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1. Introduction

In this paper we are concerned with the existence and uniqueness result for a
Dirichlet problem on a positive half-line which reads as follows. Let f: [0,00) x
R — R, f/:]0,00) x R — R be Carathéodory functions, where f, denoted the
derivative of f with respect to the second variable. We consider the following
Dirichlet problem

—i+u= f(x,u),
{ u(0) = u(o0) = 0. (1)

In considering the above problem, we will compare the global invertibility method
described for example in [6] with a direct variational approach (see [10] for a back-
ground) showing that both lead to existence and uniqueness result however the
assumptions differ a bit. Moreover, it appears that any minimizing sequence,
obtained via a direct variational approach, is not only weakly convergent in
H;3(0,00) but norm convergent which means that also the following theorem can
be applied for the existence:
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Theorem 1.1. [10] Let J: X — R be a C* functional which satisfies the (PS )i
condition. Suppose in addition that J is bounded from below. Then the infimum
of J is achieved at some uy € X and ug is a critical point of J.

Our results show, by the example of a considered problem, that without assum-
ing the Ambrosetti-Rabinowitz condition, the classical Euler action functional
J: H}(0,00) — R given by

J(u) = §/|u(t)|2dt+§/|u(t)|2dt—/F(t,u(t))dt (2)

corresponding to (1) satisfies the Palais-Smale condition at the infimal level. Here
F:[0,00) x R — R is defined by a formula

F(x,u):/uf(x,s)ds.

This seems to hold for some other problems whose existence is investigated by the
direct method. By the global invertibility method, we obtain also that the mini-
mizing sequence is norm convergent. Moreover, both methods lead to obtaining
classical solutions and not only weak ones.

Problems on a half line received lately some attention but the main approach
concerning the existence issue was by fixed point theorems and the method of
lower and upper solution. We mention the following works which pertain to the
existence results for problems on the half line: [1], [3], [5] and references therein.
We would like to mention that neither of these results has been reached by the
method which we suggest.

2. A new proof of the global inversion theorem

The idea of using global invertibility to solving a nonlinear boundary value prob-
lem is closely related to transferring the given problem to some abstract non-
linear equation which we next solve obtaining not only the unique solvability of
the problem under consideration but also the fact that the solution operator is a
diffeomorphism. Hence the given problems fulfills the conditions of Hadamard’s
programme.

To be more precise let E, F' be Banach spaces and let f: E — F be a C'-mapping
which is locally invertible, i.e. f’ (z) € Isom (F, F) for any « € X. Namely, we
consider mappings with conditions which guarantee that these are local diffeo-
morphisms. Therefore, a natural question is to ask under which conditions we can
assure that f is a global diffeomorphism which was first considered by Hadamard
7], who obtained a sufficient condition in terms of the growth of (f'(z))™" via
some integral condition. The theorem, which we provide is given in the setting
of Banach spaces to which it was extended by Lévy (see [9], [13], [15]).
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Theorem 2.1. (Hadamard-Lévy theorem) Let f: E — F be a local diffeomor-
phism of class C' which satisfies the following integral condition

[e.e]

[ min 1 @) = o
0

Then f is a global diffeomorphism.

Since then many other tools have been introduced and applied to various problems
mainly for integral equation. The problem in question also allows a variational
approach for its proof with suitably modified assumptions. In a finite dimensional
setting the result reads:

Theorem 2.2. Let X, Y be finite dimensional Euclidean spaces. Assume that
f: X =Y is a Cl-mapping such that

(a) f'(x) is invertible for any x € X,

(b) x —||f (z)] is coercive, i.e. || f (x)|| = oo as ||z| — oo.

Then f is a C*-diffeomorphism.

The application of variational methods to global invertibility in a Hilbert space
that has been inspired by Theorem 2.2 and stated in infinite dimensional spaces
on [8] is as follows:

Theorem 2.3. Let X be a real Banach space and H a real Hilbert space. If
f: X — H is a C'-mapping such that:

(A1) for anyy € H the functional ¢: X — R given by the formula

o) =5 If (2) ~ ol

satisfies the Palais-Smale condition,
(A2) for any x € X, f'(z) € Isom (X, H),
then f is a diffeomorphism.

There have been some attempts to simplify the original proof from [8], see [6].
Here we provide another proof which in our opinion best reflects the structure of
the critical set to functional ¢. We note that the functional ¢ defined as above
can serve as a sort of action functional related to problem f (z) = y with fixed y.

We will need:

Theorem 2.4. ([14, Theorem 2]) Let J: X — R be a C' functional satisfying
the Palais-Smale condition. If every critical point of J is a local minimum, then
every one is an absolute minimum, and the critical set is connected.
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Proof of Theorem 2.3. By Theorem 1.1 for a fixed y functional ¢ has an ar-
gument of a minimum x which is a critical point, i.e. it satisfies

¢’ (o) = (f (w0) —y) o f' (o) = 0.

Since f’'(xo) € Isom (X, H) we see that f(z9) = y and due to that fact that
f' (xo) is invertible this solution is locally unique. Note that any other critical
point x also satisfies f (z) —y = 0. This means that, by definition of ¢, that
any critical point is a strict local minimizer. Hence, it is a global minimizer by
Theorem 2.4 and it is unique due to remarks we have already put. Il

Hence the problem of solvability of f () = y with fixed y is reduced to finding an
argument of a minimum of ¢ hence it is in some sense comparable with the direct
variational approach but differs in that we do not need a variational formulation
of the problem under consideration for the global invertibility to work.

3. Remarks on the space setting

We say that v € H(0,00) if u € L*(0,00) and if there exists a function g €
L?(0,00), called a weak derivative, and such that

for all ¢ € C§°[0, 00), where C§°[0, 00) is the space of those functions u(z) from
C*0, 00) which satisfy u(0) = u(co) = 0. We denote g := 4 and endow the space
H'(0,00) with a usual norm

lull g = /|u |d93+/|u )[2da

associated with the scalar product

(u, V)1 = 7u(:c)v(x)d:c + 7u(x)v(x)dx

which makes it a Hilbert space. Moreover we denote Hj(0,00) := C°[0,00) 1,
where closure is taken in H'(0, 00).

If u e H*(0,00) and @ € H'(0,00) then we say that u € H%(0,00). The weak
derivative of v is denoted by i. The space H?(0,00) endowed with the inner
product

1
2

(u,v) gz = 7u(:c)v(:v)d:v +2 7u(x)v(x)dx + ]ou(x)v(a:)dx

becomes a Hilbert space. We denote H2(0,00) = HE (0, 00) N H2(0, 00).
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Proposition 3.1. Take u € H2(0,00). Then
Julfe = [ 1) + 2lio) + u(o)Pde = [ (o) - ula) P
0 0

Proof. Let u € ﬁg((), 00). Bearing in mind that u(0) = u(co) = 0, and using
the integration by parts we obtain

]O\u'(x) — u(z)|Pdr = 7\a(x)\2dx —2 7ﬁ(x)u(a:)dx + 7yu(x)y2dx
= 7|d(m)|2d:v +2 7u(x)11(x)dx + 7|u(x)|2dx

_ 7|u(x)|2dx +2 7 () |2dz + 7|u(m)|2dx. O

Let us recall that embedding H} (0, 00) < Cy[0, 00) is continuous, where C;[0, 0o)
is a space of continuous functions satisfying u(0) = u(occ) = 0 endowed with a
standard supremum norm || - |-

Proposition 3.2. For every u € H}(0,00) we have v/2||uls < ||ul/g1.
Proof. Take any u € C}[0,00). Denote g(u) = |u|u. Then we have ¢'(u) = 2|u

and hence for every £ € [0, 00) it holds
£

¢
[w(©)[* = lg(u(€))] = /(Q(U(x)));dx = /QIU(w)Iﬂ(x)dx

0 0
¢

£ '3
< [2u@i@lds < [ fu@)do+ [ fiGo)Pds (3)

0

Analogously for every & € [0, 00) we have
) < [Ju@Pde+ [ fia) s
3 3

Hence for every ¢ € [0,00) we have

2lu(§)]* = [u(©)]* + [u(©)[*

< /é lu(z)[*dx + j |(z) [Pdx + 7!u(:ﬁ)|2da: + 7|u(x)|2dx
0 0 3 3
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:/|u(:1:)|2dx—l—/|u(x)|2d:v: ||w|| g1 -
0 0

By the density of C3[0,00) in HJ(0,00) the assertion holds. O

Remark 3.3. One may take a sequence of functions

(2) = " for € [0,n],
PnlT) = (2n —z)" for z € (n,2n]

to check that the constant in Proposition 3.2 can not be improved. 0

However, for the space H2(0,00) we have

Proposition 3.4. For every u € H2(0,00) we have K|ulo < ||u||ﬁg, where

K > /2.

Proof. We will use Proposition 3.2. Fix u € ﬁg(O, o0) and € € [0,00). Using (3)
we have

(@) < j2|u<m>\\a< dr< / (o) +2 / i)

< /|u |dx+2/\u |dx+/|u ) [2dz

Using same argumentation as in the proof of Proposition 3.2 we finally obtain

£ £ £
2u©) < 35 | [ lu@Pde+2 [fiw)Pde+ [ li)Pds | = Jlulz
0 0 0
for every & € [0,00). Hence the assertion follows since K > v/8 > /2. O

Remark 3.5. As a consequence of (Cy[0,00))" — (H(0,00))", we see that if
U, — up in H}(0,00) then u,(z) — ug(x) for all z € [0, 00).

4. Existence results by a direct method

We begin with providing the assumptions which we employ for the direct method.
(V1) f:]0,00) x R — R is a Caratheodory function differentiable with respect

to the second coordinate;

(V2) there exist nonnegative functions a,b € L*(0,00) N L'(0,00) such that
lallze < V2 and | f(z,u)| < a(x)u| +b(z) for all u€R and a.e. x€[0,00);
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(V3) there exists a positive function o € L*(0,00) such that ||a| = < 1 and
fl(x,u) < alx) for allu € R and a.e. x € [0,00) ;

For every u € R and a.e. x € [0,00) we obtain

u u

F(u)| = / f(a.5)ds| < / 1F (. 5)|ds
(4)

VAN

/a(x)|s|ds + /b(:v)ds = La(@)[ul® + b(z)]ul.

As is common with variational problems for ordinary differential equation (1)
admits two types of solutions, namely a weak and a classical one. A function
u € H}(0,00) is a weak solution to (1) if

?u(:c)v(:c)d:c + 7Ou(a:)v(x)dx — 7]”(:1:, u(z))v(z)dxr =0 (5)

for all v € H}(0,00). A function u € H}(0,00) is a classical solution to (1) if
both u and u are locally absolutely continuous functions on [0, co),

—ii(z) + u(r) = f(t,u(r))

for a.e. x € [0,00) and the boundary conditions u(0) = u(co) = 0 are satisfied.
We would like to recall, following [2], that any function u € H}(0,00) is locally
absolutely continuous, i.e. absolutely continuous on any closed bounded interval
contained in [0,00). However it is not in general absolutely continuous on the
whole half line which makes the problem different from the classical bounded one.

We have a counterpart to a du Bois Reymond Lemma which we present with a
proof, although it mimics the one given in [5] and which we cite for the reader’s
convenience since now it is performed without assuming a special type of a non-
linear function f and with a different growth assumption.

Proposition 4.1. Assume that (V1) and (V2) hold. If u € Hj(0,00) is a weak
solution of (1), then w is a classical solution of problem (1).

Proof. Let u be a weak solution of problem (1). Since C§°[0,00) C Hi (0, 00) we
can use space C§°[0,00) in (5).

Let the us define Y': [0,00) — R by Y (z) = u(z)— f(x,u(z)),and Z: [0,00) - R
by Z(z) = [y Y (s)ds. Since Y € Lj,, (0,00), it follows that Z is locally absolutely

loc
continuous function on [0,00). By using Dirichlet Formula from [11], we obtain

by definition of Z
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Thus using (5), we get

/ (i(x) — Z(x)) b(x)dz = 0

for all v € C§°[0,00). Since u € H}(0,00), we see that @ € L}, (0,00). Thus by
the Fundamental Theorem of the Calculus of Variations, we see that there exists
c € R such that

xT

wx)=Z(x)+c= /(u(s) — f(s,u(s)))ds + ¢,

0

for a.e. x € [0,00). This means that % is locally absolutely continuous function
on [0, 00) which implies that for a.e. x € [0, 00)

(i(x)), =Y (z) = u(z) — f(z,u())

for a.e. x € [0,00). On the other hand, as u € H}(0,00), then we obtain
u(0) = u(o0), which means that u is a classical solution of Problem (1) . O

It is standard to prove

Proposition 4.2. Assume conditions (V1) and (V3). Then the functional J is
well-defined and continuously differentiable on H}(0,00). The derivative of J at
any u € H}(0,00) has the following form

J’(u)v:]ou( e )dx+7o 7f z)dw

for all v € H}(0,00). Moreover, the functional J is weakly l.s.c. on Hg(0,00).

Lemma 4.3. Assume conditions (V1)—(V3). Then functional J is coercive and
strictly convex on Hj(0,00).

Proof. Note that 3 [ (i(z))* dx + 3 [ u?(z)dz = § ||ul[3: and that, using (4)
and Proposition 3.2, we obtam that for every u € Hg((), o0) we have

[e.o] [e.o]

/|Fx e >>|da:</% @luta)Pds -+ [ ba)luta)ids

0

;/|a e |dx+/|b Yleu(z)|da

sllullsollallzellullzz + bl 2 lullze < sisllallzellullzn + 11l zz|ulls-

| /\

| /\

This proves the first assertion.
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Observe that under (V3) the function g(u) = i|ul> — F(z,u) is convex for a.e.
x€[0,00). Hence by definition for all A€ |0, 1] and every u,v € Hj(0,00) we have

o0

)\/g Ve + (1= 7g iz > 79 + (1= No(a) da.

0
Therefore J is strictly convex as a sum of convex and strictly convex functions. [

From the above results it is easy to see that

Theorem 4.4. Assume conditions (V1)—(V3). Then problem (1) has exactly
one solution ug such that

inf J (u) = J (ug) = inf J (uy)

ueH}(0,00)

where u,, — uy in HL(0,00).

We shall prove that in fact u, — wug and J'(u,) — 0, i.e.every minimizing
sequence is a Palais-Smale sequence for .J. Since J has exactly one critical point,
we see that J satisfies the Palais-Smale condition at level inf,c 10 00) J (1)

Proposition 4.5. Under assumptions of the above theorem, the minimizing se-
quence (uy,) is strongly convergent (possibly up to a subsequence) and J' (u,) — 0.

Proof. Indeed, from the Ekeland variational principle we see that for a minimiz-
ing sequence it follows that J' (u,) — 0. Since J'(ux) — 0, we see that for some
€ > 0 there exists ko with ||J'(ug)|| < € for k > ko. Note that for k > ko

| (g | < efure|-

Observe further that by direct calculation

J (ug)uy = 7|uk(x)|2 dx + 7\uk(x)|2 dr — 7f(x, ug(z))ug(x)de.

Next, we prove that (u) converges strongly to some u in Hj (0, 00). Since (uy) is
bounded in H}(0,00), there exists a subsequence of (uy), still denoted (uy), such
that (u) converges weakly to some u in Hj(0,00) with ||u| < M. Note that

1
2 oo

7|f(x,uk(:f))|d:v§ 7|a(x)l2d$ 5 7luk(ffc)l2d$ +/b($)dﬂ$

0

o0

/Oola(x)IQda: 5 +/b(x)dx

0
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This means that by the Lebesgue Dominated Convergence Theorem we now have

klim /f(x, ug(x))de = f(x,u(x))dx. (6)
— 00
0
Since klim J' (ux) = 0 and since (ug) converges weakly to some u, we see that
—00
klirn (J'(ug) — J'(@)) (u, — @) = 0. (7)
—00

Calculating in (7) directly we see that
(S (ur) = J' (@) (ur, — ) =

o

— 7l / (f (e un(2)) — F(z,0(2))) (up(z) — () da.

0
Then (7) and (6) imply that (uy) is strongly convergent. O
It is seen from these results that both methods result in the existence and unique-
ness of a solutions with similar assumptions (up to some mild additional condition

in the direct method). The advantage of the method based on the diffeomorphism
relies on the fact the we know the exact lower bound for the functional.

5. Existence of solution by the global diffeomorphism theorem
We start with the assumptions which we employ in our considerations:
(D1) f:]0,00) x R — R is a C*-Caratheodory function;

(D2) there exist nonnegative functions a,b € L*(0,00) such that |jall2 < &,
where K is taken from Proposition 3.4, and |f(z,u)| < a(z)|u| +b(z) for
allu € R and a.e. = € [0,00);

(D3) there exist nonnegative functions o € L*(0,00), 8 € L*(0,00) and v €
C(R, (0,00)) such that |||~ <1 and

—B(z)y(u) < fu(z,u) < min{a(z), B(z)v(w)}
for allu € R and a.e. x € [0,00).
Let us equip the space [:Tg(O, o0) with the norm

2

Jullgg = | [ 1)~ uta) P

Remember that by Proposition 3.1 this norm makes flg(O,oo) into a Hilbert
space. Recall also that ]:lg((), o0) <= (|0, 00) continuously and, for all u € ]:lg,

[ulloe < flullar < ljullg-
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We define 7' f]g(O, o0) — L*(0,00) by the equation
T(u)(x) =i(z) —u(x) — f(z,u(z)) fora.e. z € [0,00). (8)

Proposition 5.1. Assume (D1)—(D3) hold. Then the operator T' given by (8)
is of class C' with a derivative given by the formula

T'(u)o(z) = i(z) — v(z) = fi(z, u(z))v(z)
for all v € H(0,00) and a.e. z € [0,00).

Proof. We see that it is enough to show that N: H2(0, 00) — L2(0, 00) given by
the formula

N(u)(x) = f(z,u(x))
is C'. Since H2(0,00) C Cy[0,00) N L2(0, 00) then for every u, v € H2(0,00) the
function x — f/(x,u(x))v(z) belongs to L*(0,00). Moreover v — f! (-, u(-))v(-)
is a linear and bounded operator and hence it is the Gateaux derivative of N at
the point u.

Assume u,, — ug in I:fg(o,oo). Then w,, — ug in Cy[0,00). Hence

IV )= N ey = 50 | [ 1t o) oo wo (@) ot Pt

Using the Lebesgue Dominated Convergence Theorem we obtain that for every
fixed v € H?

2

[ 152w @)ota) = S wotaotaar | 0.

Therefore N is of class C' and hence T is also C. ]

We will show that the assumptions of Theorem 2.3 are satisfied.

To verify assumption (A1) we define a functional ¢: H2(0,00) — R by the for-
mula

o(w) = [ life) = u(e) + f(z,u(w) P,

We prove that under (D1)—(D3) the functional ¢ satisfies the Palais-Smale con-
dition.

Proposition 5.2. Assume that (D1) and (D2) hold. Then the functional ¢ is

C* and coercive on H{.
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Proof. Obviously ¢ is C! as a composition of C! mappings. To show coercivity
observe that

8
(S

(p(u))?

|
£
&
|
=
=
_l’_
=
8
=
5
S
Q
8

[N

WV
£
=

|

I
—~
=
[\

QU

S

|
N[
058

=

“%3
=
=2
[\&)

QU

S

3
(NI

> el — | [ lelwut@Paz |~ | [ b)Pas

> el — ol | [la@Pdz | = | [ bo)Pas
0

> (1= Kllal|z2) lull gz — [16]] -

Hence ¢ is coercive. [

Lemma 5.3. Assume that (D1)-(D3) hold. Then functional ¢ satisfies Palais-
Smale condition.

Proof. Let (u,) be the Palais-Smale sequence for ¢. Then it is bounded by
Proposition 5.2 and therefore we can choose a subsequence which converge weakly
to some ug € HZ(0,00). Denote this subsequence by (u,) and observe that
un () — ug(x) for a.e. x € [0,00) and also |u,(x)| < M for a.e. x € [0,00) for
some M > 0. Using (D2) and (D3) we obtain

[f (2, u0(x)) = f (@, un(@))]* < AM?|a(2)[* + 8M |a(z)b(x)| + 4|b(x)[*

and | fu(@, un(2) (uo(x) — un(2)) [* < 40 s [ ()[*]8(x)

for every n € N and a.e. = € [0,00). Since u,(x) — uo(z) a.e.on [0,00) by the
Lebesgue Dominated Convergence Theorem we see

i [ 17 00(o) = @, un0)) Pl =0 (9
and tim [ 7100 @) (@) = wo(x)) Pz = . (10

0

A direct calculation yields

1)t ) = 9 ()1t = ) =l — ol + Y [ wnlalde, (11

k=1
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where  1(z) = (iio(2) — uo(x)) f,(, uo(x)) (un(2) — uo(x)),
a(x) = (iin(7) = un(2)) (2, un(2)) (uo () — un(z)),
bs(x) = (@, uo(2)) [ (@, uo (@) (uo(r) — un(z)),
ba(x) = [ (2, un(@)) fu(2, un(2)) (un(z) — o (),
s(x) = (f (2, uo(x)) = [, un(2))) (iin(x) = un(2) — tio() + uo(x)).

Since u, — ug in ﬁg(O, o), we have u,, — ug in L*(0,00) and hence for k = 1,3
fooo Y (z)dez — 0. Moreover, using (9), (10) and assumption (D2) we obtain

7Iwz(fﬁ)ldm§ (7ﬂ(x)U($)2>2 (7&(%%(%))(%0(%)un(x))z) :

/ pala))dr < ( / f<x,un<x>>2) ( / f;<x,un<:c>><uo<x>un<x>>2) |

1
2

D=

| (/ [in (2) — un(2) — dio(z) + UO(x)2)

Moreover since (u,) is a Palais-Smale sequence then
() — 0)| < )l g o — il 2 = 0.
Finally ¢’ (uo)(u, — ug) — 0 since u,, — uo and by (11) we obtain that u, — g

strongly in H2(0, 00). O

Observe that for every y € L*(0, 00) functional
eu(o) = | i) = u(w) + f,u(e) - y(a) o
0

satisfies the Palais-Smale condition. Hence assumption (Al) of Theorem 2.3 is
satisfied.

In order to prove invertibility of 7" at every point we fix u,y € H2(0,00) and
consider an auxiliary problem

b —v— fi(z,u(zx))v =1y,
{ 2(0) = v(00) = 0. (12)
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In view of Proposition 5.1 problem (12) is the explicit form of 7"(u)v = y. Having
u and y fixed arbitrary, we see that the unique solvability of (12) provides that
the assumption (A2) of Theorem 2.3 is satisfied. Problem (12) is solved by a
direct method applied to the functional J: HE(0,00) — R defined by the formula

J(v) = 70Iif(fv)|2dl‘+7Iv(x)lzdaf—]ofé(%U(af))!v(x)\2dx—7y(x)v(x)dw- (13)

0

Then we easily obtain

Proposition 5.4. Under the assumptions (D1)—(D3) the functional J given by
(13) s coercive and strictly convez.

Proof. See that under (D3) we have

30 = [ls@Pde+ [ (1= fiea@) o@)Pde - [yl

> [[0ll72 + (1= edlze)l[0llZ2 = llyllzz vl 2.

Hence J is coercive. It is also strictly convex since, for every u € R and a.e.
x € [0,00), the function w +— w? — f/ (x,u)w? is strictly convex. O

Using the previous proposition we obtain that J possesses a unique critical point
which is a unique solution of (12). As a conclusion we have

Theorem 5.5. Assume (D1)—(D3) hold. Then problem (1) has a unique solu-
tion. Moreover the solution operator T given by (8) is a diffeomorphism.
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