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We study the time-periodic version of Evans approach to weak KAM theory. Evans mini-
mization problem is equivalent to a first order mean field game system. For the mechanical
Hamiltonian we prove the existence of smooth solutions. We introduce the corresponding effec-
tive Lagrangian and Hamiltonian and prove that they are smooth. We also consider the limiting
behavior of the effective Lagrangian and Hamiltonian, Mather measures and minimizers.
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1. Introduction

We consider the extension, to time-periodic Hamiltonians H: T x R? — R,
of Evans approach to weak KAM theory. For k& € N, we address the problem of
minimizing

I — k(ut+H(z,t,Vu)) 1
RN 0

among functions u: T — R with [« = 0. We assume that H: T4 x R — R
is a smooth function satisfying the hypotheses in Mather’s seminal paper [7]:

Convexity: H,, is positive definite.

H
Superlinearity: We have lim M

= oo uniformly on z € T
pl>oe [p]

Completeness: The Hamiltonian flow associated to H is complete.

The variational problem is equivalent to the first order mean field game system

ug + H(z,t,Vu) = +Inm + Hy,
(MFGQ) me + div(H,m) = 0

fuzO,fmzl
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The minimization problem is also related through duality to an entropy penal-
ized extension of Mather’s problem (section 3). P.Cardaliaguet has also studied
first order mean field games using variational principles in duality [2], [3] (with
J. Graber), as well as other approaches [1]. Althought the mean field game we are
considering is time dependent, the fact that we are searching for time-periodic
solutions (u,m) together with the constant Hj, makes more appropriate to con-
sider it as an ergodic problem. The main difference with the ergodic problems
that have been studied is that the new Hamiltonian r+ H(z, p) is neither coercive
nor strictly convex in the variable (p, ).

According to [4] there exists a unique H € R such that the the Hamilton Jacobi
equation

u+ H(z,Vu) = H, z=(z,t) (2)

has a Lipschitz viscosity solution ¢: T — R. Moreover H is given by the
min-max formula

H= inf max u(2) + H(z, Vu(z)) (3)

u€Ct(Tdtl) zeTd+1

which motivates Evans problem of minimizing the functional I [5]. The convexity
of the exponential and Hamiltonian functions imply that [ is lower semicontin-
uous on W14(T4H1) but it is not coercive due to the linear term ;.

Using Jensen’s inequality and [ u; = 0, we have
kmin H
e < exp/ kH(z,Vu) < Ii[u,
Td+1

Letting e*f% = inf, I, [u], we have

ekrninH < ek’f_[k < Ik[O] < emax{H(z,O):ze']l'd+1}

and thus min H < H;, < max H(z,0).
z€Td+1

A minimizer must satisfy the Euler Lagrange equation
(EL) (Mt H GV Qiy (et HEVO I (2 Fu)) = 0

which can be written as
2 1 2 1
utt—i—ZHpVUt—i—V U(Hp, Hp)—i—E tr(prV U)"‘Ht‘i‘Hm . Hp‘i‘E tr Hpm =0 (4)

where all derivatives of H are evaluated at (z, Vu(z)).

Letting m = ek(u+H (Z’V“)_Hk)_, we transform (EL) together with the condition
J u =0 and the definition of H}, into the mean field game system (MFG).

By the convexity of the exponential function

ok (utH (,t,Vu)) > e I kH (x,t,Vu)dt
Td+1 Td
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If H does not depend on ¢, we define u(z) = fol u(x,t)dt with the consequence
of Vau(zr) = fol Vu(z,t)dt. From the convexity of H we get

/qu@;Vu@JDdtzkaaVa@D, (5)

/ efolkH(a:,Vu)dt 2/ FH (V) > oFHia (6)
Td Td

where e*x.a is the minimum for the autonomous problem. If v is a minimizer for
that problem, v; = 0 and
ekH(:v,VU) _ ekH;wz’
Td+1

so v is also a minimizer for the time dependent problem and Hy = H ka-

2. Existence of classical solutions

Writing z = (z,t), ¢ = (p,7), Du(z) = (Vu(2),u(2)), (4) can be written as

tr(a(z, Du)D*u) + by(2, Du) = 0, (7)
where
i1H,,+ H,® H, H, (iH,): H
— [ kPP P P Pl T — kTipp P
ak(Z,Q) ( Hg’ 1 oo, g 0 1

1
be(z,q) = H+ H, - H, + Etr H,,.

The main difficulty to establish the existence of classical solutions of (7) is that
the maximal and minimal eigenvalues of ax(z,¢) go as H; and 1/H. when [p|
tends to oo.

One can obtain apriori Lipschitz bounds for solutions in particular cases that
include the most typical examples of Hamiltonians. Those are the cases when by
is sublinear. More precisely,

Assumption 2.1. There exists a continuous function x: [0,00) — R such that

< ds
/ X(S) +1 = %% |bk(z’q>| S X(‘q’)a (qu) S Td+1 X Rd+1,

We observe that the assumption holds when

H(r1.p) = Sl + 0O + V(1) )

In fact, bx(z,p) = (p+n(t)) -1 (t)+Vi(x,t)+VV(x,t)(p+n(t)) does not depend
on k, and we can take x(s) = ¢s + d for some ¢,d > 0.

Lemma 2.2. Under assumption 2.1, there exists K > 0 depending only on x
such that for a solution ¢ € C*(T4) of (7), we have ||Dé|lo < K.
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Proof. For a suitable increasing concave function v: [0, 00) — R with 1(0) = 0,
consider h: R x R4 — R, where

h(z,w) = ¢(z) — p(w) — ¥(|]z — w]).

Since ¢ is periodic and 1) is increasing, h achieves its global maximum in the cube
[0, 1]%F1 x [0, 1]4TL. So we build ¢ on [0,2] and extend it by keeping it increasing
and concave. Using Assumption 2.1, one can choose 1 to be a solution of

20" = —x(¥) =1 on (0,2), ¥(0)=0
with ¢’ > 0 on [0, 2]. In fact, for K sufficiently large, the function

K 9du
g@:ﬂinw+1

is strictly decreasing and for some a > 0, [0,2] C g([a, K]). Letting ¢: [0,2] = R
be the primitive of g=! with ¥(0) = 0, we have that v satisfies the requeriments.

Observe that max h(z,w) > 0. We want to prove max h = 0 because in that case
Z,W

o(2) —p(w) < YP(]z —wl|) < K|z —w|, the last inequality being a consequence of
the concavity of ). Assume by contradiction that max A is positive and is achieved

at (z,w). Then, for ¢ = (z —w)/|z — w|,

)
and 0> D*h(z,w)

(P ) -0 (5 E) e (120227).

where B = (I —q®q)/|Z —w|. Thus, B¢ =0 and

(00(z) - Dot = " ") (707 _pagyy) (2) <070z ab,

Taking v = 0~ ¢ we have

(0v)T D*$(2)ov — (ov)T D*¢(w)ov < 407 (|7 — 1)), 9)

Similarly, for any r € R we have

(or)" D*¢(2)or — (o) D*¢(w)or
= (o) (or)T) (D29§<5) B D20¢(w)> (m“) <0, (10)

or
Inequalities (9) and (10) imply that

tro’ D?¢(2)o — tro’ D*¢(w)o < 497 (|2 — w)).
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Since ¢ is a solution of (7), we have
tro’ D*¢(2)o + b(Z,¢/(|Z — |)q) = 0
tro’ D*¢(w)o + b(w, ' (|2 — w|)q) = 0.

Thus
A7 (|2 — w]) > b(w, ¥’ (|2 — w[)q) — be(2,¢'(|2 — w])g) > —2x(¥'(|z — wl)),
which leads to —2 > 0. O]

Theorem 2.3. For the Hamiltonian equation (8) the Euler-Lagrange equation
(EL) has a unique smooth solution satisfying [.., u = 0.

Proof. We use the continuation method. Consider the family of Hamiltonians
1
Hy(w,t,p) = 5lp+ An()* + AV (2, 1) (11)

and the PDE
(eblurt @YUy o Qiy (PN @tYOI D I (2, Vi) = 0 (EL,)
for w: TH! — R with deH u = 0. Define
:={A €]0,1] : (EL,) has a smooth solution}.
It is clear that 0 € A and that constant functions are all the solutions of (ELy).

We claim that A is closed. In fact, it is clear that Assumption 2.1 holds for H)
with the same x(s) = ¢s 4+ d for all A € [0,1]. Therefore Lemma 2.2 implies
that there is K > 0 such that for any A € A the corresponding solution satisfies
||Duy||oo < K. Elliptic regularity theory implies that we can bound uniformly in
A € A derivatives of uy of any order. Thus, any convergent sequence in A has a
subsequence whose corresponding sequence of solutions converge uniformly, along
with all derivatives.

We claim that A is open. Indeed, for A € A the linearization of (EL,) about the
solution w is given by

Lo = — (MG (4, 4 D H\ (2, V) - Vo)), (12)

1
— div(eF YD (4, 4 D, Hy (2, Vu) - Vo) Dy Hy (2, Vu) + EVUDppHA(Z, Vu))

so that / vLy = / eFlut i EYu) Dyl (2, Du) Do.
Td+1 Td+1

Then L is a symmetric, uniformly elliptic operator, whose null space consists
of the constants. The Implicit Function Theorem yields that for any p in a
neighborhood of A, equation (EL,) has a unique solution satisfying de L u=0.

Since A is nonempty, closed and open it coincides with [0, 1]. Thus equation (EL)
has a unique smooth solution satisfying de au=0. Il
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3. Entropy penalized Mather theory

Given a Borel probability u € P(T*™ x RY) we consider its push forward m, €
P(T4+1) given by

/TdH @(2)dm,(z) = /TMXW o(2)du(z,v). (13)

In the set A C P(T?!) of measures absolutely continuous with respect to
Lebesgue measure, the mapping

m— S*[m] = /Td+1 log m(z)dm(z)

is convex and lower semicontinuous. This mapping can be extended as a convex
lower semicontinuous functional to P(T4*1). The weak topology of P(T¢!) is
metrizable. Denoting by B,(n) the open ball of radius r > 0 centered at n we
define the extension by

S[n] = liminf S*[m] = sup inf{S*[m] : m € B,(n) N A}.

m—n r>0

Note that the map S is allowed to take the value +o0, and since yIny > —1/e
we have S > —1/e. Finally define S{u] = S[m,,].

Let L: T4 x R? — R be a C? function, strictly convex and superlinear in v

L(z,v)

[l

— 400, as |v] = +oo.
We consider the convex lower semicontinuous functional
1
Ausl) = [ L)+ Sl (14)
TdxRd
defined on the space C of measures € P(T?! x RY) such that

(a) / oldga(z,0) < 400
’I[‘CH»IXRCI

(b)  For all ¢ € CH(T1), / (ot + V- v)du(z,t,v) = 0.

Td+1xRd

From Mather’s theory we know that for any @ € R¢ there is 4 € C such that
Q= [ wvdu(z,v). We define the effective Lagrangian Lj: R? — R by

Td+1 xRd

Li(Q) == inf{Apx(p) : p€C,Q = vdu(z,v)}. (15)

Td+1xRd

Let H: T x R? — R be Legendre transform of L.
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1
Proposition 3.1. inf Ay p(p) > —= inf log Ii[¢]. (16)
nec ’ k peCt

Proof. Let u € C and ¢ € C*(T%™). Let m, be given by (13). We have

[ 1= (L — o= Ve odnz - [ o+ HEVe)dm,

since, for all (z,v) € T x R4, L(z,v) — Vp(2)v > —H(z,Vp(z)), with equality
only when v = H,(z,Vp(z)). Define h,: P(T¢") — R by

o) = [ | (ot (V) dm = Sl

This implies  Ag (1) > —hy(m,). Letting m,(z) = eFeHHEVO) /T 1] we have

1
hy(my) = z log It [p]-

The convex function t — tlogt has the Legendre transform s + e*~!. In partic-
ular this implies that tlogt + 1 > ¢, and so, for any m € A we obtain

1

ho(im) < holm,) + [ (014 H( V) = Flogm, = )ma) = m(a))da,

The convexity and an approximation argument show that in fact the previous
inequality holds for any m € P(T"). From the definition of m,, and since m
and m,, are probability measures, the second term on the rhs vanishes and then

1
e log Ii,[¢] = max hy,(m).

1
Therefore, Apx(p) > —Elog It]p], and (16) follows. O
Proposition 3.2. If (EL) has a smooth solution ug, my = m,, then
(2, 0) = (0 — Hy(z, Vun(2)) i (2), (17)

is a minimizer of (14) and uy is a minimizer of (1).

Proof. Definition (17) means that for all continuous function F: T x RY — R
we have

/ F(z,v)duy = / F(z, Hy(z, Vu))dmy,
Td+1 x R4

']T“H'l

and since (ug, my) is a solution of (MFG), we get that py € C. Moreover,

1 1
App(p) = /d [L(z, Hy(z, Vug,)) + Elogmk]dmk = —hy, (my) = % log I [ug],
Td+1

and therefore

. 1. 1
Ap () = Llelg App(p) = =4 @1251 log Ii[¢] = —zlog Lk [we]. O (18)
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Lemma 3.3. The effective Lagrangian Ly, is convez.

Proof. Givene > 0, let vy, v, be such that Ay, (v;) < Li(Q;)+¢ and Jvdy; = Q;.
Note that, for 0 < A <1,
/vd(/\l/l +(1=XMw)) = )\/’Udl/l +(1— )\)/Udl/g =AQ1 + (1 = N)Qq,
M +(1-Nve = Amy, + (1 - A)mV2‘

Since S is convex, we have that

L + (1= M) < AppOwn + (1= Nwn) < ML p(v1) + (1= N AL k()

= AL:(Q1) + (1= N Le(Q2) + <. O
For P € R? we define H(P) := 1 inf/ ehlortH (@ PEVe)) (19)
k ¥ Td+1

Corollary 3.4. The Legendre transform of Ly, is Hj.

Proof. Since the Legendre transform of L(z,v) — Pv is H(z, P + p) and (16) is
an equality, we have

_ 1
Sgp PQ — LE(Q) — —inf ALf(P,->,k:(H) = E IOg igf/‘ek(¢t+H(Z,P+V¢))dw. ]

nel

Lemma 3.5. For the Hamiltonian (8), Hy(P) is strictly conver. Furthermore
for each P, (19) admits at most one minimizer, up to the addition of constants.

Proof. For P € R? the Hamiltonian H(z,t,p+ P) = L[p+ P +n(t)|* + V(z,t)
is of the same type. Suppose there are Py, P, € R% and 0 < A < 1 such that

Hy(APy + (1 = N)Py) = AHp,(Py) + (1 — A Hy(P1).
Let f; € C%(T?*) be a solution of (EL) with u = Pz + f;,i = 0,1 so that

_ 1
H,(P,) = - log /Ed“ ek(fit H(z,PitV fi))

For ¢ = Afo + (1 — \) f1 we have
©r = M+ (1= X) far,
VQO—F)\PQ—l—(l—)\)Pl :)\(Vfo—i‘Po)—F(l—)\)(Vfl—FPl),

and, by convexity of H,

H(2, APy+ (1= NP+ V) < MH (2, V fo+Py) + (1= (H(z, Vfi+P)).  (20)



H. Sinchez Morgado / Time-Periodic Evans Approach ... 321

Convexity of the exponential function and Hoélder inequality yield

oFHE(APo+(1-X)Py) </ k(i H(zAPo+(1-X) Pi+V))
B Td+1

< / ek()\(fOt+H(Z,Vfo+P1))+(1*/\)(f1t+H(Z,Vf1+P1))
Td+1

A
< [ / ek(fOtJrH(z,VfoJrPo))] [ / k(i H (. fi+P1))
Td+1 Td+1

,\kFIk(Po)e(lf)\)kﬁk(Pl)

(1=2)

kHy(APo+(1—\)Py) (21)

=€ =€ .

Therefore all inequalities in (21) are equalities and so is (20). Since H is strictly
convex Vfo+ Py = Vfi + P, at all points. Hence P, — Py = V(fy — f1) with
fo — f1 periodic, so Py = P;. Since Pox + fo , Pox + f1 are solutions of (4) with
V fo = V fi we have that fo; = fii and then fy — f; is constant. O

It follows from Theorem 2.3 and Proposition 3.2 that for the Hamiltonian given
by (8) the functional I; has a unique minimizer satisfying [.,, « = 0 which is a
solution of equation (EL).

Theorem 3.6. For the Hamiltonian equation (8) the effective functions Ly, Hy,
are smooth.

Proof. For P € R? consider equation (EL) with u = Px + ¢ and define F'(P, ¢)
as the Lh.s. of that equation. We have seen that for a solution ¢ = ¢(-, P) of
F(P,¢) =0, L = DyF(P,¢) is given by (12). The Implicit Function Theorem
implies that ¢(-, P) is smooth in P and so H}, is smooth. Moreover Hj, is stricltly
convex so DHj, has a smooth inverse G, and therefore L,(Q) = QGr(Q) —
Hi(Gx(Q)) is smooth. O

4. Approximating weak KAM theory

In this section we assume the Hamiltonian is given by (8) so that by satisfies
assumption (2.1) with y independent of k. Let uy be the minimizer of (1) with
Jw, = 0. From Lemma 2.2 there is K such that ||Duy. < K for any k, so
passing to a subsequence, u; converges uniformly to a Lipschitz uw: T¢! — R
and Duy — Du weakly in LI(T4 R for any 1 < g < oo.

As in the autonomous case we have the following Theorem with a similar proof.
Theorem 4.1. (i) Jim H,=H.
(ii)  The function u is a viscosity solution of
wy + 2H,Vu; + V*u(H,, H,) + H,+ H, - H, = 0, (22)
which can be written as
(uy + H(z,Vu))s + V(us + H(z,Vu)) - H, =0,

looking like a differentiated form of the Hamilton-Jacobi equation (2).

(iii) Moreover, u; + H(z,Vu) < H Lebesgue a.e. in T,
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Proposition 4.2. Let p be the measure defined by (17). Passing to a subse-
quence such that p, — @, we have

1
(a) p is a Mather measure; and (b) klim ES[Mk] = 0.
—00

1
Proof. The function z log my =u+H (z, Vuy) is uniformly bounded. For A >0,

1 1 1
/ —logmgdmy = / —log mpdmy, + / —log mydmy,
Td+1 k k k
{log mp>—kA\} {log mp<—kX}
> —A / dmy — / Ce " dz > -\ — Ce ™.
{logmi>—kA} {logmp<—kA}

1
Thus, lign inf ES[Mk] > —\. Since A > 0 is arbitrary
—00
1
lim inf — S[su] > 0. (23)
k—oo Kk

We recall that —H = min/Ldu. From (23)

pec
. . 1 .= 1 _
Ldp = lim [ Ldu, = lim Apg(pr) — =Sk = — lim Hy — =S < —H.
k—oo k—o0 ’ k k—00 k
Hence, p is a minimizing measure, the inequality is an equality and (b) holds. [

In the autonomous case and for dimension 1 we identified in [6] the Mather
measures that are obtained as the limits in Proposition 4.2. It would be very
interesting to obtain a similar result in the time-periodic case.
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