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We deal with a class of nonlocal problems of the type

7 %2y  in Q)

u=0 in RV \ Q,

{ (—A)5u+ (—A)su = Aul""u + |u

where s € (0,1), 1 < p < g < N/s, (—A)%, with a € {p, ¢}, is the fractional a-Laplacian, Q

)
is a bounded domain of R and A > 0 is a parameter. Roughly speaking, when r is “large”

we prove the existence of a solution for large values of A and when r is “small” we prove the
existence of infinitely many solutions for small values of \.
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1. Introduction

In [14] the authors considered the following problem involving the critical Sobolev
exponent:

—Ayu = Au["2u+ |ulP" ?u in Q
u=>0 on 0f),
with 7 < p* (the Sobolev critical exponent) and Ayu := V - (|Vu[P~2Vu) is the

p-Laplacian. In particular they showed the existence of solutions depending on
the values of r and the parameter \.
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Later, in [18], the authors studied a problem involving the p&g¢-Laplacian, proving
the existence of infinitely many solutions for the problem

—Aju— Agu = Mu["?u+ |[u|! 2u  in Q
u=>0 on 0f),

whenever A is small enough.

In [13] the above results have been extended to a more general class of quasilinear
operators of the type —V-(a(|VulP)|Vu|P~?Vu) under suitable assumptions on the
C'-function a. Indeed the author obtained two results: existence of a nontrivial
solution for large A > 0 whenever r € (g, ¢*), and infinitely many solutions for
A > 0 small provided that r € (1, q).

On the other hand, in recent years great attention have received differential prob-
lems involving fractional and nonlocal operators. Indeed it is commonly estab-
lished that fractional operators give a better description of several models and
appears in many physical sciences. For example the fractional Laplacian appears
in some problems in Physics and Chemistry, see e.g. [19, 20], in phase transition
[1, 26], in material science [4], in the Fractional Quantum Dynamics developed
by Laskin in [15, 16, 17], optimization and finance [10, 12], in obstacle problems
[21, 25], in conformal geometry and minimal surfaces [6, 7, 8]. The list may
continue with crystal dislocation, soft thin films, multiple scattering, anomalous
diffusion, quasi-geostrophic flows, water waves, and so on.

Thus, motivated by the previous comments, we asked if the results proved in
[14, 13, 18] have a fractional counterpart, and indeed we are able to give a positive
answer.

More precisely this paper is concerned with existence and multiplicity results for
a differential operator involving the sum of two fractional Laplacians:

%2y in

(1)

(—A);u + (—A)Zu = Mu|""%u + |u
u=0 in RV \ Q,

where Q C R” is a smooth and bounded domain in RY and

e s€(0,1),

e l<p<qg<qi, sq<N and ¢t=Nq/(N—sq) is the critical Sobolev exponent,
e )\ > 0is a parameter,

o the exponent r varies in the ranges (1, ¢) and (q, ¢¥).

We recall that for o € {p,q}, (—A)? is the a-fractional Laplacian which can be

[e%
defined, up to a multiplicative constant, by

where P.V. stands for principle value.
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To state our result we introduce few basic objects. W% (D) denotes the fractional
Sobolev space with norm

[wllws.em) = [ulpa) + [U]wse D),

where [ulwso) = ( /D dedy) .

p |z—y[Vts
is the Gagliardo semi-norm. When D = R, we set [u]; o = [u]ys.0®y) and
We(Q) ={ue L*RY) :u=0in RV \ Q and [u];n < 00}
with dual space W~*%(Q). Note that it is
We(Q)={ue L (RY):u=00n R\ Q, [u];, < oo}

and that [-]s, is actually a norm on W (Q) for which it is a Banach space.

The nonlinear operator (—A)?, can then be seen as (—A)% : W% (Q) — W==(Q),
where, as usual, o/ is the conjugate exponent of «, acting by duality

(=8 = [ D= OE D = 80D ) o) day

|z — y[ Voo

s

where u,v € W;*(2). This is a variational characterization of (—A)%.

The “boundary” condition in (1) is given in the whole complementary of €,
reflecting the fact that we are dealing with nonlocal operators. For more details on
fractional Laplacians the interested reader may consult [11, 22] and the references
therein.

For a weak solution of problem (1), we mean a function u € W3 () such that

|u(z) — u(@)|**(u(z) — u(y))
N+sa (’U(.CE) - U(y))dajdy
ae{zp;q} //R?N |z =y
= /\/Q lu|" " 2uvdr + /Q |u|% " *uvdr

for all v € W?(Q2). Our results can be stated as follows.

Theorem 1.1. Assume that v € (q,q%). Then there exists \* > 0 such that
problem (1) admits a nontrivial solution for all X\ € [\*, +00).

Theorem 1.2. Assume that r € (1,q). Then there exists \** > 0 such that
problem (1) has infinitely many solutions for all A € (0, \**].

To prove our theorems we use Variational Methods and Critical Point Theory.
Indeed the solutions of (1) can be seen as critical points of a suitable C* functional,
said energy functional, defined on Wy4(2). En passant, we anticipate here that
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the solution found in Theorem 1.1 is at positive level of the energy functional in
contrast to the solutions given in Theorem 1.2 which are at negative levels.

The main difficulty of our paper is exactly due to the critical growth of the
nonlinearity which implies that the functional does not satisfy the Palais-Smale
condition at every level. To this respect we recall once for all the basic definition.
We say that a C'! functional Z defined on the Banach space X satisfies the Palais-
Smale condition at level ¢ (we also write (PS). for short) if every sequence (u,,) C
X such that

Z(u,) > c€R and Z'(u,) =0

admits a convergent subsequence. If this condition holds for ¢ in a certain in-
terval I C R we say also that Z satisfies a local (PS) condition. It is known
that this compactness condition is a fundamental tool in order to apply Varia-
tional Methods and the Ljusternick-Schnirelmann Theory and obtain existence
and multiplicity of critical points of functionals. Then our main work consists
in proving that, once we have candidates to critical levels, they are actually in a
range where the Palais-Smale condition holds.

We remark that, to our knowledge, in the literature there are only two papers
[3, 9] dealing with nonlocal problems in RY involving the sum of fractional p-
Laplacians. For this reason, we would like to go further in this direction, but
considering now fractional p&q problems in bounded domains.

The paper is organised as follows.

In Section 2 we give few preliminaries introducing the variational framework for
the problem. In Section 3 , after ensuring a local (PS) condition, we give the
proof of Theorem 1.1 by using the Mountain Pass Theorem. In Section 4, by
using the Ljusternick-Schnirelmann theory we show the existence of infinitely
many solutions proving Theorem 1.2.

Notation. We use the following notations:

o« Wedenote by C1,Cs,...or C,C",C", ... suitable but irrelevant positive con-
stants which may change also from line to line;

o We use the standard notation |u|, = / |u|"dz for the L"-norm of w.
Q

e a,— aand a, — a mean the weak and strong convergence as n — oco.

o S.=inf{[ul?, uec Wy (Q),|uly =1}

2. Preliminaries

Before introducing the variational setting in which we study our problem, we can
observe that:

Lemma 2.1. If p < q then W3%(Q2) C WP (Q) with continuous embedding.

Proof. Take u € W?(Q2). Let us note that
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Yl / lu(z) —u(y)|? / u(z)|P
——~ 7 D dedy = — 7 P dxd 2 —d dy.
// |x—y|N+sp Y= oo Te— g TR S ey

Since W*4(Q2) C W*P(€2), we can see that

[0 vy <l @)
QJQ

|z — y|Nrsp

Now, Q¢ = Q; UQS, where Q) = {x € Q°: dist(x,00) < 1}. Then we have

/ / o=y rN+spdxdy / / Ty rN+spdl’d“/ / -y |N+spdmy

=. Il +IQ. (3)

Regarding I; we can see that

’P / / |P
I = // ) = WV 5oy < k) = WY)P 1o ay
b o ‘37 — y‘NHp o Jo, \x - ?J‘NHP

< Clul?, (4)

Cluliyean)

Concerning I5, we can use a change of variable to infer that

|u(z)]”
I, < /Q/1 Z’Nﬂpdzdx < Clulp < Clulb. (5)
Putting together (2)—(5) we get the desired result. O
It is easily seen that Solutlons of (1) can be found as critical critical points of the
following C'* functional Jy : W;?(Q) — R defined as
1 1 Ao 1
In(u) = ]—D[U]?,p + 5[“]3,(; - ;|U|T - —:|U -

The space Wi () is endowed with the norm
Jull = Tulsp + [ulsq

which, by Lemma 2.1, is equivalent to [-|s,. We observe that 7, is unbounded
below on Wi(Q), since fixed v € W(Q) \ {0}, we have

tP 4 tds
Ta(tv) = —[vfg, + — []sq—A Jol; — — vl

:—>—oo as t —o0.  (6)
p q s

Throughout the paper we will frequently make use of the following results.

Theorem 2.2. (see [11]) W57 (Q) is continuously embedded into L*(RY) for any
t € [p,pt] and compactly into L'(QY) for any t € [1,p).
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Lemma 2.3. (see [3]) Let (u,) C D*P(RY) be a bounded sequence and assume
W € C2(RY) such that 0 < ¢ < 1,9 =1 in By, ¢ = 0 in BS with |Vip|e < 2.
Set ,(x) = w(%) where T € RY s a fized point. Then we have

W)p( ) — Yoy)l
1 I dxdy = 0.
1n1 1m sup //sz e ray

n—oo

3. Proof of Theorem 1.1

In this section we provide the proof of Theorem 1.1 by using the Mountain Pass
Theorem [2].

Lemma 3.1. For each A > 0 the functional J\ satisfies the following conditions:
(i) there exist o, B > 0 such that Jx(u) > B if ||u]| = «a,
(i) there exists e € W5(Q) such that |le|| > a and Jx(e) < 0.

Proof. Let us note that making use of Theorem 2.2 it follows that

1
> Cilul|” - —Iu! — —lulg:

S

i = Cillull” = ACllu]|" — G|

qz

Since r € (q,q*) there exist o, 8 > 0 such that Jy(u) > f for all u € W;*(Q)
such that ||u|| = a and (i) is proved. Item (ii) follows by (6). O

In view of Lemma 3.1 we can define the Mountain Pass value

= inf 0
cx = ;grtrél[gﬁj(()b,

where T'= {y € C([0,1], W5*(2)) : v(0) =0 and Jy(v(1)) < 0}.

Since we are dealing with the critical exponent, the Palais-Smale condition is not
satisfied at every level; indeed we have the following local Palais-Smale condition.

Lemma 3.2. For every c < (% - qi> SN the functional Jy satisfies the (PS).

condition.

Proof. Let (u,) C W5(Q) be a sequence such that
I (up,) = ¢ and J, (u,) — 0. (7)
We divide the proof in several steps.

Step 1: There exists u € W(2) such that u,, — u in Wy*(£2).
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By using (7) and the fact that p < ¢ < r < ¢ we have

OO funl) > Fa(ua) =+ ), )

which gives the boundedness of (u,). Eventually passing to a subsequence Step
1 is proved.

Step 2: u,, — u in L7 (Q).
We may assume that u, =« in LY(Q) for all ¢ € [1,¢¥).

By applying [23, Theorem 2.5] we can see that there exist two Borel regular
measures 4 and v, A denumerable, (x;) C Q, v; > 0, u; > 0 with p; +v; > 0 for
all i € A such that

% —~y, and (8)

|D*u,|? — poand |uy,

“ 4 Zyiémi, dp > |Dul? + Z/dem S*I/iq/q; <uw YieA (9)
i€A ieA

dv = |u

We aim to show that v; = 0 for all i € A.

Assume by contradiction that z; is a singular point of measures p and v. For any
p >0, we set ,(z) = (== “’”) where 1 € C°(RY) such that 0 < < 1,9 =1

in By and ¢ =0 in B and |Vi|w < 2. Since (u,),) is bounded in Wi (Q), we
get (T3 (un), unth,) = 0,(1), or equivalently

//R2N [t (2) — un (Y) P2 (un (2) — un(y)) (Un(2)0, () — un (y),(y))dady

|z — y| N

[t () — tn ()72 (tp (@) — un(y))
+ / /RQN lz — y[N+sa (wn (2) (1) — un(y),(y))dady

:)\/ |un\rwpd:)3+/ [,
RN RN

Now, we note that
//Rw |un () — un‘(xy)lp;‘](\;ﬁix) — un(y)) (n (7)1, (%) — un(y) 0, (y))dady

[n() = un(y) "
//Rmv |$_y|N+sp @Z)p(x)dﬁdy

|un(z) — un(y )|p72(un(l’) — un(y))
* //RzN |;p — y|N+sp un(y) (%(90) - wp(y))dxdy,

% ah,dr + 0, (1). (10)
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so (10) becomes

//RQN | () — n (y) P2 (Un (1) — u”(y))un(y)(@bp(x) — by (y))dedy

Ix — y|Nter
+ //R2N |un = u"|(g)_| y|](\fzj-21(1x) — un(y))un(y) (¢p<x> - ¢p(y))dl‘dy
ulo) = )P, (&) — )]
//R2N |:L‘ - |N+Sp 7)dudy = //Rw ’QJ — y|N+sa wp(x)dxdy

“ap,dx 4 on(1). (11)

+)\/ |un|rwpd:c+/ [t
RN RN

At this point, we can observe that the Holder inequality and Step 1 give

‘//Rw |, () — un’(g)lp—jj(vﬁix) — u"(y))un(y)(wp(a:) — () dady

<//R2N Wix —2/|N+(Sp)| |un(y )|pdxd3/> ;

o) = P\
=C <//sz |I — |N+sp |un(y)‘ dxdy) ,

so by using Lemma 2.3 we get

hm lim sup //RZN |tn () — un(Y) [P~ (un () — un(y))

n—00 |z — y|Nrep
un(y)(¥p(x) — ¥p(y))dady = 0 (12)
and /l)1_r>1[1) hflnﬁsogp //RZN |un () — unl(i/!qu](\:ﬁgm) — un(y))
un(y)(¥p(x) — ¥y(y))dady = 0. (13)

Clearly u, — uin LY(2) for all ¢ € [1,¢%) and 1, has compact support, hence

hm hmsup/ |tn|"),da = 0. (14)
=0 RN

n—o0

Taking into account (11)-(14) and using (8) we have v; > p;. This and (9) imply
v; > Siv/sq. Then

C = jA(un) - %(j):(un)v un) + On(l)
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and by passing to the limit as n — oo we arrive at

C>(F‘1)§W ZZ(?‘—)Z}”—(?‘:)W

which contradicts the assumption of Lemma 3.2. As a consequence

qsalx—/\u
n—oo

qs dx

lim |u

From the Brezis-Lieb Lemma [5] we obtain u, — u in L% (2) and consequently
u, — uin L'(Q) Vte[l,q],

proving Step 2.

Step 3: w, — u in W(Q).

By the Dominated Convergence Theorem it follows that

/\un\t2unudx—>/|u\td:c vt € [q, q¢;]. (15)
0 0

Let us define

Ap 5= i) ot = ()20 [ ol 2= [
and

_ uI o) —uly)
B, = ul} // e 0 (w) — () ddy

//}1{21\1 o u‘x)—|q ‘1(\7—5—(;) —ulw) (un(2) — un(y)) dedy.

Since J5(u,) — 0, (uy,) is bounded in W*(Q) and (15) we infer that

A, = o0,(1), (16)
whereas the fact that u, — u in W3*?(Q) implies that

By, = 0,(1). (17)

Let us note that

A+ B, =]

Un b+ [u]?

87p

- [ et = e B =) ) — ey

q
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- J[L e e ) - u(y))dxdy]

-/ /RQN e _‘pyTﬁ(f) ) (4, (@) = () oy

- [ o it Tffiif) ~1D oy, a) un<y>>da:dy]
or equivalently A 4B, = 18)
/ /R . {m o’cxy_!p ’;?ix y) (Txy_)l’z’/"iz(:rpy)} oue.) — v(e,y)] dedy

//RQN {|vn 2, y) " Poa (2, y) v (x,y)|q2v(x,y)} o) — ()] dedy,

|x_y|N+5q |x_y|N+8q

where v, (x,y) := u,(z) —u,(y) and v(z,y) = u(x) — u(y).
Now, we recall the following useful inequalities: for all z,y € RV

! —2 —2
Colz —ylP < (|72 — [yl "y,z —y), p=2, and (19)

z—yl 2, —2 2
Cy | P2~y Py, — )P, 1<p<2 20
P (|l + |y|p) (2—p)/2 = < [(J=| lyl" "y, x —y)|"'~, p ) (20)

and distinguish two cases depending on the values of p.

Case 1: 2 <p < q. Then (18) and (19) give

: up — u)(x) = (un — u)(y)|”
A, + B, >C//RQN ]:1;— N dxdy

: — (un —u)(y)|*
+C //RQN |x mpyEEw dxdy. (21)

In view of (16), (17) and (21) we can see that [u,—uls, — 0 and |u, —uls, — 0,
showing that u, — w in W7(Q).

Case 2: 1<p<2.

Taking into account (20) and applying the Hoélder inequality with exponents
2/(2 —p) and 2/p we get

(2-p)/2
vn(@,y) — CACIE))  CICEY )l g
cy | d dy < // dzd
L |N+sp P Jpatw =y T ey

[// Pvn 2, y) [P Poa(2,y) v (x,y)\”—%(x,y)} 9ol ) dmdy] p/2

’IL’ y|N+sp ‘x_y‘N+sp
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which gives Cz/)/[u” — u]ip < ([un)?, + [u]g’p)@—p)/p (22)

/ /}R N Pvn Txy_|q ;Vifgx ) v (T;:y_ﬂqy’;vfiay)} [Wa(2,y) — v(z,y)] dl‘d’y]

//RQN [|vn 7y a2, y) v (wyy)lﬂv(x,y)] (2. 4) (. 9)] dxdy],

|m_y|N+5q |I_y|N+5q

where we have used the fact that (u,) is bounded in W(Q).

If 1 < p<2<qwe can argue as in (21) to deduce that

Cilun —ull,, < (23)

oala )l en(,y) o,y o,y
//RZN |: |J}— |N+Sq |1‘ _y|N+5q [Un(%’y) _U(l’,y)] dxdy

Taking into account (16), (17), (18), (22) and (23) we get

on(1) = Ap 4 By > Cpluy — ul2 ) + Coluy — ul?

S7q
that is u, — w in W5(Q).

If1 <p<q<?2, from the above arguments we can infer that

on(1) = Ay + By = Cplun — ul?, + Coluy, — u]?

S7q’

and again the convergence u,, — u in W;?(Q2) holds, completing the proof. [

Lemma 3.3. There exists A\, > 0 with c) € (0, (l — i) N/Sq> for all X\ > \,.

r qi

Proof. Take v € C°(RY) such that v > 0 in RY. Then there exists ¢, > 0 such
that J,\(t\v) = max;>o Ji(tv). As a consequence (7, (t \v), ta\v) = 0 that is

th[v]f, + 3 [v]e, = Aty|vl; +tqé as (24)

s
qr-
ds

which implies that vk, +t5[v]e, > b

Since p < q < ¢} we can infer that (¢,) is bounded and that there exists a sequence
An — oo such that ty, — ¢ > 0.

Now we aim to prove that ¢ = 0. Assume by contradiction that ¢ > 0. Taking
into account the fact that (t,,) is bounded and (24), we can see that there exists
a positive constant K such that

K =85 ]S, + 15, [v]E, = Anth, [v]; — oo,

which is impossible. Then ¢ = 0.
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Now, set v(t) = te with ¢ € [0, 1], where e is given in Lemma 3.1. Since v € T" we
can see that
th td
0<ecy< m[gq;] Ta(tv) = Ta(tre) < 2[e]? + 2e]? (25)
telo, p

s?p q s?q'

Taking A sufficiently large, let us say A > A,, and recalling that ¢, — 0 when
A — 00, we can infer that

11 .
Blol, + Al < (7 - ) ¥,
. . . 1 1 N/s
which together with (25) yields 0 <cy < |- —— |5,/ ]
rooq

We can now complete the proof of Theorem 1.1.

In virtue of Lemma 3.3, there is a A\, > 0 such that c, € <0, <% - i) Siv/sq> for

a3
any A > A.. Then, by Lemma 3.2 the (PS) condition holds at level ¢, and the
conclusion is achieved by the classical Mountain Pass Theorem [2].

4. Proof of Theorem 1.2

In this section we study the existence of infinitely many solutions to (1) when
r € (1,q). We begin by recalling some useful notions regarding the genus. For
more details we refer the reader to [24].

Let E be a Banach space and let
I'={AC FE: Ais closed in E symmetric with respect to the origin }.
For A € I, we define the genus
¥(A) = inf{k € N: Jp € C(AR\ {0}), p(z) = —p(-2)}.

If there is no mapping ¢ as above for any k& € N, then v(A) = oco. Moreover
(@) = 0. Then we recall the following result.

Proposition 4.1. Let A and B be closed symmetric subset of E which do not
contain the origin. Then we have

(i)  If there exists an odd continuous mapping from A to B, then y(A) < v(B).
(ii)  If there is an odd homeomorphism from A onto B, then v(A) = ~(B).

(i) 1 1(B) < oo, then v(A\ B) > 7(4) - 1(B).

(iv) The n-dimensional sphere S™ has genus n+1 by the Borsuk-Ulam Theorem.
(v) If~v(A) > 2, then A has infinitely many points.

(

vi) If A is compact, then v(A) < oo and there exist 6 > 0 and a closed and
symmetric neighborhood Ns(A) = {x € E : |lv — A|| < 6} of A such that

7(Ns(A)) = 7(A).
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In order to implement the Ljusternick-Schnirelmann Theory, some preliminaries
are in order. Indeed a first difficulty concerning the functional 7, is that it is
unbounded below on W;*(€2), see (6).

By using the embeddings W;*4(Q2) C L"(Q) and WP (Q) C L% (RY) we can see
that, for A > 0,

1 1 Ao I
jA(“) > B[U]g,p + &[u]g,q - rCr/2 [u]s,q - q;ksg;k/z [u]gfq
1 A 1 «
—_ q [ r P qS
> Yy~ 2000 - — bl

1 A >k
so that, setting gx(t) := =t — =C(s, q,r)t" — t% t >0, we have
q r

q:Sg.’S/q
In(u) > gk([u]s,q)- (26)

Let us define the number

(g5—)/a:

I S N (-1)e a2 /g =r)
Ky = (___){S* sq _ \ai/(a: r)[ v
¢ q 1 L*)
q qS

r\r/(@-r) r\4/(a—r)
) -G
qq ds

Then there exists A** > 0 such that

(a) g+ achieves its positive maximum and has just two positive zeroes satisfying
0 < Ry < R;. Note that actually they depends on A**, but we will omit this
dependence.

(b) for every A € (0, \**] it holds: k) > 0.

Let us define ¢ € C2°([0,00)) such that it is non increasing and 0 < ¢ <1, ¢p =1
in [0, Ry], ¢ = 01in [R;, 00). Then we introduce the following truncated functional

~ 1 1 A 1
Ia(w) = Slullp + lulie = Tl = (1)

S

a5
qi-

|u

We observe that .Jy € CH(W3 (), R) and as before we obtain, for every A > 0,

1 x
@D

S7q

B = St~ 2Ca ), — ol

- 1 A .
so that, setting g,(t) = —=t? — =C(s,q,7)t" — ¢(t) t%, t >0, we deduce
q r

() = ga([ulsq) (28)
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and consequently

YA€ (0,0%) 0 Ja(u) = Jaee (1) = Goe([)sq)- (29)

Observe now that the function gy« is bounded below on [0, 00) and is coercive,

since for ¢ > R, it is

M otsanr (30)

~ 1
Gaee(t) = —t1 =
q

hence limy_, ;o ga., (t) = +00 being < ¢. From (29) and (30) it follows that .J,
is bounded below on W;(Q).

Furthermore J, is also coercive. Indeed if ||u]| — +oo then it has to be necessarily
[u]s,q = 400 and the coercivity follows from (29) and (30).

Summing up we have proved the following

Lemma 4.2. For all A € (0, \**] the functional Jy is bounded below and coercive
on W5 (Q).
Now we prove that Jy verifies the following local (PS).

Lemma 4.3. For every A € (0, \**] the functional Jy satisfies the (PS) condition
in the range (—oo, Ky).

Proof. Let (u,) C W5(Q) be such that

Jy(tn) = ¢ € (=00, ky) and j;\(un) — 0. (31)

Since, for what we have seen before, when A € (0, A**) the functional is coercive,
the sequence (u,) is bounded and by [23, Theorem 2.5] we may assume that
there exist two Borel regular measures p and v, A denumerable, (z;) C €2, v; > 0,
i > 0 with pu; +v; > 0 for all 7 € A such that

| D%, |9 — 1, |un|® — v, and, for alli € A,

Ty vl dp > DT il Sl <y
1EA 1EA

dv = |u

We aim to show that 1; = 0 for all € A. Assume by contradiction that z; is

a singular point of measures p and v. For any p > 0, we set ¢,(z) = z/z(x_p‘“),

where 1 € C®(R¥Y) such that 0 < ¢ < 1, % = 1in By and ¢ = 0 in BS and
V)| < 2. Then,

Cc = jA(un) - %(]/{(un),u,) + On(l)

11 11 L1 1
B Y CE\ TP L
P q roq ¢ q

a3
g T 0n(1)

)t
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1 1 1 1 .
> =\ <— — —> |y, |y + (— - —*> / Youlsdx + 0,(1).
roq q g Q

Taking the limit as n — oo, recalling that v; > SY/*? and by using the Holder
inequality, we get

1 1 1 1 1
cE—A(———) |u\:+(———*)/uqux+<———>2wp
roq ¢ q ¢ @)=
1 1 1 1 1
(- g)srma (- -2
q g L) q g
1 1 1 1 1
(Do (-2
q g roq ° q 4

Now, observing that
(@G-r/eGer 4 (1 — i) ttll‘} S (1 — _> A/ (@5=r)
q 4 q g5

1 1
min {—)\ (— — —)
>0 roq
r/(gs—r) q5/(q5—r)
T r
— — | — 33
[(q;f) (qz) ] %)

(l B l) )t qz /(g —r)
T q
(1
q

—:)

we can see that (32) and (4) give a contradiction in view of (31).

(qs _T)/qs q:f: . (32)

ds

X

As a consequence A = () and u,, — u in L% (). Then, we can argue as in the
proof of Lemma 3.2, Step 3, to deduce that u,, — u in W5 *(Q). ]

Lemma 4.4. Let A € (0,\**] and u € W(Q) such that Jy(u) < 0. Then for
any v in a neighbourhood of u we have jA(v) = J\(v).

Proof. By (28) and taking into account that

g ([uls) < Gar([ulsq) < Ga([ulsg) < Ta(u) <0,

we get [u], < Ro hence ¢([u]s4) = 1 and Jy(u) = Jx(u). From the continuity of
Jy we also have J,(v) = Jy(v) for any v € Bpy/2(u). O

We will apply now the Ljusternick-Schnirelmann Theory to the functional Jy
taking into account that, by Lemma 4.3 and Lemma 4.4, it satisfies the (PS)
condition at negative levels and that at such levels it coincide with the originary
functional 7.

Lemma 4.5. Let A > 0. Given k € N, there exists e, > 0 such that 'y(j)\_s’“) >k,
where J = {u e W(Q) : Jy(u) < a} are the sublevel sets of Jy.
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Proof. Take k& € N and we consider a k-dimensional subspace X} of W (Q).
Therefore we can find a constant C}, > 0 such that

Cillul]” < Jull  Yu € X. (34)
Choose p € (0,1) such that ||u]| = p. Then, by using (34), we get

~ 1 1 A
Ta(u) < (— + —) =2,
p q r
‘ . 11\ 1/(p—r)
and taking pe€ |0ming 1, |-+ - —Cy
P q r

we can find g; > 0 such that Jy(u) < — &y, for any u € S, ={ve X :|v| =p}
Therefore, S, C j:\_ % and, being j)\_ % symmetric and closed, we can apply (vi)
and (iv) of Proposition 4.1 to deduce that v(J; =) > ~(S,) = k. O

For any A > 0 and k € N we define the minimax levels of Jy as

) = daf, e A

where T’y denotes the family of closed symmetric subsets A of W;(£2) such that
0¢ A and vy(A) > k. Of course they satisfy cx(A) < ¢x1(A) and for A € (0, A**):
<

—00 < 1(A) <e(N) < ...
Define also the set of critical points at level ¢ of the functional Jy as
K.(\) = {u e W) : Ji(u) = 0 and J,(u) = c} :
Lemma 4.6. For every A > 0 and k € N we have cx(\) < 0.

Proof. Fix k € N. In view of Lemma 4.5 we can find £, > 0 with ’y(j/\_e’“) > k.
Taking into account that 0 ¢ j/\_ “k and j; “ € T we infer that

—00 < ¢x(A) = inf sup Jy(u) < sup Jy(u) < —e <0,
Cely yeC weJy

concluding the proof. [

The next result is standard in the Ljusternick-Schnirelmann Theory, nevertheless
we give the details for the reader’s convenience.

Lemma 4.7. Let A > 0. If, for some ko, m € N, we have
c(A) = iy (A) = Cro1(A) = -+ = Chrpm(A) > =00,

then (K. ) > m+ 1, where for brevity K. := K.)(A).
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Proof. Taking into account Lemma 4.3 and Lemma 4.6, we can see that
c(A) = ke (A) = hor1(A) = -+ - = Chyem(A) <0 and K., is compact.

Clearly, K.\ = —K_. . Now, assume by contradiction that y(K.,) < m. Then,
by using (vi) of Proposition 4.1 we can find a closed and symmetric set U such that
K.y CUandvy(U) = v(K.)) < m. Since by Lemma 4.6 ¢(\) < 0, we can suppose
that U C :]vg. By using the Deformation Lemma (see e.g. [24]) there exists an odd
homeomorphism 7 : Wi(Q2) — W5 (2) such that n (]i(’\)M — U) C j}(’\)_é for
some 0 > 0 with 0 < § < —¢(\). Hence, ji(’\)ﬂs C jg and being ¢(\) = cxyrm(N),
there exists A € I'y, 4, such that sup, 4 Jx(u) < ¢(A) + 6. So,

Y(A) > ko+m, AC ji(’\)H and n(A—-U) Cn <j§(’\)+6 — U) C (7;(/\)—5'

Consequently, by using (vi) and (iii) of Proposition 4.1, we get
7 77 Fe(A)—6
ko < (A) =m < y(A) =y(U) Sy (A-T) <y (n(A=T)) <7377
. TFe(N)—6
meaning that J, C I'y,. But then

c(A) = ey (A) = inf sup Ja(u) < sup TV ) <e(A) =6
uw ueJy

giving a contradiction which proves the lemma. O

We are noe able to conclude the proof of Theorem 1.2:

Let A € (0, \**], then c¢x(\) € (—00,0).

If ¢;(\) # ci(X) for all ¢ # j, then we obtain infinitely many critical points of Iy
and then of J, by Lemma 4.4. Therefore (1) has infinitely many solutions.

If there exist ko, m € N such that ¢, (A) = cgyr1(A) = -+ = Cryrm(A), by applying
Lemma 4.7, v(K,,) > m + 1 > 2 and then, by (v) of Proposition 4.1, .J, has
infinitely many critical points at negative level. Then again by Lemma 4.4 they

are critical points of 7, and also in this case (1) has infinitely many solutions.

References

[1]  G.Alberti, G. Bouchitté, P. Seppecher: Phase transition with the line-tension ef-
fect, Arch. Rational Mech. Anal. 144 (1998) 1-46.

[2]  A.Ambrosetti, P. H. Rabinowitz: Dual variational methods in critical point theory
and applications, J. Funct. Anal. 14 (1973) 349-381.

[3] V.Ambrosio: Fractional p&q Laplacian problems in RN with critical growth,
arXiv:1801.10449.



V. Ambrosio et al. / On a Fractional p&q Laplacian Problem. ...

P. W.Bates: On some nonlocal evolution equations arising in materials science,
Nonlinear Dynamics and Evolution Equations 48 (2006) 13-52.

H. Brézis, E. H. Lieb: A relation between pointwise convergence of functions and
convergence of functionals, Proc. Amer. Math. Soc. 88(3) (1983) 486-490.

L. Caffarelli, J. M. Roquejoffre, O. Savin: Nonlocal minimal surfaces, Comm. Pure
Apple. Math. 63 (2012) 1111-1144.

L. Caffarelli, E. Valdinoci: Uniform estimates and limiting arguments for nonlocal
minimal surfaces, Calc. Var. Partial Differential Equations 32 (2007) 1245-1260.

S.-Y. A. Chang, M. del Mar Gonzélez: Fractional Laplacian in conformal geome-
try, Adv. Math. 226 (2011) 1410-1432.

C. Chen, J.Bao: Fzxistence, nonexistence, and multiplicity of solutions for the
fractional p&q-Laplacian equation in RN, Bound. Value Probl., paper no. 153
(2016) 16 pp.

R. Cont, P. Tankov: Financial Modeling with Jump Processes, Chapman & Hall,
CRC Financial Mathematics Series, Boca Raton (2004).

E.Di Nezza, G.Palatucci, E.Valdinoci: Hitchhiker’s guide to the fractional
Sobolev spaces, Bull. Sci. Math. 136 (2012) 521-573.

G. Duvaut, J. L. Lions: Inequalities in Mechanics and Physics, Springer, Berlin et
al. (1976).

G. M. Figueiredo: Ezistence and multiplicity of solutions for a class of p&q elliptic
problems with critical exponent, Math. Nachr. 11-12 (2013) 1129-1141.

G. Garcia Azorero, I. Peral Alonso: Multiplicity of solutions for elliptic problems
with critical exponent or with a nonsymmetric term, Trans. Amer. Math. Soc. 323
(1991) 877-895.

N.Laskin: Fractals and quantum mechanics, Chaos 10 (2000) 780-790.

N. Laskin: Fractional quantum mechanics and Lévy path integrals, Phys. Lett. A
268 (2000) 298-305.

N. Laskin: Fractional Schrodinger equation, Phys. Rev. E 66 (2002) 056108.

G.Li, G.Zhan: Multiple solutions for the p&q-Laplacian problem with critical
exponent, Acta Math. Sci. 29B (2009) 903-918.

R. Metzler, J. Klafter: The random walk’s guide to anomalous diffusion: a frac-
tional dynamic approach, Phys. Rep. 339 (2000) 77.

R. Metzler, J. Klafter: The restaurant at the random walk: recent developments
in the description of anomalous transport by fractional dynamics, J. Phys. A 37
(2004) 161-208.

E. Milakis, L.Silvestre: Regularity for the monlinear Signorini problem, Adv.
Math. 217 (2008) 1301-1312.

G. Molica Bisci, V.Radulescu, R.Servadei: Variational Methods for Nonlocal
Fractional Problems, Encyclopedia of Mathematics and its Applications 162,
Cambridge University Press, Cambridge (2016).

S. Mosconi, M. Squassina: Nonlocal problems at nearly critical growth, Nonlinear
Anal. 136 (2016) 84-101.



V. Ambrosio et al. / On a Fractional p&q Laplacian Problem. ... 19

[24] P.H.Rabinowitz: Minimax Methods in Critical Point Theory with Applications
to Differential Fquations, CBME Regional Conf. Ser. in Math. 65, American
Mathematical Society, Providence (1986).

[25] L. Silvestre: Regularity of the obstacle problem for a fractional power of the Laplace
operator, Comm. Pure Appl. Math. 13 (1960) 457-468.

[26] Y.Sire, E. Valdinoci: Fractional Laplacian phase transitions and boundary reac-

tions: a geometric inequality and a symmetric result, J. Funct. Anal. 60 (2007)
67-112.



