) = limy ®(ay,,x,,) = 0. This proves that
ker(z) N (K N H) # () for every x € FE, and contradicts the minimality of K:
indeed K N H is compact, meets every ker(z) for z € E and has linear dimension
at most ¢ — 1 while the linear dimension of K is /. [

Lemma 3.5. If x € Uy and ay € ker(x) then ®y(ag) € P,(A) holds for every
ye k.

Proof. Let T = &, € L(A,F) and p = 1k(®,) = max,cprk(®,). Then there
exists o = (aq,a9,...,a,) € AP such that Ta = (T'ay,Tas,...,Ta,) is a basis
of the subspace Fy = ®,(A) of F'. Let (by,05,...,by) be the dual basis of Fy
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(i.e. (bf,Ta;) = ¢7). By Hahn-Banach’s theorem we can extend each b} to some
e F.

Let y € E and consider the matrix M = (m;;) where m;; = (f, ®,(a;)) and
the vector Xy = (21,22,...,2,) € RP such that z; = (f}, ®,(ap)). For t small
enough, ®, + t®, belongs to the open set W, and since rk(®, + t®,) = p, the
vectors ®,.4,(a;) form a basis of @4, (A). So there is a unique () € R? with
coordinates v;(t), such that

() D ula) + 3 500, (e Z% D1y @) = Perry(a0)

In particular for ¢t = 0, ®,(ag) = 0, hence ;(0) =0 for all j < p. For all i <p

p

Z((S] + tm ;) (t Z VO Pary(as)) = (fFs Paty(ao))

Jj=1

= t<fz 7(I)y(a0)> =tz;,

hence (I +tM)~(t) = tXo, or v(t) = t(I + tM) ' Xy. We conclude that the v,’s
are C! functions (even rational fractions) in a neighborhood of 0. Derivating (x)
with respect to ¢ at 0 we get:

> (50 ula) +7,(0) - B,(a)) = @y (an)
hence ®,(ag) = @, (M) for A =3_,7;(0) - a; € A. Thus ®,(ag) € D,(N). O

Proof of Theorem 3.2. It follows from Lemma 3.4 that there are families
a = (a1, as,...,ap) of points of K and (x1, 2, ..., x,) of Uy such that a; € ker(x;)
and a spans the whole A. Consider the ¢(¢ — 1) vectors b;; = ®,,a; for i # j
in [1,¢] and the linear subspace Fj they span, which has obviously dimension at
most £(¢ — 1).

If + € E and a € A there are real coefficients (/3;);<, such that a = ). Ba;.
So ®(a,z) = ), fi®,(a;), and by Lemma 3.5 ®,(a;) € ®,,(A). Therefore there
are real numbers fi;; such that ®,(a;) = >, pi ;P (a;) = >0, pijbiy since
®,,(a;) = 0. Thus ®(a,z) = P,(a) = 2,5 Aipibij € Fi. O

Proof of Theorem 3.1. We now intend to derive Theorem 3.1 from Theorem
3.2. Clearly there exists a minimal compact subset Ky of K which meets ker(x)
for every x € E. Define Ay = lin(K,) C A and ¢, < ¢ the dimension of A,. Since
0 ¢ Koand Ky # (), we have £y > 1. Replacing A by Ay and K by Kj we can apply
Theorem 3.2 and find a subspace F; of F of dimension N < {y({y—1) < (¢ —1)
containing ® (A, x) for every x € E and every A € Ay, hence ®(a,x) for z € E
and a € K.
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Choose a basis (by, ba,...,by) of Fy and denote (b7, b3,...,by) the dual basis in
F}. Extend by Hahn-Banach’s theorem each b} into a ¢; € F™.

So we get a finite family (p;)1<j<n of continuous linear functionals on F such
that F1 N[);<y ker(p;) = ), ker(b;) = {0}. Choose any a € K. For 1 <j <N
consider the continuous linear functional on E defined by 7;: z — (p;, ®(a, x))

and )
E={zreFE:VYje[l,N] 71i(x)=0},
which is a closed finite-codimensional subspace of E. Then for every z € E and

b= ®,(a), we have (p;,b) = 7;(x) = 0 and b € Fy, hence b = 0. O

Notice that in order to get Theorem 3.1 we have to restrict the conclusion to
some subspace E of E. In fact we can construct the following example:

Example 3.6. There exists a compact subset A of R3 not containing 0 and a
2-dimensional subspace E of £(R?, R?) such that A Nker U # () for every U € E
but AN, epker(U) = 0.

Proof. Take A = {(z,y,2) € R?: 2 =1 and 2 + 3> < 1/4} which is a compact
disc in the affine hyperplane H = {(z,y, 2) : z = 1}. Define the linear mappings
S, T in L(R3 R?) having respective matrices

(Lo ) (o1 )

and let E be the linear space spanned by S and T. For A € R and X = (z,y, 2),
we have X € H Nker(S + \T) iff

A+ (y+2/2) ==z
-+ ANy+2/2)=0
z=1

A 1— A2

hence z = A\(y+1/2) and (y+1/2)(1+ %) =1, thus = = T2 Y= 21+ A2)°

A 1— )2
L+ A272(1+ M%)

So H Nker(S + A\T) = {( 1)} and HNker(T) = {(0,~1/2,1)}.
For every non-zero V € E there is a unique point Xy in H N ker(V) satisfying
Xy € A and z% + y* = 1/4. Tt appears that this unique point Xy depends on V,
so that A N[, cpker(V) is empty. O

Corollary 3.7. Let E and F be infinite-dimensional Banach spaces and (S;)1<j<s
a linearly independent finite family of continuous linear operators from E to F.
Then either there exists some a € E such that the family (S;a); <, is independent,
or there is some non-zero u = (p;) € R* such that > 13S; has finite rank.

Proof. Suppose that the family (S;ja);<¢ is independent for none a € E and
consider the bilinear mapping ®: R® x E — F defined by ®(\,z) = Ele ;S



140 J. Saint Raymond / A New Minimaz Theorem for Linear Operators

for A = (/\17/\27...,)\g). Let K = {)\ = (/\1,/\2,...,)\@) S Rz : Z]A? = ]_}
Denote Sy = 3_;A;5; for A € R’. Then for every x € E there is A\ € K such

that ®(\, z) = Sx(z) = 0, and it follows from Theorem 3.1 that there are ECE
finite-codimensional and p € K such that ®(u,xz) = 0 for all z € E. Thus

rk(S,) < codim(E). O

4. FE’-convergence and compact operators

Definition 4.1. Let E be a Banach space, E* its dual and E’ a linear subspace
of E*. We will say that the sequence (x,) E’'-converges to a € E iff it is bounded
in F and converges to a for the weak topology o(E, E'), it is lim, (0, z, —a) =0
for every 0 € E’'. We also will say that a sequence (x,,) is E'-nullif it E'-converges
to 0. We will denote by Z the linear space of E’-null sequences.

Of course if E' = E*, the sequence E*-converges to a iff it converges weakly to a.

Lemma 4.2. Assume that E' is a separable linear subspace of E* and that (x,)
is a bounded sequence in E. Then there exists a subsequence (x,,) such that
limy 00 (0, T, ) exists in R for all @ € E'.

Proof. If (6,);en is a norm-dense sequence in E', each sequence ((0;,2,)), is
bounded in R. Thus there exists a subsequence (x,, ) such that : limy_,.(6;, T, )
exists for all j. And it is easy to see that the sequence ((¢,x,,))s is then Cauchy
in R for every 0 € E'. ]

Lemma 4.3. If T is not compact, there exists an € > 0 and a sequence (a,) in
the unit ball B of E such that : d(Ta,,lin({Ta, : p < n})) > ¢ holds for all
n € N.

Proof. Let B be the unit ball of E. Define inductively ¢, > 0 and a,, € B such
that we have

en =supd(Ta,L,) and d(Tay,L,)> En
a€EB 2

where L, =lin(Tay,Tay,...,Ta,_1). Of course Ly = {0} and g = ||T|.

It is clear that the sequence (g,) is non-increasing and does not vanish if 1k(7") =
+00. Of course T is compact if it has finite rank.

Suppose that 7" has infinite rank. We first show that if ¢ = inf,(¢,,/2) = 0 then
T is compact. Indeed let n > 0 ; there exists n such that ¢, < n’ = n/2. Then
C={yeL,: |yl <I|T|+n'} is compact, hence covered by finitely many balls
(B(yj,n'))j<n- For all a € B, we have by definition d(T'a, L,) < e, < n’. Then
there exists y € L, such that || T'a — y|| </, thus ||y|| < ||Tal|+[|y — Tal| < ||T||+
n" and there exists j < N such that ||y — y;|| < 7/, hence [|[T'a —y,|| < 21/ = n,
what shows that T'(B) C U,y B(y;,n). It follows that T'(B) is totally bounded,
hence that T is a compact operator.

Conversely if € = inf,, %n > 0 we have for all n: d(Ta,, L,) > > e. O
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Theorem 4.4. Let E be a separable Banach space, V be a Banach space and
T € L(E,V). Then the operator T is compact if and only if there exists a
separable subspace E' of E* such that for every E'-null sequence (x,,) the sequence
(T'z,,) converges in norm to 0 in V. More precisely, if T is not compact, E' is
a separable subspace of E* and m is any integer, then there is a linear subspace
Y of Z of dimension m such that for every non-zero v = (v,) € Y the inequality
inf,, || Tv,|| > 0 holds.

Proof. Suppose T' is compact. Then T*: V* — E* is compact too, so T*(B") is
relatively compact in £* hence norm-separable. Let (¢) be a sequence in B* such
that (¢x) = (T™¢x) is norm-dense in 7*(B*) and denote by E’ the linear span of
the 1x’s. Suppose that (x,,) is a bounded sequence in E and that lim,, (¢, x,) =0
for all k. Let M = sup,, ||x,||. Then the sequence (T'x,) has at least one cluster
point b (for the norm-topology), and if this cluster point is unique, then (7T'z,)
converges to b. Assume b # 0 ; there is some ¢ € B* such that (p,b) > 6 = ||b]|/2,
then some k such that ||t — T*¢|| < 6/2M. There exists an increasing sequence
(n;) such that (p, T'z,,) > 0 for all j. So

<¢k7xnj> > <T*907xnj> - ||¢k - T*QOH ’ H‘rTLJH = <<)07Txn]-> - ||¢k - T*QOH ’ ||ZL’n]H
) )
M. =
>0 oM 2
contradicting the hypothesis (%, z,) — 0.

Conversely, assume that £’ is a separable subspace of E* and T is not compact.
Choose first following Lemma 4.3 some ¢ > 0 and some sequence (a,,) in the unit
ball B of E such that d(T'a,, L,) > ¢ for all n where L, =lin(Tay, Tas, ..., Ta, 1).
By Lemma 4.2 we can and do assume that A(6) := lim, (0, a,) exists for all
6 € E'. Then put for 1 < 5 < m: b; = (bg)), where bY) = Aptj — Qp, and
let Y be the linear space of sequences spanned by the b;’s. We clearly have
sup,, Hbg)H < 2, what shows that the sequences b; are bounded and so are all
members of ). Moreover for 0 € E’ we have

lim (0,69) = lim (0, a, ;) — lim (0, a,) = A\(0) — A\(0) = 0.

It follows that ) C Z. Finally if v = (v,) € Y, there are real coefficients
(aj)1<j<m such that v = 377" a;b;. If these coefficients are not all zero there
exists p < m such that oy, # 0 and «o; = 0 for p < j < m. We then have

m

p
Tvn =3 a5(Tany; = Tan) = > aj(Tanss = Tan) = ap.Tangy +9,
j=1 J=1

where y € Ly, hence ||v,|| > || €, and inf,, || Tv,| > |a,|.€ > 0. In particular
this shows that v # 0, thus that the (b;);<,, form a basis of J and that dim(Y) =
m.

Applying what precedes for m = 1, we get a E’-null sequence (z,,) in E such that
inf,, || Tx,|| > 0, hence (T'x,) does not converge to 0 in F. O
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Lemma 4.5. Let E and V' be Banach spaces, m € L(E,V') be a compact operator
andY be a convex non-empty open subset of V.. Then w=Y(Y') is open for B(E, E*).

Proof. Up to a translation in £ we can assume that 0 € Y hence that Y D
B(0,27™) for some m € N. Then the polar set Y° is contained in 2™ - B* (where
B* denotes the unit ball of £*) and

(Y)Y ={pe B :Vzen 1Y) (p,z) > —1}
Since €Y is a convex neighborhood of 0 we have for every € > 0:
Y CY +eY =(1+¢),

hence 7~ 4(Y) € (1 + g)r 1Y) and 77 1(Y)? D 1Y) D (1 +¢e) tr L (Y)e.
Therefore 71 (Y)° = n=1(Y)°.

For z € (F*(YO))O and any £ € Y° we have (§,7z) = (7", z) > —1, that means
7z € (Y°)° =Y, whence z € 7 }(Y). Thus (7*(Y°))" C 7 1(Y)° = (771(Y))’
and it follows that 2™ - *(B*) D 7*(Y°) D 7~ }(Y)e.

Since 7 is compact so is 7*, and we conclude that the convex weakly closed
set 771(Y)? is norm-compact thus that 7=!(Y) is a neighborhood of 0 in E for
B(E, E*). O

Lemma 4.6. Let E be a infinite-dimensional Banach space and X be a convex
subset of E whose interior for B(E, E*) is non-empty. Then there exists a Banach
space V', a compact linear mapping w: E — V with dense range and a convex
open subset Y of V such that m=1(Y) C X C 7=1(Y).

Proof. Let Xj be the interior of X for 5(E, E*) and a € Xy. Put W = (Xy—a)N
(a — Xo) which is a symmetric convex subset of £. Then W is open for S(E, E*)
and contains 0. Since 5(F, E*) is coarser than the norm-topology, W is absorbing
and the Minkowski functional py : o + inf{r > 0 : r~'z € W} is a semi-norm
on F such that W = {z : pw(z) < 1}. Denote by V the separated completion of
(E,pw) and 7 the canonical mapping from E to V. By definition 7(F£) is dense
in the Banach space V', and 7(W) = 7n(E) N B(0,1). We will show that 7(X)) is
open in 7(F) and that if Y denotes the interior of 7(Xy) = 7w(X) then we have
X =m"HY). Then since Xy # 0 we get 7 1Y) = Xy C X C Xo =7 (Y).

Indeed let b € 7(X) and u € Xy such that mu = b. Theset {t e R: u—t(a—u) €
Xo} is open and contains 0. Hence it contains also some ¢ > 0 and we let
v =u—e&(a—u). The homothety with center v € X and ration = ¢(1+¢)~! < 1
transforms X into itself and in particular a into u, hence a+W C X into u+n-W.
Thus 7(Xo) D w(E£) N B(b,n) and m(Xy) is a neighborhood of b in 7(F). Finally
if Y is the interior of the convex set m(Xy) then Y N7 (FE) is a convex open subset
of m(E) contained in 7(F) N m(X,) and containing 7(Xj): indeed if u € m(X))
we have shown the existence of a ball B(u,r) such that 7(E) N B(u,r) C m(Xy),
hence that 7(E) N B(u,r) C B(u,r) C (Xp) and u € Y.
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It remains to show the compactness of m. By definition of the topology B(F, E*),
for each ¢ € N there is a finite set J; C E* such that

z]| <2%and (Vo € J, [(p,2)] <1) =z € W.

Let E' be the linear span of J, J;. We show that any sequence (z,) in B which
E’-converges to 0 satisfies py (x,) — 0, hence 7z, — 0. Indeed for any integer ¢
there is some N such that for all £ € J, and all n > N we have [(¢,z,)| < 279.
So forn > N,

1292,|| <27 and (Vo € J, (¢, 2%2,)] < 1)

what implies 2%z, € W, it is py (z,) < 279 It follows that 7z, — 0 in V. And
by Theorem 4.4 this shows the compactness of . O

Theorem 4.7. Let E and V' be Banach spaces, U a bounded convex open set in
Vand T € L(E,V). Then T=(U) has non-empty interior for B(E, E*) iff T is
compact.

Proof. It follows from Lemma 4.5 that 77'(U) has non-empty interior for
B(E, E*) if T is compact.

Conversely, denote M := sup,, ||v]|. If T7'(U) has non-empty interior it follows
from Lemma 4.6 that there exists a Banach space W, a compact operator S €
L(E,W) with dense range and an open set Y C W such that T-1(U) > S~}(Y).
Then there is g € E and € > 0 such that Y O B(Sxzg,e). We claim that T
factorizes through S : there exists some linear continuous operator R: W — V
such that "= R o S, and this will imply that T" is compact.

Indeed let x and z be points in E such that Sz = Sz. Then for all integer n we
have S(n(x — z)) =0 € B(0,¢) hence S(zo+n(zx —2)) € Y and zo +n(z — 2) €
SHY)c T YU). So we get Txg+n-T(x—2) € U and

sup(n - |T(z — 2)||) < M + ||To|| < +oo .

Thus Tx—Tz = T(x—z) = 0. It follows that there exists a mapping r: S(F) — V
such that Tx = r(Sxz) for every x € E. One readily checks that r is linear.
Moreover, if w € S(E) and ||w|| < 1, we have w = Sx for some z € E and
S(xg+ex) = Swo+eSx € B(Sxp,e) CY hence xg+ex € STHY) C T1(U) and
Txog+cTx e U. So

lr(w)[| = [lr(Se)|| = [[Tz]| < My = é(M + [|To])

what implies that r is continuous on S(F) with norm < M;. So r extends to a

continuous linear operator R from S(E) =W to V and we get T'= S o R. ]

Corollary 4.8. Let E be a Banach space, X be a non-empty conver symmetric
open subset of E and px: E — RT be the Minkowski functional: x — inf{t > 0:
x €t-X}. Then px is a semi-norm on E, the separated completion V of (E, px)
is a Banach space, and the canonical mapping w: E — V s compact iff X has
non-empty interior for f(E, E*).
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Proof. Indeed 77!(By) = X, where By denotes the open unit ball of V. O

The following lemma will not be used in the sequel but it is interesting by itself.

Lemma 4.9. Let E be a separable Banach space, N C E be a closed subspace,
q: E — Q = E/N be the canonical projection, X be a convex subset of E with
non-empty interior for the topology B(E, E*). Then q(X) is a convex subset of
Q with non-empty interior for 5(Q, Q).

Proof. Following Lemma 4.6, there are a Banach space V, a compact linear
mapping 7: £ — V, and an open convex subset Y C V such that X, = 771(Y) C
X C 7 4Y). Then M = W is a closed linear subspace of V. Consider
the canonical projection ¢: V' — Q = V/M, which is an open mapping. Then
Y = q(Y') is open in Q. Since G o 7w is 0 on N = ker ¢, there is a linear mapping
7:Q=FE/N — Q such that 7 o ¢ = § o 7. Moreover if U is any open subset of
Q then 7 1(U) = q((§ o 7)"(U)), and this set is open since § o 7 is continuous
and ¢ open. So 7 is continuous. We now show that 7 is compact. Let (z,) be
a bounded sequence in @, and suppose sup, ||z,]| < M. Then for each n we
can find z,, € E such that ||z,|| < M and gz, = z,. Since § o 7 is compact
there is a convergent subsequence (§ o mx,, ) of the sequence (§ o mx,,). Finally
(T2n,) = (T o qxyn, ) = (§ o Ty, is a convergent subsequence of (7z,).

We now prove that the convex set ¢(X) C @ has non-empty interior for the
topology 3(Q,Q*). Indeed Y is a non-empty convex subset of Q and we claim
that 3
q(X) D q(Xo) =7 1(Y).
0)

Since T is compact, this will show that ¢(X,) is open for 5(Q, Q*). In fact

z € q(Xo) < Jz (¢(z) =z and 7(z) € Y)
— Jzerm }Y) 7(2)=Gdonm(z)=7(2)eq(Y)=Y.
Conversely, if 7(z) € Y, there are zy € E such that z = qxo and y € Y such that

7(z) = ¢(y). For each x € E such that 7(z) = y we have 7(2) = Gom(z) =7 o
q(z), so

0=7oq(r—x9) =Gom(xr— )

— y—7(xg) =7(x —20) € M =7(N) =y € w(x0) + 7(N).

And we deduce that 7(zg + N)NY # 0, hence that 7(xg+ N)NY # () since Y is
open. It follows that (zo + N) N Xy # (), and finally that z = g(z¢) € ¢(Xo). O

5. Unboundedness theorems

Definition 5.1. Let E be a Banach space and E* be its dual. A subspace E’ of
E* will be called norming if the equality ||z|| = sup{{p,z) : ¢ € E" and ||| < 1}
holds for all x € E.
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Of course, by Hahn-Banach’s theorem, E* itself is norming.

Lemma 5.2. Let F' be a separable Banach space. Then there exists a norming
separable subspace F' of F™*.

Proof. For every ¢ in the unit sphere X* of F™*, the set
U ={y € F: [lyl = 1 and (p,y) > 27"}

is an open subset of the unit sphere S of F. By Hahn-Banach’s theorem S =
Uwez* Uk, for every k. Since S is separable there is a countable set A, C X*
such that S = J,c 4, Ure- So the subspace I spanned by |J,, Ay, is norming. [
Denote by U some free ultrafilter on N, Z the closed subspace of £*°(E) consisting
of all E'-null sequences in E, c¢(F) C £*°(F) the space of bounded sequences (z,)
in F such that lim,, 2, = 0 and by F the quotient space ¢*(F)/cg(F'), which is
an ultrapower of F'.

Theorem 5.3. Let E be a separable infinite-dimensional Banach space, E' a
separable subspace of E*, F be a separable Banach space, A a finite-dimensional
compact subset of L(E,F) not containing 0. If there is no compact operator
T € A then there exists a sequence (wy,) in Z and € > 0 such that ||T'w,| > € for
all T € A and all n € N.

For every & = (w,) € Z and T' € A, the sequence (T'w,,) is bounded in F' and we
define Tw € F as the class of this sequence modulo cg(F). So T is a continuous
linear operator from Z to F: clearly ||T|| < ||T]].

Lemma 5.4. Let 0 = (wy) € Z. If lim,_,o0 infren [|[Tw,|| = 0 then there exists
an S € A such that Sw = 0.

Proof. Let ¢, = infrea ||[Tw,||. By compactness of A there is some 7;, € A such
that ||T,,w,|| = €,. Define S = lim,, ¢ T,, € A. Since

| Sw,|| < [[Sw, — Thw,|| + | Tow, || < T, — S| ‘Sgg W] + €n

we get (Sw,) € ¢, hence Siy = 0 € F. O

Proof of Theorem 5.3. If there are ¢ > 0 and w = (w,) € Z such that
limsup,, infrea ||Tw,| > 2¢ then the set D ={n e N:VI' e A ||[Tw,|| > ¢} is
infinite. Enumerate D into an increasing sequence (ny) and put wy, = w,, . Then

w' = (w}) € Z and we get ||[Tw}|| > ¢ for all k and all T € A as wanted.

Assume towards a contradiction that there is no ¢ > 0 and w = (w,) € Z such
that lim sup,, ||Tw,|| > 2¢ for all " € A. Then for every w = (w,) € Z and € > 0
we have limsup,,_, . infrea ||Tw,|| < 2e, it is lim,, o infrea ||Tw,|| = 0 hence by
Lemma 5.4: St = 0 for some S € A. It follows that for each @& € Z we can find
S € A such that St = 0.
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Consider the finite-dimensional subspace A of L(E, F) spanned by A and the
continuous bilinear functional ®: A x Z — F defined by ®(T,w) = Tw. It
follows from what precedes that for every w € Z there exists T' € A such that
O(T,w) = 0. Apply Theorem 3.1 to A, F and A: we can find some © € A and
some subspace Z of Z of finite codimension m such that ®(©,w) = 0 for every
we Z.

If © was not compact we could find by Theorem 4.4 a subspace ) of dimension
m + 1 of Z such that inf, ||©v,| > 0 for every non-zero element v = (v,,) of ).
Thus WN'Y # {0}, and there exists a non-zero © € WN Y. So we would get

0=1®(0,0)] = llrjﬂl |©v,|| > inf |[|©v,|| > 0,

a contradiction.

Notice that this necessary condition is also sufficient if it holds for all separable
subspaces E’ of E*: indeed if some S € A was compact it would exist by Theorem
4.4 some such E’ such that Sw, — 0 for all w = (w,) € Z ; then for all sequence
(wy,) € Z we should have

lim sup (mf | Tw,|) < hm ||Swy|| =0 . O

n—oo

Lemma 5.5. Let E be a separable infinite-dimensional Banach space, F' a sep-
arable Banach space, A a conver compact finite-dimensional subset of L(E, F')
containing no compact operator. Assume that 'Y is a non-empty open subset of
the normed space V., m € L(E,V) is a compact operator with dense range and
X =7"1Y). Then sup,cy infrea ||Tz|| = +o0.

Proof. Let yo € Y N7(E), 1y € 7 '(yo) and r > 0 such that the closed ball
B(yo, ) is contained in Y. Choose, following Theorem 4.4, some separable sub-
space B/ C E* such that every E’-null sequence () satisfies |7z, || — 0.

It follows from Theorem 5.3 (notice that A does not contain the compact operator
0) that one can find in Bg an E’-null sequence (w,) and € > 0 such that for all
n € Nand all T € A the inequality ||T'w,|| > € holds. Then the sequence (7w,)
converges to 0 in V' and we put for n € N:

r
- w
277 + || mw, |

7. || mw,|

277 4 ||mw, |

T, = o+

We then have |7z, —y| = ||mz, — mx0]| = < r, hence 7wz, €

B(yo,r) CY. For z,, € X and T' € A we get
r r.e
[Tznll 2 S - 1T wnll = Tl 2 S——=—— = Tl - llzoll ,
277+ [[mwa | 277 [lmwa |
r.e

— — —su T - [lxoll and
2_"+’|7TwnH pTEAH H H OH

hence infrea ||Tx,| >

r.e

sup 1nf | Tx|| > sup T ]

— sup ||T - ||| = +o0,
TeA

and the proof of the lemma is complete. ]
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Corollary 5.6. Let E be a separable infinite-dimensional Banach space, F' a se-
parable Banach space, A a convex compact finite-dimensional subset of L(E, F)
containing no compact operator and ¢: F' — R a continuous and coercive func-
tion. Assume that'Y is a non-empty convex open subset of the normed space V,
7 € L(E,V) a compact operator with dense range and X = 7= (Y).

Then sup,cy infrea o(Tx) = 400.

Proof. Since ¢ is coercive, for each M € RT, there is some real R > 0 such
that for all u € F ¢p(u) < M = |ju|| < R. Following lemma 5.5, there exists
x € X such that ||Tz|| > R for all T € A; then we have for this vector z:
infrea o(Tx) > M. O

Lemma 5.7. Let E be a separable infinite-dimensional Banach space, F and V
be Banach spaces, A C L(E,F) a compact convex set containing exactly one
compact operator H, Y be a non-empty convex open subset of V, m € L(E,V) a
compact operator with dense range and X = n=1(Y). Then, for T # H in A, we
have sup,¢ x | Tz| = +oo.

Proof. By hypothesis, for T € A distinct from H, {T} is a convex compact
subset of L(FE, F) and contains no compact operator: so it follows from Lemma
5.5 that
sup ||Tz|| = sup inf ||Sz| =+c. O
z€X zeX Se{T}

Corollary 5.8. Let E be a separable infinite-dimensional Banach space, F' and
V' be Banach spaces, A C L(E,F) a compact convez set containing exactly one
compact operator H, Y be a non-empty convex open subset of V., m € L(E,V) be
a compact operator with dense range and X = 7 (YY) and p: F — R a convex
continuous and coercive function. Then, for T # H in A, sup,cx ¢(Tx) = +o0.

Proof. Since ¢ is coercive, for each M € R*, there is R > 0 such that for all
u€ F pu) < M = ||lu| < R. Following Lemma 5.7, there exists z € X such
that ||Tz|| > R ; then we have for this vector x: o(Tz) > M. O

6. Approximation theorems
The first lemma here is a variation of Lemma 10 in [5].

Lemma 6.1. Let ¢ be a convex continuous and coercive function on the separable
Banach space F. Then the conjugate function ¢* has a proper domain D which
is a convex neighborhood of 0 in F™*. Moreover there exists a separable subspace
F'" of F* such that for any dense subset Z of F', we have for all x € F:

p(x) = sup(§, x) — p*(&).

fez

Proof. Since ¢* is convex and the proper domain of p* is

D ={¢: ¢"(¢) < oo} = | J{€: ") <n}
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it is clear that D is convex. Since ¢ is coercive the set {z : p(z) <14 ¢(0) } is
bounded in F, and there exists R > 0 such that ¢(x) < 14+¢(0) = ||z|| < R. By
convexity we deduce that ¢(x) > ¢(0)+||z|| /R if ||| > R hence that ¢(x)— (¢, z)
is bounded from below outside the ball of radius R if £ € F* and ||¢|| < 1/R.

The convex continuous function x — ¢(x) — (£, z) is necessarily bounded from
below on the bounded convex complete set B(0, R) ; it follows that D > B(0,1/R)
hence that the interior D° of D is non-empty. The convex l.s.c. function ¢* is
finite on D. Hence, if L,, denotes the closed subset of D° defined by {£ € D° :
©*(&) < m} we have D° = |, .y Lm and some L,, has non-empty interior by
Baire’s Category Theorem. So ¢* is bounded from above on a neighborhood of
some point of D° | hence is continuous on D°. Since (£, z) < p(x) + ¢*(§) for all

r € Fand all £ € F*, we have o(z) > supgcy [(§, z) — ¢*(§)] for any Z C F™.

Let (Bp)nen be a sequence of open balls in F' which constitutes a basis for the
topology. Assume F’ C F* and Z is dense in F’. Since D° is open, D° N Z is
dense in D° N F’. By continuity of ¢* on D° we necessarily have

p(r) = sup [(§z) =@ (€)= sup [({z) = (§)] .

¢eDonz ¢eDoNF!

If a < ¢(x), the point (z,«) does not belong to the epigraph G of ¢, which is
the closed convex subset G = {(u,t) : t > ¢(u)} of F x R. And there exists
(g,n) € Q x N such that o < ¢, z € B,, and inf e, ¢(y) > ¢.

Denote by A the countable set {(¢,n) € Q x N : infep, p(y) > ¢}. Then it
follows from Hahn-Banach’s theorem that for (¢,n) € A there exists &, € F*
such that

(€gns ) —q > sup [(Egn,u) — 8] = sup [(Egn u) — p(u)] = ¢ (§n)
(u,s)€G uelr

what implies &, € D and (., ) — ¢*(§,n) > ¢. Let F’ be the linear space
spanned by the linear functionals (&) (gn)ea. Thus

p(z) = sup [({,7) —¢"(&)].

€eDNF’

For ¢ € DNF', we have t§ € D°NF' for all t € [0, 1] since 0 € D°. The function
t — p*(t€) is convex and l.s.c. on [0, 1], hence continuous at 1, and it follows:

(€ 2) —¢"(§) = lim (t&,x) —™(1§) < sup [(§,x) — ¢ (§)]

t—1,t<1 ¢eDoNF’
hence that
p(x) = sup [({,z) =9 ()] < sup [(§,2) — ¢ (§)]
¢eDNF’ geDoNF’
< sup (& ) — " (§)] < w(2),

the desired conclusion. O]
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From now on we are interested in the following setting: A is a finite-dimensional
convex compact subset of L(E, F') containing only one compact operator H and
D is the linear subspace of L(E, F') generated by A — H = {T'— H : T € A}.
We denote by K = K(E, F') the set of compact operators from F to F' which is
a closed linear subspace of L(E, F) and Dy = D N K. Of course it can happen
that Dy # {0} even though (H + K)NA = {H}. We are also given a convex
continuous function ¥: A — R.

Definition 6.2. A finite family (5;)1<;<¢ will be said to be adapted to A if it is
a basis of D and (5;),<j<¢ is a basis of Dy.

For A = (A, A\a,...,\) € Rf denote Sy = Zj A\;S;. We equip R with its
canonical euclidean structure induced by the scalar product (A, ) = 3", Aju;,

and define ¥ its unit sphere. Moreover for £ € F* define T; € L(E,R") by

Tg(l’): (<§7 81I>, <§7 S2x>7 R <§7 S€x>) = (<Sik§7x>7 <S§§,l‘>, R <SZ§7 $>) eR’

for r € E. Let ' be the compact convex subset {\ € R : H+ Sy € A} of R and
X: I' = R be then defined by x(\) = ¢¥(H + S)).

Let @: RY — R” be the mapping A — (A, A2, ..., \,), ['g be the subspace ker(w)
of RY, and T'; = I'{ be the subspace @*(R") = {\ € R : Vj > r \; = 0} of R".
Then ¢ = w*w: RY — R’ is the orthogonal projection onto I';.

Lemma 6.3. Let [ be a linear functional on I'y and g be a convex continuous
real function on T such that g(0) > 0. Then there exists a p € R® such that
FA) = (u, A) for all X € Ty and infyer (g(A) — (1, A)) > 0.

Proof. Consider the two convex subsets of R x R defined by

Io={(\t): xeTyand t = f(N\)}
Co={(Mt): xeT and g(\) <t <t*"}.

where t* = sup,cp g(A). The first one is a linear subspace and the second one
is compact. Moreover they are disjoint: indeed if (A, t) € I'y N Cy we have
H + S\, € DonN A hence A = 0, thus ¢ = f(A\) =0 < g(0) <t = 0. Notice also
that (A, g(\)) € Cy forall A € T.

Then it follows from Hahn-Banach’s theorem that there exists a linear functional
o on R x R, of the form o (), t) = p.t — (u, \) for some p € R and p € R, which
separates I, from Cy:

su t—{(u,\)) < inf d—(u,N)) .
N fr/0<p (ks A)) ont (pt = (1, A))
Since I is a linear subspace we get o(\,t) = 0 for all (A, t) = (A, f(A)) € I';, and
since (A, g(\)) € Cy for A € T we also get 0 < p.g(0). So p > 0 and replacing
p by p~tu we get: Sup(\ pery, ¢ — (1, A) = 0 <1 :=infyer g(A) — (p, A), hence
g(A) = {u, ) +nfor A €T, and f(N\) = (i, A) for A € Tg. O
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Lemma 6.4. If o € R’ and § > 0 there exists v € I'y such that:

: -5
/l\Iellf;<I/+[L0,)\> > —0

Proof. Apply Lemma 6.3 with f: A — —(u, A) on I'g and g constantly equal to
§on . We get u € R® such that (i, \) = —(ug, \) for A € [y and (i, \) > ¢ for
A €T, Thenlet v = —(u+ po): we get v+ g = —p, so (v, A) =0 for A € Ty,
hence v € I'y = T'y. Moreover for A € I': § = g(\) > (u, \) = —(v + po, A). Thus
inf)\el"(l/ + Mo, )\> Z —0. U]

Lemma 6.5. For fized ¢ > 0 there exists i € I'y such that (A, i) < x(\) —
Y(H)+¢€ forall N eT.

Proof. Apply Lemma 6.3 with f =0 and g(\) = x(\) — ¢¥(H) + . Notice that
g(0) = e > 0. We get o € R® such that (fi,\) < g(\) = x(\) — ¥(H) + ¢ for
A€, and (fi,\) = 0 for A € Ty, hence 1 € Ty =T. O

Theorem 6.6. Let E and F be infinite-dimensional separable Banach spaces,
A a finite-dimensional convexr compact subset of L(E,F) containing only one
compact operator H and (S;j)1<j<¢ an adapted family, K € L(E,V) a compact
operator, F' a separable linear subspace of F*. Then there exists a separable closed
subspace Fy of F* containing F" such that for comeagerly many & € Fy there exists
for all X € 'y a sequence (wy,) in E such that Kw, — 0 and T¢(w,) — A.

Proof. 1t is clear that £ + T is linear and continuous from F* to L(E,RY).

For x € F denote |||z|| = |[Kz| ; this defines on E a coarser norm whose unit
ball will be denoted by Bgk. And we will say that a sequence (z,) is K-null if
sup,, ||z,]| < +oo and lim, ||z,[| = 0. Since F” is separable we can replace F’

by some larger separable space I} which is norming and closed in F™, and find
a dense sequence (&,,) in Fy, so that ||y|| = sup,,{|{&m,v)| : [|&En]] < 1} for all
y € F'. Thus the set {ijm :1<j<{¢ meN} C E*is countable and can be
enumerated in a sequence (6, )nen-

Denote F{ the linear space generated by the &,,’s and U the compact linear
operator E — (% defined by

= (5,

Define V! = V x F" x %, equipped with the norm: ||(v, (y;),u)| = |jv| +
> i llysll + [lully. Replacing K by K': z (Kw,(ij)Pr,Ux) from E to V'
which is compact too, we see that any K’-null sequence is K-null and that for all
v e E: [(Oy,2) <2"-||Uz|| <27 ||K'z|. It follows that, for all £ € Fy and all
j < ¢, S;§ is continuous on (E, |[.[[]). Moreover for j > r and § € F* S7¢ is also
continuous on (E, |||.|[])-

Then for £ € Fy there exists some constant § (depending on &) such that for all
p € R and all z we have |(S;§,x>| < B.||p] - || Kx||. We also have ||.S;z|| < || K'z||
for j > r. Let E’ be the closed subspace of E* spanned by the 6,,’s.
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Denote R = (Z] ||SjH2)1/2: we have for all x € E and A € R:

ISsall = |32, ASiz| < D18 lal
< OIS M2 Nzl = R YA el

Since ¥; = X NIy is compact and none Sy is compact for A € ¥; it follows from
Theorem 5.3 that there exists § > 0 and an E’-null sequence (z,) in the unit
sphere of E such that ||S\x,| > § for all n and all A € ¥;.

It follows from Theorem 4.4 that K'z, — 0, and a fortiori Kz, — 0. Passing to
a subsequence we can assume moreover that |||z,|| = ||Kz,| < 27™.

For the further argumentation within the proof of Theorem 6.6 the following
Lemma is helpful.

Lemma 6.7. Let £ € Fy. If g o Te(Bkg) is not the whole I'y, there exists 1 € ¥4
and B > 0 such that ‘(5’;5,@‘ < B.|ll=l]] holds for all x € E.

Proof. Consider the symmetric convex set C' = @ o T¢(Bg) C R". If we had
w‘l(C’) = R, we would necessarily have C = R" hence C = R". Thus there

exists g € R\ w!(C), and following Hahn-Banach’s theorem, some y € R* such
that sup, ezt A) < B := (1, Ao). We necessarily have p # 0 and w(p) = 0.

Replace p1 by p/||pll and 8 by B/|[p|: then € Xy
It follows that, for all € By we have: (S;€,z) = >, 1;(§, Sjz) = (p, Te(x)) < B,
and by homogeneity [(S7¢, z)| < 8. [|Kz|| = 8. ||| O

We now continue the proof of Theorem 6.6. By the compactness of ¥;, one
can find a finite family (u)r<ny in X7 such that 3 is covered by the N balls
B(pu,0/(4R)). Then consider the set

)
Mym={¢€ F1: 3p€Xy |p— pul| < 7 and Vo€ B [(Si€ 2)| < m|Ka] } .
The set
)
N =1(1,€) €81 X Fr ¢ lu = ] < 5 and Vo € By (€, Sur)| < m. || K]l }

is clearly closed in ¥; x F} and the second projection my : (1, &) — £ is a perfect
mapping since 3 is compact. Thus My, = m2(Nym) is closed in Fy. Let M be
the set of those £ € F} for which @ o T¢(Bg) # R". It follows from what precedes
that M C Uk,m Mk,m~

We now show that each Mj,, has empty interior in F; = Fy: indeed if not it
would exist some &, € F and p > 0 such that Fy N B(&, p) C My, . For any x in
the unit ball of Fy let £ = &y + p.x: then & € B(&, p). Since & € Fp, there exists
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some constant (3 such that ‘(S;fo,xﬂ < Bllz||| for all u € ¥ and = € E, hence

(SZ& Tn) 2 p(X; SppTn) — - 1O Sppuy, Tn) | — {(SZ,&)’ $n>|
> pAX; Sukxn> P NSl - Nznll = B[]l
> p<>< o) — pR || — ]| = B @]l
> pAX, SupTn) —pd/4— 327"

Choose n € N such that (m+ 3).27" < pd/4. We can then find y € F; such that
x|l < 1 and (x, Sy, zn) > (3/4) 1Sy, 2all, hence

3p 3p5
We then get
3p5  pd 5
(Sp ) = [ Kol 2 (Sj€ @) —m2™ = 22— B2~ (m 4 p).27 > F >0

what shows that £ ¢ M ,,, a contradiction. It follows that each My, is nowhere
dense and that M is meager. In particular Z = F; \ M is dense (and even
comeager) in Fj. And for every £ € Z, n e Nand A € I'y, 2" X € I'; C T¢(By).

So there is some z,, € By such that w o T¢(x,) = w(2".)). Then w, = 27"z,
satisfies [[|w, | <27 and @w(Tew, — A) = 0, hence S5¢ = \; for j < r. Moreover,
for j > r, ||Sj*§wnH < |lwx|]] = 0. Thus Te¢w, — A. And this completes the proof
of Theorem 6.6. O

7. The minimax theorem

Lemma 7.1. Let E be a separable infinite-dimensional Banach space, F be a
Banach space, A be a finite-dimensional convex compact subset of L(E,F') con-
taining only one compact operator H, (S;)1<j<¢ be an adapted family, Y be a
non-empty convex open subset of the normed space V and w: E — V be a com-
pact operator with dense range, Xo = 7~ 1(Y), F' be a separable subspace of F*
and ¥: A — R be a convexr continuous function. Then there exists a separable
closed subspace Fy of F* containing F' and a dense subset Z of Fy such that for
all ¢ € Z

sup inf (€, (H + Sy)a) + (V) = sup (¢, Ha) +%(H) .

z€Xp Ael z€Xo

Proof. Let £ € Z, A € ', xy € Xy, yo = 7(x9) € Y and € > 0, and fix o € [y
such that (A, i) < x(A\) —¢(H)+¢/2 for all A € I, following Lemma 6.5. Choose
also by Lemma 6.4 some v € I'y such that infyer (Te(zo) + v, A) > —¢/2.

Define K the operator xz — (Hz,7x) from E to the product space W = F x V
normed by ||(y,w)| = [|y|| + ||u|| and recall that x(\) = ¥ (H + S)); Since H and
m are compact, K is compact too and by Theorem 6.6 one can find a separable
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closed subspace F; of F* containing F’ and a dense subset Z of F; such that for
fixed £ € Z and p € I'y there is a sequence (w,,) in E such that ||Kw,| — 0 and
that p, = Te(wy,) — v — fi.

Then with 0 = S3¢ , x, = zo + w, satisfies
(0, 2n) = (S3€, 2n) = (€, Sa(wo + wn)) = (A, Te(wo)) + (A, Te(wn))
= (M Telwo)) + (0 ) = (A Telao) +v) = (A1) > —(A i) = -

and mx, = yo + 7w, — yo. Because Y is open in V we have 7z, € Y for n large
enough, hence x,, € Xy. Moreover

<€7 Hwn) = <£7 H._'L'()> + <€a Hwn> — <€7 HxO) ;
from what it follows that for A\ € T',
(& (H + S\)zn) + x(A) = (§ Hrn) + (€ Sran) + x(A)

> (&, Han) 4 (0, 20) + (N ) + ¢(H) —
> <£7H$n> +¢(H) —&— <£7HQ:O> +¢(H) —¢

N ™

thus
sup inf ( (6, (H + Sy)x) + X(V)) = (& Hao) + 0(H) — =

IEXO el

and since this holds for all o € Xy and € > 0 we get

sup inf ((f, (H + Sy)x) + X()\)) > sup (§, Hz) + ¥ (H),

ze€Xp Ael z€Xp

the desired inequality. O

Lemma 7.2. Let E and F be separable infinite-dimensional Banach spaces, A
be a finite-dimensional convexr compact subset of L(E,F) containing only one
compact operator H, (Sj)1<j<¢ be an adapted family, Y be a non-empty convex
open subset of the normed space V and w: E — V be a compact operator with
dense range, Xg = 7 1Y), ¢: F — R be a convex continuous and coercive
function and ¢: A — R be a convex continuous function. Then

sup inf o(Hz + Six) +¢(H + Sy) > ¢(H) + sup @(Hz) .
m(z)ey A€l r(z)eY

Proof. Put ®(\,z) = ¢(Hz + S\z) and x(\) = ¢(H + Sy). It follows from
lemma 6.1 that, for some dense subset Z of some closed separable linear subspace
Fy of F*, we have

P\ z) = §u§<§, Hzx 4 Syx) — ¢*(§) ,



154 J. Saint Raymond / A New Minimaz Theorem for Linear Operators

hence
inf (B(A, z) + x()) = ;gﬁ?euz)( & Hr + Sia) — ¢*(§) +X()\)>
> sup ;\Iéf( €, Ha + Syz) — () + x(A))
2 sup(—"(€) + IE (€, (H +52)2) +x(V))

and by Lemma 7.1,

sup_inf (V@) + x(N) = sup_sup(—¢"(&) + inf (&, (H + Sn)a) +x(V)))

m(z)ey AL r(z)eY E€Z

> sup(—"(€) + sup_ nf (6, (H + S)a) + x(V))

ccz n(z)ey AL

Zilelg(—so*(f)er(H)ﬂL sup (¢, Hx))

m(z)eY
> ¢(H)+ sup (sup(¢, Ha) — ¢*(§)),

m(z)eY £€Z

= (H) + sup p(Hz)

m(x)eY
the desired inequality. O

Theorem 7.3. Let E and F' be separable infinite-dimensional Banach spaces, A
be a finite-dimensional compact convex subset of L(E, F), p: F' — R be a convex
continuous and coercive function, X be a convex subset of E whose interior is non-
empty for the topology B(E, E*) and ¥: A — R be a convexr continuous function.
Assume that A contains at most one compact operator. Then the following holds:

sup tnf (¢(T) +¢(T)) = inf sup(p(Tz) +4(T)) -

Proof. By lemma 4.6, we know that there exists a normed space V', a compact
linear mapping 7: £ — V with dense range and a convex open subset Y of V
such that 7=1(Y) € X € 7= %(Y). It is then easy to see that the supremum over
X is equal to the supremum over 7—!(Y’), and we will only prove the statement
when X = 771(Y). The inequality

sup inf (¢(Tz) + ¢(T)) < inf sup(p(Tz) + ¢(T))

zex TEA TeA zex

is standard. So we have only to prove the converse inequality.

Following Corollary 5.6, it is enough to consider the case where the convex com-
pact set A contains exactly one compact operator H.

Then by Corollary 5.8, we have

ol sup (A(T) +0(T)) = sup(e() + 0(H))
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and it follows from Lemma 7.2 that

sup p(Hz)+ ¢ (H) < sup in%gp(ijLS,\:v) +(H +S))

()€Y m(z)eYy A€
= sup inf o(Tz)+ (T),
w(z)eY TeA ( ) ( )
and this completes the proof. [

The following statement extends Theorem 7.3 by removing the hypotheses of
separability on E and F'.

Theorem 7.4. Let E and F be infinite-dimensional Banach spaces, A be a com-
pact conver finite-dimensional subset of L(E, F), ¢: F — R be a convex continu-
ous and coercive function, X be a convexr subset of E whose interior is non-empty
for the topology B(E, E*) and ¥ : A — R be a convex continuous function. Assume
that A contains at most one compact operator. Then the following holds:

sup inf (o(T) + ¥(T)) = inf sup(p(T) + (1)) -

Proof. If F is separable, we can assume F' is also separable: indeed G =

>.;Si(E) is a separable Banach space, and )¢ is convex continuous and co-
ercive.

From now on assume E is not separable. The function (z,7T) — ¢(Tx)+¢(T) is
continuous on X x A and A is compact.

It follows that the function ®: z +— infrea (¢(T) + ¢(T)) is continuous on X.
So there is some countable set D C X such that sup,.y ®(z) = sup,cp (z).
And for any separable subspace Ey C E containing D we also have

sup &(z) =supP(z) < sup P(x) < sup ()
zeX zeD zeXNEy zeX
hence sup e xng, ®(7) = sup,cy ®(z).

Assume that for all T'## H in A, T is not compact: then for all 7' € A there is
0 > 0 and a sequence (z,) in the unit ball of £ such that [Tz, — T'z,|| > 30 if
n#p. If SeAand|S—T| <d we have for n # p:

1520 = Sapl| = [ Twn = Tapl| =I5 =TI lznll = [[S =TI - [lp]| > 30 -6 -6 =0

It follows that A\ {H} is covered by balls B(T,dr) such that exists a sequence
27 in the unit ball of E with HSQL’%T) — Sx,(yT)H > o forn # pand S € B(T, 7).

By Lindelof’s theorem A\ {H} is covered by some countable subfamily: so there
is some countable set Iy C E such that for each T" € A\ {H} one can find
an infinite subset J of I'y satisfying inf, ., ,,es||Tx — Ty|| > 0. It follows that
for every separable subspace E; of E containing I'y and every 7€ A\ {H} the
restriction 7|g, is not compact.
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There is a countable D' C X such that

sup p(Hx) +¢(H) = sup o(Hx) + ¢ (H)

zeD’ zeX

Choosing a separable subspace F; containing DUI'; U D', and applying Theorem
7.3 to Fn, we get

sup inf ( (Tz) +(T)) = sup inf (SO(TSU) + (7))

zex TeA zeXnE; TEA
= inf su Tx)+ = inf su Tx)+ (T
il swp (o(Ta) +0(T) = fuf sup(p(Ti) + (7))
what completes the proof of the general case. 0

8. Counter-examples

The hypothesis made on the set A to contain at most one compact operator
could seem quite artificial. In fact without this hypothesis on A the statement of
Theorem 7.3 becomes false, as shown by the following example, extracted from
[5], where S and T" are compact.

Example 8.1. There exist two continuous linear operators S and T from the
Hilbert space £ = (% to a Banach space F isomorphic to £2, X a convex subset
of £ whose interior is non-empty for 5(€,£*), a compact interval J = [0, 2] and a
convex continuous and coercive function ¢: F — R such that

sup mf( (Tz — ASz)) < inf sup(p(Tx — ASx)) . O
Aed pex

zeX AEJ

If one replaces the segment {T"— \S : A € J} C L(E, F) by some 2-dimensional
simplex A = {X\To+ 11+ T 2 A; >0, > \; =1}, even adding the hypotheses
that the mapping @ — (T;z);<2 is an isomorphism from E onto its range in F*
and that X is a convex subset of E with non-empty interior for B(E, E*), the
minimax equality can no longer hold. The construction is similar as in Example
8.1:

Example 8.2. There exist two continuous linear operators S and 7' from the
Hilbert space £ = £? to a Banach space F, X a convex subset of £ whose interior
is non-empty for 5(&,£*), a compact interval J C R and a convex continuous
and coercive function ¢: F — R such that

sup mf( (Tz — ASz)) < inf sup(p(Tz — ASz)) . O

zeXx A Aed geXx
We begin by exhibiting an explicit example (the same as in [5] of a pair A, B of
operators between normed spaces which do not satisfy the minimax equality of

Asplund and Ptak.

Define the two-dimensional normed spaces E and F as the linear space R2
equipped respectively with the norms |||, : (z,y) — |z|+|y| and ||.|| : (z,y) —
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max(|z|, |y|). Denote by A € L(E, F') the operator whose matrix in the canonical

bases is (_31 (1)) and by [ the identity mapping.

Lemma 8.3. We have: infyegrsup), < [[Az — Az[|, = infier |[A — M| = g

Lemma 8.4. We have: sup. <;infrer [[Az — Azl < Z < % More precisely,
for each z in the unit ball of E there is \* €[0,2] such that ||Az — X\*z|| < %

Lemma 8.5. There exist two Banach spaces Ey and Fy which are isomorphic to
the Hilbert space (% and operators Ay and By in L(Es, Fy) such that

5 _ 3
f ||Asz — AB <= <= <inf Asz — \B .
| ﬁuqug[})z | A2z 22|, < 19 ;IelRHZiUP [ A2z 22|

They are Lemmas 16 to 18 in [5].

Proof. Since F, is isomorphic to ¢?, we can find a one-to-one compact operator
7: & = (> — F, with dense range, define F = Fy, T = Ay o mand S = By o m and
¢ = ||.| p,, choose J = [0,2] and Y as the unit ball of Fs, then define X = 7~(Y).
So X has non-empty interior for 5(€,E*) and for any A € J we have

sup [ Tw — ASz|| = sup (A2 = ABo)yl = sup (A2 — ABy)yl|

zeX yeEY N7 (£2)

Take Ty =T, Ty = T — 2S5, and choose for T, any isomorphism from £ = ¢? onto
F. Since T5 is an isomorphism, it is clear that = +— (Tjz);<2 is an isomorphism
from £ onto its range in F3.

So any U € A has the form U = X\T5 + (1 — \o)(T' — AS) for some A € J = [0, 2]
and Ay € [0, 1]. It follows that

< —
[}ngap(Ux) mf o(Tr — A\Sx)

hence

< — <
2161)1? ngf o(Ux) 2161)1? ;\1615 o(Tx — \Sz) <

»QICH

And by Lemma 5.5, since T"— \S is compact for any A € J,
sup ¢ (AToz + (1 — Ao)(Tw — ASz)) = +o00

zeX

for every Ay €]0,1]. Thus

inf sup p(Uzx) = mf sup p(Tx — A\Sx) >
UeA gex AeJ peX

l\DIOO

and this shows that sup,.y infyea p(Uz) < infyea sup,ex p(Ux). O
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The previous example shows that A should contain at most one compact operator
for granting the validity of the minimax equality.

We now prove that the interior of X for S(F, E*) has to be non-empty for guaran-
teeing the validity of Theorem 7.3 for all (F, A, ), at least for X being symmetric.

Assume F is an infinite-dimensional Banach space and X is a convex symmetric
open subset of E. Then, as in Lemma 4.6, the Minkowski functional p of X is a
semi-norm on F ; we denote V' the separated completion of (F,p) and 7: F — V
the canonical mapping. It follows from Theorem 4.7 that 7 is compact if and
only if X is a neighborhood of 0 for (£, E*).

Assume now that X is not a neighborhood of 0 for B(E, E*): so 7 is not compact
and in particular V is infinite-dimensional. Choose two linearly independent
continuous linear functionals ¢g; and g, on V: the continuous linear mapping
g: V — R? defined by g(u) = ((g1,u), (g2, u)) is onto. Let Vo = ker(g) and F
be Vy x R? equipped with the norm (u, \) — [|(u, N)||» = aljul| + |||, where
|All; = |A1] + [A2| and « a constant to be defined later on. Denote P: V — 1}
any linear projection.

Then the mapping j: V' — F defined by x +— (Pz, gx) is an isomorphism. If By
denotes the unit ball of V' then C' = g(By ) is a compact convex symmetric subset
of R?, with non-empty interior since its spans R?, hence the unit ball for some
norm |[||.|| on R?. Since |||.|| and ||.||, are not both euclidean on R?, it follows
from [1] that the minimax inequality is strict for L((R?,||[.]|]), (R?, ||.]|,) it is:

f = sup inf ||Sou+tSiull; <inf sup [[Sou+ tSiul, =~
lufi<1 PER PR Jull<1

for some two linear operators Sy and S; from R? to R?. Define now two linear
operators from V' to F' by:

Sox = (Px, Sogz) , Sy = (0, S1gx)

and two operators from E to F by Sy = Spomand S; = S; o . The continuous
convex coercive function ¢ on F' will be the norm ||.||

Lemma 8.6. For every t € R the mapping So + £S5, is not compact.

Proof. The projection ¢ : (u, ) = u is continuous from F' to V4. If So+1S; was
compact for some t € R, so would be g o (Sy+tS1) = P o m and so would be also
7 since (I — P) o 7 has finite rank 2, but this contradicts the assumption that X
has empty interior for S(E, E*). ]
Lemma 8.7. There exists an integer ng such that

/

"= sup inf |[Sou+tSiull, <7.

llufl<1 [t1<no

Proof. For all ¢ € R the function u — ||Sou + tS1u|; is (|¢] . ||S1]])-lipschitz on
C: it follows that the function f,: u — inf<, ||Sou + tS1ul|, is also (n. || Si]|)-
lipschitz on C hence continuous on the compact set C'. Moreover the sequence (f;,)
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is obviously non-increasing and for each u € C' we have lim,, f,,(u) = inf, f,(u) =
B < 7. It follows then from Dini’s theorem that the convergence is uniform on C
and that for some ny we have f,,(u) < ' =(8+7)/2 <~ for all u € C. O

Let A = {Sy+1S; : |t| < ng}. This set is a segment, hence compact and convex,
and contains none compact operator.

Lemma 8.8. We have infrea sup,cx ¢(Tx) > 7.

Proof. Indeed if T € A there is t € [—ng,ng] such that T = 50 + tgl, and if
x € X then ||7z| <1;let v =mz. Thus

(p(T%) = HS’()'U + tgl'l}

‘F =« HP(S’OU —l—tSlv)H—i-HSov +tS1v||; > ||[Sov + tS1v]|, -

So
sup o(Tx) > sup ||Sov + tSiv||; 2 mf sup ||Sov + tS1v||;
zeX vll<1 <no veBy
> inf sup [|Sov +tS1v||; =
teR vEBYy
and we get infrea sup,cx ©(Tx) > 7. N

Lemma 8.9. We have sup,¢y infrea o(Tx) < 7.

Proof. Again for z € X and T € A we have |jv|| < 1for v = 7z and T = Sy+15;
for some ¢ € [—ng, ng]. Thus

o(Tz) = HSOU +tSv

‘F =« HP(SOU + tS’lfu)H + [[Sov + tS1v|,

< o[ P} (| Sof| + 10 | S ) + 11v0 + Sl

v—p3
M

Let M = HPH(‘SO S|y and fix o < . Thus

f o(Ta) < Ma+ inf ||Sov +tS
dnf p(Tx) < Mo+ inf [[Sov + S]], ,

hence

sup inf o(Tz) = sup inf o(Tz) < Ma 4+ sup inf ||Sgv + tSiv
$€)I?’TEASD( ) UGB%TEAQO( ) vGBI?/H || 0 ! Hl

<Ma+p <y,
the desired inequality. O

The two previous lemmas show that the minimax equality does not hold as soon
as X is not assumed to be a [S(F, E*)-neighborhood of 0 in E (at least for X
symmetric).
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