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Abstract

Consider the graph G = {V, E}, which has n vertices and e edges. In this study, we have applied cordial labeling
to Four Intersection Opposite Lagoon Step Graph FIO L,S,, and Four Intersection Mirror Lagoon Step Graph
FIM L,Si. Python has been used to implement the ideas presented in the paper below.
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Introduction

Numerous fields, including mathematics, operations research, management science, network analysis, computer
science, and mobile applications, use graph theory. Cahit [1] was the first to propose the concept of cordial
labeling in 1987. Rosa is credited with creating graph labeling [2]. Gallian [3] is cited for a more thorough
survey. We adhere to Harary [4] for all terminologies and notations. Driven by the notion of cordial labeling,
Sundaram et al. [5] have presented a labeling that resembles cordial labeling but substitutes the product of
vertex labels for the absolute difference of vertex labels. In [6], the same authors looked into a few new product
cordial graphs. Difference cordial labeling of graphs was established by Ponrajet al. [7]. The most widely used
language in the world is Python. On February 20, 1991, Guio Van Rossum made its debut. Python is a well-liked
programming language in the field of graph theory that is used for a number of tasks, including graph labeling.
The majority of research literature views cordial labeling as an algorithmic problem that can be resolved by
computer methods [8]. Here, we employ Python code to generate the Cordial Labeling for FIM L,S and FIO
LiSm [9][10].

Preliminaries

Definition 1: Consider that G = (V,E) is a graph. Binary vertex labeling is a mapping f:V — (0,1). This
induced edge labeling f*: E — (0, 1) for an edge e = uv can be found using the formula f *(e ) = | f ) —
f )| . Let V¢ (1), V¢ (0) represent the number of vertices of G with labels 1 and 0 under f, and er (0) and
er (1) represent the number of edges with labels 0 and 1 under f *, respectively.

Definition 2: In graph G, a binary vertex labeling is represented as a cordial labeling if |e; (0) —er (1 )| < 1
and [Ve ( 0)= V¢ ( 1)| < 1.1fagraph G permits cordial labeling, then it is cordial.

Definition 3: A Lagoon L, (n > 3& must be an odd) obtained from n-vertices with n-1 edges which is shown
below figures.

Figure 1. L3 Figure 2. Ls Figure 3. Ly Figure 4. Lo
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Definition 4: A Step graph Sy(where m=nT_1& number of steps) is a graph obtained from Ln(n > 3 & must be an

—

] —L\ﬁ o

Figure 5. S, Figure 6. S, Figure 7. S3 Figure 8. S4

odd) which is shown in below figures.

Definition 5:An illustration of a lagoon step for n vertices (n>3 must be odd) in the Lagoon Ln (L Shape) graph
and step graph Sy, ( m>1, m is the number of steps with m = nz—_l ), LnSm is created. The graph has n+2m -1
edges and n +2m -1 vertices, as seen in the figure below.
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Definition 6:Attaching the Lagoon step graph with the mirror image yielded the Intersection Mirror IM L, Sp.

The graphic illustrates a lagoon step graph with 3n +m -3 edges and 3n +m -4 vertices (where m = nT_l, m>1

if n > 3 must be an odd number), as seen in the figure below.
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Figure 12. Intersection Mirror Lagoon Step Graph forn=7 and m =3



679

Definition 7:Intersection Opposite IO L,Sy is the result of attaching a Lagoon step graph in the opposite
direction. It has edges of 2n+4m-3 and vertices of 2n+4m-4 (where m = "T_l, m > 1 if n > 3 must be an odd

number), as seen in the figure below.
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Figure 13. Intersection Opposite Lagoon Step graph n=7, m=3

Definition 8: FIM L,S,were created by joining two IM L,Smgraphs, as shown in the figure below. These
intersections have a total of 3(n -1)+6m edges and 3n +6(m -1) vertices (m = "T_l, m>1,and m = number of

steps if where n > 3 must be an odd number).
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Figure 14. Four Intersection Mirror Lagoon Step Graph for n =3 and m =1
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Figure 15. Four Intersection Mirror Lagoon Step Graph forn=35 and m =2
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Definition 9: In order to acquire the FIO L,Sngraph, two graphs of intersection are attached. These graphs have

a total of 7(4m -n )+5 edges and 7(4m -n )+2 vertices (where m = nT_l, m > 1, m = number of steps if n >3

must be an odd number) as shown below.

Main Results

T v )
Vo
Vs > < ®* \V,
{ : :
V7 Ve Vs

Figure 16. Four Intersection Opposite Lagoon Step Graph for n=3 and m = 1
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Figure 17. Four Intersection Opposite Lagoon Step Graph for n=5 and m =2

Theorem 1: FIM L, S ,, allows cordial labeling.

Proof : Consider FIM L ; S 1, be a graph with 3(n-1)+6m edges and 3n+6(m-1) vertices. Therefore, m = 1, 2,
3...whenn=3,57....

Casei:m=2,3,4..whenn=>5,7,9... respectively.

Leta ,b,c,d be the set of all vertices of left (standing line), top (horizontal line), right (standing line) and

bottom (horizontal line) respectively. Each set contains exactly three vertices namely

a={a},b={bi},c=

{ ci}, d={ di} wherei=1, 2, 3. Let c be the central vertex. Let h j and P jbe the set of all vertices present in the
central horizontal line and vertical line respectively except central vertex ¢ and edges touched the vertices in the
sets a, b, ¢, d, which can be expressed in Table 1.

Table 1. Vertices set Pj and hj

n m ] P hj

5 2 1,2 P, P, h; hy

7 3 1,2,3,4 Pi, Py, P3, P4 hi, hy, hs hs

9 4 1,2,3,4,5,6 Py, Py P3, Py Ps, P hi hy h3 hy hs hg
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Let Zi, Y;, Xi, Wibe the set of all bottom left (B.L) step vertices, bottom right (B.R) step vertices, top right (T.R)
step vertices and top left (T.L) step vertices, respectively except the set of all vertices in a ,b ,c ,d, is

displayed in Table 2.
Table 2. Vertices set Wi, Xi, Yi, Zi
n m 1 Z; Wi Yi Xi
5 2 1 71 Wi Y, X
7 13 11,2,3 7. 7o, 73 Wi W, Ws Y. Ys, Y3 X X2, X3
9 [4 [1,2,3,4,5 Zi Zo, Z3, Zay| Wi Wa Wi, | Y Yo, Y3, Yo | Xi X2, Xs, Xa,
Zs W4, Ws Ys Xs

respectively. Wi, Xi, Yi, Zicount starts from T.L to B.L in clockwise direction.

Define a function f :V (G ) = (0,1) and an induced function f*: E (G ) — (0,1) as given below f(a ;) =
(b)) = f(ci) = f(di) = 0, when i=1, 3 and f( a;) = f( bi) =f( ci) = f( di) =f( ¢) =1, when i = 2. Label of vertices
hj and P jare shown in Table 3.

Table 3. Vertex labeling f(h ;) and f(P j)

no|m |j f(h ) f(P ;)

5 2 1,2 fth) =flhy) =1 f(Pj=1

7 3 1,2,3,4 f(hy) =f(hg) =0 f(Pj=1
f(hy) =f(hs) =1

9 4 1,2,3,4,5,6 f(h;) = f(he) =0 f(Pj=1
fth)=1,j#1,6

15 |7 1,2,3,4,5,6,7,8,9,10, 11, 12 f(hy) = f(hs) = f(h12) =0 f(Pj=1
fthy)=1,5 #1,3,12

17 | 8 1,2,3,4,5,6,7,8,9,10, 11,12, 13, 14 f(h) = f(hs) = f(h14) =0 f(Pj=1
fthy)=1,j#1,3,14

From above f (h j) observation, last vertex labeling of h j like f(h j) =0, whenm =2, 3,4...., then j=4,6,8....,
respectively and according to extended value of n and m for particular f (h ;) as displayed in Table 4.

Table 4. Vertex (particular) labeling f(h j)

n (consider odd only between) m ] f(hj
15<n<23 7<m<1l 3 fth;) =0
25<n<31 12<m<15 3,5

f(hs3) = f(hs) =0

Label of vertices Zi, Wi, Y;, Xjare shown in the below Table 5.

Table 5. Vertices labeling of fliW ), f(' Xj), f(_Yi) and f(' Zi)

n |m |i f(Zi) W) f(Ys) f(Xi)

5 12 |1 f(Z)=1 fiW)=0 flYp=1 f( X1)=0

7 (3 11,23 f(Z1)=1(Z3)=0. fiWi)=0 f(Yi)=1 fiXi)=0
f(Z)=1

9 |4 ]1,2,3,4,5 f(Z2) =1(Z4) = 0. f(W2)=1. f(Y2) =1(Ys)=0. fiXi)=0
Remaining Remaining f(W i)=0 Remaining
f(Zi)=1 flYi=1

11 |5 [1,2,3,4,5 | f(Zi)=0,i=even f(Wy)=1. f(Yi)=0,i=even fiX)=0
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6,7 f(Zi)=1,i=0dd Remaining f(W ;)= 0 f(Yi)=1,1=o0dd
13 |6 1,2,3,4,5 | f(Zi)=0,i=even f (W) =1(W4)=1. f(Yi) =0, i=even f(X)=0
6,7,8,9 f(Zi)=1,i=0dd Remaining f(W ;)= 0 f(Yi)=1,i=0dd
1517 11,2,3,4,5, | f(Zi)=0,i=even f(W2)=f(Wg) = 1. f(Yi)=0,i=even fiX)=0
6,7,8,9,10, | f(Zi)=1,i=o0dd Remaining f(Wi)=0 f(Yi)=1,i=o0dd
11
17 18 [1,2,3,4,5, | f(Zi)=0,i=even f (W2) = (W) = f(We)= | f(Yi)=0,1i=even fiX)=0
6, 7, 8 9,| f(Zi)=1,i=0dd 1. f(Yi)=1,i=odd
10,1112,13 Remaining f(Wi)=0
respectively.
The following observation for label of vertices and label of edges is shown in Table 6 below.
Table 6. Number of edges and vertices labeled with 0 and 1 in FIM L,Sy,
n m V1) V {0) e1) e {(0)
odd even n+6(m—-1)+1 3n+6(m —1)—1 3(n —1)+6m 3(n —1)+6m
2 2 2 2
odd odd 3n+6(m—-1)—1 3n+6(m —1)+1 3(n —1)+6m 3(n —1)+6m
2 2 2 2

Above detailed labeling pattern of vertices shown below Figure.18.

as(0)

ax(1)

a1(0)

bio)  b2(1)  bs(0)
P1(1)
PZ{” C:l_{U]
hio)  ha(1) C) hs(1) ha(0)

-] ' - L — Czlll
¢ Ps(1) C3(0)
® Pi1)

*
ds(0) da(1) d1(0)

Figure 18. Cordial labeling FIM L7 S3

With clarity the graph FIM L ; S 1, allows the condition |er(0) — eq(1) | < 1 and |[VA0) — V(1) | £ 1. Such that FIM
L, Smiscordial hencem=2,3,4... whenn=35,7,9... respectively.

Special case FIM L3 Si: Let W ; be the top path vertices, X; be the middle path vertices and Y i be the base
path vertices. For i=1,2,3, label of vertices are f{W) = f( X;)=1f( W3) =1f( X3)=1( Y1) =1 and (W) = f(Xy) =
f(Y2) = f(Y3) = 0 as illustrated in Figure 19.
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W1(1) w2(0) Ws(1)
! ! !
X2(0)
X1(1) ¢ ® ¢ X3(1)
| ; ;
Y1(1) Y2(0) Y3(0)

Figure 19. Cordial labeling FIM L3 S;

With clarity the graph FIM L3 S, allows the condition | er (0) —e (1) | <1 and |[VH(0) — V«(1) | £ 1. Therefore FIM
L3 Sy is cordial. Hence FIM L ,, S 1, allows cordial labeling.

Theorem 2: FIO L ;, S ,,; allows cordial labeling

proof: Consider FIO L , S i, be a graph with 7(4m-n)+5 edges and 7(4m-n)+2 vertices therefore m = 1, 2, 3...
whenn=3,5,7... respectively.

casei:m=2,3,4... whenn=>5,7,9... respectively.

Let W be the left top two corner vertices, X be the right top two corner vertices, Y be the left bottom two corner
vertices and Z be the right bottom two corner vertices. So, W and X be first row vertices, Y and Z be base row
vertices. Let C be the central vertex and h; be the central horizontal vertices except central vertex C is illustrated
in Table 7.

Table 7. Vertices of h;

n m i hi

5 2 1,2,3,4 h; hy hs hy

7 3 1,2,3,4,5,6 h;, hy, hs, hsa, hs he

9 4 1,2,3,4,5,6,7,8 h;, hy, hs, hsa, hs, he hy hg

Between central horizontal vertices and first row vertices, set of all vertices can be represented by row wise R ;.
R j starts from above to central vertices and end with below first row vertices in upward direction. Between
central horizontal vertices and base row vertices, set of all vertices represented by row wise Q j. Q j starts from
below to central horizontal vertices and end with above to base row vertices in downward direction, which can
be shown in below Table. 8.

Table 8. Vertices of R jand Q

n m j Rj Qj New row entry
5 2 1 Ry Q1 -

7 3 1,2 Ri, Ry Q1,Q Ro& Q2

9 4 1,2

,3 Ri, R, R Q1,0Q2,Q; Ri;& Qs

Where R; consists of five vertices in a row namely R = {1}, 12!, 13!, 14!, 15!} and Q, consists of five vertices in a
row namely Qi = {qi', q2', q3', q4', gs'. The remaining R ;s and Q j s consists of six vertices each, which can be
shown in Table9 below.



684

As explained below, define an induced function f*: E (G ) — (0,1) for edge labeling and a vertex labeling

Table 9. Vertex set of R jand Q j

j R j vertices Q;j | vertices
B R 1 rl rlL rstL, pgld Q | 4L ah gl g, g6
3 R 10, 11 pg10 g I T 1T Q| ", "L g ga' g5, g

function f:V (G ) —» (0,1).

fiw)=1x)=1(y)=f(z) =f(c)=1, f(R1) = {0,0, 1, 0, 0}, f{Q:1)={1,0,0,0, 1} hencem=2,3,4... whenn =15,

7,9....... respectively. The remaining f (R j)’s and f (Q j)’s can be shown in Table10 below.

Table 10. Vertex labeling set of f(R ) and f(Q j)

n m J QW f(R)

7 3 1,2 f Q), fl Q) f( Ry), f( Ry)

9 4 1,2,3 f Q1), f Q), f( Q3) f( Ry), f( Ry), f( R3)
11 5 1,2,3,4

fCQu), £ Qo), £ Qs), L Q4)

f( R1), f Ro), f( R3), f R4)

Where f(R;)=1{0,0,1,1,0,0}, f(R3)={1,0,1,1,0,1},f( R4)=1{0,1,0,0, 1,0}, f{ Rs) ={1,1,0,0, 1, 1},
f Re)=1{0,1,0,1,0,0},f( Ry)={1,1,0,1,0, 1}, f{ Rg)={0,0,0, 1, 1, 0}, f{ Ro) = {1, 0,0, 1, 1, 1}, f( Rio)
=1{0,0,1,0,1,0}, ft Riu)={1,0,1,0, 1,1}, f( Riz)=1{0, 1, 1,0, 0, 0}, f(Ri3) = {1, 1, 1, 0, 0, 1}.Same pattern
of vertex labeling repeated in same order from f (R>) to f(' Ri3) for remaining f( R;) according to FIO L,Sygraph.
Now f(Q2)={1,0,1,1,0, 1}, f(Q3) = {1, 1,0, 1,0, 1}, f(Q4) = {1,0, 1, 0, 1, 1}, f(Qs) = {1, 1, 0, 0, 1, 1}, f(Qs)
={1,1,1,0,0, 1}, f(Q7) = {1,0,0, 1, 1, 1}. Same pattern of vertex labeling repeated in same order from f(Q>)

to f(Q7) for remaining f(Q ;) according to FIO L,Smgraph. The following observation for label of vertices and
label of edges is displayed in Table 11.

Table 11. Number of vertices and edges labeled with 0 and 1 in FIO L,Si

n m Vi (0) Vf(l) €r (O) ef(l)
odd even | 7(4dm —n)+2-1|74m —n)+2+1 74m —n) +5 74m—n) +5
2 2 2 2
odd odd | 74m —n)+2+1|74m —n)+2-1 7(dm —n) +5 74m—n) +5
2 2 2 2
Above detailed labeling pattern of vertices shown in Figure 20.
<~ W = “«— X >
1 1 1 1
o 1 1 o
rRz— T ©O o % —R2
o i o
R1— ¥ © o T —R1
o o (C)1 o o
hj—» ° - - . —+hij
Qil— d 1 o o o S st
Qz——» > o o by 1 p 1 & Pz
i i i 1
« Y>> «—Zz>

Figure 20. Cordial labeling FIO L7 S3

With clarity the FIO L, Smgraph allows the condition |er(0) —er(1) |<1and |V ¢(0)—V (1)< 1. Hence FIO
L.Smis cordial such that m =2, 3, 4... only if whenn=5,7,9 respectively.
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Special case FIO L3 S1: Let W i be the top path vertices, X; be the middle path vertices and Y i be the base path
vertices. For i=1,2,3, label of vertices are f(W1) = f(X1) = f(W3) = f(X3) = f(Y1) = 1 and (W) = f(X2) = f(Y») =

f(Y3) =0 as displayed in Figure 21.

W1 (1) W2(0) Ws(1)
! ! !
X2(0)
X1(1) & ® ¢ X3(1)
: : ‘
Y1(1) Y2(0) Y3(0)

Figure 21. Cordial labeling FIO L3 S;

With clarity the graph FIO L3 S; allows the condition | e (0) —er(1) | < 1 and | V £(0) — V ¢ (1) | < 1. Therefore,
FIO L3 Si is cordial. Hence FIO L ,, S i, allows cordial labeling.

Checking In To Cordial Using Python Code

Cordial vertex and edge labeling of FIM L,S, and FIO L,Sy,

figures

|
‘ % cordial FIMLNSm python.py X |

% cordial IMLnSm python.py > ...
1 ef FIMLnSm(n):
print("Vertex

if n% 2 ==
print("Ir

return

te m,

CeONOWVMAEWN

(n -1) // 2
3 *n+6%* (m- 1)

3 *n=1)Y+6%m

el el
W N =O®

print(+"

Sl
1%, I

print(f"N

[
N o

induced_edge_labels = {}

]
o ®

s = len(nodes)
f s % 4 == 2:

NNNNNN
NV d WNRKFEOD

(1, s // 2

NN
N O

nodes = ["x"] + ["x" + str(

induced_edge_labels["x"

induced_edge_labels["x"

induced_edge_labels["x™ +

induced_edge_labels["x"

implemented using python coding shown below

Figure 22. Verification of the Cordiality of FIM L s S ; using Python Implementation
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P C:\users| Lenovo\Desktaplvas\iOH PHD) pythan

Enter an odd value for n: §

Vertey Labeling

liunber of vertices (v): 2

Nunber of edges (z): 24

Induced vertex Labels: {'x: 1, "' 1, 1"+ @, W L, 3T 60 L 06T 0, 8L 0, et L 0 g, 2 L, g, A L, e, N L, S
8, T e, e, ' g

Nunber of vertices Labeled with zeros (VF(2)): 16

Nunber of vertices labeled with ones (VF(1)): 11

Verte Jabel s condial,

Ede Labeling

Number of edges. Iabeled with zeros (EF(8)): 12
Number of edaes: 1abeled with ones (EF(1)): 12
P8 C:\sers\ Lenovo\Desktop vas \A0H PHD |

Figure 23. Output of vertex and edge labeling FIM L 5 S » using Python Implementation

® cordial FIO LnSm python.py X

% cordial FIO LnSm python.py > & FIOLnSm
FIOLnSm(n):

print("V

-

if n X2 == 9z
print(’ rror: n must be

return

(n.—=21) L/
= T (g
7 %2 (4A%n

WCONOOTWNAEWN

nodes = [ 3 str( for in range(1, v)]
s = len(nodes)
if s % 4 2:

| edge_labels["x"] = ©

_edge_labels["x"] = 1

e(l, s // 2 + 1):
induced_edge_labels|[
induced_edge_labels|

PROBLEMS ~ OUTPUT  DEBUG CONSOLE | TERMINAL

sers\Lenovo\Desktop\vas\MOM PHD> python
Enter an odd value for n: 7
Vertex Labeling
N of vertices (v): 37
Number of edges (e): 40
Induced vertex labels
'xi8' ' 0, 'y
61 1,
Number of vertices labeled with ones (Vf(1)): 18
Number of vertices labeled with zeros (V(@)): 19
Vertex label is cordial.

Edge Labeling
Number of edges labeled with zeros (Ef(8)): 20
Number of edges labeled with ones (EF(1)): 28

Figure 25. Output of vertex and edge labeling of FIO L 7 S 3 using Python Implementation
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Conclusion

One of the possible research topics is the labeling of discrete structures. FIM LS, and FIO LS graphs are
investigated here for cordial labeling. This study covered both the results of cordial labeling and a computational
method for cordial labeling.
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  f 𝜀 : V 𝜀 ( G 𝜀 )   →   ( 0 ,   1 )


  E ε ( G ε )   →   ( 0 ,   1 )


    3 n + 6  ( m − 1 ) + 1 2


    3 n + 6  ( m ε − 1 ) − 1 2


    3  ( n ε − 1 ) + 6 m 2


    3  ( n ε − 1 ) + 6 m 2


    3 n + 6  ( m − 1 ) − 1 2


    3 n + 6  ( m ε − 1 ) + 1 2


    3  ( n ε − 1 ) + 6 m 2


    3  ( n ε − 1 ) + 6 m 2


  E ε ( G ε )   →   ( 0 ,   1 )


  f :   V ε ( G ε ) →   ( 0 ,   1 ) .


    7  ( 4 m ε − n ε ) + 2 − 1 2


    7  ( 4 m ε − n ε ) + 2 + 1 2


    7  ( 4 m − n ) + 5 2


    7  ( 4 m − n ) + 5 2


    7  ( 4 m ε − n ε ) + 2 + 1 2


    7  ( 4 m ε − n ε ) + 2 − 1 2


    7  ( 4 m − n ) + 5 2


    7  ( 4 m − n ) + 5 2

