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Abstract:

The mathematical optimization algorithms represent an essential tool in solving complicated engineering
problems with high-dimensional space of parameters and nonlinear constraints. However, the increase of
problem dimension leads to specific difficulties related to execution time, convergence rate, memory and
scalability. This research proposes the framework for the complexity analysis of the optimization algorithms
for the engineering application. The complexity of the gradient descent, accelerated gradient, quasi-Newton,
Newton optimization, interior point and alternating direction method of multipliers is estimated using such
criteria as iteration number, computational costs, memory requirements and impact of the sparsity structure.
The numerical tests are performed for synthetic problems of strongly convex quadratic optimization with
dimensions from 50 to 1600 and condition number from 5 to 400. It is shown that for increasing dimensions
and fixed « = 50, gradient descent requires 807—945 iterations for convergence, while Newton optimization
converges after one iteration but with higher computation cost. Accelerated gradient optimization decreases
iteration number from 7356 to 420 for increasing k =400 (17.5 times less iterations than conventional gradient
descent). BFGS optimization converges with a stable number of iterations (from 60 to 98) for dimensions from
50 to 800. Sparsity structure analysis shows that sparse solver achieves 0.0196 seconds execution time at
n = 51,200 while dense factorization execution time is more than 30 seconds beyond n = 5000.
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1. Introduction

Due to the increasing complexity of modern engineering systems, which may include energy systems, production
facilities, communication channels, and computerized environments, there arise numerous problems related to
development of highly effective mathematical optimization algorithms. Optimization tasks in engineering usually
require dealing with multidimensional data, non-linear constraints, multiple criteria and even dynamics of
operations, which requires using some sophisticated computation methods in order to solve these problems
accurately and effectively. It has been shown that modern mathematical modeling and optimization technologies
can be applied successfully to solve engineering problems due to the improvement in decision making and system
performance (Abhang et al., 2026).

Optimization on a large-scale needs complexity assessment tools to assess the performance and scalability of an
algorithm, computational requirements, and so on. Complexity assessment of evolutionary algorithms and other
metaheuristic approaches has emphasized the need for assessing the computational and execution efficiency when
dealing with optimization problems on a large scale (Sari & Yildirim, 2026). The use of artificial intelligence for
optimization has great potential in improving the energy management of systems through intelligent
decision-making and resource utilization in smart grids. Decomposition optimization has also been considered to
make the problem manageable by splitting it into several smaller problems (Chuong et al., 2025). Indexed tree
sorting offers a more efficient way of sorting very large data sets because it enhances time efficiency and lowers
computing costs, and is applicable to large scale optimization in distributed engineering networks (Agrawal et
al., 2012).

The optimization of the power system and engineering design has relied on optimization algorithms for enhancing
system reliability and efficiency. Optimal capacitors in power distribution network have been optimized using
advanced optimization techniques for voltage stability and reduction of power losses while ensuring
computational efficiency (Monrazeri et al., 2025). The human-inspired metaheuristic algorithms have made more
contributions in solving the difficult engineering optimization problems with flexible search techniques and better
exploration abilities (Sharifi et al., 2025). The applications of large-scale networks like the satellite
communication network need efficient computations and optimization processes in order to meet the rising
resource requirements (Guo et al., 2025). In the same way, optimization of distributed generation has proved that
comparative metaheuristics can solve the difficult placement problems efficiently (Hamadneh et al., 2025).

Multi-objective optimization has become a crucial element of engineering applications, which require the
simultaneous optimization of multiple objectives. Multi-objective optimization using genetic algorithms has been
considered in order to obtain better trade-offs among conflicting objectives in complex engineering systems. The
development of reinforcement learning-based optimization techniques has proven to be an efficient method of
dealing with big data processing and dynamic optimization problems, thanks to the adaptability of the system
(Yang & Liu, 2025). Moreover, advanced many-objective optimization techniques have been developed, which
help to solve engineering design problems with a large number of objectives (Kalita et al., 2024). The recent
research on optimization techniques has focused on the development of intelligent algorithms (Selvarajan, 2024).
Healthcare services that make use of cyber-physical systems that have Al integration are likely to enhance the
monitoring of the patients' vital signs in an efficient manner (Shrivastava et al., 2026).

The development of intelligent computing frameworks has paved the way for innovative ways of achieving
increased efficiency in the optimization process in the context of real-time and large-scale engineering.
Optimization approaches based on DNA computing framework have been developed for smart factory scheduling
process, indicating the ability of unconventional computing frameworks to deal with difficult scheduling
problems. Enhanced topology optimization frameworks have been explored for minimizing computational costs
in engineering designs and increasing efficiency of the solution process (Mukherjee et al., 2021). Innovative
optimization algorithms including arithmetic and evolutionary methods have been shown to achieve better
performance in solving constrained multi-objective engineering problems due to increased diversity maintenance
and validation procedures (Premkumar et al., 2021). Geometric programming-based optimization techniques
have also proven their ability in dealing with complex decision-making situations with uncertainty and numerous
constraints.
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Some of the recent advancements in areas like artificial intelligence and computational modeling have broadened
the applicability area of large-scale optimization. Some geometric neural operator models have offered efficient
approaches for large-scale partial differential equation problems that combine physical knowledge with machine
learning models (Li et al., 2023). There have been bio-inspired optimization methods that can help improve
solution quality for numerical optimization and industrial engineering problems because of efficient exploration
and exploitation techniques (Bouaouda et al., 2024). There have been nature-inspired optimization algorithms
like cheetah-based optimization models that have shown good results in solving large-scale optimization
problems with very high-dimensional solution space (Akbari et al., 2022). There have been software packages
for large-scale constrained nonlinear optimization problems (Wu et al., 2020).

Key Contributions

o A framework that offers an analysis of the computational complexity of large-scale optimization algorithms
is formulated in this study through an analysis of execution time, convergence, scalability, and
computational resource requirements as the dimension of the problem increases.

e The analysis framework evaluates various optimization methods, such as evolutionary, metaheuristic,
decomposition, and intelligent optimization methods, to determine which can be applied to large-scale
optimization problems within engineering applications.

o Insights on the scalability of optimization algorithms are generated in this study to select appropriate
computational methods for large-scale engineering applications.

The rest of the paper is structured as follows. In section II introduce the basic notations and preliminaries on
optimization theory. In section III, describe the problem formulation and structural regimes for large scale
engineering optimization. In section IV, provide the theoretical complexity analysis and convergence properties
of various optimization algorithms. In section V, show the computational complexity analysis, memory
requirements, and scalability analysis. In section VI, discuss the engineering examples, whereas in section VII,
provide the numerical results and analysis. The implications of the results are discussed in section VIII. The
conclusion of the paper is given in section IX.

2. Notation and preliminaries

To synthesize these foundational optimization definitions into a cohesive text, consider an objective function
f:R® > R assumed to be twice continuously differentiable (f € C?), where n € N denotes the problem
dimension and m € N specifies the number of constraints. The first- and second-order local behaviors of f are
characterized by its gradient vector Vf(x) = (8f/0xy,...,0f/0x,)T € R" and Hessian matrix V?f(x) =

[02 f/ axl-ax]-]zj=1 € R™". Standard spatial measures rely on the Euclidean vector norm ||x|| = /Y, xZ, while

matrix operations utilize the induced spectral norm |[|A||, = 0ax(4), the Frobenius norm ||A||p = +/ Tr(ATA),
and structural sparsity measured by nonzeros nnz(A) = |{(i, ): 4; s 0}].

The analytical regularity of the objective is governed by smoothness and convexity parameters. The function
exhibits L-smoothness if its gradient is L-Lipschitz continuous, satisfying ||V f (x) — Vf ()| < L||x — y|| for all
x,y € R™ with L > 0. Furthermore, f is y-strongly convex (u = 0) if it obeys f(y) = f(x) + (Vf(x),y — x) +
§||y — x||?, where setting 4 = 0 yields ordinary convexity. The ill-conditioning of a strongly convex, smooth
objective is quantified by its condition number x = L/u, which for quadratic forms f(x) = %xTAx —bTx
simplifies to the ratio of extreme eigenvalues k = A4 (A)/Amin(4).

Algorithmic performance and convergence are evaluated relative to optimal benchmarks and target tolerances.
The optimal solution is denoted by x* = arg nelIimrrll f(x), achieving the minimum value f* = f(x*). Iterative
X

solvers aim to compute an estimate x;, satisfying a target accuracy € > 0 under criteria such as objective error
flx) — f* < e, distance to optimality ||x;, — x*|| < €, or stationarity ||V f (x;)|| < €. Asymptotic computational
complexity across key parameters (n, k, 1/¢) is expressed using standard big-O notation O(+).

2.1. Convexity, smoothness and optimality conditions
To present these fundamental optimization principles as a unified text, begin with the first-order optimality

criteria for differentiable convex functions. For an unconstrained objective f: R® — R, apoint x* € R" is a global
minimizer if and only if it satisfies the stationarity condition Vf(x*) = 0. When the domain is restricted to a
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closed convex set C € R", optimality of x* € C is characterized by the first-order variational inequality
(Vf(x*),x —x*) =0 for all x € C. For general constrained programs with differentiable objective f and
constraints g;(x) < 0 (i = 1,..,m) and h;j(x) = 0 (j = 1,...,p), under a suitable constraint qualification (such
as Slater's condition), x™ is optimal if and only if there exist dual vectors u € R and 1 € RP satisfying the
Karush-Kuhn-Tucker (KKT) system: stationarity Vf(x*) 4+ X%, u; Vg;(x*) + Z?zllj Vh;i(x*) = 0, primal
feasibility g;(x*) < 0 and h;(x*) = 0, dual feasibility y; > 0, and complementary slackness p;g;(x") = 0 for
all i.

The analytic properties of twice-differentiable objectives (f € C2) are linked directly to spectral bounds on the
Hessian operator V2f(x). Specifically, L-smoothness and u-strong convexity are equivalent to the matrix
inequality ul < V?f(x) < LI holding for all x € R", where [ is the identity matrix, u = 0, and L > 0. In the
special case of a quadratic objective f(x) = %xTAx — bTx with a symmetric positive definite matrix A > 0, the
Hessian is constant (V2f(x) = A). Consequently, the parameters reduce to the extreme eigenvalues of A, with

L = Apax(4) and p = A (A), rendering the function condition number k = L/u identical to the matrix
condition number x(A4) = a5 (4)/Amin (A) = 1Al 114725

2.2. Self-concordant barriers

Let X < R™ be a closed convex set with nonempty interior int(X). A convex function ¢:int(X) — R is defined
as a v-self-concordant barrier for K if it approaches infinity as x approaches the boundary 0K (xl—iglyc p(x) =
+00), is three-times continuously differentiable (¢p € C3), and satisfies two core analytical inequalities for all x €
int(¥). First, in the sense of Nesterov and Nemirovski, ¢p must be self-concordant such that its third directional
derivative is bounded by its second directional derivative to the 3/2 power: |D3¢(x)[h,h,h]| <
2(D%¢p(x)[h, h])3/? for all directions h € R", or equivalently ||73¢(x) ||,z 6 < 2. Second, the local dual norm

of its gradient with respect to the inverse Hessian metric must satisfy the bounded parameter condition:
(Vo (), [72p()] V() = VPOl 52g(y-1 S V

The barrier parameter v = 1 directly determines the iteration complexity of interior-point optimization methods.
Standard canonical implementations include the logarithmic barrier for the nonnegative orthant RY*, defined by
¢(x) = —X™, log(x;) with parameter v = m for m inequality constraints, and the log-determinant barrier for
the cone of p X p symmetric positive definite matrices S¥, defined by ¢(X) = —logdet(X) with parameter
vV=p.

2.3. Problem classes

An optimization problem ;relIiRrTll f(x)subject to Ax = band g;(x) < Ofori = 1, ..., m(with A € RP*", b € R?, and
g:R™ - R™) is defined as a convex program if the objective f: R™ — Rand all inequality constraint components
giare convex functions, while equality constraints are affine. When the objective is a convex quadratic function
fx) = %xTQx + cTxwith Q > Oand ¢ € R™, and all inequality constraints are linear (g(x) = Gx — h < 0), the
formulation is classified as a convex quadratic program (QP):

1
min —x7Qx +cTx subjectto Gx<h, Ax=b
X€ER™ 2
High-dimensional problems of dimension nfrequently exhibit structured sparsity dictated by underlying system
topology. A problem possesses bandwidth-b sparsity if its Hessian operator V2f(x) € R™"or KKT matrix

2 T
K= [V {4 () ’% ]contains at most O (b)nonzeros per row around the diagonal. Alternatively, mesh sparsity

arises when the nonzero pattern matches the adjacency graph of a d-dimensional physical or network mesh,
yielding a total non-zero count of nnz = O(n). Systems displaying mesh sparsity admit direct solution via sparse
Cholesky factorizations, achieving iteration computational complexities of O(n'®)for two-dimensional
structures (d = 2) and O(n?)for three-dimensional structures (d = 3).
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3. Problem formulation

In this study three canonical classes of optimization formulations: the unconstrained problem (P1): rrell}ar}1 f(x), the
X
linearly-constrained problem (P2): rrell}gr}1 f(x) s.t. Ax = b,x € X where K S R" is a closed convex set (such as
X

R", the nonnegative orthant R%}, a box, or a second-order cone), and the linearly-coupled separable problem
(P3): min h(x) + r(z) s.t. Bx + Cz = d, where h and r are convex functions with r allowed to be non-smooth.
X,z

Formulations (P1) and (P2) encompass compliance minimization and DC optimal power flow—where f is a
convex quadratic and power flow adds convex quadratic inequality constraints—while receding-horizon
trajectory optimization reduces to a sequence of (P2) instances featuring block-banded constraint matrices, and
its distributed variant maps directly to (P3). For complexity analysis purposes, distinguish three structural regimes
that dictate algorithmic behavior: (i) the dense, unstructured regime, in which the constraint matrix A or Hessian
V2 f(x) lacks exploitable sparsity and requires standard dense linear algebra; (ii) the mesh/network-sparse regime
(Definition 3), where non-zero patterns match the adjacency structure of finite-element models or power grids;
and (iii) the block-separable regime of (P3), which isolates system components across multi-agent, multi-period,
or multi-region engineering formulations to enable distributed decomposition methods.

4. Main theoretical results

This section states and proves the iteration-complexity results used in Section 5. Throughout, x_k denotes the k-
th iterate and x* a minimizer of the relevant problem.

4.1. Gradient descent-convex, L-smooth case
Theorem 1 (Convergence of Gradient Descent for Smooth Convex Functions)

Let f: R™ = R be convex and L-smooth (L > 0), and consider the gradient descent iteration:
1
X1 = Xk _va(xk): k=0

starting from an initial point x, € R™. Then for every k = 1, the suboptimality gap satisfies:

Lllxo — x"|I?

flo) - f ===

Consequently, obtaining an e-optimal solution such that f(x;) — f* < & requires at most:

(Ll = xR
k=0 — iterations

where each iteration requires evaluating Vf (x;), costing O(n) arithmetic operations in the dense unstructured
regime (and less under structured or sparse settings).

Proof

Descent Lemma Step: By L-smoothness of f, the descent lemma yields:
L 2
fOtin) < F) + V), Xpear — X)) + 2 [l 41 — el

Substituting the update step X, — X = — % V£ (x;) simplifies this to:

1
fCiern) < flud = o I7f Cell?
Distance to Optimality & Non-expansiveness: By convexity of f, have:
fOa) = f7 < Vfad, xe — x7) < |IVFCad e — x|

Using the step size @ = 1/L, non-expansiveness dictates that ||x;,.; — x*|| < ||xx — x*||, which by induction
establishes:
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e — X7l < llxo —x7|I, Vk =0

Telescoping Sum & Rate Derivation: Combining the single-step descent inequality with the distance bound and
summing over k =0, ..., K — 1 yields the telescoping sum that proves the O(1/k) rate (for full details, see
Nesterov, 2018, Thm. 2.1.14).

4.2 Gradient Descent-strongly convex case
Theorem 2 (Linear Convergence of Gradient Descent for Strongly Convex Functions)

Let f: R® = R be u-strongly convex (u > 0) and L-smooth (L > 0) with condition number ¥ = L/u > 1, and
consider the gradient descent iteration x,,, = X — % Vf(x;) for k = 0 starting from an initial point x, € R™.

k
Then for every k > 1, the distance to the unique minimizer x* satisfies ||x;, — x*||* < (1 - %) [l — x*|I?,
which implies that obtaining an e-accurate solution satisfying |[x; — x*|| < & requires at most k =
0 (K log (@)) iterations, demonstrating that gradient descent achieves linear (geometric) convergence with

a rate governed directly by the condition number «.
Proof
1. Co-coercivity Bound: Combining u-strong convexity and L-smoothness yields the tight co-coercivity

property (V£ (x) = Vf (), x = y) = 2= |lx = ylI? + == 7/ (&) = Vf@)|I? forall x, y € R™.

2:

2. Single-Step Contraction: Expanding the squared distance ||x,.; — x*||? = ||xk - % V() —x*

lx, — x*? —%(Vf(xk),xk —x*) + le IV (x)||? and applying the co-coercivity inequality at (x;, x*) along
with the first-order optimality condition Vf(x*) =0 yields the one-step contraction [|xp4; —x*||? <

(1=5) e = 1% = (1 =3) e — 2112

3. Iterative Contraction & Complexity: Iterating this contraction from k = 0 yields the geometric bound
lxe — x*]1? < (1 — 1/%)*||x, — x*||?, from which taking logarithms and solving for k completes the proof of
the iteration count.

4.3. Accelerated gradient descent (Neserov)
Theorem 3 (Nesterov accelerated gradient descent)

Let f:R™ — R be p-strongly convex (¢ > 0) and L-smooth (L > 0) with condition number ¥ = L/u = 1. The
Nesterov accelerated gradient iteration defined by y, = x; + B — Xk_1), Xka1 = Vi —%Vf (yx), with

- k
momentum parameter f§ = %, satisfies f(x;) — f* < HT” 1o — x*||? (1 - %) . Consequently, achieving an
g-optimal solution f(x,) — f* < & requires at most k = 0 (\/Elog (é)) iterations, representing a quadratic

improvement in condition-number dependence over the O (K log (é)) rate of standard gradient descent while
maintaining the identical O (n) per-iteration arithmetic cost.

Proof (Sketch)

1. Lyapunov Estimate Sequence: The proof constructs an estimate sequence @, (x) = f(x;) + yz—"" [|x —
v || anchored by an auxiliary sequence v, € R" and decreasing weights y; > 0.
2. Inductive Contraction: By establishing that f(x;) — f* < @, (x™) — f* < A (P (x*) — ) inductively,

k
the contraction factor accelerates to 4, = (1 - %) under the optimal choice of momentum .

3. Optimality and Derivation: The precise derivation of 8 ensures optimal rate contraction, as detailed in
Nesterov (2018, §2.2.1) and Bubeck (2015, Thm. 3.18).



107

Remarks & optimality bounds

Theorem 3 is of central practical significance because the O(JE log G)) iteration complexity is

information-theoretically optimal among all first-order methods accessing f solely through gradient evaluations.
Consequently, no first-order algorithm can achieve better than a vk scaling in the worst case, establishing
acceleration as the benchmark remedy for ill-conditioned systems when second-order information is unavailable
or computationally prohibitive.

4.4. Quasi-newton methods
Theorem 4 (Superlinear convergence of BFGS quasi-newton method)

Let f: R™ - R be twice continuously differentiable (f € C?) and u-strongly convex with a Lipschitz-continuous
Hessian operator. Consider the quasi-Newton iteration x;,; = x;, — HiVf (x;), where H,, € R™" is the BFGS
approximation of [2f(x;)]™! updated via the standard secant (Sherman—Morrison) formula. Under these
regularity conditions, and assuming x, and the initial matrix H, are chosen sufficiently close to x* and
[V2f(x*)]~! respectively, the sequence of iterates x; converges superlinearly to the unique minimizer x*:

e — %71

lim =0

koo || — x|
Consequently, the iteration complexity required to achieve an error tolerance |x, —x*|| < & scales as
o (log (;))’ with a rate constant that continuously decreases as iteration count k increases. Each iteration incurs

a computational cost of 0(n?) arithmetic operations for the dense secant matrix update and matrix—vector
product.

Proof (Sketch)

1. Dennis—Moré Characterization: By the classical Dennis—Moré condition, a quasi-Newton iteration
Xpe1 = X — H Vf(x,) converges superlinearly if and only if the step direction satisfies

I(He=[72r O] Grea =2l

lim 0.
k—oo 1%+ 1 =Xl
2. Secant Property & Bounded Deterioration: For the BFGS update, enforcing the secant equation

Hy1(Vf (ir1) = VF (i) = xp41 — X; guarantees that Hy tracks the true inverse Hessian along the step
directions. The bounded deterioration property ensures H, does not drift significantly from [V2f(x*)]~* over
successive updates.

3. Asymptotics: Combining bounded deterioration with the Lipschitz continuity of V2 f establishes that the
Dennis—Moré condition holds along the sequence of iterates .

Computational & Algorithmic Trade-offs

The 0(n?) per-iteration cost of the BFGS algorithm is asymptotically cheaper than full Newton steps, which
require an O (n?) matrix factorization of V2 f (x;) at every iteration. However, this computational savings comes
at the trade-off of a superliner rather than quadratic asymptotic rate, often translating to a higher total number of
iterations in practice compared to pure Newton steps.

4.5. Newton’s method-local quadratic convergence
Theorem 5 (Quadratic Convergence of Newton's Method)

Let f: R™ > R be twice continuously differentiable (f € C?) with an M-Lipschitz continuous Hessian operator
(IV2f () = V2 ()| < M|lx — v||), and let V2f(x*) = ul (u > 0) at the minimizer x*. There exists a open
neighborhood around x* such that for any initial point x, within this neighborhood, the Newton iteration
Xre1 = X — [V2F O )71V f () satisfies:

M
Xes — X711 < 5=l — x|
2p

Consequently, once an iterate enters the local region of quadratic convergence, the number of additional iterations
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required to reach an accuracy ¢ scales as O (log log (i)) The per-iteration computational cost is dominated by

forming and factoring the n X n Hessian matrix: O(n®) operations for dense unstructured systems, reducing to
O (n'®) for two-dimensional (d = 2) and 0(n?) for three-dimensional (d = 3) mesh-sparse or banded Hessians
(Definition 3).

Proof

1.  Taylor Expansion with Lipschitz Hessian: Denoting the error at step k by e, = x;, — x*, Taylor's theorem
applied to Vf(x;) around x* yields Vf (x;) = Vf(x*) + V2f(x*)e, + 1, where the remainder is bounded

by |7l < %Hek”z. Using the first-order optimality condition Vf(x*) =0, this simplifies to
Vf(x) = V2f(x ey + 7.

2. Error Dynamics Expansion: Substituting the Newton step into the error expression gives:
er1 = ex — [V2F )17V (x) = [V ()] 1 (V2 f (e — V()
Inserting the Taylor expansion for Vf (x) yields ex.; = [V2f (x,)] ™! ((sz(xk) —V2f(x"))e, — rk).

3.  Norm Bounds & Local Quadratic Rate: Bounding the Hessian difference by ||V2f(x;) — V2f (x®)|| <
M||eg|l, and utilizing ||[72f(x )]~ 2| Si for x, sufficiently close to x* (via continuity and strong

convexity at x*), standard symmetrized integral derivations (Nocedal & Wright, 2006, Thm. 3.5) yield the
sharp quadratic error bound |[|ey 41| < % llell?.

5. Complexity analysis
Table 1 restates the iteration complexity results from Section 4 as total arithmetic complexity by adding up the
iteration number and linear algebra costs per iteration required to attain precision level & on an n-dimensional

problem with condition number k, and self-concordance parameter v for the interior point row.

Table 1: Complexity analysis.

Method Iterations Cost / iteration Total complexity
Gradient descent (convex) 0(1/¢) on) O(n/e)
Gradient descent (strongly convex) | O(x log(1/¢)) on) O(nklog(1/¢))
Accelerated gradient (Nesterov) 0k log(1/¢€)) 0o(n) 0(mVk log(1/¢))
Quasi-Newton (BFGS) 0(log(1/¢)) * 0(n? 0(n?log(1/¢)) =
Newton's method (local) 0(log log(1/¢)) 0(n® 0(n®log log(1/¢))
Interior-point (self-concordant) 0(Wvlog(1/¢)) o(n®) 0(m*Vvlog(1/e))
ADMM (ergodic) 0(1/¢) O(n) — 0(n"1.5) 0(n"1.5/¢)
5.1. Memory complexity

The memory cost may become the bottleneck constraint at large scale for engineering problems, and is often
more significant than the arithmetic cost in determining the algorithm to use. For gradient descent and accelerated
gradient descent, memory cost is merely O(n) (the current iterates, the gradient, and a few auxiliary vectors). For
BFGS in its standard dense version, memory cost is O(n?) due to the storage of the Hessian approximation, which
is already impractical for n larger than roughly 10*—10° on current hardware; for the limited-memory version
(L-BFGS), which only stores m <« n secant pairs, the memory cost is O(mn) but with the loss of the full
superlinear convergence guarantee provided by Theorem 4 (L-BFGS can only have a linear local rate of
convergence generally speaking, although it does exhibit super linear convergence practically in many problems).
Memory cost of Newton's method and interior point methods is O(n?) due to storage of the dense Hessian/KKT
matrix, or 0(nnz) for the sparse factorization case, which is O (n) under the mesh sparsity condition of Definition
3.
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5.2. The role of sparsity and structure

Table 1 0(n®) dense-case costs for Newton-type and interior point methods are worst case bounds that almost
never apply to engineering problems, as the Hessian or KKT matrix of the discretized physical problem will be
sparse due to the sparsity of the mesh, circuit or network graph. If the mesh is sparse as in Definition 3, then
sparse Cholesky (or LDL™) factorization takes only O(n”{1.5}) work in two dimensions and O(n?) in three
dimensions, via nested-dissection or minimum-degree ordering to bound fill-in, rather than O (n®). This is by far
the most important practical adjustment to the complexity bounds of Section 4, and is why Newton-type and
interior point methods scale reasonably well at the size of the problems in Section 6 despite having poor
asymptotics in the dense case. This adjustment is made explicit in Section 7.4, where sparse factorization is
already three to four orders of magnitude faster than dense factorization at n=3200, and dense factorization is
impractical (>30 s on one core) above about n=5000, while sparse factorization is under 0.02 s at n=51200.

5.3. Summary comparison

Three practical observations can be made based on table 1 and the preceding discussion of sparsity. First, gradient
and accelerated gradient methods have a linear per-iteration complexity in terms of n but require an iteration
count that scales with either K or Vk; work best when n is very large, acceptable accuracy is sufficient, and
gradient computations are inexpensive compared to solving linear systems — the domain of large-scale surrogate
modeling optimization and many machine learning-inspired engineering problems. Second, Newton,
quasi-Newton, and interior-point methods require a super-linear complexity per iteration (0(n?) to 0(n®) in
dense form, 0(n*.®) to 0(n?) in sparse form) but just a few iterations up to several dozen, scaling well for
medium to large values of n with sparse structure and high accuracy necessary — the usual domain of structural
design verification, power system state estimation, and any application where certified KKT optimality is needed.
Third, the ADMM's O(1/¢) ergodic complexity is asymptotically worse in accuracy than Newton or interior-
point methods but the decomposable and cheap-to-compute subproblems allow it to outperform others in case of
naturally decomposable problem into multiple subsystems and when wall-clock time (rather than iteration count)
governs the cost — distributed multi-region and multi-agent optimization.

6. Engineering case studies
6.1. Structural compliance minimization

As regards SIMP-based topology optimization, where the compliance objective c(p) = f u(p), where u(p) is
the displacement obtained as the solution of the discretized equilibrium equation K (p)u = f, after reformulation
as in standard sensitivity-based topology optimization with a fixed mesh, is locally approximated by a quadratic
in the design variables for small design steps, the bound results of Section 4 directly apply to the optimization of
each sub-step (say within an SQP or method of moving asymptotes framework). In this case n is the number of
finite elements (typically 10°-107 in realistic 3-D cases), while the stiffness matrix K is sparse and its bandwidth
depends on the mesh connectivity. This means that Definition 3 applies for d =2 or d = 3. Theorem 5 (Newton's
method) and the discussion on sparse factorization in Section 5.2 clarify why Newtonian (SQP/interior point)
algorithms remain the preferred approach for this type of problems, even though their cost is 0(n®), thanks to
sparse factorization, which keeps the actual cost per iteration between O(n”{1.5}) and 0 (n?), together with
quadratic local convergence, which leaves the number of Newton steps practically invariant to n. For larger
problems, which can be solved via sparse direct factorization, first order and accelerated first order methods
(Theorems 1-3) are used.

6.2. DC optimal power flow

The DC optimal power flow (OPF) problem minimizes a convex (usually quadratic) generator-cost function
under linear power-balance and line-flow constraints — an example of (P2) where X is a box (bounds on
generator and line flows). Contemporary power transmission systems have n (generator and bus variables) in the
range of thousands to tens of thousands with a sparsity pattern in its constraint matrix matching the sparsity
pattern of its graph, which is typically sparse and nearly planar (Definition 3). In Theorem 6 predict
0(Wv log(1/g)) iterations of the interior-point method, each dominated by a linear system solving step
exploiting sparsity structure of the network graph; it is consistent with contemporary OPF solvers, which
regularly solve the problem in 15 to 40 interior-point iterations independent of the size of the network, with most
of the computational effort spent on solving a sparse linear system (KKT factorization) rather than iterations
number. In Theorem 7 predict that a regional decomposition of the problem by ADMM where each region runs
its own OPF instance (standard in multi-utility coordination problem) will trade this fast convergence for a fast,
yet local problem solving at each control area; it is consistent with the O (1/K) rate proved above.
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6.3. Receding-horizon trajectory optimization

Indeed, in LQR MPC, at every control iteration one solves the finite-horizon optimal control problem min y,_{t =
0}MN — 1} (x_t"Qx_t + u_t"Ru_t) + x_N"Px_N under the linear dynamicsx_{t+ 1} = A_dx_t +
B_du_t and box constraints on states and inputs, i.e. a convex QP of the block-tridiagonal type (P2), withn =
N(n_x + n_u) increasing with the prediction horizon N and the state/input sizes n_x, n_u. Block-tridiagonal
KKT system corresponds to mesh sparsity (Definition 3) of the bandwidth O(n_x + n_u) independent of N;
hence, the cost of sparse solving using Riccati recursion is O(N), not O(N?) of the dense factorization; in other
words, it represents an extreme example of sparsity correction from Section 5.2. This is precisely why interior-
point and active-set QP solvers, and not first-order methods in general, dominate real-time MPC with modest
horizon lengths: Theorem 6 together with the O(N) cost of a single Riccati solve results in the total complexity
of O(N Vvlo g(1/¢)), linear in N. For very small sample times and very large state dimension (e.g., in distributed
MPC over large sensor networks), one resorts to operator splitting methods from Theorem 7, solved block-wise
along the horizon or across space, respectively.

7. Numerical results

Herein present four numerical experiments supporting the predicted scaling by Theorems 1, 2, 3, and 6 (using
the sparsity argument from Section 5.2). Unless otherwise noted, the test problems involved strongly convex
quadratic optimization problems of the form min_x %xTAx — b"x, where A was chosen to be the orthogonal
similarity transformation of a diagonal matrix whose eigenvalues ranged between 1 and k and b was random. All
computations were carried out using double precision on a single processor.

7.1. Scaling with problem dimension n (fixed k=50)

Gradient descent (step size 1/L) and Newton’s method were applied up to a gradient-norm accuracy of 10°# for
quadratics of varying dimensions n = 50 to 1600 for a fixed condition number k = 50 in table2.

Theorem 2 predicted that the number of iterations in the gradient-descent algorithm would remain essentially
constant (807 to 945 iterations) as n increased from 50 to 1600 with fixed k = 50, since the number of iterations
was independent of n with the bound O(x log(1/¢)). However, wall time increases with the O(n) per-iteration
cost of matrix-vector multiplication. Newton’s algorithm takes only one iteration for these exactly-quadratic
problems (as Theorem 5 predicted since for quadratics the Hessian matrix is constant and the convergence bound
reduces to exact convergence after one iteration), but the wall time of Newton’s algorithm increased substantially
faster than that of gradient descent with increasing n, reflecting its 0(n®) per-iteration cost relative to O (n) per-
iteration cost of gradient descent.

Table 2: Scaling with problem dimension.

n K | GDiters | GD time (s) | GD rel. err | Newton iters | Newton time (s)
50 |50.0 807 0.0042 1.51e-08 1 0.0001
100 | 50.0 829 0.0054 7.49¢-09 1 0.0001
200 | 50.0 945 0.0117 3.32¢-09 1 0.0005
400 | 50.0 854 0.0372 2.67e-09 1 0.0032
800 | 50.0 898 0.2536 2.62¢-09 1 0.0135
1600 | 50.0 887 1.0604 1.57e-09 1 0.0758

7.2. Scaling with condition number k (fixed n=400)

Table 3: Condition number scaling for plain gradient descent n=400.

K | Gradient-descent iterations to convergence
5 84
10 169
25 442
50 890
100 1575
200 3700
400 6724
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The number of iterations increases linearly with respect to k, ranging from 84 at k = 5 to 6724 at k = 400,
confirming the O(x log(1/¢)) complexity of Theorem 2: going from k = 200 to 400 causes the number of
iterations to roughly double (from 3700 to 6724) in table3. It thus shows that the conditioning is the bottleneck
rather than the intrinsic dimensionality in first-order methods in this family of problems, which constitutes the
rationale for preconditioning in practical large-scale engineering systems where A tends to be inherently ill-

conditioned.

7.3. Effect of acceleration

The condition number analysis from Section 7.2 of the Nesterov acceleration scheme (Theorem 3 with
momentum parameter 3 = (Vi — 1)/(Nk + 1)) versus gradient descent for a fixed value of n = 400.

Table 4: Plain Vs accelerated gradient descent n=400.

K | Plain GD iterations | Accelerated GD iterations
5 86 37
10 182 59
25 451 96
50 889 138
100 1809 202
200 3454 278
400 7356 420

The empirical number of iterations matches the predicted O(kx) compared to 0(\/ k) very well, where for
Kk = 400, gradient descent needs 7356 iterations compared to 420 iterations for the accelerated method,
resulting in a factor 17.5 improvement that is in line with the V400 = 20 factor expected asymptotically from
comparison of Theorems 2 and 3. As k increases, so does the advantage of acceleration, where for example for
Kk = 5 there is only a 2.3x improvement but for k = 400 there is 17.5% improvement, which clearly shows that
the accelerated approach is most beneficial exactly when gradient descent struggles in table4.

7.4. Quasi-newton behavior (BFGS)

the same class of quadratics (k = 50) with dense BFGS (using SciPy's implementation), giving the number of
iterations, elapsed time, and the relative error at convergence for n from 50 to 800. Consistent with Theorem 4,
the number of BFGS iterations does not depend on n (60-98 iterations for an order-of-magnitude difference in n)
and, importantly, is significantly lower than the O(k log(1/¢)) = 890 iterations required by gradient descent alone
when the same « = 50 is chosen (Table 5), thereby demonstrating the relevance of the super linear convergence
rate despite the lack of access to exact second derivatives by BFGS. Nevertheless, wall clock time increases super
linearly inn, consistent with the O(n?) complexity of each iteration in terms of the dense secant update and
Hessian-vector product from Theorem 4.

Table 5: BFS behavior with dimensions K=50.

n | BFGS iterations | BFGS time (s) | BFGS rel. error
50 60 0.0111 2.81e-11
100 86 0.0261 1.53e-08
200 98 0.1179 9.39¢-09
400 96 0.6356 1.86e-08
800 97 3.9126 8.15e-09

7.5. Sparse versus dense factorization cost

For the purpose of separating the effect of sparsity described in Section 5.2, considered banded (tridiagonal)
symmetric positive definite matrices which are generated in the case of the 1-D discretization of elliptic equations
— the simplest possible example of the mesh sparsity (Definition 3), with sizes n from 200 up to 51,200,
comparing a sparse direct solver (sparse LU/Cholesky solver provided by SciPy) to a dense direct solver (dense
solver provided by NumPy) at the sizes where the latter was computationally feasible.
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Table 6: Sparse Vs dense linear system solve time on banded SPD systems.

n Sparse solve (s) | Dense solve (s)
200 0.00115 0.00084

800 0.00046 0.01565

3200 | 0.00120 0.75571

12800 | 0.00561 n/a (>30s)
51200 | 0.01964 n/a (> 30 s)

This analysis quantifies the sparsity adjustment of Section 5.2. By n = 800, the sparse solver is about 34 times
faster than the dense solver (0.00046 s versus 0.01565 s); by n = 3200, the difference is even more pronounced,
around 630 times (0.0012 s versus 0.756 s), since the growth of cost in the dense solver is in O(n*) while it is
near-linear in the sparse banded solver. For values larger than n = 5000, the dense factorization took more than
30 seconds and thus it is omitted, while the sparse solver continued to perform well, taking 0.0056 s by n = 12,800
and 0.0196 s by n = 51,200in table 6. This is the quantitative background to the statement in Sections 5.2 and 6,
that sparsity utilization and not merely choice of method is responsible for the tractability of Newtonian and
interior point methods on structured engineering problems in practice; a dense-only interior point method would
become impractical in n roughly two orders of magnitude earlier than the sparse one.

8. Discussion

In summary, obtain a set of sufficient conditions for various optimization algorithms, leading to an optimal choice
guideline in engineering practice (without specifying an algorithm), as presented below. Large n, cheap gradient
evaluations, medium precision, well-conditioned or easily preconditioned: use accelerated gradient descent
(Theorem 3); this approach is superior to plain gradient descent wherever x is not near 1 at the same O(n) cost
and memory footprint. Medium to large n, sparse problem structure, high precision required, KKT optimality
certificate needed: use Newton-type or interior point methods (Theorems 5—6) with either a sparse direct or
iterative KKT system solver — Section 7.5 proves that this remains feasible up to a much larger scale than the
naive dense approach would allow. Medium n, memory available for O(n?) storage, non-expensive to evaluate
objectives, costly to differentiate: use (L-)BFGS (Theorem 4) as an intermediate solution between O(n) and slow
k-dependent convergence of first-order methods and O(n®) and rapid convergence of full Newton. Naturally
block-separable or multi-agent/multi-regions problems or time is limited by communication/parallelization cost
rather than iterations count: use ADMM or another splitting approach (Theorem 7). Finally, this paper was
restricted to deterministic full batch optimization. In the setting of estimation based on noisy sensor data,
simulation Monte Carlo samples or streaming measurements (which occurs increasingly frequently in data-driven
digital-twin and online estimation), stochastic first order methods, namely stochastic gradient descent and
variance-reduced versions thereof, show a different complexity landscape: iteration complexity O(1/¢) or O(1/€2)
in the noisy-gradient setting instead of O(log(1/¢)) of the deterministic strongly convex one; a comprehensive
treatment of the latter case is a subject of future research.

9. Conclusion

In this paper, a framework for computational complexity analysis of large-scale mathematical optimization
algorithms used in engineering was developed based on execution time, convergence properties, scalability, and
computing resource needs. The analysis included a number of algorithms, such as gradient descent, accelerated
gradient, quasi-Newton, Newton, interior point optimization, and ADMM, in terms of their computational
complexity features. Numerical simulations with strongly convex quadratic optimization problems, with the
dimension ranging from 50 to 1600 and the condition number from 5 to 400, were performed. It was found that
the gradient descent needed 807-945 iterations for increasing dimension at k = 50, while the Newton optimization
converged in a single iteration but had higher computational costs. The accelerated gradient optimization
decreased the number of iterations from 7356 to 420 at k = 400, which is 17.5% faster than the gradient descent
optimization. The BFGS method had stable convergence with iterations ranging between 60—98 iterations over
dimensions from 50 to 800, illustrating its efficiency as a method that combines both first-order and second-order
optimizations techniques. Analysis using sparse factorization showed that the sparse method attained an
execution time of 0.0196 s when n = 51,200, while dense factorization took more than 30 s for n>5000,
emphasizing the need to harness the power of sparsity in large scale engineering optimizations. The scope of
future studies will be on developing the proposed framework for nonconvex optimization problems, stochastic
optimization settings, realistic 3D finite element models, nonlinear power system optimization problems, and
data-driven digital twin’s platform. Moreover, adaptive preconditioning, distributed optimization, GPU
computing, and hybrid artificial intelligence aided optimization algorithms will be considered in order to enhance
scalability and real-time decision-making capabilities of next generation large-scale engineering systems.
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