Minimax Theory and its Applications
Volume 4 (2019), No. 1, 101-112

Multiple Entire Solutions for Schrodinger-Hardy
Systems Involving Two Fractional Operators

Alessio Fiscella

Departamento de Matemadtica, Universidade Estadual de Campinas, IMECC,
Rua Sérgio Buarque de Holanda, 651, Campinas, SP, CEP 13083-859, Brazil
fiscella@ime.unicamp.br

Received: September 25, 2018
Accepted: November 21, 2018

The paper is devoted to the study of the following fractional Schrédinger-Hardy system in R™

s m—2 |u|m72u
(_A)mu+a(z)|u| U —pH |x|ms =Hu(x,u, U)a
v[P~2y
(—A);v + b(m)|v\p_20 -0 | ||J;PS = H,(z,u,v),

where p and o are real parameters, dimension n > ps, with s € (0,1), 1 <m < p < m} =
mn/(n —ms), a and b are positive potentials, while H, and H, are derivatives of a suitable
continuous function H. The main feature of the paper is the combination of two possibly
different fractional operators and different Hardy terms with a nonlinearity H which does not
necessarily satisfy the Ambrosetti-Rabinowitz condition. By using the symmetric mountain pass
theorem, we provide the existence of an unbounded sequence of nonnegative entire solutions.
For this, we complete the picture of the existence result stated in Theorem 1.1 by the author,
P.Pucci and S. Saldi in [“Ezistence of entire solutions for Schrodinger-Hardy systems involving
the fractional p-Laplacian”, Nonlinear Anal. 158 (2017) 109-131].
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1. Introduction

Jointly with Pucci and Saldi, we recently studied in our work [10] the following
fractional Schrodinger-Hardy system in R”
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where 11 and o are real parameters, n > ps, with s € (0,1), 1 <m <p <m} =

mn/(n —ms) and (—A)? is the fractional p-Laplacian operator, ¢ > 1, which,

up to normalization factors, is defined for z € R™ by

AV ols) = 2 Tim () — o(y)[* 2 (p(x) — ¢(y))
( A)p@( ) 251_>0+ R\ Be(o) |z — y|rtes dy

along any ¢ € C§°(R"™); see [7] and the references therein.

The weight functions a and b are of class ¥ (R™). The family ¥ (R") consists of
all functions V' € C'(R") satisfying

(Vi) 'V is bounded from below by a positive constant;

(Vo)  there ewists k > 0 such that limyy|_,o meas({x € B,(y) : V(z) < c}) =0 for
any ¢ > 0,

where B, (y) denotes any open ball of R™ centered at y and of radius x > 0.
Condition (V3), which is weaker than the coercivity assumption, V(x) — oo as
|z| — oo, was originally discussed by Bartsch and Wang in [3] to overcome the
lack of compactness.

The nonlinearities H, and H, in (1) denote the partial derivatives of H with
respect to the second variable and the third variable, respectively. In the main
result [10, Theorem 1.1], we provide the existence of an entire solution of (1),
whenever the nonlinearity H satisfies

(H)) H:R" x R? — R is continuous and admits partial derivatives H, and
H, of class C(R™ x R?), H > 0 in R" x R?, H(x,0,0) = 0 in R™ and
Hy(x,u,v) = 0if z € R" and u < 0, v € R, while H,(x,u,v) = 0 if
re€R", ueR andv <0

(Hy) There are an exponent q € (p,m%) and a number X € [0, \,) such that for

S

every € > 0 there exists C. > 0 for which the inequality
|H.(2,2)] < A+ )|z + C|2|7, 2= (u,v), 2] = Vu2 + 02,

holds for all (z, z) ER"XR?, where ), is introduced in (4) and H,=(H,, H,);

H
(H3) lim (z,2) = oo, uniformly in R™;
|z| =00 |Z|p
u>0Vo>0

(Hy) There exist a nonnegative function g of class L*(R™) and a constant Cr > 1
such that F(z,tu,tv) < CpF(z,u,v) + g(x) for a.e. x € R™ and all
u€eRS, veR] and t € (0,1), where

F(x,z)=H.,(x,2) -z —pH(x,z2).

By assuming (H)—(H,), [10, Theorem 1.1] generalizes the existence result of [16,
Theorem 1.3], where system (1) is considered with ¢ = o = 0, namely without
Hardy terms.
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Besides [10, 16], there have been made very few attempts to study systems driven
by two possibly different @-fractional operators. We refer to [12], where the
authors provide existence and nonexistence results for a system with two coupled
subcritical terms. Also, we recall [6] for a multiplicity result in a similar context,
with a nonlinearity H satisfying the Ambrosetti-Rabinowitz condition. While,
for the study of a system with equal fractional operators and involving Hardy
terms, we mention [11], where two Kirchhoff coefficients are also considered.

Motivated by the above works, in the present paper we provide the multiplicity
of entire solutions of (1). For this, we require the following symmetric condition
for H

(Hs) H(z,—u,—v)= H(z,u,v) for a.e. x €R", forallue R andv € R,

and we assume a weaker condition than (Hj), given by

(Hy)  Tim ZHE)

|z| =00 |Z|p

= oo, uniformly in R™.

For models and general comments on nonlinearity H satisfying (H;)—(Hjs) and
(H}), we refer to the Introduction of [10].

From this setting, we can introduce the functional space and some related con-
stants, which play a crucial role on the resolution of (1). Let 1 < p < co. By
Theorems 1 and 2 of [14], we know that

s(1—s o . pn
@ SC"@( ps>p 1[ }s,p? @s_n_ps7 n > s,
(2)
dz
P < ( S) & _/ ®
lullf, < S P ps)p[ [Cor Ml - Ju()| B

for all w € D%®(R"), where the positive constant ¢, , depends only on n and
o, and D®9(R™) is the fractional Beppo-Levi space, that is the completion of
C5°(R™), with respect to the norm [-], , set as

p(y)]? e
(//]RQ“ |{L‘— |n+p5 dx dy) y

well defined along any test function ¢ € C5°(R").

Thus, we can set the best fractional Hardy-Sobolev constant, which for all p > 1
is denoted by H,, = H(p,n, s), and is given by

Hp _ inf [u]fp (3)

ueD*#(®") [|ullf
u#0

where || - ||z, is defined in (2). Clearly, H,, > 0 thanks to (2).
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The natural solution space for system (1) is the real Banach space W =E,, ,xE, ,

endowed with the norm ||(u,v)|| = ||u||g,, ., + [[v||g,,, Wwhere

By = {u € D" (R™) /na(x)|u(:r)|mdx < oo} ,

E,, = {v e D*P(R") : / b(2)|v(@)Pde < oo} ,

n

1/ 1/
ull £ro = ([Wem + lullima) ™ 0lls,, = (W5, +0llh,) "

and [l¢[lpv = ([gn V(m)|<,0|pdx)1/@ forall p > 1,V € #(R") and p € L?(R"™, V).
As noted in Lemma 2.2, see [5, Lemma 4.1] for a proof, under the solely con-
dition (V7), the embeddings W — W*™(R") x W*P(R™) — L*(R") x L(R")
are certainly continuous for all v € [p,m*], being 1 < m < p < m’. Thus, the
numbers

A = in {nunzm el - / (uy0)dr = 1} (4)

are well defined and strictly positive.
Now, we are ready to introduce the multiplicity result of the paper.

Theorem 1.1. Let s € (0,1), n > ps and 1 <m < p < m?. Assume that (Hy),
(Hy), (H}), (Hy), (Hs) hold true, and a, b satisfy (V1) —(Va).

Then, system (1) admits an unbounded sequence of nonnegative entire solutions
in W, for any p € (—oo, Hum,) and for any o € (—oo,H,) such that

Om | 1 o~ |
-2 (p 2 0) 2 0 5
w14 5n) 5 () =o 5

where 0,,, denotes the Kronecker delta of m and p, and

A
1—————2P*1A—>o, (6)

being A € [0, \,) given in (Hy).

The proof of Theorem 1.1 is mainly variational, based on the application of the
symmetric mountain pass theorem due by Ambrosetti and Rabinowitz; see [13,
Theorem 11.5]. For this, we first need a technical lemma for subspaces of W which
helps us in verifying the mountain pass geometry. This lemma is the vectorial
counterpart of a result given in [8], which forces (5). A similar restriction to (5)
already appeared in [8], where it is well explained why (5) is a consequence of the
setting of (1) in the whole space R™. While, (6) is crucial also for the existence
result stated in [10, Theorem 1.1]. Hence, Theorem 1.1 somehow completes the
picture of [10, Theorem 1.1] and [16, Theorem 1.3].
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This article is organized as follows. In Section 2, we construct the weak formu-
lation of (1) and present some preliminary results. In Section 3, using the sym-
metric mountain pass Theorem 2.1, we prove Theorem 1.1. Finally, in Section 4
we extend Theorem 1.1 when the fractional g-Laplacian operator is replaced by
a more general elliptic nonlocal integro-differential operator, generated by a sin-
gular kernel K, satisfying the natural assumptions described by Caffarelli, e.g.,
in [4]. See also [9] and the references therein.

2. Preliminaries

From now on, we assume that n > ps, s € (0,1), 1 < m < p < m?, (Hy),
(Hy), (HY), (Hy) and (Hs) hold true, a and b satisfy (V1) —(Va), without further
mentioning. As a matter of notations, we denote with t* = max{t,0} and
t~ = min{¢, 0} respectively the positive and negative part of a numbert € R. Also,
we indicate with ||(+, )|, the norm of the product Lebesgue space L”(R™) x L¥(R™),
for any v € [1, 00].

We start this section by defining the variational setting of equation (1). We say
that the couple (u,v) € W is an entire (weak) solution of (1) if

<u7¢>Em,a + <U7 W>Ep,b - /’L<u7¢>Hm - U<U7W>Hp

_ / (Ho(z, u,0)(2) + Hy(z,u,0)0(2)|de (7)

n

for any (®,¥) € W, where

ey = [ )N ) - w)00) = U0,

|z —y[rte

n

(U, P g0 = (U, D) s m +/ a(x)|u(z)|™ *u(x)d(x)dz,

005, = (0.0t [ H@lela)l20(a) (o),

n

(B, = [ @)™ (@) B@) T 0,0 = [ ()P (@) ()

R" e R" |

Clearly, the entire (weak) solutions of (1) are exactly the critical points of the
Euler-Lagrange functional associated with (1), that is of

1 m 1 W m o
T ,0) = Nl + ol = ol = ol — / H(w,u,0)de.

The functional I, is well defined in W, of class C'(W) under the conditions
(Hy) -~ (Hs), and for any fixed (u,v) € W and all (®,¥) € W it satisfies

<I/.,l,,0'(u7 U), <¢7 W» = <u? ¢>Em,a + <U> lI/>Ep,b - :u<u7 ¢>Hm - U<U7 W>Hp

— /W[Hu(x,u, )@+ Hy(z,u,v)¥]dx.
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The idea is to apply the following symmetric mountain pass theorem of Am-
brosetti and Rabinowitz, given in [13, Theorem 11.5], to the functional I, ,.

Theorem 2.1. Let X be infinite dimensional Banach space and J € C'(X) a
functional satisfying the (PS) condition as well as the following three properties:
(i)  J(0) =0 and there exist r, a such that J|gp, > «;

(ii) J is even;

(iii) for all finite dimensional subspaces X C X there exists R = R(X) > 0 with

J(u) <0 for any u € X \ Br(X)

where Bp(X) ={ue X : |ju|| < R}.

Then, J possesses an unbounded sequence of critical values characterized by a
minimaz argument.

We end the section by recalling some basic facts on the fractional Sobolev space
W. By [15, Lemma 10], we have that E,,, = (Enq | - |g,..) and E,, =
(Epy, ||-||&,,) are two separable, reflexive Banach spaces. Hence, W = (W, ||-||) is
a separable and reflexive Banach space by [1, Theorem 1.12]. Furthermore, com-
bining the results of [5, Lemma 4.1] and [15, Lemma 2.1], we get the following
embedding lemma.

Lemma 2.2. Let (V) hold. Then the embeddings
W s W™ (R") x W*P(R™) < L*(R") x L*(R")
are continuous if v € [p,m}], and

1w, o)l < lully + vl < Cull(w, 0)|| for all (u,v) € W, (8)

where C, depends on v, n, s, m and p. If in addition also (V) holds, then the
embedding W —— L”(R™) x LY(R™) is compact when v € [p,m?).

The number C, in (8) is related to A, defined in (4) by C, = A

3. Multiple solutions of (1)

In order to prove Theorem 1.1, we shall apply Theorem 2.1 to the functional I, ,
introduced in Section 2.

Let us recall that a functional J: X — R of class C'(X), on a real Banach space
X = (X, |-, with its dual space X', is said to satisfy the Cerami condition (C)
if any Cerami sequence associated with J has a strongly convergent subsequence
in X. A sequence (uy)g in X is called a Cerami sequence, if (J(ug))x is bounded
and (1 + |lugl]) - || (ur)||x» — 0 as k — oc.

Then, by [10, Lemma 3.2], with (H}) instead of (Hj), we still have the following
compactness result for I, ,.



A. Fiscella / Multiple Entire Solutions ... 107

Lemma 3.1. The functional 1, , satisfies the Cerami condition (C) in W for all
p < Hp and for all o < H,.

We introduce the next technical lemma, to prove part (iii) of Theorem 2.1.

Lemma 3.2. For any finite dimensional subspace W c W, there exists 6 > 0
such that

[z € R™: [(u(w), v(x))| > 8||(w,0) [} = 6, for any (u,0) € W\ {(0,0)}.

Proof. Let us argue by contradiction and suppose that for any k& € N there exists
a nontrivial (ug,vg) € W such that

1 1
{x e R": [(ug(x),v(z))| > EH(uk’Uk)”H < for any k£ € N.

Let (Uk, Vi) = (ug, vg) /|| (ug, vi)|| € W so that (Ug, Vi)|l = 1 and

erw: (U(2), Vi(2))] > %} < % for any k € N. (9)

Since {(Ug, Vi) }x is bounded in W finite dimensional, up to a subsequence, still
denoted by {(Uy, Vi) }, there exists (U, V) € W such that (Ug, Vi) — (U, V) in

1% as k — oo. While, by Lemma 2.2 and considering all norms are equivalent
in W, we also have (Uy, V) — (U,V) in LP(R™) x LP(R™) as k — oo. Hence,
considering ||(U, V)| = 1 and since (U, V) is nontrivial, there exists dy > 0 with

{z e R": [(U(z),V(2))] = do}| = do. (10)
Let us set AN ={zeR": |(U(z),V(z))| > do}

and for every k € N A ={z e R": |(Ug(x), Vi(x))| > 1/k}.

>(SO

25 for k sufficiently

By (9) and (10), we get |Ax N Ag| > [Ao| — |AL] > 6o —

large. Therefore, we obtain

| =

1(Us Vo) — UV > / (U Vi) — (U.V)Pda

ArNAg

1\? o p+1
> [ @P - | ) do (50——) Ap N Ag| > (‘) >0,
ARNAo k 2

which is in contradiction to the fact that (Uy, Vi) — (U,V) in LP(R") x LP(R™)
as k — oo. [



108 A. Fiscella / Multiple Entire Solutions ...

Now, we are in position to prove Theorem 1.1.

Proof of Theorem 1.1. Fix py € (—o0,H,,) and 0 € (—oo,H,). We want to
apply Theorem 2.1 to functional I,,. For this, by Lemma 3.1, functional I, ,
satisfies the Cerami condition and so the Palais-Smale condition (PS). Also, by
(H;) we have that I, ,(—u, —v) = I,,,(u,v) for any (u,v) € W, proving (ii).

Let us show that ,, satisfies condition (i). Take ¢ > 0, with 2P¢/\, = Kk —
2P=1\/),, where k = min{l — pu*/H,,, 1 — 0" /H,} > 0. This is possible thanks
to the restriction (6). By (4), (8) and (Hz), we have for all (u,v) € W, with
[(w, 0)| <1,

1 wr 1 ot
I o ) > — 1 - m - 1 —_ p
Hy (U 'U) ~m ( Hm) HuHEmya + P ( Hp) H/UHEPJ,

1
— —/ (A +€)|(u,v)[Pdz — C. |(u,v)|%dx
p n Rn
K 1
> = (|lull,,, +llvliE,,) - I;(A +e)ll(u, v)[; — CCll(w, 0)[|*  (11)

S

1 1A +e
> e (5= 255 ) Hw ol - gl oy

1 A ~
= ( =2 = 2 CCY|(u,v)|° ) |, )17
4

Now fix r € (0,1) so small that x —2°~'A/\, — 2Pp C.CI 7?7 > 0. This can be
done by (6). Therefore, for all (u,v) € W, with ||(u,v)|| = r, we have

rP A
Lio(uv)> — (k=2"""= —2"pC.CIrT7 ) =a >0
sy (U U) - 2pp (K’ )\p p q r ) (6%

proving (i) of Theorem 2.1.

In order to conclude, we must prove that the functional /,, satisfies condition

(iii) of Theorem 2.1. Indeed, for any finite dimensional subspace W C W, by
Lemma 3.2 there exists 6 > 0 such that

{z e R™: |(u(x), v(@))] = 6] (u,0)[[}| = 6, for any (u,v) € W\ {(0,0)}. (12)

Thus, by (Hj), there exists p > 0 such that

for any = € R" and any |(u,v)| > p. (13)

For any (u,v) € W\{(0,0)}, let us set Q = {z € R": |(u(x),v(x))| > §||(u,v)||},

with || > § by (12). Then, for any (u,v) € W with l(u,v)|| > p/d, by (3) and
(13) we have
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1 m I m 1 o
Luo(u,v) = —ullg,,, — —llull, + }—jllvll%p,,, - Ellvlll}}p - /R H(z, u,v)dz

O L O 2 o N o
<o (g a5 (1 5 g, - [l

1 - 1 B
<o (1 5 o+ (1+ ) o - o,
(14)
From this, let us distinguish two situations.
If m < p, by (14) we obtain
Lo (u,0) < (D1 = Do (u, 0)[P7) || (u, 0) I, (15)

1 B 1 -
with D =— 1—|—M >0 and Dy=1— - 1+m > 0,
m H, p Hp

thanks to (5). Therefore, choosing R = R(W') such that

R > max{p/é, (DI/D2>1/(p_m)}7

by (15) we have 1, ,(u,v) < 0 for any (u,v) € W with |(u,v)|| > R, proving (iii).
If m = p, by (14) we get
1 w1+ !fﬂ)]
Lio(uyv) < —|1—=-24 —+— u, )|,
o) < = 1= (24 LD )

from which, also by (5), it is enough to consider R = R(W) with R > p/d to
show that 1, ,(u,v) < 0 for any (u,v) € W with |(u,v)|| > R, proving again (iii).

Thus, by applying Theorem 1.1 we prove the existence of an unbounded sequence
of entire solutions of (1). Now, let (u,v) € W\ {(0,0)} be an entire solution of
(1). Taking @ = v~ = min{0,u} and ¥ = v~ = min{0, v} in (7), and considering
the following elementary inequality valid for all p > 1

& =079 <=2 E—n)(E —n7) for {,nER,

we have by (H;) and (6)
0= / [Hy(z,u,0)u” + Hy(z,u,v)v"|dx

+ +
1 ym o -
> (1= 4 ) b+ (1= ) 1ol >0

In conclusion, v~ =0 and v~ = 0 a.e. in R", that is, v > 0 and v > 0 a.e. in R™.
This completes the proof. [
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4. Multiple solutions of (16)

In this section, we extend Theorem 1.1 when the fractional p-Laplacian operators
are replaced by more general elliptic nonlocal integro-differential operators.

Hence, we consider in R™ problem

’m—2

lu|™*u

— L, u+ a(z)|u|™ *u — MW = H,(z,u,v),
(16)
p—2
— L, v+ b(z)|v|P v — U|7|x|psv = H,(z,u,v),

governed by the operator —L,,, which up to a multiplicative constant depending
only on n, s and g is defined for all x € R™ by

~Lip(@) = | lo(@) = o@)"le(z) — W) Ko(z — y)dy,
Rn
along any function ¢ € C3°(R").
The weight K,: R"\ {0} — R*, p > 1, satisfies the natural restrictions
(Ky) there exists a number Ko > 0 with K (x)|x|""9* > Ky for all x€R"\{0};
(Ky) mK, € L'(R"), where m(x) = min {1, |z|*}.

Without loss of generality we are allowed to suppose that K, is even, since the
odd part of K, does not give any contribution in the integral above. Clearly, when
K, (z) = |z|~("*99) the operator —L, reduces to the more familiar fractional

p-Laplacian operator (—A)?.

Let us denote by Dy (R") the completion of Cg°(R") with respect to

o, = ([ [ 1) = w1 B = ey ) "

which is well-defined by (/). The embedding D" (R") < D**(R") is continu-
ous, since [uls, < Ko_l/p[u]ﬂ{p for all uGD}Z(R") by (K1). Thus (2) is still valid.

The natural solution space for (16) is Wi = Ek,, o X Ek, 5, Where

Er o= {u € DI (R™) - /na(x)|u(x)|mdx < oo} ,

By = {v € D} (R"): / b(a)|vo(2))de < oo} ,

endowed with the norm |[(u, v)|| = [[ul|p,, . + [IV]|Eg, ,» With

1/ 1/p
il o = ([0, + lale) ™ Iolmg = (B8, +l0l,) -
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Assuming only condition (V}), the embeddings
Wk — Wg"(R") x WIS(’:(R”) — LY(R"™) x L"(R")

are certainly continuous for all v € [p, m?], since 1 < m < p < m?! and, again, by
Lemma 2.2. Thus, the numbers

n=int {ull,,,, + ol o [ ol =1} (17

R

are well defined and strictly positive.

From this setting, the proof in Section 3 can proceed in the same way, up to
the replacement of the appropriate norms. Thus, we obtain the following result,
recalling that A, in (H) is now defined by (17).

Theorem 4.1. Let s € (0,1), n > ps and 1 < m < p < m’. Under the
assumptions (K1) —(Kz) on K, and K,, (Hy), (H2), (Hj), (Hi), (Hs) and
(V1) =(Va) on a and b, system (16) admits an unbounded sequence of nonnega-
tive entire solutions in Wy, for any p € (—oo, H.,) and for any o € (—o0, H,)
verifying (5) and (6).

Theorem 4.1 somehow completes the picture of [10, Theorem 5.1].

Acknowledgements. The author realized the manuscript within the auspices
of the FAPESP Project entitled “Fractional problems with lack of compactness”
(2017/19752-3) and of the CNPq Project entitled “Variational methods for sin-
gular fractional problems” (3787749185990982).

References

[1] R.A.Adams, J.J.F.Fournier: Sobolev Spaces, 2nd ed., Academic Press, New York
et al. (2003).

[2]  G.Autuori, P. Pucci: Ezistence of entire solutions for a class of quasilinear elliptic
equations, Nonlinear Diff. Equations Appl. 20 (2013) 977-10009.

[3] T.Bartsch, Z.Q.Wang: FExistence and multiplicity results for some superlinear
elliptic problems on RY, Comm. Partial Diff. Equations 20 (1995) 1725-1741.

[4] L. Caffarelli: Non-local diffusions, drifts and games, in: Nonlinear Partial Differ-
ential Equations, H. Holden, K. H. Karlsen (eds.), Abel Symposium 7, Springer,
Berlin et al. (2012) 37-52.

[5] M. Caponi, P. Pucci: Existence theorems for entire solutions of stationary Kirch-
hoff fractional p-Laplacian equations, Ann. Mat. Pura Appl. 195 (2016) 2099—
2129.

.Chen, G.Bao, H.Song: ultiple solutions for a class of fractional (p,q)-
6 C.Ch G.B H.S Multipl l f l f f l
Laplacian system in RN, J. Math. Phys. 59 (2018) 13 pp.

[7]  E.Di Nezza, G.Palatucci, E.Valdinoci: Hitchhiker’s guide to the fractional
Sobolev spaces, Bull. Sci. Math. 136 (2012) 521-573.



112

[13]

[14]

A. Fiscella / Multiple Entire Solutions ...

A.Fiscella:  Schriodinger-Kirchhoff-Hardy p-fractional equations without the
Ambrosetti-Rabinowitz condition, Discrete Contin. Dyn. Syst. Ser. S (2019), to
appear.

A. Fiscella, P. Pucci: p-fractional Kirchhoff equations involving critical nonlinear-
ities, Nonlinear Anal. Real World Appl. 35 (2017) 350-378.

A.Fiscella, P. Pucci, S. Saldi: Existence of entire solutions for Schridinger-Hardy
systems involving the fractional p-Laplacian, Nonlinear Anal. 158 (2017) 109-131.

A. Fiscella, P. Pucci, B. Zhang: p-fractional Hardy-Schrodinger-Kirchhoff systems
with critical nonlinearities, Adv. Nonlinear Anal. (2019), to appear.

Y.Fu, H.Li, P. Pucci: Existence of nonnegative solutions for a class of systems
involving fractional (p, q)-Laplacian operators, Chin. Ann. Math. Ser. B 39 (2018)
357-372.

Y. Jabri: The Mountain Pass Theorem. Variants, Generalizations and some App-
lications, in: Encyclopedia of Mathematics and its Applications 95, Cambridge
University Press, Cambridge (2003).

V.Maz’ya, T.Shaposhnikova: On the Bourgain, Brezis, and Mironescu theorem
concerning limiting embeddings of fractional Sobolev spaces, J. Funct. Anal. 195
(2002) 230-238.

P. Pucci, M. Xiang, B.Zhang: Fxistence and multiplicity of entire solutions for
fractional p-Kirchhoff equations, Adv. Nonlinear Anal. 5 (2016) 27-55.

M. Xiang, B.Zhang, Z.Wei: FEzistence of solutions to a class of quasilinear
Schridinger system involving the fractional p-Laplacian, Electron. J. Qual. Theory
Differ. Equ. 107 (2016) 1-15.



