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We deal with a class of nonlocal problems of the type{
(−∆)spu+ (−∆)squ = λ|u|r−2u+ |u|q∗s−2u in Ω

u = 0 in RN \ Ω,

where s ∈ (0, 1), 1 < p < q < N/s, (−∆)sα, with α ∈ {p, q}, is the fractional α-Laplacian, Ω
is a bounded domain of RN and λ > 0 is a parameter. Roughly speaking, when r is “large”
we prove the existence of a solution for large values of λ and when r is “small” we prove the
existence of infinitely many solutions for small values of λ.
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1. Introduction

In [14] the authors considered the following problem involving the critical Sobolev
exponent: { −∆pu = λ|u|r−2u+ |u|p∗−2u in Ω

u = 0 on ∂Ω,

with r < p∗ (the Sobolev critical exponent) and ∆pu := ∇ · (|∇u|p−2∇u) is the
p-Laplacian. In particular they showed the existence of solutions depending on
the values of r and the parameter λ.
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Later, in [18], the authors studied a problem involving the p&q-Laplacian, proving
the existence of infinitely many solutions for the problem{ −∆pu−∆qu = λ|u|r−2u+ |u|q∗−2u in Ω

u = 0 on ∂Ω,

whenever λ is small enough.
In [13] the above results have been extended to a more general class of quasilinear
operators of the type −∇·(a(|∇u|p)|∇u|p−2∇u) under suitable assumptions on the
C1-function a. Indeed the author obtained two results: existence of a nontrivial
solution for large λ > 0 whenever r ∈ (q, q∗), and infinitely many solutions for
λ > 0 small provided that r ∈ (1, q).
On the other hand, in recent years great attention have received differential prob-
lems involving fractional and nonlocal operators. Indeed it is commonly estab-
lished that fractional operators give a better description of several models and
appears in many physical sciences. For example the fractional Laplacian appears
in some problems in Physics and Chemistry, see e.g. [19, 20], in phase transition
[1, 26], in material science [4], in the Fractional Quantum Dynamics developed
by Laskin in [15, 16, 17], optimization and finance [10, 12], in obstacle problems
[21, 25], in conformal geometry and minimal surfaces [6, 7, 8]. The list may
continue with crystal dislocation, soft thin films, multiple scattering, anomalous
diffusion, quasi-geostrophic flows, water waves, and so on.
Thus, motivated by the previous comments, we asked if the results proved in
[14, 13, 18] have a fractional counterpart, and indeed we are able to give a positive
answer.
More precisely this paper is concerned with existence and multiplicity results for
a differential operator involving the sum of two fractional Laplacians:{

(−∆)spu+ (−∆)squ = λ|u|r−2u+ |u|q∗s−2u in Ω

u = 0 in RN \ Ω,
(1)

where Ω ⊂ RN is a smooth and bounded domain in RN and
• s ∈ (0, 1),
• 1<p<q <q∗s , sq<N and q∗s =Nq/(N−sq) is the critical Sobolev exponent,
• λ > 0 is a parameter,
• the exponent r varies in the ranges (1, q) and (q, q∗s).
We recall that for α ∈ {p, q}, (−∆)sα is the α-fractional Laplacian which can be
defined, up to a multiplicative constant, by

(−∆)sαu(x) = P.V.
∫
RN

|u(x)− u(y)|α−2(u(x)− u(y))

|x− y|N+sα
dy, x ∈ RN ,

where P.V. stands for principle value.
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To state our result we introduce few basic objects. W s,α(D) denotes the fractional
Sobolev space with norm

∥u∥W s,α(D) = |u|Lα(D) + [u]W s,α(D),

where [u]W s,α(D) =

(∫
D

∫
D

|u(x)− u(y)|α

|x− y|N+sα
dxdy

)1/α

is the Gagliardo semi-norm. When D = RN , we set [u]s,α = [u]W s,α(RN ) and

W s,α
0 (Ω) =

{
u ∈ Lα(RN) : u = 0 in RN \ Ω and [u]s,α < +∞

}
with dual space W−s,α(Ω). Note that it is

W s,α
0 (Ω) =

{
u ∈ Lα∗

(RN) : u = 0 on RN \ Ω, [u]s,α <∞
}

and that [·]s,α is actually a norm on W s,α
0 (Ω) for which it is a Banach space.

The nonlinear operator (−∆)sα can then be seen as (−∆)sα : W
s,α
0 (Ω) → W−s,α′

(Ω),
where, as usual, α′ is the conjugate exponent of α, acting by duality

⟨(−∆)sαu, v⟩ =
∫∫

R2N

|u(x)− u(y)|α−2(u(x)− u(y))

|x− y|N+sα
(v(x)− v(y)) dx dy,

where u, v ∈ W s,α
0 (Ω). This is a variational characterization of (−∆)sα.

The “boundary” condition in (1) is given in the whole complementary of Ω,
reflecting the fact that we are dealing with nonlocal operators. For more details on
fractional Laplacians the interested reader may consult [11, 22] and the references
therein.
For a weak solution of problem (1), we mean a function u ∈ W s,q

0 (Ω) such that

∑
α∈{p,q}

∫∫
R2N

|u(x)− u(y)|α−2(u(x)− u(y))

|x− y|N+sα
(v(x)− v(y))dxdy

= λ

∫
Ω

|u|r−2uvdx+

∫
Ω

|u|q∗s−2uvdx

for all v ∈ W s,q
0 (Ω). Our results can be stated as follows.

Theorem 1.1. Assume that r ∈ (q, q∗s). Then there exists λ∗ > 0 such that
problem (1) admits a nontrivial solution for all λ ∈ [λ∗,+∞).

Theorem 1.2. Assume that r ∈ (1, q). Then there exists λ∗∗ > 0 such that
problem (1) has infinitely many solutions for all λ ∈ (0, λ∗∗].

To prove our theorems we use Variational Methods and Critical Point Theory.
Indeed the solutions of (1) can be seen as critical points of a suitable C1 functional,
said energy functional, defined on W s,q

0 (Ω). En passant, we anticipate here that
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the solution found in Theorem 1.1 is at positive level of the energy functional in
contrast to the solutions given in Theorem 1.2 which are at negative levels.
The main difficulty of our paper is exactly due to the critical growth of the
nonlinearity which implies that the functional does not satisfy the Palais-Smale
condition at every level. To this respect we recall once for all the basic definition.
We say that a C1 functional I defined on the Banach space X satisfies the Palais-
Smale condition at level c (we also write (PS)c for short) if every sequence (un) ⊂
X such that

I(un) → c ∈ R and I ′(un) → 0

admits a convergent subsequence. If this condition holds for c in a certain in-
terval I ( R we say also that I satisfies a local (PS) condition. It is known
that this compactness condition is a fundamental tool in order to apply Varia-
tional Methods and the Ljusternick-Schnirelmann Theory and obtain existence
and multiplicity of critical points of functionals. Then our main work consists
in proving that, once we have candidates to critical levels, they are actually in a
range where the Palais-Smale condition holds.
We remark that, to our knowledge, in the literature there are only two papers
[3, 9] dealing with nonlocal problems in RN involving the sum of fractional p-
Laplacians. For this reason, we would like to go further in this direction, but
considering now fractional p&q problems in bounded domains.
The paper is organised as follows.
In Section 2 we give few preliminaries introducing the variational framework for
the problem. In Section 3 , after ensuring a local (PS) condition, we give the
proof of Theorem 1.1 by using the Mountain Pass Theorem. In Section 4, by
using the Ljusternick-Schnirelmann theory we show the existence of infinitely
many solutions proving Theorem 1.2.
Notation. We use the following notations:
• We denote by C1, C2, . . . or C,C ′, C ′′, . . . suitable but irrelevant positive con-

stants which may change also from line to line;

• We use the standard notation |u|rr =
∫
Ω

|u|rdx for the Lr-norm of u.

• an ⇀ a and an → a mean the weak and strong convergence as n→ ∞.

• S∗ = inf{[u]qs,q : u ∈ W s,q
0 (Ω), |u|q∗s = 1}.

2. Preliminaries

Before introducing the variational setting in which we study our problem, we can
observe that:
Lemma 2.1. If p ≤ q then W s,q

0 (Ω) ⊆ W s,p
0 (Ω) with continuous embedding.

Proof. Take u ∈ W s,q
0 (Ω). Let us note that
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R2N

|u(x)−u(y)|p

|x− y|N+sp
dxdy =

∫
Ω

∫
Ω

|u(x)−u(y)|p

|x− y|N+sp
dxdy + 2

∫
Ω

∫
Ωc

|u(x)|p

|x−y|N+sp
dxdy.

Since W s,q(Ω) ⊆ W s,p(Ω), we can see that∫
Ω

∫
Ω

|u(x)− u(y)|p

|x− y|N+sp
dxdy ≤ C[u]pW s,q(Ω). (2)

Now, Ωc = Ω1 ∪ Ωc
1, where Ω1 = {x ∈ Ωc : dist(x, ∂Ω) ≤ 1}. Then we have∫

Ω

∫
Ωc

|u(x)|p

|x− y|N+sp
dxdy =

∫
Ω

∫
Ω1

|u(x)|p

|x− y|N+sp
dxdy +

∫
Ω

∫
Ωc

1

|u(x)|p

|x− y|N+sp
dxdy

=: I1 + I2. (3)

Regarding I1 we can see that

I1 =

∫
Ω

∫
Ω1

|u(x)− u(y)|p

|x− y|N+sp
dxdy ≤

∫
Ω1

∫
Ω1

|u(x)− u(y)|p

|x− y|N+sp
dxdy

≤ C[u]pW s,q(Ω1)
≤ C[u]ps,q. (4)

Concerning I2, we can use a change of variable to infer that

I2 ≤
∫
Ω

∫
Bc

1

|u(x)|p

|z|N+sp
dzdx ≤ C|u|pp ≤ C|u|pq . (5)

Putting together (2) – (5) we get the desired result.

It is easily seen that solutions of (1) can be found as critical critical points of the
following C1 functional Jλ : W s,q

0 (Ω) → R defined as

Jλ(u) =
1

p
[u]ps,p +

1

q
[u]qs,q −

λ

r
|u|rr −

1

q∗s
|u|q

∗
s
q∗s
.

The space W s,q
0 (Ω) is endowed with the norm

∥u∥ = [u]s,p + [u]s,q

which, by Lemma 2.1, is equivalent to [·]s,q. We observe that Jλ is unbounded
below on W s,q

0 (Ω), since fixed v ∈ W s,q
0 (Ω) \ {0}, we have

Jλ(tv) =
tp

p
[v]ps,p +

tq

q
[v]qs,q − λ

tr

r
|v|rr −

tq
∗
s

q∗s
|v|q

∗
s
q∗s

−→ −∞ as t→ ∞. (6)

Throughout the paper we will frequently make use of the following results.
Theorem 2.2. (see [11]) W s,p

0 (Ω) is continuously embedded into Lt(RN) for any
t ∈ [p, p∗s] and compactly into Lt(Ω) for any t ∈ [1, p∗s).
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Lemma 2.3. (see [3]) Let (un) ⊂ Ds,p(RN) be a bounded sequence and assume
ψ ∈ C∞

c (RN) such that 0 ≤ ψ ≤ 1, ψ = 1 in B1, ψ = 0 in Bc
2 with |∇ψ|∞ ≤ 2.

Set ψρ(x) = ψ(x−x
ρ
) where x ∈ RN is a fixed point. Then we have

lim
ρ→0

lim sup
n→∞

∫∫
R2N

|un(x)|p
|ψρ(x)− ψρ(y)|p

|x− y|N+sp
dxdy = 0.

3. Proof of Theorem 1.1

In this section we provide the proof of Theorem 1.1 by using the Mountain Pass
Theorem [2].
Lemma 3.1. For each λ > 0 the functional Jλ satisfies the following conditions:
(i) there exist α, β > 0 such that Jλ(u) ≥ β if ∥u∥ = α,
(ii) there exists e ∈ W s,q

0 (Ω) such that ∥e∥ > α and Jλ(e) < 0.

Proof. Let us note that making use of Theorem 2.2 it follows that

Jλ(u) =
1

p
[u]ps,p +

1

q
[u]qs,q −

λ

r
|u|rr −

1

q∗s
|u|q

∗
s
q∗s

≥ C1∥u∥q −
λ

r
|u|rr −

1

q∗s
|u|q

∗
s
q∗s

≥ C1∥u∥q − λC2∥u∥r − C3∥u∥q
∗
s .

Since r ∈ (q, q∗s) there exist α, β > 0 such that Jλ(u) ≥ β for all u ∈ W s,q
0 (Ω)

such that ∥u∥ = α and (i) is proved. Item (ii) follows by (6).

In view of Lemma 3.1 we can define the Mountain Pass value

cλ = inf
γ∈Γ

max
t∈[0,1]

Jλ(γ(t)) > 0,

where Γ = {γ ∈ C([0, 1],W s,q
0 (Ω)) : γ(0) = 0 and Jλ(γ(1)) < 0} .

Since we are dealing with the critical exponent, the Palais-Smale condition is not
satisfied at every level; indeed we have the following local Palais-Smale condition.

Lemma 3.2. For every c <
(

1
r
− 1

q∗s

)
S
N/sq
∗ the functional Jλ satisfies the (PS)c

condition.

Proof. Let (un) ⊂ W s,q
0 (Ω) be a sequence such that

Jλ(un) → c and J ′
λ(un) → 0. (7)

We divide the proof in several steps.

Step 1: There exists u ∈ W s,q
0 (Ω) such that un ⇀ u in W s,q

0 (Ω).
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By using (7) and the fact that p < q < r < q∗s we have

C(1 + ∥un∥) ≥ Jλ(un)−
1

r
⟨J ′

λ(un), un⟩

geq

(
1

p
− 1

r

)
[un]

p
s,p +

(
1

q
− 1

r

)
[un]

q
s,q +

(
1

r
− 1

q∗s

)
|un|q

∗
s
q∗s

≥
(
1

q
− 1

r

)
([un]

p
s,p + [un]

q
s,q) ≥ C ′∥un∥p

which gives the boundedness of (un). Eventually passing to a subsequence Step
1 is proved.
Step 2: un → u in Lq∗(Ω).
We may assume that un → u in Lt(Ω) for all t ∈ [1, q∗s).

By applying [23, Theorem 2.5] we can see that there exist two Borel regular
measures µ and ν, Λ denumerable, (xi) ⊂ Ω, νi ≥ 0, µi ≥ 0 with µi + νi > 0 for
all i ∈ Λ such that

|Dsun|q ⇀ µ and |un|q
∗
s ⇀ ν, and (8)

dν = |u|q∗s +
∑
i∈Λ

νiδxi
, dµ ≥ |Dsu|q +

∑
i∈Λ

µiδxi
, S∗ν

q/q∗s
i ≤ µi ∀i ∈ Λ. (9)

We aim to show that νi = 0 for all i ∈ Λ.
Assume by contradiction that xi is a singular point of measures µ and ν. For any
ρ > 0, we set ψρ(x) = ψ(x−xi

ρ
), where ψ ∈ C∞

c (RN) such that 0 ≤ ψ ≤ 1, ψ = 1

in B1 and ψ = 0 in Bc
2 and |∇ψ|∞ ≤ 2. Since (unψρ) is bounded in W s,q

0 (Ω), we
get ⟨J ′

λ(un), unψρ⟩ = on(1), or equivalently∫∫
R2N

|un(x)− un(y)|p−2(un(x)− un(y))

|x− y|N+sp
(un(x)ψρ(x)− un(y)ψρ(y))dxdy

+

∫∫
R2N

|un(x)− un(y)|q−2(un(x)− un(y))

|x− y|N+sq
(un(x)ψρ(x)− un(y)ψρ(y))dxdy

= λ

∫
RN

|un|rψρdx+

∫
RN

|un|q
∗
sψρdx+ on(1). (10)

Now, we note that∫∫
R2N

|un(x)− un(y)|p−2(un(x)− un(y))

|x− y|N+sp
(un(x)ψρ(x)− un(y)ψρ(y))dxdy

=

∫∫
R2N

|un(x)− un(y)|p

|x− y|N+sp
ψρ(x)dxdy

+

∫∫
R2N

|un(x)− un(y)|p−2(un(x)− un(y))

|x− y|N+sp
un(y)(ψρ(x)− ψρ(y))dxdy,
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so (10) becomes∫∫
R2N

|un(x)− un(y)|p−2(un(x)− un(y))

|x− y|N+sp
un(y)(ψρ(x)− ψρ(y))dxdy

+

∫∫
R2N

|un(x)− un(y)|q−2(un(x)− un(y))

|x− y|N+sq
un(y)(ψρ(x)− ψρ(y))dxdy

= −
∫∫

R2N

|un(x)− un(y)|p

|x− y|N+sp
ψρ(x)dxdy −

∫∫
R2N

|un(x)− un(y)|q

|x− y|N+sq
ψρ(x)dxdy

+ λ

∫
RN

|un|rψρdx+

∫
RN

|un|q
∗
sψρdx+ on(1). (11)

At this point, we can observe that the Hölder inequality and Step 1 give∣∣∣∣∫∫
R2N

|un(x)− un(y)|p−2(un(x)− un(y))

|x− y|N+sp
un(y)(ψρ(x)− ψρ(y))dxdy

∣∣∣∣
≤ [un]

p−1
s,p

(∫∫
R2N

|ψρ(x)− ψρ(y)|p

|x− y|N+sp
|un(y)|pdxdy

)1/p

≤ C

(∫∫
R2N

|ψρ(x)− ψρ(y)|p

|x− y|N+sp
|un(y)|pdxdy

)1/p

,

so by using Lemma 2.3 we get

lim
ρ→0

lim sup
n→∞

∫∫
R2N

|un(x)− un(y)|p−2(un(x)− un(y))

|x− y|N+sp

· un(y)(ψρ(x)− ψρ(y))dxdy = 0 (12)

and lim
ρ→0

lim sup
n→∞

∫∫
R2N

|un(x)− un(y)|q−2(un(x)− un(y))

|x− y|N+sq

· un(y)(ψρ(x)− ψρ(y))dxdy = 0. (13)

Clearly un → u in Lt(Ω) for all t ∈ [1, q∗s) and ψρ has compact support, hence

lim
ρ→0

lim sup
n→∞

∫
RN

|un|rψρdx = 0. (14)

Taking into account (11)-(14) and using (8) we have νi ≥ µi. This and (9) imply
νi ≥ S

N/sq
∗ . Then

c = Jλ(un)−
1

r
⟨J ′

λ(un), un⟩+ on(1)

≥
(
1

r
− 1

q∗s

)∫
RN

|un|q
∗
sdx+ on(1) ≥

(
1

r
− 1

q∗s

)∫
Bρ(xi)

ψρ|un|q
∗
sdx+ on(1),
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and by passing to the limit as n→ ∞ we arrive at

c ≥
(
1

r
− 1

q∗s

)∑
i∈Λ

ψρ(xi)νi =

(
1

r
− 1

q∗s

)∑
i∈Λ

νi ≥
(
1

r
− 1

q∗s

)
SN/sq
∗

which contradicts the assumption of Lemma 3.2. As a consequence

lim
n→∞

∫
Ω

|un|q
∗
sdx =

∫
Ω

|u|q∗sdx.

From the Brezis-Lieb Lemma [5] we obtain un → u in Lq∗s (Ω) and consequently

un → u in Lt(Ω) ∀t ∈ [1, q∗s ],

proving Step 2.

Step 3: un → u in W s,q
0 (Ω).

By the Dominated Convergence Theorem it follows that∫
Ω

|un|t−2unu dx→
∫
Ω

|u|tdx ∀t ∈ [q, q∗s ]. (15)

Let us define

An := J ′
λ(un)[un]+|un|rr+|un|q

∗
s
q∗s
−⟨J ′

λ(un), u⟩−
∫
Ω

|un|r−2unu dx−
∫
Ω

|un|q
∗
s−2unu dx

and

Bn := [u]ps,p + [u]qs,q −
∫∫

R2N

|u(x)− u(y)|p−2(u(x)− u(y))

|x− y|N+sp
(un(x)− un(y)) dxdy

−
∫∫

R2N

|u(x)− u(y)|q−2(u(x)− u(y))

|x− y|N+sq
(un(x)− un(y)) dxdy.

Since J ′
λ(un) → 0, (un) is bounded in W s,q

0 (Ω) and (15) we infer that

An = on(1), (16)

whereas the fact that un ⇀ u in W s,q
0 (Ω) implies that

Bn = on(1). (17)

Let us note that

An +Bn =

[
[un]

p
s,p + [un]

q
s,q

−
∫∫

R2N

|un(x)− un(y)|q−2(un(x)− un(y))

|x− y|N+sq
(u(x)− u(y))dxdy
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−
∫∫

R2N

|un(x)− un(y)|p−2(un(x)− un(y))

|x− y|N+sp
(u(x)− u(y))dxdy

]

+

[
[u]ps,p + [u]qs,q

−
∫∫

R2N

|u(x)− u(y)|p−2(u(x)− u(y))

|x− y|N+sp
(un(x)− un(y))dxdy

−
∫∫

R2N

|u(x)− u(y)|q−2(u(x)− u(y))

|x− y|N+sq
(un(x)− un(y))dxdy

]

or equivalently An +Bn = (18)

=

∫∫
R2N

[
|vn(x, y)|p−2vn(x, y)

|x− y|N+sp
− |v(x, y)|p−2v(x, y)

|x− y|N+sp

]
[vn(x, y)− v(x, y))] dxdy

+

∫∫
R2N

[
|vn(x, y)|q−2vn(x, y)

|x− y|N+sq
− |v(x, y)|q−2v(x, y)

|x− y|N+sq

]
[vn(x, y)− v(x, y))] dxdy,

where vn(x, y) := un(x)− un(y) and v(x, y) := u(x)− u(y).
Now, we recall the following useful inequalities: for all x, y ∈ RN

C ′
p|x− y|p ≤ (|x|p−2x− |y|p−2y, x− y), p ≥ 2, and (19)

C ′′
p

|x− y|p

(|x|p + |y|p)(2−p)/2
≤ [(|x|p−2x− |y|p−2y, x− y)]p/2, 1 < p < 2, (20)

and distinguish two cases depending on the values of p.
Case 1: 2 ≤ p < q. Then (18) and (19) give

An +Bn ≥ C ′
p

∫∫
R2N

|(un − u)(x)− (un − u)(y)|p

|x− y|N+sp
dxdy

+ C ′
q

∫∫
R2N

|(un − u)(x)− (un − u)(y)|q

|x− y|N+sq
dxdy. (21)

In view of (16), (17) and (21) we can see that [un−u]s,p → 0 and [un−u]s,q → 0,
showing that un → u in W s,q

0 (Ω).
Case 2: 1 < p < 2.
Taking into account (20) and applying the Hölder inequality with exponents
2/(2− p) and 2/p we get

C ′′
p

∫∫
R2N

|vn(x, y)−v(x, y)|p

|x− y|N+sp
dxdy ≤

[∫∫
R2N

|vn(x, y)|p

|x− y|N+sp
+

|v(x, y)|p

|x−y|N+sp
dxdy

](2−p)/2

×

[∫∫
R2N

[
|vn(x, y)|p−2vn(x, y)

|x−y|N+sp
− |v(x, y)|p−2v(x, y)

|x− y|N+sp

]
[vn(x, y)−v(x, y)] dxdy

]p/2
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which gives C ′′
p [un − u]2s,p ≤ ([un]

p
s,p + [u]ps,p)

(2−p)/p (22)

×

[∫∫
R2N

[
|vn(x, y)|q−2vn(x, y)

|x− y|N+sq
− |v(x, y)|q−2v(x, y)

|x− y|N+sq

]
[vn(x, y)− v(x, y)] dxdy

]

≤ C

[∫∫
R2N

[
|vn(x, y)|q−2vn(x, y)

|x− y|N+sq
− |v(x, y)|q−2v(x, y)

|x− y|N+sq

]
[vn(x, y)−v(x, y)] dxdy

]
,

where we have used the fact that (un) is bounded in W s,q
0 (Ω).

If 1 < p < 2 ≤ q we can argue as in (21) to deduce that

Cq[un − u]qs,q ≤ (23)

≤
∫∫

R2N

[
|vn(x, y)|q−2vn(x, y)

|x− y|N+sq
− |v(x, y)|q−2v(x, y)

|x− y|N+sq

]
[vn(x, y)− v(x, y)] dxdy.

Taking into account (16), (17), (18), (22) and (23) we get

on(1) = An +Bn ≥ Cp[un − u]2s,p + Cq[un − u]qs,q

that is un → u in W s,q
0 (Ω).

If 1 < p < q < 2, from the above arguments we can infer that

on(1) = An +Bn ≥ Cp[un − u]2s,p + Cq[un − u]2s,q,

and again the convergence un → u in W s,q
0 (Ω) holds, completing the proof.

Lemma 3.3. There exists λ∗ > 0 with cλ∈
(
0,
(

1
r
− 1

q∗s

)
S
N/sq
∗

)
for all λ ≥ λ∗.

Proof. Take v ∈ C∞
c (RN) such that v > 0 in RN . Then there exists tλ > 0 such

that Jλ(tλv) = maxt≥0 Jλ(tv). As a consequence ⟨J ′
λ(tλv), tλv⟩ = 0 that is

tpλ[v]
p
s,p + tqλ[v]

q
s,q = λtrλ|v|rr + t

q∗s
λ |v|q

∗
s
q∗s
, (24)

which implies that tpλ[v]
p
s,p + tqλ[v]

q
s,q > t

q∗s
λ |v|q

∗
s
q∗s

.

Since p < q < q∗s we can infer that (tλ) is bounded and that there exists a sequence
λn → ∞ such that tλn → t ≥ 0.
Now we aim to prove that t = 0. Assume by contradiction that t > 0. Taking
into account the fact that (tλn) is bounded and (24), we can see that there exists
a positive constant K such that

K ≥ tpλn
[v]ps,p + tqλn

[v]qs,q ≥ λnt
r
λn
|v|rr → ∞,

which is impossible. Then t = 0.
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Now, set γ(t) = te with t ∈ [0, 1], where e is given in Lemma 3.1. Since γ ∈ Γ we
can see that

0 < cλ ≤ max
t∈[0,1]

Jλ(tv) = Jλ(tλe) ≤
tpλ
p
[e]ps,p +

tqλ
q
[e]qs,q. (25)

Taking λ sufficiently large, let us say λ ≥ λ∗, and recalling that tλ → 0 when
λ→ ∞, we can infer that

tpλ[v]
p
s,p + tqλ[v]

q
s,q <

(
1

r
− 1

q∗s

)
SN/sq
∗ ,

which together with (25) yields 0 < cλ <

(
1

r
− 1

q∗s

)
SN/sq
∗ .

We can now complete the proof of Theorem 1.1.

In virtue of Lemma 3.3, there is a λ∗ > 0 such that cλ ∈
(
0,
(

1
r
− 1

q∗s

)
S
N/sq
∗

)
for

any λ ≥ λ∗. Then, by Lemma 3.2 the (PS) condition holds at level cλ and the
conclusion is achieved by the classical Mountain Pass Theorem [2].

4. Proof of Theorem 1.2

In this section we study the existence of infinitely many solutions to (1) when
r ∈ (1, q). We begin by recalling some useful notions regarding the genus. For
more details we refer the reader to [24].
Let E be a Banach space and let

Γ = {A ⊂ E : A is closed in E symmetric with respect to the origin }.

For A ∈ Γ, we define the genus

γ(A) = inf{k ∈ N : ∃φ ∈ C(A,Rk \ {0}), φ(x) = −φ(−x)}.

If there is no mapping φ as above for any k ∈ N, then γ(A) = ∞. Moreover
γ(∅) = 0. Then we recall the following result.
Proposition 4.1. Let A and B be closed symmetric subset of E which do not
contain the origin. Then we have
(i) If there exists an odd continuous mapping from A to B, then γ(A) ≤ γ(B).
(ii) If there is an odd homeomorphism from A onto B, then γ(A) = γ(B).
(iii) If γ(B) <∞, then γ(A \B) ≥ γ(A)− γ(B).
(iv) The n-dimensional sphere Sn has genus n+1 by the Borsuk-Ulam Theorem.
(v) If γ(A) ≥ 2, then A has infinitely many points.
(vi) If A is compact, then γ(A) < ∞ and there exist δ > 0 and a closed and

symmetric neighborhood Nδ(A) = {x ∈ E : ∥x − A∥ ≤ δ} of A such that
γ(Nδ(A)) = γ(A).
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In order to implement the Ljusternick-Schnirelmann Theory, some preliminaries
are in order. Indeed a first difficulty concerning the functional Jλ is that it is
unbounded below on W s,q

0 (Ω), see (6).
By using the embeddings W s,q

0 (Ω) ⊂ Lr(Ω) and W s,p
0 (Ω) ⊂ Lq∗s (RN) we can see

that, for λ > 0,

Jλ(u) ≥
1

p
[u]ps,p +

1

q
[u]qs,q −

λ

rCr/2
[u]rs,q −

1

q∗sS
q∗s/2
∗

[u]q
∗
s
s,q

≥ 1

q
[u]qs,q −

λ

r
C(s, q, r)[u]rs,q −

1

q∗sS
q∗s/q
∗

[u]q
∗
s
s,q,

so that, setting gλ(t) :=
1

q
tq − λ

r
C(s, q, r)tr − 1

q∗sS
q∗s/q
∗

tq
∗
s , t ≥ 0, we have

Jλ(u) ≥ gλ([u]s,q). (26)

Let us define the number

κλ =
(1
q
− 1

q∗s

){
SN/sq
∗ − λq

∗
s/(q

∗
s−r)

[(1
r
− 1

q

)
|Ω|(q∗s−r)/q∗s(

1
q
− 1

q∗s

) ]q∗s/(q∗s−r)

×

×
[( r
q∗s

)r/(q∗s−r)

−
( r
q∗s

)q∗s/(q∗s−r)]}
.

Then there exists λ∗∗ > 0 such that

(a) gλ∗∗ achieves its positive maximum and has just two positive zeroes satisfying
0 < R0 < R1. Note that actually they depends on λ∗∗, but we will omit this
dependence.

(b) for every λ ∈ (0, λ∗∗] it holds: κλ ≥ 0.

Let us define ϕ ∈ C∞
c ([0,∞)) such that it is non increasing and 0 ≤ ϕ ≤ 1, ϕ = 1

in [0, R0], ϕ = 0 in [R1,∞). Then we introduce the following truncated functional

J̃λ(u) =
1

p
[u]ps,p +

1

q
[u]qs,q −

λ

r
|u|rr − ϕ([u]s,q)

1

q∗s
|u|q

∗
s
q∗s
.

We observe that J̃λ ∈ C1(W s,q
0 (Ω),R) and as before we obtain, for every λ > 0,

J̃λ(u) ≥ 1

q
[u]qs,q −

λ

r
C(s, q, r)[u]rs,q − ϕ([u]s,q)

1

q∗sS
q∗s/q
∗

[u]q
∗
s
s,q (27)

so that, setting g̃λ(t) =
1

q
tq − λ

r
C(s, q, r)tr − ϕ(t)

1

q∗sS
q∗s/q
∗

tq
∗
s , t ≥ 0, we deduce

J̃λ(u) ≥ g̃λ([u]s,q) (28)
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and consequently

∀λ ∈ (0, λ∗∗) : J̃λ(u) ≥ J̃λ∗∗(u) ≥ g̃λ∗∗([u]s,q). (29)

Observe now that the function g̃λ∗∗ is bounded below on [0,∞) and is coercive,
since for t ≥ R1 it is

g̃λ∗∗(t) =
1

q
tq − λ∗∗

r
C(s, q, r)tr (30)

hence limt→+∞ g̃λ∗∗(t) = +∞ being r < q. From (29) and (30) it follows that J̃λ
is bounded below on W s,q

0 (Ω).

Furthermore J̃λ is also coercive. Indeed if ∥u∥ → +∞ then it has to be necessarily
[u]s,q → +∞ and the coercivity follows from (29) and (30).
Summing up we have proved the following
Lemma 4.2. For all λ ∈ (0, λ∗∗] the functional J̃λ is bounded below and coercive
on W s,q

0 (Ω).

Now we prove that J̃λ verifies the following local (PS).

Lemma 4.3. For every λ ∈ (0, λ∗∗] the functional J̃λ satisfies the (PS) condition
in the range (−∞, κλ).

Proof. Let (un) ⊂ W s,q
0 (Ω) be such that

J̃λ(un) → c ∈ (−∞, κλ) and J̃ ′
λ(un) → 0. (31)

Since, for what we have seen before, when λ ∈ (0, λ∗∗) the functional is coercive,
the sequence (un) is bounded and by [23, Theorem 2.5] we may assume that
there exist two Borel regular measures µ and ν, Λ denumerable, (xi) ⊂ Ω, νi ≥ 0,
µi ≥ 0 with µi + νi > 0 for all i ∈ Λ such that

|Dsun|q ⇀ µ, |un|q
∗
s ⇀ ν, and, for all i ∈ Λ,

dν = |u|q∗s +
∑
i∈Λ

νiδxi
, dµ ≥ |Dsu|q +

∑
i∈Λ

µiδxi
, S∗ν

q/q∗s
i ≤ µi.

We aim to show that νi = 0 for all i ∈ Λ. Assume by contradiction that xi is
a singular point of measures µ and ν. For any ρ > 0, we set ψρ(x) = ψ(x−xi

ρ
),

where ψ ∈ C∞
c (RN) such that 0 ≤ ψ ≤ 1, ψ = 1 in B1 and ψ = 0 in Bc

2 and
|∇ψ|∞ ≤ 2. Then,

c = Jλ(un)−
1

q
⟨J ′

λ(un), un⟩+ on(1)

=

(
1

p
− 1

q

)
[un]

p
s,p − λ

(
1

r
− 1

q

)
|un|rr +

(
1

q
− 1

q∗s

)
|un|q

∗
s
q∗s
+ on(1)
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≥ −λ
(
1

r
− 1

q

)
|un|rr +

(
1

q
− 1

q∗s

)∫
Ω

ψρu
q∗s
n dx+ on(1).

Taking the limit as n → ∞, recalling that νi ≥ S
N/sq
∗ and by using the Hölder

inequality, we get

c ≥ −λ
(
1

r
− 1

q

)
|u|rr +

(
1

q
− 1

q∗s

)∫
Ω

uq
∗
sdx+

(
1

q
− 1

q∗s

)∑
i∈Λ

ψρ(xi)νi

≥
(
1

q
− 1

q∗s

)
SN/sq
∗ − λ

(
1

r
− 1

q

)
|u|rr +

(
1

q
− 1

q∗s

)
|u|q

∗
s
q∗s

≥
(
1

q
− 1

q∗s

)
SN/sq
∗ − λ

(
1

r
− 1

q

)
|Ω|(q∗s−r)/q∗s |u|rq∗s +

(
1

q
− 1

q∗s

)
|u|q

∗
s
q∗s
. (32)

Now, observing that

min
t≥0

{
−λ
(
1

r
− 1

q

)
|Ω|(q∗s−r)/q∗s tr +

(
1

q
− 1

q∗s

)
tq

∗
s

}
= −

(
1

q
− 1

q∗s

)
λq

∗
s/(q

∗
s−r) ×

×


(

1
r
− 1

q

)
|Ω|(q∗s−r)/q∗s(

1
q
− 1

q∗s

)
q∗s/(q

∗
s−r) [(

r

q∗s

)r/(q∗s−r)

−
(
r

q∗s

)q∗s/(q
∗
s−r)

]
(33)

we can see that (32) and (4) give a contradiction in view of (31).
As a consequence Λ = ∅ and un → u in Lq∗s (Ω). Then, we can argue as in the
proof of Lemma 3.2, Step 3, to deduce that un → u in W s,q

0 (Ω).

Lemma 4.4. Let λ ∈ (0, λ∗∗] and u ∈ W s,q
0 (Ω) such that J̃λ(u) < 0. Then for

any v in a neighbourhood of u we have J̃λ(v) = Jλ(v).

Proof. By (28) and taking into account that

gλ∗∗([u]s,q) ≤ g̃λ∗∗([u]s,q) < g̃λ([u]s,q) ≤ J̃λ(u) < 0,

we get [u]s,q < R0 hence ϕ([u]s,q) = 1 and J̃λ(u) = Jλ(u). From the continuity of
J̃λ we also have J̃λ(v) = Jλ(v) for any v ∈ BR0/2(u).

We will apply now the Ljusternick-Schnirelmann Theory to the functional J̃λ
taking into account that, by Lemma 4.3 and Lemma 4.4, it satisfies the (PS)
condition at negative levels and that at such levels it coincide with the originary
functional Jλ.
Lemma 4.5. Let λ > 0. Given k ∈ N, there exists εk > 0 such that γ(J̃− εk

λ ) ≥ k,
where J̃a

λ =
{
u ∈ W s,q

0 (Ω) : J̃λ(u) ≤ a
}

are the sublevel sets of J̃λ.
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Proof. Take k ∈ N and we consider a k-dimensional subspace Xk of W s,q
0 (Ω).

Therefore we can find a constant Ck > 0 such that

Ck∥u∥r ≤ |u|rr ∀u ∈ Xk. (34)

Choose ρ ∈ (0, 1) such that ∥u∥ = ρ. Then, by using (34), we get

J̃λ(u) ≤
(
1

p
+

1

q

)
ρp − λ

r
Ckρ

r,

and taking ρ ∈

0,min

1,

((
1

p
+

1

q

)−1
λ

r
Ck

)1/(p−r)



we can find εk > 0 such that J̃λ(u) < − εk for any u ∈ Sρ = {v ∈ Xk : ∥v∥ = ρ}.
Therefore, Sρ ⊂ J̃− εk

λ and, being J̃− εk
λ symmetric and closed, we can apply (vi)

and (iv) of Proposition 4.1 to deduce that γ(J̃− εk
λ ) ≥ γ(Sρ) = k.

For any λ > 0 and k ∈ N we define the minimax levels of J̃λ as

ck(λ) = inf
C∈Γk

sup
u∈C

J̃λ(u)

where Γk denotes the family of closed symmetric subsets A of W s,q
0 (Ω) such that

0 /∈ A and γ(A) ≥ k. Of course they satisfy ck(λ) ≤ ck+1(λ) and for λ ∈ (0, λ∗∗):

−∞ < c1(λ) ≤ c2(λ) ≤ . . . .

Define also the set of critical points at level c of the functional J̃λ as

Kc(λ) =
{
u ∈ W s,q

0 (Ω) : J̃ ′
λ(u) = 0 and J̃λ(u) = c

}
.

Lemma 4.6. For every λ > 0 and k ∈ N we have ck(λ) < 0.

Proof. Fix k ∈ N. In view of Lemma 4.5 we can find εk > 0 with γ(J̃− εk
λ ) ≥ k.

Taking into account that 0 /∈ J̃− εk
λ and J̃− εk

λ ∈ Γk we infer that

−∞ < ck(λ) = inf
C∈Γk

sup
u∈C

J̃λ(u) ≤ sup
u∈J̃− εk

λ

J̃λ(u) ≤ − εk < 0 ,

concluding the proof.

The next result is standard in the Ljusternick-Schnirelmann Theory, nevertheless
we give the details for the reader’s convenience.
Lemma 4.7. Let λ > 0. If, for some k0,m ∈ N, we have

c(λ) := ck0(λ) = ck0+1(λ) = · · · = ck0+m(λ) > −∞,

then γ(Kc,λ) ≥ m+ 1, where for brevity Kc,λ := Kc(λ)(λ).
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Proof. Taking into account Lemma 4.3 and Lemma 4.6, we can see that

c(λ) = ck0(λ) = ck0+1(λ) = · · · = ck0+m(λ) < 0 and Kc,λ is compact.

Clearly, Kc,λ = −Kc,λ. Now, assume by contradiction that γ(Kc,λ) ≤ m. Then,
by using (vi) of Proposition 4.1 we can find a closed and symmetric set U such that
Kc,λ ⊂ U and γ(U) = γ(Kc,λ) ≤ m. Since by Lemma 4.6 c(λ) < 0, we can suppose
that U ⊂ J̃0

λ. By using the Deformation Lemma (see e.g. [24]) there exists an odd
homeomorphism η : W s,q

0 (Ω) → W s,q
0 (Ω) such that η

(
J̃
c(λ)+δ
λ − U

)
⊂ J̃

c(λ)−δ
λ for

some δ > 0 with 0 < δ < −c(λ). Hence, J̃ c(λ)+δ
λ ⊂ J̃0

λ and being c(λ) = ck0+m(λ),
there exists A ∈ Γk0+m such that supu∈A J̃λ(u) < c(λ) + δ. So,

γ(A) ≥ k0 +m, A ⊂ J̃
c(λ)+δ
λ and η (A− U) ⊂ η

(
J̃
c(λ)+δ
λ − U

)
⊂ J̃

c(λ)−δ
λ .

Consequently, by using (vi) and (iii) of Proposition 4.1, we get

k0 ≤ γ(A)−m ≤ γ(A)− γ(U) ≤ γ
(
A− U

)
≤ γ

(
η(A− U )

)
≤ γ(J̃

c(λ)−δ
λ )

meaning that J̃ c(λ)−δ
λ ⊂ Γk0 . But then

c(λ) = ck0(λ) = inf
C∈Γk

sup
u∈C

J̃λ(u) ≤ sup
u∈J̃c−δ

λ

J̃
c(λ)−δ
λ (u) ≤ c(λ)− δ

giving a contradiction which proves the lemma.

We are noe able to conclude the proof of Theorem 1.2:
Let λ ∈ (0, λ∗∗], then ck(λ) ∈ (−∞, 0).

If cj(λ) ̸= ci(λ) for all i ̸= j, then we obtain infinitely many critical points of J̃λ
and then of Jλ by Lemma 4.4. Therefore (1) has infinitely many solutions.

If there exist k0,m ∈ N such that ck0(λ) = ck0+1(λ) = · · · = ck0+m(λ), by applying
Lemma 4.7, γ(Kc,λ) ≥ m + 1 ≥ 2 and then, by (v) of Proposition 4.1, J̃λ has
infinitely many critical points at negative level. Then again by Lemma 4.4 they
are critical points of Jλ and also in this case (1) has infinitely many solutions.
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