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1. Introduction

Let ©2 be a bounded domain in R”, n > 3, and X = {X3,...,X,,} be a family of
C* vector fields satisfying Hérmander’s condition in a neighborhood of €.

We consider a quasilinear equations of the following kind
b

We will assume that the equation is degenerate elliptic with respect to the system
X of the given vector fields i.e.
IN>0: A w(@)|Ef < ay(2)6E < dw(@)E]? ae. 2 € QVEER™.  (2)

Here the degeneracy is given by a Muckenhoupt weight w in the class Ay with
respect to the Carnot-Carathéodory metric (see Section 2 for precise definition).
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Regarding the lower order coefficients we assume that they belong to a gener-
alization of the Stummel-Kato class with respect to the Carnot-Carathéodory
metric. This kind of assumption is very important because, in some cases, it is
both necessary and sufficient for the smoothness of the solutions (see [8], [31]).

We will achieve the smoothness of the weak solutions of the equation (1) as
consequence of a Harnack inequality for nonnegative bounded weak solutions.

The problem we investigate here has a long history and is motivated by the
fact that solutions to certain variational inequalities involving partial differential
operators of the form divA(z,u, Vu) + B(x,u, Vu) are solutions of the equations

divA(z,u, Vu) + B(x,u, Vu) = p,

for some non negative Radon measure p and under several growth assumptions.

It is impossible to report here the contributions of all authors in this field. We will
try to draw a short history concerning uniformly elliptic and degenerate cases.
The main point here is that we assume conditions different from the classical L?
hypotheses. In this regard, the starting point is a remarkable note by Aizenman
and Simon ([1]) where, using probabilistic tools, the authors proved Harnack
inequality for nonnegative solutions of the equation

—Au=Vu

where V' is a function in the Stummel-Kato class. After a couple of years their re-
sults have been generalized to any linear uniformly elliptic operator by Chiarenza,
Fabes and Garofalo in 1986 (see [3]) where analytical proof is given by using a
representation formula for weak solutions of the uniformly elliptic equation

— (45 Uz, )o; — Vu =0 (3)

V belongs to the Stummel-Kato class. A different proof of Harnack inequality
and the continuity of weak solutions based on representation formula is also given
by Simader in [29]. There he proved that if the Stummel modulus ¢ (see Section
2 for the definition of ¢) is Holder continuous, then the solution of the equation
is also Holder continuous (see also [6], [7], [21]). We remark here that the local
regularity properties of weak solutions have also been studied by Trudinger in [30]
and by Rakotoson and Ziemer in [27], where different growths have been assumed
(see also [10], [14], [18], [32], [33], and [34]).

Turning now our attention to operators that can be degenerate elliptic, our the
starting point is the paper [20] where Gutierrez, using a suitable weighted version
of the Stummel-Kato class, added a potential to the equation studied in [19] and
showed Harnack inequality for the nonnegative weak solutions of (3), where the
operator is linear elliptic with degeneracy of Ay kind. It is worth to recall here
that in [35] a Harnack inequality for a more general equation has been obtained,
without using representation formula, assuming the lower order terms in suitable
weighted Morrey spaces (see Section 2 for the definition) (see also [9], [24], [31]).
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Among the various kind of degeneracy, we consider now the operators formed
by vector fields we recall the result in [5], where Citti, Garofalo and Lanconelli
proved a Harnack inequality and the continuity of the weak solutions for a linear
sub-elliptic operator. In [4] the Hélder continuity has been obtained for the same
equation assuming the known term in a suitable version of the Morrey class
modeled on the level sets of the fundamental solution (see also [16], [17]).

In [23] Lu proved a Harnack inequality for solutions of a special case of equation
(1) (there he has d; = by = b; = f = h; = 0) where ¢ is a Stummel-Kato function
and the leading terms of the equation satisfy the condition (2). His proof relies
on representation formula for weak solutions.

In [11] and [12] (see also [13] and [15] for a different kind of degeneration) we
extended Lu’s results to a more general equation avoiding representation formulas
by using a modified version of the Moser iterative process (see [28]). Here we
extend our previous results to the equation (1) containing a quadratic dependence
in the gradient.

2. Preliminaries

Let € be a bounded domain in R”, n > 3, and X = {Xj,..., X,,} be a family of
C* vector fields satisfying Hérmander’s condition in a neighborhood of €. Let d
be the Carnot-Carathéodory metric associated to the system X. We denote by
B = B,(x) the metric ball centered at = € Q of radius r. It is well known that the
metric balls satisfy the doubling property locally (see [25]), i.e.for any compact
K in Q there exist Ry and ¢; > 0 such that

|Bo,(z)| < ca| Bo(z)| Vi€ K

for any 0 < r < Ry/2. The number @) = log, ¢4 is called the local homogeneous
dimension of 2 respect to the system X.

We now recall the definition of A, weights.

Definition 2.1. Let p > 1 and w be a nonnegative locally integrable function.
We say that w belongs to the Muckenhoupt class A, if

sup (ﬁ /B () dm) (ﬁ /B ()] dm)p_l = (< +o0,

the supremum being over all Carnot-Carathéodory metric balls B in R”. The
number C is called the A, constant of w.

Theorem 2.2. (Doubling property) Let p > 1 and w € A,. Then, there exists a
positive constant Cyq > 1 such that

w(Bar(x9)) < Cqw(Br(z0)), VYrg€R",7r>0,

where w(B(20)) = [, () @ d2-
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Definition 2.3. (Lebesgue and Sobolev spaces) Let 1 < p < 4+o00. We set

LP(Qw) = {u : 2 — R such that / |ulPwdzr < +oo} , and
Q

WP (Q,w) = {u € LP(Q,w) such that X;u € LP(Q,w), j =1,...m},

endowed with norms, respectively,

1/p
il = ( | )
Q

and [ullwir@w) = lluller@w + 1 XullLr@.w)- (4)

We denote by VVO1 P(Q,w) the closure of the smooth and compactly supported
functions in W?(2,w) with respect to the norm (4).

We state the following embedding Theorem for weighted Sobolev spaces (see [22]).

Theorem 2.4. Let 1 <p < +oo, w€e€ A,, E € Q. Then there exist constants 1o
and Cy such that for any metric ball B = B,(x), x € E, and any f € C*>(B) the
following inequality holds true

provided 0 <r <rg,q=71p, 1 <7< % +9,, 0, > 0. Here Cy depends only on
the A, constant of the weight w, E and (1, the constant 0, depends on p and the
A, constant. Here fp = ﬁfB fowdy.

In the case f € C3°(B), fg can be taken to be zero.

In order to formulate the assumptions on the lower order terms of our equation
we need to define some other function spaces.

Definition 2.5. (Stummel classes) Let w be a Ay weight and let Bg(zg) be a
metric ball such that Q@ C Bg(zo). If V is a locally integrable function in Q we
set

V) vl [ B
o(Vir :sup/ Viy / ——w(y) dy.
z€Q J{yeQ  d(x,y)<r} d(z,y) W(B<x7 5)) S

We say that V belongs to the class S(Q,w) if ¢(V;r) is bounded in a neighbor-
hood of the origin. We say that V' belongs to the Stummel-Kato class S(2,w)
if, in addition, lim,_,o ¢(V;7) = 0. We say that the function V' belongs to the
restricted Stummel-Kato class S (9, w) if there exists p > 0 such that

/p o(Vit)'?
0
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Definition 2.6. (Morrey spaces) Let w be a Ay weight and let Bgr(zy) be a
metric ball such that 2 C Br(xg). If V is a locally integrable function in 2 we
say that V belongs to the Morrey space M,(2,w), for some o € R, if

4R
1 52 ds
v = sup — v % B dy < +oo.
Wl =sw = [ Vo)l [ Sy sy < +oc
{yeQ:d(z,y)<r} d(z,y)

Remark 2.7. If w = 1 the previous definitions give back the classical Stummel-
Kato class (see [1]) and Morrey space L' for some A. It is easy to check that

M,cS cScS,o>0.

Lemma 2.8. Let V € g(Q,w). Then there exists a positive constant Cy such
that, for all r > 0,

o(Vir) < Cas (Vi5) -

Proof. See [11]. O

The following results will be useful in the sequel.

Theorem 2.9. Let w be a Ay weight and let Br(xo) be a metric ball such that
Q C Bgr(wg). Let V be a locally integrable function such that - € S(Q,w).

Then for any € > 0 there exists a positive function

such that, for all u € C§°(£2),
/ |V ()| Ju(z)]? doe < 5/ | Xu(z) 2w dr + K(e)/ lu(z)|*w dz.
Q Q Q

Proof. See Lemma 4.3 in [23]. O

Now we recall the following two lemmata proved in [26].

Lemma 2.10. Let 0 <y < 1, h: ]0, 400 — |0, +00[ a non decreasing function
with ,lfiné h(t) = 0. Let us assume that h(t) < ch(t/2) for some constant ¢ > 1.
—

Moreover, let p: 10,400 — |0, +00[ a non decreasing function such that

o(p) < vp(dp) +h(p)  Vp<po <l (5)

Then, there exist p < pg, 0 < 0 < 1 and a positive constant K such that

e(p) < Kh7(p)  Vp<p.
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Lemma 2.11. Let p(r) be a continuous positive increasing function defined in
10, +o00[ such that hII(l] wu(r)=0,0 <6 < 1. The series
r—

Z O'log ;1! Qq’

where q¢ > 0, is convergent if and only if there exists p > 0 such that

)
/N dt < +o0.
0

t

3. Harnack inequality for variational linear equations

Let €2 be a bounded domain in R" and w € A;. We denote by X7 the formal
adjoint of X; for all j = 1,2,...,m. Let {a;;(z)} be a symmetric matrix of
measurable functions in €2 satisfying the following ellipticity condition

N> 0 M Tw(@) €] < aii(2)&€ < dw(@)|E]* ae. 2 €Q VEER™.  (6)

Consider the following strongly degenerate elliptic equation in divergence form

— X7 (aij Xiu + dju) + b—;w|Xu|2 +bXu+cu=f—X'h;, (7)

b\ ¢ (d\° f [(h\’
h b e R\{0},(—=) .= (=) .= | — S'(Q,w). 8
whnere 0 € \{ }’(O.J) ’(JJ’(W) 70.)7(&}) S ( 7(JJ) ()

Definition 3.1. We say that w € W,2*(Q,w) is a local weak supersolution of (7)
if for all p € Wy*(Q,w) with ¢ > 0 we have

b
/(ainiw + djw) X0+ <X0w]Xw\2 + b; Xw + cw) pdr > /(f(p + h; X;p) dz.
Q 0

We say that w € WL*(Q,w) is a local weak subsolution of (7) if —w is a super-

solution. We say that w € W,

o (Q,w) is a local weak solution of (7) if w is a

supersolution and a subsolution.

Now we prove the weak Harnack inequality for supersolutions.

Theorem 3.2. Let w be a weak nonnegative supersolution of equation (7) in a
ball By, CC Q. Assume (6) and (8). Let M > 0 be a constant such that w < M
in Bs.. Then there exists C' depending on QQ, M, A and the Ay constant of w,
such that

_1(B2r)/321:dex§C minB,.ergzs(_ 3r> (i:": (< )2 ))1/2
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Proof. Let k= (— 37") <Z¢<< ) ))1/2 and suppose v = w + k.

We take p(z) = n?(z)v?(x)e ®l"@ 3 < 0 as test function, where n € C(Bs,),

n > 0. Since w is supersolution in Bs, of (7) we have
/ [ZU(ainiw + djw — hy) X muPebolv 4
Bs,
+ (=Bt = bolv®)nPe Pl (ay; Xyw + djw — hy) X v+

b
+ £W|Xw|2nzvﬁ€_lbolv + (i Xiw + cw — f)n%ﬁ@_lbow] dz >0,

and / n2e” 1l (bgv? + 81PN | XvPwdz < (9)
Bs,

IN

nPe " (Jbolv? + 110" [ XvPw dz <
B37'

)\/ n2e Ml (1bg|o? + |80 i Xiv X v de <
B3r

IN

S )\/ n2€7|b0|1}(‘6|7}5*1 + |b0|vﬁ)(h3 _ d‘]’U)X]UdI‘_i_
B3'r
+ 2)\/ n(a;; X;v + djv — hj)XjUU’ge_wOl”d;p_}_
Bar

/ bo(JJ|XfU’2 2 ﬁ |bo|vd.17—|—)\/ (biXiU+CU_f)’]’]Q’UBe_‘bO‘de'
B B

3r 3r

From (9) it follows
/ 772€*|b0\v’ﬁ|v,671’Xv‘2wdx <
B37‘
= /\/ e (|B1o" ! + Jbo|v”) (hy — djv) Xjuda +
B37‘
+ 2)\/ n(a;; X;v + d;jv — hj)vaﬁe_wo"“dx n
Bg,.
+ )‘/ (biXiv + cv — f)n%ﬁeflbolvdw'
Bs,-
Since v is bounded we may drop the exponential to obtain
[ et <
BST‘

< O(M, bo) [2)\ /

Bs

nainivXjnvﬁdij)\]B]/ \deva|vﬁ772d:L’+
BST

20 [ |di 0P T X da 42X [ [0 X da + X [ b | Xavn®o® +
B3, B3, Bsr
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—I—)\/ |c|n?v® T dx + /\/ | fln*vPda +
BST

Bs

+ || thijﬂ_and:E—i—)\/ |d;||vg,

77211/3(133] )
B37‘ B3,r.

Now, set V' = i Ll e + i 4 LY f| 4 k2 i Ial®
: w A w : o
=1 j=1 i1

Use of the Young inequality yields

/ 0P Xv|Pwdr <
Bgy

1 1\?
’B’ﬁ—; /Uﬂ+1|Xn|2wdx_|_ (’ﬁ|ﬁ+ )/ Vn2vﬂ+1dl‘] <
B3,r B3r

1\ 2
< C(M, by, \) <|6|ﬁ+ ) [/ VP X Pw dx—l—/ V772v6+1dx} . (10)
Bgr BS'I‘

S C(Ma b07 )‘)

B v%(x) if g#—1
We set  U(z) = {logv(x) - 1. By (10) we have

/ | XU|Pw(z) do <
Bs

2 |ﬁ|+1)2{ 2 12 2712 }
<CB+1) ( 5 /B3T|X17\ U w(a:)da:—{—/BSr ViU dx (11)

in the case § # —1, while

/ 7| XUPPwdr < C’{/ |X77|2wda:—|—/ Vn2dx} (12)
Bgr BSr BS'r'

if 8 = —1. Let us start with the case § = —1. By Theorem 2.9 we have

/ n2|XZ/{|2wdx§C’(/ |X77|2wd1:+/ 772de> :
B3r B3r B3’I‘

Let By be a ball contained in B,,. Choosing n(z) so that n(x) = 1 in By,
C
0<n<1lin Bs, \ By and |Xn| < E,Weget

w(By)?
o

By Sobolev’s Theorem 2.4 and John-Nirenberg’s Lemma (see [2]) we obtain U =
logv € BMO. Then there exist two positive constants py and C', such that

S 1
<7[ oMy dm) " (7[ e Pty dx) " <C. (13)
BQT B2'r

XUl 28,y < ©
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Let us consider the following family of seminorms

v = ( [ et i) RS

By (13) we have

1

W‘P(m, 2) < Cls(Bay) /P (—po, 2r) .

In the case (11) by Theorem 2.9 we obtain
1\ 2
/ | XU|*Pwdr < C (ﬁi> +1
Bg, 2
1

— Urwdx . (14)
e () ) J e

18l

1\?
<1+—) | Xn|*Uw dx +
|ﬁ| B37‘

Q+2

By Sobolev’s inequality we have

1
( |T]U\prdx) <
Bsr

, 1Y)
< CW(BgT)Tl{ (H——) | Xn|*"Uw dx +

‘/Bl BBT

Q+2

2
(57) +2
1

) ke

]

where c is a positive constant independent of w.

Now we choose the function 7. Let r; and 5 be real numbers such that » < ry <
ro < 21 and let the function 7 be chosen so that n(z) = 1in B,,, 0 < n(z) < 1in
B,,, n(z) = 0 outside B,,, |Xn| < —— for some fixed constant c. We have

i (55)

Q+2

1
p=

U w(r) d:l?) < C’w(Bg,q)%’l !

(rg —11)?

1

1)? 1 )
.(1+W) -1 (v.(%)—2 <1+|%>2) /B Uw(z)dz .

= 2
w’
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Setting v = f + 1 and recalling that U(z) = v (x), we get for negative

A GE)] et W

This is the inequality we are going to iterate. If v; = 7ipy and r; = r + =& 50
i=1,2,..., iteration of (16) and use of Lemma 2.11 yields

B(—00,7) > C(¢v, diam Q)w(Bs,) o B(—po, 2r)

Therefore by Holder inequality,

1

1
D(pp, 2r) < ®(po, 2r)w(Bs, ) . py < pp.

So we obtain  w™(By,)®(1,2r) < C ®(—oc,r) and the result follows. O

We state the following weak Harnack inequality for subsolutions.

Theorem 3.3. Let w be a weak nonnegative subsolution of (7) in Bs, CC Q.
Assume (6) and (8). Let M > 0 be a constant such that w < M in Bs,.. Then
there exists C' depending on QQ, M, \ and the Ay constant of w, such that

oot o ()« (S4((2)'x))

From previous results we obtain

Theorem 3.4. Let w be a weak nonnegative solution of (7) in Bs, CC Q. As-
sume (6) and (8). Let M be a constant such that w < M in Bs.. Then there
exists C' depending on @QQ, M, X and the Ay constant of w such that

a0 < dming,+0 (L) + <Z¢<( ) )>/

Now we prove that weak solutions of (7) are continuous with respect to the
Carnot-Carathéodory metric.

Theorem 3.5. Let u € W'2(Q,w) be a weak solution of (7) such that (6) and
(8) hold true and supg |u| = L < +o00. Then u is continuous in €2.
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Proof. Let B, be an arbitrary ball contained in €2 and the functions

M =M(r)=maxu and m =m(r)=min u.

r B,

If we set w = M(r) — u, W is a non negative weak solution of the equation
b
— X7 (ai; Xju — dju) + XOW|XU|2 + b Xu+cu=(Mc— f)— X (Md; — h;)

in B,, with

2
Mc—f’(Md'L_h’L> ES/(Q,W>

w w

By Harnack’s inequality we obtain

and Eﬁ(r)¢(g;r)+<§;¢<(%>2;r>>m,

where 7 = Mc — f and h; = Md; —_hi. We remark that h is a positive non
decreasing function such that lim, ,oh(r) =0 and (see Lemma 2.8)

E(r)ﬁ%ﬁ(%), 0<K<1. (17)
Then M(@r) —m (g) <C {Mm M (g) + E(r)} . (18)

In the same way, setting u = u — m(r) we obtain

M (g) —m(r)<C {m (g) —m(r) + h(r)} : (19)

Adding (18) and (19) we get

0(5) - (5) = St o+ 22 ).

Set, for p > 0, o(p) = M(p) —m(p), and 6 = S, h(r) = F5K?h(r). We have

e (3) < (3) <temr+n(3)
and the conclusion follows by Lemma 2.10. O

The next result is a natural consequence of the previous one if we assume the
lower order terms to belong to the Morrey classes M,. Namely
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Theorem 3.6. Let u € Wh2(Q,w) be a weak solution of (7) such that (6) holds

true,
2 2 2
<E) ) E? <%> Y i? (E) E MU(Q7 w) Y
w w \w w \w

and supq |u| = L < +00. Then u is locally Holder continuous in €.
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