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1. Introduction

Let V be a real topological vector space, let C be a subset of V and let f: C'xC —
R be a given function. The equilibrium problem governed by the bifunction f is

find u € C such that f(u,v) >0, for every v € C. (1)
The problem
find u € C such that f(v,u) <0, for every v € C (2)

is called the dual of (1).

Equilibrium problems provide a common approach to several classes of problems,
like variational or hemi-variational inequalities, complementarity problems, and
have important applications in science (see for instance [1], [3], [12], [25], [26], [27],
[28] and the references therein). Problem (1) was studied first by Ky Fan in [12].
The existence result was later extended in several ways, for instance by Brézis,
Nirenberg and Stampacchia in [4] and, in another direction, in the papers [13],
[14], where a quasi Ky Fan-like inequality is treated. We follow here the direction
of [4], since this one can be applied also to variational inequalities governed by
quasimonotone operators (see [26]).
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The above way of defining the dual problem was already considered in [2] (see
also [21]). Inspired by the particular case of variational inequalities governed by
monotone operators, the existence of solutions is proved first for the dual problem
(2) and then is shown that in certain conditions a solution of (2) is also a solution
for (1).

This method can be applied also for certain variational inequalities, but not for
variational inequalities that are governed by elliptic operators in divergence form
(see for instance [22]), which are monotone only in those terms in the principal
part, i.e. in the highest order terms (called quasimonotone in [26] and semi-
monotone in [6]). In the paper [17] it was shown that such cases can be approached
by using an equilibrium problem governed by functions of three variables.

A more general class of problems, studied in recent years, consists of quasi-
equilibrium problems, in which the constraint set depends on the considered
point (see [5], [9], [23] and the references therein). They cover several special
cases, like quasivariational inequalities (see [24]) or Nash equilibrium problems.
The constraints may be, for instance, boundary constraints (as in the Signorini
problem of elasticity), interior constraints (as in elasticity theory to describe the
equilibrium position of a membrane which is constrained below by an obstacle),
gradient constraints (as in the elastic-plastic torsion problem in which the stress
is pointwise bounded), etc. (see [26], p. 70-72).

In this paper we study the following quasi-equilibrium problem governed by a
trifunction.

Let V' be a real Hausdorff locally convex topological vector space, C C V a
nonempty convex set, F': C'x C'xC — R a given function, and let Sy, So: C' — 2¢
be two set-valued mappings with nonempty values.

The quasi-equilibrium problem governed by F' is:

(P) find @ € Si(a) such that F(u,v,u) > 0, for every v € Sy(u).
We define the dual of (P) as:

(DP) find w € S () such that F(u,v,v) > 0, for every v € Sy(u).

For particular forms of the function F', we get various problems, as by the follow-
ing examples:

Example 1.1. Let F(u,v,w) = sup (f,v —u) + p(v) — p(u) and Sy(u) =
feET(w,u)

Sa(u) = C, where V is a real Hausdorff locally convex topological vector space,
V*its dual, T: V x V — 2V is a set-valued mapping, (-, -) denotes the duality
pairing between V and V*, and ¢: V — R is a convex and lower semi-continuous
function.

In this case, the above problems become the following well-known variational
inequalities of Stampacchia and Minty type, governed by set-valued operators of
two variables (see [19]):
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find € C such that sup (f,v—a)+ ¢(v) —¢(u) >0, for every v € C,
feT(u,u)

respectively

find u € C such that sup (f,v —u) + ¢(v) —¢(u) > 0, for every v € C.
feT(v,a)

Example 1.2. Let F(u,v,w) = f(u,v) + g(w,v), where f,g: C' x C' — R and
C' is a convex subset of a topological vector space. Problem (P) is in this case
a mixed equilibrium problem, where f is monotone and lower semi-continuous
in the second argument, g is upper semi-continuous in the first argument, and
both are convex in the second argument (see for instance [3], [18], [20] and the
references therein).

Example 1.3. Let F(u,v,w) = f(w,v) — f(w,u), where f: C x C — R is a
given function with f(u,u) =0 and Sy (u) = Sa(u) = C, for any u € C. Problem
(P) becomes problem (1) and (DP) becomes (2). So, the above defined duality
concept for trifunctions generalizes the duality for bifunctions (see also [17]).

The general form of the problem and the presence of three arguments in the
objective function allow to prove some existence results which can not be obtained
using the classical theory of equilibrium points for bifunctions.

The paper is organized as follows. Section 2 contains the notions and auxiliary
results used in the paper. In Section 3 we prove our main results. In Section
4 we apply the main theorem to a hemivariational inequality problem governed
by operators of two variables, providing sufficient conditions for the existence of
solutions.

2. Definitions and auxiliary results

Definition 2.1. (a) The function F is said to be monotone relative to (S, S5)
iff F(u,v,v) > F(u,v,u), for every u,v € V, with u € S1(u) and v € Sy(u).

(b) F is said to be A-pseudomonotone relative to (Si, Ss) iff, for every u,v € C,
with u € S1(u) and v € Sy(u),

F(u,v,u) > 0 implies F'(u,v,v) > 0.

(c) F is said to be B-pseudomonotone relative to (51, Sz) iff, for every u,v € C
with v € S3(u), and for every net (u;);e; on C with u; — u, u; € Si(u;), v €
Sa(u;), for every i € I, and
liminf F'(u;, u, u) > 0,
iel
we have
lim sup F'(u;,v,v) < F(u,v,v).
iel

(d) F is said to be C-pseudomonotone relative to (Sy, Ss) iff for every u,v € C
and for every net (u;);e; on C with w; — u, u; € Si(u;), v € Se(u;) and such
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that F'(u;, (1 — t)u +tv, (1 —t)u +tv) > 0, for all i € I and t € [0, 1], we have
u € Si(u), v € Se(u) and F(u,v,v) > 0.

Example 2.2. Let C = Si(u) = Sy(u) = R for any u € R. The trifunction
defined by F(u,v,w) = w —u if v # 0 and F(u,v,w) = 0 if u = 0 is C-
pseudomonotone but is not A-pseudomonotone nor B-pseudomonotone.

If Si(u) = Sa(u) = C for all u € C, then the expression “relative to (51, S2)” will
be omitted.

Remark 2.3. (i) In the case S;(u) = Sa(u) = C for all u € C, if F is defined
by F(u,v,w) = f(w,v) — f(w,u), with f(u,u) = 0 for every u € C, then F
is monotone (A-pseudomonotone) if and only if f is monotone (algebraic pseu-
domonotone) as a bifunction, that is, f(u,v) + f(v,u) < 0 (from f(u,v) > 0
follows f(v,u) <0), for all u,v € C' (see [21], Definition 2.1).

(ii) The function F' defined by F(u,v,w) = f(u,v) is monotone in the sense of
the previous definition, since F'(u,v,v) = F(u,v,u), for any u,v € C.

(iii) If V' is a normed space, the function F' defined by F(u,v,w) = |Jw — u/| is

also monotone, since F(u,v,v) = ||v —ul| > 0 = F(u,v,u).

Remark 2.4. (i) If, for a given f: C' x C — R, we take F(u,v,w) = f(u,v)
then F' is B-pseudomonotone iff f is topological pseudomonotone, which is pseu-
domonotonicity in the sense of Brézis, in the case of variational inequalities (see

[18]).
(ii) If F' has the form from (i), then it is C-pseudomonotone iff —f satisfies

condition (4) in [4], which is C-pseudomonotonicity in sense [16] (or 0-segmentary
closedness in [11])

(iii) It is easy to see that B-pseudomonotonicity implies C-pseudomonotonicity,
but the reverse implication is not true (see [16], Example 5).

In this paper we will use the following well-known notions (see [10], [18], [21]):
Definition 2.5. A function f: C'— R is said to be:
(a) quasiconvez iff, for each u,v € C' and « € [0, 1], we have

flau+ (1 —a)v) < max{f(u), f(v)},

(b) explicitly quasiconvez iff it is quasiconvex and, for each w,v € C such that
f(u) # f(v) and for each « €]0, 1], we have

flau+ (1 = a)v) <max{f(u), f(v)},

(¢) 0-explicitly quasiconvez iff it is quasiconvex and, for each u,v € C' such that
f(u) # f(v) and for each « €]0, 1] such that 0 < f(au + (1 — a)v), we have

flau+ (1 —a)v) < max{f(u), f(v)}.
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Definition 2.6. Let f: C x C = R, 5;,55: C — 2¢ and B C C. We say that
(u,v) — f(u,v) is O-transfer upper semicontinuous relative to (Si,.S3) on B, iff
for every u,v € B with u € S1(u), v € Sa(u), and f(u,v) < 0, there exists v' € B
and a neighbourhood N of u such that v" € Sy(y) and f(y,v') < 0, for every
ye NNB.

Obviously, if f is upper semi-continuous relative to the first argument then f
is O-transfer upper semicontinuous relative to (S, 5;) on B, with v" = v. The
converse is not true. For instance, let C' = B = R, Sj(u) = R, Sy(u) = [—u, ul,
for any v € R and

—1, ifu=0and v #0,
f(u,v) = 1, ifu=#0andwv#0,
-2, ifv=0.

The function f is O-transfer upper semicontinuous relative to (57, S2) but is not
upper semicontinuous in the first argument.

We denote by Fix S; the set of fixed points of S; and by co A the convex hull of
a set A.

Definition 2.7. A mapping I': C — 2V, is called
(a) KKM mapping iff, for any vy, ..., v, € C, we have co{vy,...,v,} C U '(v;),

(b) transfer-closed valued on B C C'iff, for any u,v € B with u ¢ T'(v) N B,
there exists v' € B such that u ¢ cl(I'(v") N B) (see [27]).

To prove the existence of solutions for problems (P) and (DP) we will use the
following result, which is a generalization of the famous intersection lemma due
to Brézis, Nirenberg and Stampacchia [4] (see [10], [16], [18] ).

Lemma 2.8. Let V' be a Hausdorff topological vector space, C CV a nonempty
convez set and let I': C' — 2V be such that:

(i) T is a KKM mapping,

(ii) for any finite subset A of C' the mapping U is transfer-closed valued on coA,
(ili) for any u,v € C it holds:

ce | () Tw) | (wvl=[ () Tw) | (o)
weu,v] welu,v]

(iv) el (vg) is compact for some vy € C.

Then m I'(v) # 0.

veC

We end this section by recalling the following useful result which is needed in the
following.
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Lemma 2.9. ([15]) Let U and V be topological spaces, T': U — 2V a set-valued
mapping and v: U x V — R. Denote by h: U — R, h(u) = sup,ep(,) 7(u,v) the
marginal function. If the conditions:

(i) v is upper semicontinuous on U X V,
(ii) T'(ug) is compact for some uy € U,
(iii) T 4s upper semicontinuous at uy,

are satisfied, then h is upper semicontinuous at ug.

3. Main result
In what follows, we consider the assumptions:

(H1) F is A-pseudomonotone relative to (S, Sz).
(H2) (a) Sy has convex values, So(u) C Si(u) for all u € C,
(b) u € FixS; and v € Sy(u) imply that Ju, v] C Sy(u).

H3) The set of fixed points of 57 is closed.

m
B

For any v € C the set S5 '(v) is open in C.

F(u,-,w) is 0-explicitly quasiconvex for all u,w € C.

F(u,u,u) =0 and F(u,u,w) <0 for all u,w € C.

If uyv € C and F(u,v,tv + (1 — t)u) > 0, for every ¢t €]0,1], then

F(u,v,u) > 0.

(H8) For any finite subset A C C, any u,v € coA withv € Sy(u) and F(u,v,v) <
0, there exists v' € coA such that, for any net (u;);e; on coA with v ¢
So(u;), or with u; € Si(u;) and F(u;,v',v") > 0, for every ¢ € I, there
exists a neighborhood N of u and iy € I such that u; ¢ N N coA for each
1> 1g.

(H9) Foru,v € C and t € [0, 1], denote v; = (1 —t)u+tv. For any u,v € C with

v € Sy(u) and F(u,v,v) < 0, and for any net (u;);cr in C with vy & Sa(u;),

or u; € S1(u;) and F(ug, v, v¢) > 0, for every i € I and t € [0, 1], there

exists a neighborhood N of u and a subnet (u;, )i er such that u;, ¢ N for

each 1, € 1.

.
S

m s
~ ot
S N e N N

(H10) There exists a nonempty compact set K C C and vy € C such that
F(u,vg,v9) <0 and vy € Sy(u) for all u € C'\ K.

Proposition 3.1. If (H1) holds, then any solution of problem (P) is also a so-
lution of problem (DP).

Proof. Let u be a solution of (P), that is u € Sy(u) and F(u,v,u) > 0 for all
v € Sy(u). Pseudomonotonicity of F' relative to (S1,52) implies F(u,v,v) > 0
for all v € Sy(u), so u is a solution of (DP). O

Proposition 3.2. If (H2), (H5), (H6) and (H7) hold, then any solution of prob-
lem (DP) is also a solution of problem (P).
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Proof. Let @ be a solution of (DP). Let v € Sy(u) be fixed. From (H2) we have

vn=tv+ (1 —t)u € Sy(u) and F(u,v,vy) >0, for every t € [0, 1].

From (H5) and (H6) we get 0 < F(u, vy, v;) < F(u,v,v).
This implies 0 < F(u,v,v;) for all t €]0,1]. Consequently, from (H7) follows

0 < F(u,v,u), for all v € Sy(u),

so @ is a solution of (P). O

Theorem 3.3. Suppose that C C V' is a nonempty closed convexr subset of a
real Hausdorff locally convex topological vector space V., F: C'x C x C' — R is
a given function and Sy, So: C — 2¢ are two set-valued mappings. Suppose that
the assumptions (H1)—(H10) are satisfied.

Then problem (P) admits at least one solution.

Proof. For each w € C, denote
D(w) =[C\ Sy (w)]U{ueC ue Si(u), Flu,w,w)>0}

It is easy to see that Nyeol'(w) is the set of solutions of (DP). Indeed, if u €
Nwecl (W), let v € Sy(u) be fixed. This means u ¢ C'\ S;*(v), so since u € I'(v),
we must have u € Sy (u) and F(u,v,v) > 0 which gives that u is solution of (DP).
Conversely, let u be a solution of (DP). Let w € C be arbitrary. If w ¢ Ss(u),
then u € C'\ S;'(w) and so u € I'(w). If w € Sy(u), then F(u,w,w) > 0 and
u € S1(u), so again u € I'(w).

To prove that Nyecl'(w) is nonempty, we use Lemma 2.8. For each w € C, we
denote T'y(w) = [C'\ Sy (w)]U{u € C |u € Si(u), F(u,w,u) > 0}. We prove
first that T’y is a KKM mapping. Let wy,...,w, € C'and u = > " | \jw;, with
A €10,1], 377, A = 1. From (H5) and (H6) follows that

7

0= F(u,u,u) = F(U,Z)\iwi,u) < max F'(u, w;, u)
i=1

which implies that there exists j € {1,...,n} such that 0 < F(u,w;,u). If
w; € Sa(u), for every i € {1,...,n}, then by the convexity of Sy(u), we have u €
So(u) € Si(u) and so u € I'y(w;). If, on the contrary, there exists k € {1,...,n}
such that wy, ¢ Sa(u), then u € C'\ S; ' (wy) therefore u € T'y (wy). This means

co {wh B 7wn} - Url(wl)
=1

Since (H1) ensures that I';(w) C I'(w), for every w € C, it follows that I is also
a KKM mapping.
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To verify hypothesis (ii) in Lemma 2.8 for I', let A C C be a finite set and
u,v € coA such that u ¢ I'(v). This implies v € S3(u) and at least one of the
conditions u € Sy(u) or F(u,v,v) > 0 is not satisfied.

If u ¢ FixS;, then we take v/ := v. Since FixS] is closed, there exists a neigh-
borhood Nj of w such that for all y € Ny, y ¢ FixS;. On the other hand, having
u € Sy'(v) and S;'(v) open, there exists a neighborhood N, of u such that
y € Sy (v), for all y € Ny. Taking now N = N; N Ny, we have y ¢ I'(v) for all
y € NNcoA.

On the other hand, in the case F(u,v,v) < 0, let v" € co A from (H8). If we
have u € cl(I'(v") N coA), then there exists a net (u;);e; such that u; — u and
u; € I'(v')NcoA. By (HS8) there exists a neighborhood N of v and i € I such that
u; ¢ NNcoA for each i > iy, contradicting u; — u. Therefore u ¢ cl(I'(v")NcoA),
so I' is transfer closed valued on co A.

The next step is to prove the equality

d| () Tw) |(wvl={ () Tw) | (ol (3)

wE[u,v] wE[u,v]
for any u,v € C.

Let u € cl <ﬂw€[u7v} F(w)> (lw,v]. Then there exists a net u; € () [(w)

such that u; — w.

weE|u,v]

We have u; € T'(v;), for every i € I and t € [0, 1] where v; = (1 — t)u + tv. It
follows that u; € C'\ S5 *(vs), or u; € Sy(u;) and F(ug, vy, v) > 0.

We have to show that u € I'(v;) for all t € [0,1]. If we have u ¢ I'(v), then
v € Sy(u) and at least one of the conditions u € Si(u) or F(u,v,v) > 0 is not
satisfied. By (H3), w; € S1(u;) and u; — w imply u € Sy(u). So we get v € Sy(u)
and F(u,v,v) < 0. Since u; € I'(vy) for all t € [0,1], by (H9) there exists a
neighborhood N of w and iy € I such that u; ¢ N for each i > iy, contradicting
u; — u. So equality (3) is proved.

From (H10) it follows that I'(vg) C K, so clI'(vg) is compact.

Since all the conditions of Lemma 2.8 are verified for I it follows that (), . I'(v) #
() and (DP) admits solutions. By Proposition 3.2, also (P) admits solutions. [J

Remark 3.4. (i) If property (HS8) is verified for v/ = v, then I'(w) is closed in
coA, for every w € coA where A C (' is finite. Indeed, let w be fixed and let
(u;)ier be a net in I'(w) such that u; — u, u € C. We have two possibilities: The
first is that there exists a subnet {u;,} such that u;;, € C'\ S;'(w) for every j.
By (H4), this gives u € C'\ S; ' (w), so u € T'(w).

The second case is where such a subnet does not exist. Then there exists a subnet
{ui,;} such that u;; € Si(uy;) and F'(u;;, w,w) > 0, for every j € I. From (H3)
we get u € Si(u). Supposing that F'(u, w,w) < 0 we get from (H8) that u;, can
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not converge to u, which is a contradiction. This means F(u,w,w) > 0 and so
u € I'(w).

(ii) The closedness of I'(w) ensures that conditions (ii) and (iii) of Lemma 2.8 are
verified.

(iii) Of course, (H8) is satisfied if the bifunction (u,v) — F(u,v,v) is O-transfer
upper semicontinuous.

(iv) It is simple to see that, if F' is C-pseudomonotone relative to (S1,.S2) then
assumption (H9) is verified.

Example 3.5. Let a < 0 < b, C' = [a, b] 1(u) = [u,b], for every u € C,
So(u) =]u, b] for every u € [a, b] and Sy(b) =

v —u? — (w—v)? ifuz#0,0,weC
F(u,v,w)—{ 0, ifu=00,uweC.

Then

2u(v —u), ifu#0 v2—u?, ifu#0
F(“’“’u):{ ( 3 ifuio a“dF(“’”’“):{ 0 ifuiO.

We have F(u,v,v) > F(u,v,u) for all u,v € C, so F is monotone and (H1)
is fulfilled. The assumptions (H2), (H3), (H4) are verified, since FixS; = [a, b],
Sy ' (v) = [a,v], open in C. The convexity of F in the second argument implies
(H5). (H6) is obvious.

To check (H7), let u,v € C such that F(u,v,tv + (1 — t)u) > 0 for any ¢ €]0, 1].
This means v? — u? — (1 — t)*(u — v)? > 0 for any ¢ €]0,1]. Passing to the limit
t — 0 we get F(u,v,u) > 0.

(H8) is verified with v = v.

If u,v € C are such that F(u,v,v) < 0 then u # 0 and v? —u? < 0. If (u;);en is a
sequence such that F(u;, v, v;) > 0 for any ¢ € Nand ¢ € [0, 1] we get v2 —u? > 0,
which makes the convergence u; — u impossible and insures (H9).

Finally, the condition (H10) is obviously satisfied if we choose K = [a, b].

All the assumptions of Theorem 3.3 are satisfied and the solution set is [0, b].

4. Hemivariational inequalities governed by a semimonotone operator

In this section, let V' be a real reflexive Banach space, V* its dual, C' C V a
nonempty closed convex set, Sy, S5 : C' — 2¢ with nonempty values, 7: V x V —
2V" and ¢: V — R. Let J: C' — R be a locally lipschitz function and denote by
JO its directional differential in the sense of Clarke [7],

J%(n;v) = limsup JO+t7) — J(9>.

91, 104 t
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We consider the following hemivariational inequality governed by the operator 7"
Find @ € FixS; such that

(HVI)  sup (f,v—a)+ Ju,v—a)+ o) — @(@) >0, for every v € Sy(a).
feT(a,u)

Specific examples of hemivariational problems, that appear in engineering or eco-
nomics are presented for instance by Naniewicz and Panagiotopoulos in [25].
We formulate the following assumptions, considering V' endowed with the weak
topology and V* with the strong topology:

C1) For every u,v € C, Sup rep(y,u)(fs v — ) 2 SUPpequ (f, v — u).

(

(C2) FixS; = FixS; and it is a closed set.

(C3) Sy(u) C Si(u) for all u € C.

(C4) The set S;*(v) is open in C for every v € C.
(C5) ¢ is convex and lower semicontinuous.

(C6)

For each u,v € C, the mapping ¢ — T'(tv + (1 — t)u,v) is upper semicon-

tinuous at ¢ = 0.

(C7) For each u € C, the mapping T'(u, -) is upper semicontinuous.

(C8) For each u,v € C' the set T'(u,v) is compact.

(C9) The function f defined by f(u,v) = J%(u,v — u) for all u,v € C is B-
pseudomonotone relative to (51, S2).

(C10) There exists a nonempty compact set K C C and vy € C such that
SUD e r(vp.u) (> Vo — 1) + JO(u, vo —u) + (vo) — (u) <0 forallu € C'\ K.

As an application of Theorem 3.3 we get the following:

Theorem 4.1. If the assumptions (C1)—(C10) are satisfied, then problem (HVI)
admits at least one solution.

Proof. We apply Theorem 3.3 by taking

F(U7U7w): sup <f,U—U,>+JO(U,U—U)+Q0(U)—QO(U),
fET(w,u)

for all u,v,w € C. Directly from (C1) it follows that F' is monotone, so (H1)
holds. The hypotheses (H2), (H3) and (H4), referring to S; and S, are obviously
verified. Clearly F'(u,u,w) = 0 for any u,w € C, which ensures (H6).

It is known that J°(u, -) is sublinear for any u € C (see for instance [7]). Together
with the convexity of ¢ and the linearity of (f,-), this gives (H5).

From conditions (C6) and (C8), using Lemma 2.9, it follows that the mapping
t = SUD per(tp (1—tyuu) (f> U — 1) is upper semicontinuous at ¢ = 0, which ensures
(H7).

We notice that ¢(v) — ¢(+) is upper semicontinuous (since ¢ is lower semicon-
tinuous) and, by (C9), J° is B-pseudomonotone relative to (S;,S). The upper
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semicontinuity of sup ez, (f,v — ) is obtained by using (C7), (C8) and Lemma
2.9. These, together with the fact that the sum of two B-pseudomonotone map-
pings is B-pseudomonotone, imply the assumptions (H8) and (H9).

Finally, (H10) is a direct consequence of (C10). O

Remark 4.2. (i) If T: V x V — V* is single-valued, then condition (C7) can
be weakened to: T'(u,-) is locally bounded on finite dimensional subspaces and
the mapping T'(u, (1 — t)u + tv) is upper semicontinuous at ¢ = 0. Indeed, in this
case, by (C1), T'(u,-) is B-pseudomonotone. In this case we obtain an analogue
of Theorem 5.1 from [18].

(i) If V is endowed with the strong topology, then J° is upper semicontinuous in
both arguments (see [7]), so (C6) can be omitted.

(ii) For ¢ = 0, instead of (C1) we can suppose the following pseudomonotonicity
condition: for any u,v € C,

sup (f,v—u) >0 implies sup (f,v—wu) >0.
feT(u,u) feT(v,u)
In this case, Theorem 4.1 implies Theorem 3.1 from [19].

(iii) In the paper [8] a particular case of the problem (HVI) was considered, and
a direct proof of an existence theorem was given.
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