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1. Introduction

Let Ω be a bounded domain in Rn, n ≥ 3, and X = {X1, . . . , Xm} be a family of
C∞ vector fields satisfying Hörmander’s condition in a neighborhood of Ω.
We consider a quasilinear equations of the following kind

−X∗
j (aijXiu+ dju) +

b0
λ
ω|Xu|2 + biXiu+ cu = f −X∗

i hi . (1)

We will assume that the equation is degenerate elliptic with respect to the system
X of the given vector fields i.e.

∃λ > 0 : λ−1ω(x)|ξ|2 ≤ aij(x)ξiξj ≤ λω(x)|ξ|2 a.e. x ∈ Ω ∀ξ ∈ Rm . (2)

Here the degeneracy is given by a Muckenhoupt weight ω in the class A2 with
respect to the Carnot-Carathéodory metric (see Section 2 for precise definition).
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Regarding the lower order coefficients we assume that they belong to a gener-
alization of the Stummel-Kato class with respect to the Carnot-Carathéodory
metric. This kind of assumption is very important because, in some cases, it is
both necessary and sufficient for the smoothness of the solutions (see [8], [31]).
We will achieve the smoothness of the weak solutions of the equation (1) as
consequence of a Harnack inequality for nonnegative bounded weak solutions.
The problem we investigate here has a long history and is motivated by the
fact that solutions to certain variational inequalities involving partial differential
operators of the form divA(x, u,∇u)+B(x, u,∇u) are solutions of the equations

divA(x, u,∇u) +B(x, u,∇u) = µ ,

for some non negative Radon measure µ and under several growth assumptions.
It is impossible to report here the contributions of all authors in this field. We will
try to draw a short history concerning uniformly elliptic and degenerate cases.
The main point here is that we assume conditions different from the classical Lp

hypotheses. In this regard, the starting point is a remarkable note by Aizenman
and Simon ([1]) where, using probabilistic tools, the authors proved Harnack
inequality for nonnegative solutions of the equation

−∆u = V u

where V is a function in the Stummel-Kato class. After a couple of years their re-
sults have been generalized to any linear uniformly elliptic operator by Chiarenza,
Fabes and Garofalo in 1986 (see [3]) where analytical proof is given by using a
representation formula for weak solutions of the uniformly elliptic equation

−(aij uxi
)xj

− V u = 0 (3)

V belongs to the Stummel-Kato class. A different proof of Harnack inequality
and the continuity of weak solutions based on representation formula is also given
by Simader in [29]. There he proved that if the Stummel modulus ϕ (see Section
2 for the definition of ϕ) is Hölder continuous, then the solution of the equation
is also Hölder continuous (see also [6], [7], [21]). We remark here that the local
regularity properties of weak solutions have also been studied by Trudinger in [30]
and by Rakotoson and Ziemer in [27], where different growths have been assumed
(see also [10], [14], [18], [32], [33], and [34]).
Turning now our attention to operators that can be degenerate elliptic, our the
starting point is the paper [20] where Gutierrez, using a suitable weighted version
of the Stummel-Kato class, added a potential to the equation studied in [19] and
showed Harnack inequality for the nonnegative weak solutions of (3), where the
operator is linear elliptic with degeneracy of A2 kind. It is worth to recall here
that in [35] a Harnack inequality for a more general equation has been obtained,
without using representation formula, assuming the lower order terms in suitable
weighted Morrey spaces (see Section 2 for the definition) (see also [9], [24], [31]).
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Among the various kind of degeneracy, we consider now the operators formed
by vector fields we recall the result in [5], where Citti, Garofalo and Lanconelli
proved a Harnack inequality and the continuity of the weak solutions for a linear
sub-elliptic operator. In [4] the Hölder continuity has been obtained for the same
equation assuming the known term in a suitable version of the Morrey class
modeled on the level sets of the fundamental solution (see also [16], [17]).
In [23] Lu proved a Harnack inequality for solutions of a special case of equation
(1) (there he has dj = b0 = bi = f = hi = 0) where c is a Stummel-Kato function
and the leading terms of the equation satisfy the condition (2). His proof relies
on representation formula for weak solutions.
In [11] and [12] (see also [13] and [15] for a different kind of degeneration) we
extended Lu’s results to a more general equation avoiding representation formulas
by using a modified version of the Moser iterative process (see [28]). Here we
extend our previous results to the equation (1) containing a quadratic dependence
in the gradient.

2. Preliminaries

Let Ω be a bounded domain in Rn, n ≥ 3, and X = {X1, . . . , Xm} be a family of
C∞ vector fields satisfying Hörmander’s condition in a neighborhood of Ω. Let d
be the Carnot-Carathéodory metric associated to the system X. We denote by
B = Br(x) the metric ball centered at x ∈ Ω of radius r. It is well known that the
metric balls satisfy the doubling property locally (see [25]), i.e. for any compact
K in Ω there exist R0 and cd > 0 such that

|B2r(x)| ≤ cd|Br(x)| ∀x ∈ K

for any 0 < r ≤ R0/2. The number Q = log2 cd is called the local homogeneous
dimension of Ω respect to the system X.
We now recall the definition of Ap weights.
Definition 2.1. Let p > 1 and ω be a nonnegative locally integrable function.
We say that ω belongs to the Muckenhoupt class Ap if

sup
B

(
1

|B|

∫
B

ω(x) dx

)(
1

|B|

∫
B

[ω(x)]
−1
p−1 dx

)p−1

≡ C0 < +∞ ,

the supremum being over all Carnot-Carathéodory metric balls B in Rn. The
number C0 is called the Ap constant of ω.

Theorem 2.2. (Doubling property) Let p > 1 and ω ∈ Ap. Then, there exists a
positive constant Cd > 1 such that

ω(B2r(x0)) ≤ Cdω(Br(x0)) , ∀x0 ∈ Rn , r > 0 ,

where ω(Br(x0)) =
∫
Br(x0)

ω dx.
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Definition 2.3. (Lebesgue and Sobolev spaces) Let 1 ≤ p ≤ +∞. We set

Lp(Ω, ω) =

{
u : Ω → R such that

∫
Ω

|u|pωdx < +∞
}

, and

W 1,p(Ω, ω) = {u ∈ Lp(Ω, ω) such that Xju ∈ Lp(Ω, ω), j = 1, . . .m} ,

endowed with norms, respectively,

∥u∥Lp(Ω,ω) =

(∫
Ω

|u|pωdx
)1/p

and ∥u∥W 1,p(Ω,ω) = ∥u∥Lp(Ω,ω) + ∥Xu∥Lp(Ω,ω). (4)

We denote by W 1,p
0 (Ω, ω) the closure of the smooth and compactly supported

functions in W 1,p(Ω, ω) with respect to the norm (4).

We state the following embedding Theorem for weighted Sobolev spaces (see [22]).
Theorem 2.4. Let 1 ≤ p < +∞, ω ∈ Ap, E b Ω. Then there exist constants r0
and C1 such that for any metric ball B = Br(x), x ∈ E, and any f ∈ C∞(B) the
following inequality holds true

(
1

ω(B)

∫
B

|f − fB|qωdy
) 1

q

≤ C1r

(
1

ω(B)

∫
B

|Xf |pωdy
) 1

p

provided 0 < r < r0, q = τp, 1 ≤ τ < Q
Q−1

+ δp, δp > 0. Here C1 depends only on
the Ap constant of the weight ω, E and Ω, the constant δp depends on p and the
Ap constant. Here fB = 1

ω(B)

∫
B
fωdy.

In the case f ∈ C∞
0 (B), fB can be taken to be zero.

In order to formulate the assumptions on the lower order terms of our equation
we need to define some other function spaces.
Definition 2.5. (Stummel classes) Let ω be a A2 weight and let BR(x0) be a
metric ball such that Ω ⊂ BR(x0). If V is a locally integrable function in Ω we
set

ϕ(V ; r) = sup
x∈Ω

∫
{y∈Ω : d(x,y)<r}

|V (y)|
∫ 4R

d(x,y)

s2

ω(B(x, s))

ds

s
ω(y) dy.

We say that V belongs to the class S̃(Ω, ω) if ϕ(V ; r) is bounded in a neighbor-
hood of the origin. We say that V belongs to the Stummel-Kato class S(Ω, ω)
if, in addition, limr→0 ϕ(V ; r) = 0. We say that the function V belongs to the
restricted Stummel-Kato class S

′
(Ω, ω) if there exists ρ > 0 such that∫ ρ

0

ϕ(V ; t)1/2

t
dt < +∞ .
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Definition 2.6. (Morrey spaces) Let ω be a A2 weight and let BR(x0) be a
metric ball such that Ω ⊂ BR(x0). If V is a locally integrable function in Ω we
say that V belongs to the Morrey space Mσ(Ω, ω), for some σ ∈ R, if

∥V ∥Mσ(Ω,ω) = sup
x∈Ω

1

rσ

∫
{y∈Ω : d(x,y)<r}

|V (y)|
4R∫

d(x,y)

s2

ω(B(x, s))

ds

s
ω(y) dy < +∞ .

Remark 2.7. If ω = 1 the previous definitions give back the classical Stummel-
Kato class (see [1]) and Morrey space L1,λ for some λ. It is easy to check that
Mσ ⊂ S ′ ⊂ S ⊂ S̃, σ > 0.

Lemma 2.8. Let V ∈ S̃(Ω, ω). Then there exists a positive constant Cd such
that, for all r > 0,

ϕ(V ; r) ≤ Cdϕ
(
V ;

r

2

)
.

Proof. See [11].

The following results will be useful in the sequel.
Theorem 2.9. Let ω be a A2 weight and let BR(x0) be a metric ball such that
Ω ⊂ BR(x0). Let V be a locally integrable function such that V

ω
∈ S(Ω, ω).

Then for any ε > 0 there exists a positive function

K(ε) ∼ ε[
ϕ−1(V

ω
; ε)
]Q+2

such that, for all u ∈ C∞
0 (Ω),∫

Ω

|V (x)| |u(x)|2 dx ≤ ε

∫
Ω

|Xu(x)|2ω dx+K(ε)

∫
Ω

|u(x)|2ω dx.

Proof. See Lemma 4.3 in [23].

Now we recall the following two lemmata proved in [26].
Lemma 2.10. Let 0 < γ < 1, h : ]0,+∞[ → ]0,+∞[ a non decreasing function
with lim

t→0
h(t) = 0. Let us assume that h(t) ≤ c h(t/2) for some constant c > 1.

Moreover, let φ : ]0,+∞[ → ]0,+∞[ a non decreasing function such that

φ(ρ) ≤ γφ(4ρ) + h(ρ) ∀ρ < ρ0 < 1. (5)

Then, there exist ρ ≤ ρ0, 0 < σ ≤ 1 and a positive constant K such that

φ(ρ) ≤ Khσ(ρ) ∀ρ < ρ.
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Lemma 2.11. Let µ(r) be a continuous positive increasing function defined in
]0,+∞[ such that lim

r→0
µ(r) = 0, 0 < θ < 1. The series

+∞∑
i=0

θilog µ−1
(
θqi
)
,

where q > 0, is convergent if and only if there exists ρ > 0 such that∫ ρ

0

µ
1
q (t)

t
dt < +∞.

3. Harnack inequality for variational linear equations

Let Ω be a bounded domain in Rn and ω ∈ A2. We denote by X∗
j the formal

adjoint of Xj for all j = 1, 2, . . . ,m. Let {aij(x)} be a symmetric matrix of
measurable functions in Ω satisfying the following ellipticity condition

∃λ > 0 : λ−1ω(x)|ξ|2 ≤ aij(x)ξiξj ≤ λω(x)|ξ|2 a.e. x ∈ Ω ∀ξ ∈ Rm . (6)

Consider the following strongly degenerate elliptic equation in divergence form

−X∗
j (aijXiu+ dju) +

b0
λ
ω|Xu|2 + biXiu+ cu = f −X∗

i hi , (7)

where b0 ∈ R \ {0} ,
(
bi
ω

)2

,
c

ω
,

(
di
ω

)2

,
f

ω
,

(
hi

ω

)2

∈ S ′(Ω, ω) . (8)

Definition 3.1. We say that w ∈ W 1,2
loc (Ω, ω) is a local weak supersolution of (7)

if for all φ ∈ W 1,2
0 (Ω, ω) with φ ≥ 0 we have∫

Ω

(aijXiw + djw)Xjφ+

(
b0
λ
ω|Xw|2 + biXiw + cw

)
φdx ≥

∫
Ω

(fφ+ hiXiφ) dx.

We say that w ∈ W 1,2
loc (Ω, ω) is a local weak subsolution of (7) if −w is a super-

solution. We say that w ∈ W 1,2
loc (Ω, ω) is a local weak solution of (7) if w is a

supersolution and a subsolution.

Now we prove the weak Harnack inequality for supersolutions.
Theorem 3.2. Let w be a weak nonnegative supersolution of equation (7) in a
ball B3r ⊂⊂ Ω. Assume (6) and (8). Let M > 0 be a constant such that w ≤ M
in B3r. Then there exists C depending on Q, M , λ and the A2 constant of ω,
such that

ω−1(B2r)

∫
B2r

wωdx ≤ C

minBrw + ϕ

(
f

ω
; 3r

)
+

(
m∑
i=1

ϕ

((
hi

ω

)2

; 3r

))1/2
 .
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Proof. Let k = ϕ
(f
ω
; 3r
)
+
( m∑

i=1

ϕ
((hi

ω

)2
; 3r
))1/2

and suppose v = w + k.

We take φ(x) = η2(x)vβ(x)e−|b0|v(x), β < 0 as test function, where η ∈ C1
0(B3r),

η ≥ 0. Since w is supersolution in B3r of (7) we have∫
B3r

[
2η(aijXiw + djw − hj)Xjηv

βe−|b0|v+

+ (−|β|vβ−1 − |b0|vβ)η2e−|b0|v(aijXiw + djw − hj)Xjv+

+
b0
λ
ω|Xw|2η2vβe−|b0|v + (biXiw + cw − f)η2vβe−|b0|v

]
dx ≥ 0 ,

and
∫
B3r

η2e−|b0|v(b0v
β + |β|vβ−1)|Xv|2ω dx ≤ (9)

≤
∫
B3r

η2e−|b0|v(|b0|vβ + |β|vβ−1)|Xv|2ω dx ≤

≤ λ

∫
B3r

η2e−|b0|v(|b0|vβ + |β|vβ−1)aijXivXjv dx ≤

≤ λ

∫
B3r

η2e−|b0|v(|β|vβ−1 + |b0|vβ)(hj − djv)Xjvdx+

+ 2λ

∫
B3r

η(aijXiv + djv − hj)Xjηv
βe−|b0|vdx+

+

∫
B3r

b0ω|Xv|2η2vβe−|b0|vdx+ λ

∫
B3r

(biXiv + cv − f)η2vβe−|b0|v dx .

From (9) it follows∫
B3r

η2e−|b0|v|β|vβ−1|Xv|2ωdx ≤

≤ λ

∫
B3r

η2e−|b0|v(|β|vβ−1 + |b0|vβ)(hj − djv)Xjvdx+

+ 2λ

∫
B3r

η(aijXiv + djv − hj)Xjηv
βe−|b0|vdx+

+ λ

∫
B3r

(biXiv + cv − f)η2vβe−|b0|vdx .

Since v is bounded we may drop the exponential to obtain∫
B3r

η2|β|vβ−1|Xv|2ω dx ≤

≤ C(M, b0)
[
2λ

∫
B3r

ηaijXivXjηv
βdx+ λ|β|

∫
B3r

|dj||Xjv|vβη2dx+

+ 2λ

∫
B3r

|dj|vβ+1Xjηη dx+ 2λ

∫
B3r

|hj|vβXjηη dx+ λ

∫
B3r

|bi||Xivη
2vβ +
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+ λ

∫
B3r

|c|η2vβ+1dx+ λ

∫
B3r

|f |η2vβdx+

+ λ|β|
∫
B3r

hjXjvv
β−1η2dx+ λ

∫
B3r

|dj||vxi
|η2vβdx

]
.

Now, set V =
n∑

i=1

|bi|2

ω
+ |c|+

n∑
j=1

|dj|2

ω
+ k−1|f |+ k−2

n∑
i=1

|hi|2

ω
.

Use of the Young inequality yields∫
B3r

η2vβ−1|Xv|2ωdx ≤

≤ C(M, b0, λ)

[
|β|+ 1

β2

∫
B3r

vβ+1|Xη|2ω dx+

(
|β|+ 1

β

)2∫
B3r

V η2vβ+1dx

]
≤

≤ C(M, b0, λ)

(
|β|+ 1

β

)2 [∫
B3r

vβ+1|Xη|2ω dx+

∫
B3r

V η2vβ+1dx

]
. (10)

We set U(x) =

{
v

β+1
2 (x) if β ̸= −1

log v(x) if β = −1.
By (10) we have

∫
B3r

η2|XU|2ω(x) dx ≤

≤ C(β + 1)2
(
|β|+ 1

β

)2{∫
B3r

|Xη|2U2ω(x)dx+

∫
B3r

V η2U2 dx

}
(11)

in the case β ̸= −1, while∫
B3r

η2|XU|2ω dx ≤ C

{∫
B3r

|Xη|2ω dx+

∫
B3r

V η2 dx

}
(12)

if β = −1. Let us start with the case β = −1. By Theorem 2.9 we have∫
B3r

η2|XU|2ω dx ≤ C

(∫
B3r

|Xη|2ω dx+

∫
B3r

η2ω dx

)
.

Let Bh be a ball contained in B2r. Choosing η(x) so that η(x) = 1 in Bh,

0 ≤ η ≤ 1 in B3r \Bh and |Xη| ≤ C

h
, we get

∥XU∥L2(Bh,ω) ≤ C
ω(Bh)

1
2

h
.

By Sobolev’s Theorem 2.4 and John-Nirenberg’s Lemma (see [2]) we obtain U =
log v ∈ BMO. Then there exist two positive constants p0 and C, such that(∫

−−
B2r

ep0Uω dx

) 1
p0

(∫
−−
B2r

e−p0Uω dx

) 1
p0

≤ C . (13)
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Let us consider the following family of seminorms

Φ(p, h) =

(∫
Bh

|v|pω(x) dx
)1/p

, p ̸= 0 .

By (13) we have

1

ω(B2r)1/p0
Φ(p0, 2r) ≤ Cω(B2r)

1/p0Φ(−p0, 2r) .

In the case (11) by Theorem 2.9 we obtain

∫
B3r

|XU|2η2ω dx ≤ C

{[(
β+1

2

)2

+ 1

](
1+

1

|β|

)2 ∫
B3r

|Xη|2U2ω dx+

+

 1

ϕ−1
(

V
ω
;
(
β+1
2

)−2
(
1 + 1

|β|

)−2 )


Q+2 ∫
B3r

η2U2ω dx

}
. (14)

By Sobolev’s inequality we have

(∫
B3r

|η U|τpω dx

) 1
τ

≤

≤ C ω(B3r)
1
τ
−1

{[(
β+1

2

)2

+ 2

](
1+

1

|β|

)2 ∫
B3r

|Xη|2U2ω dx+

+

 1

ϕ−1

(
V
ω
;
(
β+1
2

)−2
(
1 + 1

|β|

)−2
)


Q+2 ∫
B3r

η2U2ω dx

}
(15)

where c is a positive constant independent of ω.
Now we choose the function η. Let r1 and r2 be real numbers such that r ≤ r1 <
r2 ≤ 2r and let the function η be chosen so that η(x) = 1 in Br1 , 0 ≤ η(x) ≤ 1 in
Br2 , η(x) = 0 outside Br2 , |Xη| ≤ c

r2−r1
for some fixed constant c. We have

(∫
Br1

U2τω(x) dx

) 1
τ

≤ C ω(B3r)
1
τ
−1 1

(r2 − r1)2

[(
β + 1

2

)2

+ 2

]
·

·
(
1 +

1

|β|

)2

 1

ϕ−1

(
V
ω
;
(
β+1
2

)−2
(
1 + 1

|β|

)−2
)


Q+2 ∫
Br2

U2ω(x) dx .
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Setting γ = β + 1 and recalling that U(x) = v
β+1
2 (x), we get for negative γ

Φ(τγ, r1) ≥ C
1
γω(B3r)

1
γ
( 1
τ
−1)

[(
β + 1

2

)2

+ 2

] 1
γ

·

·

 1

ϕ−1
(

V
ω
;
(
β+1
2

)−2
)


Q+2
γ

1

(r2 − r1)
2
γ

Φ(γ, r2) . (16)

This is the inequality we are going to iterate. If γi = τ ip0 and ri = r + r
2i

,
i = 1, 2, . . . , iteration of (16) and use of Lemma 2.11 yields

Φ(−∞, r) ≥ C(ϕV
ω
, diamΩ)ω(B3r)

1
p0Φ(−p0, 2r) .

Therefore by Hölder inequality,

Φ(p′0, 2r) ≤ Φ(p0, 2r)ω(B3r)
1
p′0

− 1
p0 , p′0 ≤ p0 .

So we obtain ω−1(B2r)Φ(1, 2r) ≤ C Φ(−∞, r) and the result follows.

We state the following weak Harnack inequality for subsolutions.
Theorem 3.3. Let w be a weak nonnegative subsolution of (7) in B3r ⊂⊂ Ω.
Assume (6) and (8). Let M > 0 be a constant such that w ≤ M in B3r. Then
there exists C depending on Q, M , λ and the A2 constant of ω, such that

maxBrw ≤ C

ω−1(B2r)

∫
B2r

wωdx+ ϕ

(
f

ω
; 3r

)
+

(
m∑
i=1

ϕ

((
hi

ω

)2

; 3r

))1/2
 .

From previous results we obtain
Theorem 3.4. Let w be a weak nonnegative solution of (7) in B3r ⊂⊂ Ω. As-
sume (6) and (8). Let M be a constant such that w ≤ M in B3r. Then there
exists C depending on Q, M , λ and the A2 constant of ω such that

maxBrw ≤ C

minBrw + ϕ

(
f

ω
; 3r

)
+

(
m∑
i=1

ϕ

((
hi

ω

)2

; 3r

))1/2
 .

Now we prove that weak solutions of (7) are continuous with respect to the
Carnot-Carathéodory metric.
Theorem 3.5. Let u ∈ W 1,2(Ω, ω) be a weak solution of (7) such that (6) and
(8) hold true and supΩ |u| = L < +∞. Then u is continuous in Ω.
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Proof. Let Br be an arbitrary ball contained in Ω and the functions

M = M(r) = max
Br

u and m = m(r) = min
Br

u .

If we set u = M(r)− u, u is a non negative weak solution of the equation

−X∗
j (aijXiu− dju) +

b0
λ
ω|Xu|2 + biXiu+ cu = (Mc− f)−X∗

i (Mdi − hi)

in Br, with
Mc− f

ω
,

(
Mdi − hi

ω

)2

∈ S ′(Ω, ω) .

By Harnack’s inequality we obtain

max
B r

3

u ≤ C

(
min
B r

3

u+ h

)

and h = h(r) = ϕ

(
f

ω
; r

)
+

(
m∑
i=1

ϕ

((
hi

ω

)2

; r

))1/2

,

where f = Mc − f and hi = Mdi − hi. We remark that h is a positive non
decreasing function such that limr→0 h(r) = 0 and (see Lemma 2.8)

h(r) ≤ 1

K
h
(r
2

)
, 0 < K < 1 . (17)

Then M(r)−m
(r
3

)
≤ C

{
M(r)−M

(r
3

)
+ h(r)

}
. (18)

In the same way, setting u = u−m(r) we obtain

M
(r
3

)
−m(r) ≤ C

{
m
(r
3

)
−m(r) + h(r)

}
. (19)

Adding (18) and (19) we get

M
(r
3

)
−m

(r
3

)
≤ C − 1

C + 1
[M(r)−m(r)] +

2C

C + 1
K2h

(r
4

)
.

Set, for ρ > 0, φ(ρ) = M(ρ)−m(ρ), and θ = C−1
C+1

, h(r) = 2C
C+1

K2h(r). We have

φ
(r
4

)
≤ φ

(r
3

)
≤ θφ(r) + h

(r
4

)
and the conclusion follows by Lemma 2.10.

The next result is a natural consequence of the previous one if we assume the
lower order terms to belong to the Morrey classes Mσ. Namely
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Theorem 3.6. Let u ∈ W 1,2(Ω, ω) be a weak solution of (7) such that (6) holds
true, (

bi
ω

)2

,
c

ω
,

(
di
ω

)2

,
f

ω
,

(
hi

ω

)2

∈ Mσ(Ω, ω) ,

and supΩ |u| = L < +∞. Then u is locally Hölder continuous in Ω.

References
[1] M. Aizenman, B. Simon: Brownian motion and Harnack’s inequality for

Schrödinger operators, Comm. Pure Appl. Math. 35 (1982) 209–271.
[2] S. M. Buckley: Inequalities of John-Nirenberg type in doubling spaces, J. Anal.

Math. 79 (1999) 215–240.
[3] F. Chiarenza, E. Fabes, N. Garofalo: Harnack’s inequality for Schrödinger opera-

tors and the continuity of solutions, Proc. Amer. Math. Soc. 98(3) (1986) 415–425.
[4] G. Citti, G. Di Fazio: Hölder continuity of the solutions for operators which are

a sum of squares of vector fields plus a potential, Proc. Amer. Math. Soc. 122
(1994) 741–750.

[5] G. Citti, N. Garofalo, E. Lanconelli: Harnack’s inequality for sum of squares of
vector fields plus a potential, Amer. J. Math. 115 (1994) 699–734.

[6] G. Di Fazio: Hölder-continuity of solutions for some Schrödinger equations, Rend.
Sem. Mat. Univ. Padova 79 (1988) 173–183.

[7] G. Di Fazio: Poisson equation in Morrey spaces, J. Math. Anal. Appl. 163 (1992)
157–167.

[8] G. Di Fazio: Dirichlet problem Characterization of regularity, Manuscripta Math.
84 (1994) 47–56.

[9] G. Di Fazio, M. S. Fanciullo, P. Zamboni: Harnack inequality and smoothness for
quasilinear degenerate elliptic equations, J. Differential Equations 245(10) (2008)
2939–2957.

[10] G. Di Fazio, M. S. Fanciullo, P. Zamboni: Harnack inequality and regularity for
degenerate quasilinear elliptic equations, Math. Zeitschrift 264(3) (2010) 679–695.

[11] G. Di Fazio, M. S. Fanciullo, P. Zamboni: Harnack inequality for a class of strongly
degenerate elliptic operators formed by Hörmander vector fields, Manuscripta
Math. 135(3-4) (2011) 361–380.

[12] G. Di Fazio, M. S. Fanciullo, P. Zamboni: Regularity for a class of strongly degen-
erate quasilinear operators, J. Differential Equations 255(11) (2013) 3920–3939.

[13] G. Di Fazio, M. S. Fanciullo, P. Zamboni: Harnack inequality for degenerate el-
liptic equations and sum operators, Comm. Pure Appl. Analysis 14(6) (2015)
2363–2376.

[14] G. Di Fazio, M. S. Fanciullo, P. Zamboni: Harnack inequality and continuity of
weak solutions for doubly degenerate elliptic equations, Math. Zeitschrift (2018)
doi.org/10.1007/s00209-018-2148-4.

[15] G. Di Fazio, M. S. Fanciullo, P. Zamboni: Local regularity for strongly degenerate
elliptic equations and weighted sum operators, Diff. Integral Equations (2019), to
appear.



G. Di Fazio, M. S. Fanciullo, P. Zamboni / Harnack Inequality ... 99

[16] G. Di Fazio, P. Zamboni: Hölder continuity for quasilinear subelliptic equations in
Carnot Carathéodory spaces, Math. Nachrichen 272 (2004) 3–10.

[17] G. Di Fazio, P. Zamboni: Local regularity of solutions to quasilinear subelliptic
equations in Carnot Carathéodory spaces, Boll. Unione Mat. Ital. Ser. 8, 9B(2)
(2006) 485–504.

[18] G. Di Fazio, P. Zamboni: Regularity for quasilinear degenerate elliptic equations,
Math. Zeitschrift 253(4) (2006) 787–803.

[19] E. Fabes, C. Kenig, R. Serapioni: The local regularity of solutions of degenerate
elliptic equations, Comm. Partial Differential Equations 7(1) (1982) 77–116.

[20] C. E. Gutierrez: Harnack’s inequality for degenerate Schrödinger operators, Trans.
Amer. Math. Soc. 312 (1989) 403–419.

[21] K. Kurata: Continuity and Harnack’s inequality for solutions of elliptic partial
differential equations of second order, Indiana Univ. Math. J. 43(2) (1994) 411–
440.

[22] G. Lu: Weighted Poincaré and Sobolev inequality for vector fields satisfying Hör-
mander’s condition and its application, Revista Iberoamericana 8(3) (1992) 367–
439.

[23] G. Lu: On Harnack’s inequality for a class of strongly degenerate Schrödinger
operators formed by vector fields, Diff. Integral Equations 7(1) (1994) 73–100.

[24] A. Mohammed: Hölder continuity of solutions of some degenerate elliptic differ-
ential equations, Bull. Austral. Math. Soc. 62 (2000) 369–377.

[25] A. Nagel, E. M. Stein, S. Wainger: Balls and metrics defined by vector fields. I.
Basic properties, Acta Math. 155(1-2) (1985) 103–147.

[26] M. A. Ragusa, P. Zamboni: Local regularity of solutions to quasilinear elliptic
equations with general structure, Commun. Appl. Anal. 3(1) (1999) 131–147.

[27] J. M. Rakotoson, W. P. Ziemer: Local behavior of solutions of quasilinear elliptic
equations with general structure, Trans. Amer. Math. Soc. 319(2) (1990) 747–764.

[28] J. Serrin: Local behaviour of solutions of quasilinear equations, Acta Math. 111
(1964) 247–302.

[29] C. G. Simader: An elementary proof of Harnack’s inequality for Schrödinger op-
erators and related topics, Math. Zeitschrift 203(1) (1990) 129–152.

[30] N. S. Trudinger: On Harnack type inequalities and their application to quasilinear
elliptic equations, Comm. Pure Appl. Math. 20 (1967) 721–747.

[31] C. Vitanza, P. Zamboni: Necessary and sufficient conditions for Hölder continuity
of solutions of degenerate Schrödinger operators, Le Matematiche 52(2) (1997)
393–409.

[32] P. Zamboni: Local boundedness of solutions of quasilinear elliptic equations with
coefficients in Morrey spaces, Boll. Unione Mat. Ital. Ser. 7, 8B(4) (1994) 985–997.

[33] P. Zamboni: Local behavior of solutions of quasilinear elliptic equations with co-
efficients in Morrey spaces, Rend. Mat. Appl. Ser. 7, 15(2) (1995) 251–262.

[34] P. Zamboni: The Harnack inequality for quasilinear elliptic equations under min-
imal assumptions, Manuscripta Math. 102(3) (2000) 311–323.

[35] P. Zamboni: Hölder continuity for solutions of linear degenerate elliptic equations
under minimal assumptions, J. Differential Equations 182(1) (2002) 121–140.


