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We consider a potential W: R™ — R with two different global minima a_,a; and, under a
symmetry assumption, we use a variational approach to show that the Hamiltonian system

i = Wy (u), (*)

has a family of T-periodic solutions u” which, along a sequence T; — 400, converges locally to
a heteroclinic solution that connects a_ to a;. We then focus on the elliptic system

Au =W, (u), u: R? - R™, (**)

that we interpret as an infinite dimensional analogous of (*), where x plays the role of time and
W is replaced by the action functional Jg(u) = [ (|uy|> + W (u))dy. We assume that Jg has
two different global minimizers _, 44 : R — R™ in the set of maps that connect a_ to a;. We
work in a symmetric context and prove, via a minimization procedure, that (**) has a family
of solutions u”: R? — R™, which is L-periodic in z, converges to a4+ as y — +oo and, along a
sequence L; — 400, converges locally to a heteroclinic solution that connects %_ to .

Keywords: Action-minimizing solutions, periodic orbits, homoclinic orbits, heteroclinic orbits,
variational methods.
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1. Introduction

The dynamics of the Newton equation

W= W), W) = }1(1 _ ), (1)
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includes a heteroclinic solution u : R — R that connects —1 to 1:

lim w(t) = £1,
t—+o0
and a family of T-periodic solutions u” that, along a sequence T; — +o00, con-

verges to uf!

: Ty _ , H
P w (t) = u”(2),

uniformly in compact intervals. Each map ¢ — u” () satisfies

T T
uT(Z—t):uT<Z+t), t € R,

and therefore oscillates twice for period on the same trajectory with extremes at

u”(£T) where the speed 4(+%) vanishes and for this reason is called a brake

orbit. There is a large literature on brake orbits [19], [17], [8], [22].

We can ask whether a similar picture holds true in the vector case where the
function W: R™ — R, m > 1 satisfies

0=W(ay) < W(u), u#ay, (2)

for some a_ # a; € R™, or even in the infinite dimensional case where the
potential W is replaced by a functional J : H — R, where H is a suitable
function space, with two distinct global minima w4 € H that correspond to the
zeros a4+ of W in the finite dimensional case.

If we assume that W is of class C? and that as are non degenerate in the sense
that the Hessian matrix W, (as) is positive definite, the existence of a family
of T-periodic brake maps that, as T" — +00, converges to a heteroclinic connec-
tion between a_ and ay can be established by direct minimization of the action
functional

ty 1

Sy ) (1) = / (§|U|2 + W(u))ds, —00 <t} <ty < 00,
ty

on a suitable set of admissible maps u € H*((t},t%);R™). Indeed the non de-

generacy of ax implies that, for small 6 > 0, the boundary of the set {u € R™ :

W(u) < 0} is partitioned into two compact connected subsets I'_ and '} that

satisfy the condition
Wy(u) #0, uely. (3)

Then Theorem 5.5 in [6] or Corollary 1.5 in [12] yields the existence of a brake
orbit u’ that oscillates between I'_ and I';. and whose period T diverges to 400
as & — 0. Moreover ©’ has constant mechanical energy —4:

S~ W) =~ (4)

and is a minimizer of the action functional in the class of maps that satisfy (4).
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This fixed mechanical energy approach has been extended to the infinite di-
mensional setting where J: H — R is assumed to be the action functional
defined in (9) by Alessio in [2] under the assumption that W is invariant un-
der the reflection that exchanges a, with a_ and by Alessio and Montecchiari
in [3] in full generality without requiring the above mentioned symmetry. In
the infinite dimensional setting the analogous of the set {WW(u) < 0} is the set
W? ={ue€H:Ju)—Jus) <46} and § > 0 is a regular value only in a dense
set and therefore in [2] the existence of a periodic brake orbit is guaranteed only
for a dense set of values of the mechanical energy —¢§. This limitation is removed
in [3] by a delicate analysis of the properties of the set W?.

In this paper we take a different point of view and instead of minimizing with
0 > 0 fixed, that is, with fixed mechanical energy, we minimize on a set of T-
periodic maps with fixed 7" > 0. This avoids any analysis of set W (u) < § (or
of the set W9 in the infinite dimensional case), but, on the other hand, requires
to restrict the minimization to a class of symmetric maps. Indeed, we can not
expect that u° is a minimizer in the class of maps of period T = Ty. Indeed,
returning to the case m = 1, we note that, as a solution of (1), u” is a critical
point of the action functional

ﬁwmwa[(§W+WMWu (5)

in the set of H' T-periodic maps but is not a minimizer. In fact it is well known,
see [7], [9], [13], that in the dynamics of the scalar parabolic equation

Uy = uy — W (u), u(t+T)=u(t),

nearest layers attract each other and therefore, for large 7', u” has Morse index
1 in the context of periodic perturbations.

To mode out this instability we assume that W is invariant under a reflection
v: R™ — R™ that is,
W(yu) = W(u), ueR™. (6)

In the finite dimensional case we assume that v exchanges a_ with a,:
a+ = 7 Qx, (7)
and we restrict ourselves to equivariant maps:
u(—t) = yu(t), te€R.

We show that, under these restrictions and minimal assumptions on W, the
existence of periodic solutions to

(8)

a_ulu)"“’aum

i= . W = (G @Kw)i

can be established by minimizing J 1) on a suitable set of T-periodic maps.
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In the infinite dimensional case, as in [2] and [3], our choice for the functional
that replaces W is the action functional

() = /R (%\u’F + W(u))ds, e i+ HY(R;R™), 9)

where W satisfies (2) and 1 is a smooth map such that lims_, 4., (s) = aq with
exponential convergence. We assume that (6) holds with 7 a reflection that, in
analogy with the finite dimensional case, satisfies

Uy (s) = yux(s), s€R, (10)
with @_ and @, distinct global minimizers of Jg on u + H'(R;R™). This is the
only symmetry assumption that we require for . Note in particular that we do
not require that W be invariant under the reflection that exchange a4 with a.

The maps u_ and @, represent two distinct orbits that connect a_ to a:

sginooui(s) = ay. (11)

a+

T Y
+ U_ 7pr Uy

Figure 1.1: The symmetry of W: finite dimension (left); infinite dimension (right)

We assume that u_ and @, are unique modulo translation. Note that (11) and
(10) imply that ay = yay, that is ay belong to the plane 7, fixed by 7, see Figure
1.1. We restrict ourselves to symmetric maps and replace the dynamical equation
(8) with

i = Vi2Jr(u) = —u" + W,(u).

This is actually an elliptic system which, after setting x = ¢ and y = s takes the
form

Uy + Uyy = Au = Wy, (u). (12)

We prove that for all L > Ly, for some Lo > 0, there is a classical solution
ul: R? — R™ of (12) which is equivariant:

uL<_x7 y) = ")/UL(.%, y)>
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L-periodic in € R and such that, along a subsequence L; — +00, converges
locally to a heteroclinic solution that connects u_ and u,. That is, to a map
ufl: R? — R™ that satisfies (12) and

lim v (2,y) =ax, and lim v (z,y) = s(y). (13)

y—+oo r—+o0

We remark that, in the proof of this convergence result, there is an extra difficulty
which is not present in the finite dimensional case: @#_ and @, are not isolated
but any translate u_(- — r) or uy (- —r), r € R, is again a global minimizer of
Jr. Therefore for each z there is a u € {u_,u,} and a translation h(z) that
determines the point @(- — h(x)) in the manifolds generated by @_ and 4, which
is the closest to the fiber ul(z,-) of u¥. The map h depends on L and to prove
convergence to a heteroclinic solution one needs to control A and show that can
be bounded by a quantity that does not depend on L and that, for L; — 400,
converges to a limit map h*: R — R with a definite limit for x — +o0.

The paper is organized as follows. After stating our main results, that is Theorem
1.2 in Section 1.1 and Theorem 1.5 in Section 1.2, we prove Theorem 1.2 and
Theorem 1.5 in Sections 2 and 3 respectively. The approach used in Section 3
was initiated in [11] and is based on the use of two Hamiltonian identities [14]
that allow for a special representation formula for the energy (see Lemma 3.5).
We include an Appendix where we present an elementary proof of a property of
the functional Jp.

1.1. The finite dimensional case

We assume that W: R™ — R is a continuous function that satisfies (2), (6) and
(7). We also assume that there is a non-negative function o: [0, +00) — R such
that [," o(r)dr = +oo and

VW(z) > 0o(z]), z€R™ (14)

Remark 1.1. The assumptions on W imply (see for example [12], [15] and [23])
the existence of a Lipschitz continuous map u’: R — R™ that satisfies

1
lim wu(t) = a4, §]u\2 —W(u) =0, and u(—t)=~u(t), t€R. (15)

t—+oo

We refer to a map with these properties as a heteroclinic connection between the
values a_ and a,. O

Define

AT = {u e HL(R;R™), u(% + t) - u(% - t), w(—t) = yu(t), te R}, (16)

!This condition was first introduced in [15]
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and observe that there exists @ € AT and a constant Cy > 0 independent of T' > 4
such that
J(O’T)(fb) < (. (17)

Indeed the map @ can be defined by
Wt) = Has +a+tay —a)), te[-1,1]
a(t) = ay, tell,L 1]

N

Since we are interested in periodic orbits near u? we restrict our search to orbits

lying in a large ball. Fix M as the solution of the equation

Co = V2 " o(s)ds. 18
/2<a+va_|> ) (18)

We determine T-periodic maps near heteroclinic solutions by minimizing the ac-
tion functional (5) on the set AT N {||ul|z~ < 2M}.

Theorem 1.2. Assume that W: R™ — R is a continuous function that satisfies
(2), (6), (7) and (14). Then, there exists Ty such that for each T > Ty there
exists a T-periodic minimizer u” of the functional (5) in AT N {||ul|p~ < 2M},
which is Lipschitz continuous and satisfies

1) Jon) <Co, 'l <M,

(i) u’(=t) =yu'(t),

(iii)  La”]2 = W) = =W (L' (£1)), a.e.

For each 0 < q < qq, for some gy > 0, there is a 7, > 0 such that for each T' > 47,

T
() 0l <. 1€ |rng -] 0€ Ol (19)
. r(, T
and therefore lim u (i—) = Q4.
T—4o00 4

Moreover, there is a sequence Ty — +00 and a heteroclinic connection u: R —
R™ between a_ and a such that

lim u®(t) = u(t)  uniformly in compacts.
J—+00

If W is of class O, then u” is a classical T-periodic solution of (8).
Note that, if ax is nondegenerate in the sense that the Hessian matrix W, (a+)
is positive definite or, more generally, if

Wa(u) - (v —ax) > plu — ai|2, for |u—ax| <,

for some p > 0, rg > 0, then (19) can be strengthened to

T
W' (1) — | < G, te |0, 7],
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where ¢, C' are positive constants independent of T'. This follows by
sl () —ay? > 20" - (u” —ay) =2W,(u”) - (u —ay) > 2pfu” —ayf?,

and a comparison argument.

Remark 1.3. Depending on the behavior of W in a neighborhood of ay it may
happen that the map u! connects a_ and a4 in a finite time, that is, 375 <
+o0 : ut ((=79,70)) N{a_,ar} =0, uf (£7) = ax. We do not exclude this case.
A sufficient condition for 75 = 400, is

W(u) < clu — ax]?,

for u in a neighborhood of ar. Note that, if 7y < +00, one can immediately
construct a T-periodic map u? (T = 47y) that satisfies (15), by setting

uT<§+t>:uH<§—t>, for te(O,%). ]

1.2. The infinite dimensional case

We assume that W: R™ — R is of class C®, that (2), (6) and (10) hold with @
as before. Moreover we assume

(hy) liminfj, 400 W(u) > 0 and there is M > 0 such that
W(su) > W(u), for|u|l =M, s>1. (20)

(hy) a4 are non degenerate in the sense that the Hessian matrix W, (as) is
definite positive.
For each r € R, u(- —r), u € {u_,u}, is a solution of (8). Therefore,
differentiating (8) with respect to r, yields u"” = W, (u)u’, showing that
0 is an eigenvalue of the operator T: H*(R;R™) — L*(R;R™) defined by

Tv=—v"4+Wu(W)v, @=1uy,

and @’ is a corresponding eigenvector.

(hg) The maps u4 are non degenerate in the sense that 0 is a simple eigenvalue
of T.

The above assumptions ensure the existence of a heteroclinic connection between
u_ and @y. This was proved by Schatzman [18] without restriction to equivariant
maps (see also [11] and [16]). The first existence result for a heteroclinic that
connects u_ to u, was given in [1] under the assumption that W is symmetric
with respect to the reflection that exchanges ay with a4, without requiring (10).
Remark 1.4. It is well known that the non-degeneracy of a4 implies

a(y) —ay| < Ke™, y >0, |a(y) —a-| < Ke®, y <0, 1)
@' (y)l, 7" (y)| < K™,y eR,

for some constants k > 0, K > 0.
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Under the above assumptions we prove the following:

Theorem 1.5. There is Lo > 0 and positive constants k, K, k', K' such that for
each L > Lg there exists a classical solution u”: R? — R™ of (12), with the
following properties:
() |ut(z,y) —a-| < Ke®, z€R, y <0,
lub(z,y) —ay| < Ke ™™, zeR, y>0.
ii) w” is L-periodic in v € R: ul(x + L,y) = ul(z,y), (z,y) € R
iii) w” is a brake orbit: u*(% + x,y) = v (L — 2,y),
iv) wul is equivariant ut(—z,y) = yut(z,y)

v) ul satisfies the identities:

allug (@, )z @amy — Jr(uh(2,-) = =Jr(u™(%,-)),
(ug (z,) ué(w, ')>L2(R;Rm) =0, zeR

1
(vi) u® minimizes J(u) = / <—|Vu\2 - W(u)) dz dy
(0,L)xR V2

on the set of the H.. (R*R™) maps that satisfy (ii)—(iv) and
limy 1o u(z,y) = ay.
(vii) minyer [[ub(z, ) — @y (- = 7)||p2@em) < K'e™™*, z € [0,%]. In particular,
as L — +oo, uL(%, -) converges to the manifold of the translates of u..
Moreover, there exist n € R, a sequence L; — +o0o and a heteroclinic solution

ufl: R?2 — R™ connecting ii_ to U, that satisfy

lim u (x,y —n) = U/H(xay)a (z,y) € RQ?

Jj—+oo

uniformly in C* in any strip of the form (—1,1) x R, for [ > 0.

Note that a byproduct of this theorem is a new proof of the existence of a hete-

roclinic solution u!! in the class of equivariant maps.

2. Proof of Theorem 1.2

From (17) we can restrict ourselves to consider maps in the subset
AgmM = {ue A" N {JJul|z= < 2M} : Jomy(u) < Col, (22)

where M is given by (18).
Step 1. uwe Al = |ulle~ <M.

Define Win(s) = min W(u), (23)

lu—a+|>s, |u|<2M



G. Fusco, G. F. Gronchi, M. Novaga / Ezistence of Periodic Orbits ... 121
Since u € AT implies u(0) = yu(0) we have
1
4(0) ~ ax] > Zlay —a_|
Therefore, given p € (0, 3|ay —a_|), for u € A, there are t, € (0, ﬁo(p)) and
a € {a_, a4} such that, for T > 4t,, it results
u(t) —az| > p, for te0t,), and |u(t,) —a| = p. (24)

Note, in passing, that since u € AT implies u(% —t) = u(% + t) we also have

‘u(%—t» —a‘ =p. (25)

Let t be such that |u(f)| = ||ul|z~, then we have

M
\/5/ o(s)ds = Coy > Jy, p(u)
2(la+|Vla-1)

llull Loo

Z/t V2W (u(t)a(t)|dt > V2 o(s)ds

la]+p

that proves the claim.

It follows that the constraint |ju||p~ < 2M imposed in the definition of the
admissible set is inactive for any u € Af, ;.

Next we prove a key lemma which is a refinement of Lemma 3.4 in [4] based on
an idea from [10], [20].

Lemma 2.1. Assume that u € H'((o, B); R™), (o, 8) C R a bounded interval,
satisfies for some C', M’ > 0:

Japy(w) <C', and |ul|pe < M’

Let gy = %\a+ —a_|. Given q € (0,qo], there is ¢'(q) € (0,q) such that, if

u(t;) —ar| < q'(q), i=1,2
lu(t*) —ay| > q, for some t* € (t1,ts),

for some a < t; < ty < B, then there exists v which coincides with u outside
(t1,t2) and is such that

w(t) —ay| <q, for t€[ti,ta], and Ju, 1) (v) < Juy 00y ().

Proof. For t,t' € R, we have

t t 1
|u(t)—u(t’)|§‘/t |u|ds‘§]t—t’\2</t |a|2ds)2g\/€01t_t'|a. (26)
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Define the intervals (71, 72) C (71, 72) by setting

71 = max{t >t : [u(s) —ay| < q, for s <t},
7 =max{t < 71 : |u(t) —ay| < ¢},

)—ay| <gq, for s>t}
)

—ai| <q'}.

Ty = min{t < t9 : |u(s

(
7o = min{t > 75 : |u(t

/\./

T2 tz

Figure 2.1: The construction of the map v in Lemma 2.1
From (26) we have

g = u(h) — a.] — Ju(n) — ay] < [u(h) — u(n)| < v/Coln — 7|,

1
and therefore T —T1 > 5((1 —q)*
0

Similarly for 7,—72. Next we set d, 4 ::Clo(q—q’)2 and, see Figure 2.1, define v:

u, for t¢& (m,m),
a4, for t e (7'1 + 6q,q’77—2 - 5q,q’)7

V=19 uln) — (u(n) — a+)':;—fj, for t € (1,71 +dqq),
q,q
u(m) — (u(rp) — a+)§z_qf, for t € (19 — Ogq, T2)-

For each s € (0, q] define Wy(s) = max W(u).
We observe that |u(7;) —ay| = ¢/, i = 1,2 and estimate

1q”
J(rim) (V) = J(717T1+5q,q/)(v> + J(Tz—5q,q/,72)(v) < 2(5_ + 5q,q/WM(q,))a

5q,q’

J(Tlm)(u) > J(Tlfl)(“) + J(ﬁﬁz)(“)
71 T2 q
2/ \/2W(u)|u|dt+/ V2W (u)|u| dt > 2/ V2W,, (s)ds.
T1 T2 q

where W,,(s) is defined as in (23) with M’ instead of 2.
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Since (5q ¢ <& isa decreasmg function of ¢’ € (0,¢q) and Wy(¢') is infinitesimal
with ¢’ we can fix a ¢ = ¢’(q) so small that

1
s + 8y Wai(d / 2Wi(5)ds.

2(5qq

The proof is complete. [

Step 2. From Step 1 and Lemma 2.1 it follows that, if in (24) and (25) we take
p = ¢'(q) and set 7, = tg(q), then, for T > 47,, in the minimization process we
can restrict ourselves to the maps u € Agm ) that satisfy

T
u(t) — asl <, t€ 7,5 — 7]
T
lu(t) —a_| <gq, t € [§+Tq,T—Tq]

Step 3. The existence of a minimizer u" € Af, , is quite standard. From
Step 1 and (26) AZ, 5, is an equibounded and equicontinuous family of maps.
Therefore from Ascoli-Arzela theorem there exists a minimizing sequence {u;}; C
A&,y that converges uniformly to a map u” € Af, ;. This and Jior)(u;) < Co
imply that {u;}; is bounded in H'((0,7); R™) and therefore, by passing to a
subsequence if necessary, that u; converges weakly in H' to u”. From the lower
semicontinuity of the norm we have

T T
liminf/ | |*dt 2/ | ?dt
J—+o0o 0 0

while uniform convergence implies

lim Wuj dt>/ W(u

Jj—+o0o 0

Step 4. The minimizer «? is Lipschitz continuous and satisfies conservation of
energy. Let ty < t; < ty < t3 be numbers such that t3 —ty < T. Given a small
number ¢ € R let ¢: R — R be the T-periodic piecewise-linear map that satisfies
o(to) = to, d(t1 +&) = t1, p(ta + &) = to, ¢(t3) = t3 and let ¥ be the inverse of ¢.

Set wve(t) = u"((t)) and f(§) = Jom)(ve) — Jom)(uh).
The minimality of «? implies that f’(0) = 0. A simple computation yields

o= (5 - DR W - oW ) Jar

_ /: (%__—MW(TW +r ftow(uT(T)))dT
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and we obtain 0=f'(0) <

[ Gl R =wren)ar - = [ (G - wr e

This shows that there exists C' € R independent of ¢ such that

: 1 ! 1 - T 2 T _
tim - [ (G OF - W) )ar = ¢

1
Therefore we have §|11T(t)|2 -W('(t)=C

for each Lebesgue point ¢ € R. From u(% —¢) = u(L +¢) it follows that u(%) =0,
which implies C' = W (u”'(£1)).

Step 5. If W is of class C', then u” is a classical solution of (8). Since u” is a
minimizer, if w: (¢1,%2) — R™ is a smooth map that satisfies w(t;) =0, i = 1,2
we have

d
0= a‘](tLtQ)(uT + Aw)|)\:0 (27)

— /tltz(uT i+ Wy () - w) dt = /j (uT — /tlt Wu(uT(s))dS> S dt.

Since this is valid for all 0 < ¢; < to < T and w: (t1,t3) — R™ is an arbitrary
smooth map with zero average (27) implies

/ W ds + const.

The continuity of u? and of W, implies that the right hand side of this equation
is a map of class Ct. It follows that we can differentiate and obtain

i’ = W,(u"), te(0,T).

The proof of Theorem 1.2 is complete. [

3. Proof of Theorem 1.5

In analogy with the finite dimensional case we define

Al = {u € HE (R*R™) :u(z + L,-) = u(z,-), lim u(x,y) = ax,

y—+oo

u(g —|—x,y> = u(% - z,y), u(—z,y) = vu(x,y).}

We will show that the solution of (12) in Theorem 1.5 can be determined as a
minimizer on A" of the energy

1
Jo,)xr(u) = / (§|Vu|2 + W(u)> d dy. (28)
(0,L)xR
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We can assume ||| oo (m2;mmy < M, (29)
where M is the constant in h; and
Jo.nyxr(u) < Co + oL, (30)
where Cy > 0 is a constant independent of L > 4 and
co = Jr(tis). (31)

To prove (29) set up = 0 if w = 0 and up, = min{|ul, M }u/|u| otherwise and
note that (20) implies

Wi(up) < W(w), while |Vuy| <|Vu|, ae.,
because the mapping u — u,; is a projection. It follows
j(o,L)xR(U) - j(o,L)xR(UM) =
= [, (W0 =Wl & ST = D))oy 2 0,

what proves the claim. To prove (30) we define a map @ € A" that satisfies (30)
by setting:

{ iz, ) = t(uy +a- +x(ay —a)), =x€[-1,1]

Remark 3.1. From (30) and the minimality of @, it follows that

Lo Lot
/ / —|ug|?dx dy < C’O+COL—/ /<—|uy|2+W(u)>dm dy < Cy. O
0 R 2 0 R 2

Since a4 are non degenerate zeros of W > 0, there exist positive constants v, T’
and rg > 0 such that

Wuu(a:lz + Z)C ' C Z 72|C|27 C € Rmv |Z‘ S To,
1 2 2 1 2 2 (32)
SV Il = Wiag +2) < G712, [z] < mo.

For a map v: R — R™ we simply denote the norms ||v||L2rzm) and [|v]| g1 @mrm)
with ||v]| and ||v||; respectively.

One of the difficulties with the minimization on A" is the fact that Jo,0)xR 18
translation invariant on A”. This corresponds to a loss of compactness. We show
in the next lemma that we can restrict ourselves to a subset of A" of maps u
that, aside from a bounded interval independent of u, remain near to a_ and a, .
This restores compactness.



126 G. Fusco, G. F. Gronchi, M. Novaga / Ezistence of Periodic Orbits ...

Lemma 3.2. There is di, > 0 such that in the minimization of the functional
(28) on AL we can restrict ourselves to the subset of maps that satisfy

lu(z,y) —a_| < @, forz e R,y < —dy,

(33)
|($y)—a+|< , forz €R, y >dy,
with ro as in (32)
Proof. Set j = + log , then from (21) it follows
_ T'o I _
|U(y) o CL_| < Z? for y< -y, ue {u—7u+}7
. (34)
|7,_L(y) - CL+| < Z7 for Yy > +y, u € {'L_L_,Z_L+}.
Given u € AL, define
,
Xo={w €0, L] : fu(z,) — ws(- = )| = /5 € R}.
If u satisfies (30), then Lemma 3.7 or Proposition A.1 implies
Co
|X0| < —_— Wlth
€ 8\F
Therefore for all L > f—l‘j there exist z € [0, L], 7 € R and u € {u_,u;} with
_ _ - 7o
[u(z, ) —al- =7l < - (35)

Since we have J (u,) = J (u) for u,(x,y) = u(x,y+r),r € R, (35), we can identify
u, with u. Then (35) implies, via ||v||z~ < v/2||v]|1, the estimate

_ _ 7o
Hu(m, ) - uHLOO(R;R’ﬂL) < g (36)

Consider now the set
Yo = {y eR:|u(zy,y) —u(@,y)| > %, for some z, € (Z,7 + L)}
For y € Y} it results
ro B s [T 9 3
© < futayn) = @) < loy = alt ([ sl )Pae)

1

N T+L !
< b / s )P )

2
so that —Z 1Yol < L// [ug (2, y)|*dr < 2LC.
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LCy

2 )
o

It follows |Yo| < 128

therefore there exists an increasing sequence {y;} € R\ Y{ such that

Yo=1, Yi—yj—1>1Yo|,7=12,...
|u(z,y;) — at| < 7“2_0 for z € [z, + L].

This follows from (34) and (36). From the proof of the cut-off lemma in [5] we
infer that, if the measure of the set

r

{(y) € 7.5+ 1) x g1 p5] + ulwy) = as] > 2}

is positive, then there exists a map v;: R X [y;,y;+1] — R™ which is L-periodic in
x € R, coincides with « on the boundary of the strip R X (y;, y;+1) and satisfies

Ja, () < T, (u), (37)

where Q; = (z,Z + L) x (yj,yj+1), j = 1,2,.... From this we see that to each
map u € A" that satisfies (30) but not

r
|U(l’,y) _a+| < 507 for x € Rv y>y+ |YE)|

we can associate a map v that satisfies this inequality and (37). This and a
similar argument concerning the other inequality in (33) establish the lemma
with dp =g+ |Yo. O

With Lemma 3.2 at hand the existence of a minimizer u” € A” follows by stan-
dard variational arguments. The minimizer ul satisfies (29). From this, the
assumed smoothness of W and elliptic theory it follows

”uLHC’?ﬁ(R?;Rm) <C7, (38)

for some constants C* > 0, 8 € (0,1) independent of L and u” is a classical
solution of (12). Moreover, from the fact that u” satisfies (33) and a comparison
argument we obtain

lu(z,y) —a_| < Ke *W=d0) for ¢ € R,y < —dy, (30)
lu(z,y) —ay| < Ke *W=d) for z e R, y > dj.

and, for a = (a1, a2), & = 1,2, |a| = 1,2

|Dul (z,y)] < Ke *WI=d0) for |y| > d.
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3.1. Basic lemmas

To show that the minimizer u” has the properties listed in Theorem 1.5, in
particular (i), (vii) and (viii), we need point-wise estimates on u” that do not
depend on L. For example to prove (i) we need to show that dy in (39) can be
taken independent of L. For (vii) and (viii) a detailed analysis of the behavior
of the trace u*(z,-) as a function of x € (0, L) is necessary. To complete this
program we use several ingredients: a decomposition of u’(z,-) that we discuss
next; two Hamiltonian identities that, together with the decomposition of u*(z, -),
allow a representation of the energy Jo,1)xr(u”) with a one dimensional integral
in z (see Lemma 3.4 and Lemma 3.5) and an analysis of the behavior of the
effective potential Jg(tu+v)— Jr(@), u € {u_,u} as a function of v € H'(R; R™)
that we present in Lemma 3.6 and in Lemma 3.7.

Let i: R — R™ be a smooth map with the same asymptotic behavior as u. Set
H°(R;R™) = L*(R;R™) and let H'(R;R™) be the standard Sobolev space. For
j = 0,1 let (-,-); be the inner product in H7(R;R™) and || - ||; the associated
norm.

Set H/ =1+ H?(R;R™), and define ¢ = inf,ep+ [lu — u(- —7)|;, v € H.
1
Note that for large |r| we have |ju—ay(-—7)|; > §|a+ —a_|\/|r]-
This and the fact that ||u — @y (- — 7)||; is continuous in r imply the existence of
hj € R and u; € {u_,uy } such that ¢ = [lu —u;(- — hy)][;.

qj is a continuous function of u € H’ and a standard argument implies that

(u—a;(- = hy),a;(- — hy)); = 0. (40)

J
Note that @; remains equal to some fixed @ € {u_, w4} while u changes continu-
ously in the subset of H? where

w Lo
75 < 57{2]11; a4 = a—(- —r)llo-

We quote from Section 2 in [18]

Lemma 3.3. There exists ¢ > 0 such that qj < q implies that u; and h; are
uniquely determined. Moreover h; is a function of class C*~9 of u € H? and

(w, @(- = hy));

R e T .
There are constants C,C' > 0 such that, for qt < q,

ho — | < Cai, and |u—a(- — ho)|y < Cqj'. (42)
In the following we drop the subscript 0 and write simply ¢, || - ||, etc. instead

of g5, || - llo, ete.
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From Lemma 3.3 and (40) it follows that u € H can be decomposed in the form
uw=1u(-—h)+v(-—h), and (v,a') =0, (43)

for some h € R and w € {u_,u;} and that, provided ¢* < ¢, h € R and @ are
uniquely determined. Note that from (43) we have

v(s) =u(s+h) —u(s) and |v|| = ¢".
In particular the decomposition (43) applies to the minimizer ul € AL:
uL(x7') Iﬁ('—hL(I))—FUL(Z',- _h‘L(x))? <UL(:C7')717’/> =0, (44)

for some @ € {u_,u+}. Given z € R we set ¢=(z) = ¢* @) and ¢F(z) = q?L(x")

and recall that
¢"(x) = [[o*(z, )| = llu"(z,-) = a(- — k" ()]

In general h%(z) is not uniquely determined if ¢*(x) is not sufficiently small. In
the following, if there is no risk of confusion, we drop the superscript L and write
simply q(z), v(z,y), h(z), etc. instead of ¢*(x), vE(xz,y), ht(z), etc..

From the minimality of v = u* and its smoothness properties established in (38)
and (39) it follows that u® satisfies two Hamiltonian identities. This is the content
of the following lemma, where ¢, is defined in (31).

Lemma 3.4. Set u = u*. Then there exist constants w and & such that, for

r € R, it results

[ Sty = [ (W) + oo P —c—w @

and / Uy (z,y) - uy(x,y)dy =w, for z €R. (46)
R
Moreover it results
L 1 L -
w= / (W(u(—,y)) + —Juy(—, y)]Q))dy —c >0, and ©=0. (47)
. 4 2wy

Proof. The identities (45) and (46) are well known, see for instance [18] or [11].
To prove (47) we observe that u(% — z,y) = u(% + z,y) implies u,(%,y) =0. O

Lemma 3.5. The constant ¢ in Lemma 3.3 can be chosen such that, if
0<g(z) <qz)<q, zel, (48)

for some interval I C R, then, for x € I the maps h(x) = h¥(x), v(x,y) = v¥(z,y)
u € {u_,us} in the decomposition (44) are uniquely determined and are smooth
functions of x €. With v(x,-)=vE(x,-) defined by v(x,-)=q(z)v(z,-), it results

h,(l‘) o <’UI(ZL‘, ')77)74(1:7 )) o QZ(ZE)(VI(ZE, ')7 Vy(mv )> (49)

T @t ol @+ a@p R
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(vz(2, ), vy (2, -))*

[a" + vy, )2

=q'(2)* + ¢*(@)llva(z, )| — ¢*(2)

and (2, )1 =l (@, )II” —

(50)

<V€v($7 ')’ Vy(wu )>2

10 + q(@)vy (2, ) 1>

Moreover the map

1 (wa(z, ) vy (2, 1))

1@+ pry(, )2

(0,9(x)] 2 p = f(p.2)llva(z, )I* = p*|lva(@, )" — p

is non-negative and non-decreasing for each fized x € I.
Proof. From (44) with u = u%, v = v* we obtain
up(z,”) = — ' (z) (a’(~ — h(@)) + vy, — h@))) + vy, - — h(z)),
uy(, ) = U'(- = h(x)) + vy(z, - = h(z)),
and therefore Lemma 3.4 and (44), which implies (v, (z,-), @) = 0 for x € I, yield
0= (ug(2, ), uy(x, ")) = =W (@) |7’ + vy (. )|* + (o, ), vy (2, ). (51)

From the assumptions (48) and (42) we have |jv,(x,-)|| < |[v]l; < Cqi(z) <

such that ¢ < % implies

q;

1, _ 3, _
ST < 1+ vy, )l < S

Therefore (51) can be solved for h'(x) and the first expression of A'(x) in (49) is
established. For the other expression we observe that (v,,v,) = (¢:V+qvs, qvy) =
q*(vy, v,) that follows from (v(z,- —r),v(z,- —r)) = 1, for r € R which implies
(vy(z,-),v(z,-)) = 0. A similar computation that also uses (49) yields (50).

2.

It remains to prove the monotonicity of p — f(p,x)||v.(x,)||?. We can assume

||vz]] > 0 otherwise there is nothing to be proved. We have

pllvy(z, )l < a(@)llvy (@, )l = llvy (2, )l < Cq.

and therefore

(o ) (g )@ + vy, )
Dypf(p,-) = 2p — 4p* ———0 4+ 2p* 50—
) 1@+ puy|? @ + pry|*
- -
> 2p(1-2 oy ___ (Cq)~3>‘
(lwl = cq? (] - Cq)

This proves D, f(p,-) > 0 for ¢ < gﬁ—é” The proof is complete. O
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Next we list some properties of the effective potential Jg(u) — ¢y that depend
on the decomposition (43) of u. Define

W(v) = Je(t +v) = Ja(t).

where v is as in (43) and u € H'. If we set v = qu, with ¢ = ||v|| # 0, W can
be considered as a function of ¢ € R and v € H*(R;R™), ||v|| = 1. We have (see

[11])
Lemma 3.6. Assume that |v'| < C for some C > 0. Then, for some Cy > 0,
2
[0]] oo Ry < Crlju]]3. (52)
The constant ¢ > 0 in Lemma 3.3 can be chosen such that the effective potential

W(qv) is increasing in q for q € [0,q] and there is p > 0 such that

0? , g
a@"V(@v) =z pl+ v "), q€(0.q], and (53)

1 _ 1 _

Wigv) 2 Spg*(L+ V1), q € (0,4] <= W(v) = Spllvlli, [lvll € (0,q).
Lemma 3.6 describes the properties of the effective potential WV in a neighborhood
of one of the connections 74+. We also need a lower bound for the effective
potential away from a neighborhood of the connections. We have the following

result, see Corollary 3.2 in [18]) or Proposition A.1 in the Appendix, where we
give an elementary proof.

Lemma 3.7. For each p > 0 there exists e, > 0 such that, if u € H' satisfies
¢\ > p, then Jr(u) —co > ep.
Moreover e, is continuous in p and for p < ||v|1, ||v||x small, it results
ep < Jr(i+v)—co < CHp|l], ve H'(R;R™), u € {u_,u,}, (54)

where C* > 0 is a constant.

Set u = u* and let p € (0,), be a number to be chosen later. From (54) there
is p* < p such that e, < e,. Let Sy« C [0, L] be the complement of the set

Sy ={z € [0, L] : Ja(u(z,-)) —co > ey}

From (30) we have

Ep*

Spe| < /OL (JR(U(ZB, ) — co>d:v < Cy,

which implies

|§p*

<& 1S,- )
(&

p* Ep*
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For x € S, we have Jr(u(z,-)) — ¢y < ey < e, and therefore Lemma 3.7 implies
q1(z) < p. It follows g(x) < ¢1(x) < g and Lemma 3.5 implies the uniqueness of
the decomposition (44). On the other hand Lemma 3.6 yields

2 2e
oy, )2 < = (a(ule, ) = o) <=2, @€ Spe. (55)
I 7
2e, 1 2 . . .
We fix p so that — < ————||@’||*. With this choice of p we have
o (144/2)2
1
vy(z, )|]? < ————=|7||?, = € Sp-. 56
[[oy ()l T ﬂ)QH | b (56)
We also have  ||vo(z, )||? < 4(JR(u(x, ) — co), € Sy (57)
To see this, note that from (45) and w > 0 it follows
1
EH’“OE(:U? )H2 < JR(U(Z’, )) —Co, T E [OaLL (58)

and that from (50) and (56) it follows
lva (2, )1 < 2lua(z, )?, = € Spe.
From (49), (55), (56) and (57) we obtain

, V2(1++/2)? eV da V2(1++/2)?
/ e < X0 || (e -a)ds < YRG0

Lemma 3.8. There is a constant Cy > 0 independent of L such that

\h(z) — h(2")| < Ch, z,2" € Spe.

Proof. S, is the union of a countable family of intervals S,- = U; (e, 3;). There-
fore, for each z, 2’ € Sy« we have

() = h(2)]| < / | ()| + Z [1(85) = hlay)].

Since we have already estimated the first term, see (59), to complete the proof it

remains to evaluate the sum on the right hand side of this inequality. Set A = ¢ ¢

sCo
and let Iy = {j: B, —a; <Ay and I, = {j : 8, — a; > A}. Note that I, contains
at most eff/\ intervals. For j € I, and = € (a;, 3;) we have

1

) T
i) = ey )] < o = el [ uals o) Pds)

~2
., ) — (o, )|]? < 22Co < 7.
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From this and «; € S,+, implying

N |

q(ay) = [Julay, ) —a(- — h(ay))|| <p <
we conclude that

q(z) < flu(z,-) = ul- = hley)|| < flulz, ) = ulay, )| + qla;) < ¢

This and Lemma 3.3 imply that, for = € (o, 8;), with j € I, v = u”* can be
decomposed as in (44) and that h'(z) = (Dyh)u,(z,-). Therefore from (41) and

assuming as we can q < 2”” U’H we have

/ Ug T, - .
W) <2le@I e sy e,

o]
It follows
2
> Ih(3) — hlay)| < / [ (@)lds < / e, )
jely Ujery (@;,65) ' Ujer, (5,5;)

1
2 .

S

| A\

1 1 2 ~
H[ lulde)” < (2C0) =Sy
/ Yl

Assume now j € I, and observe that there is a number 3 > 0 such that, if r > 27
and y € [g,r — y] or if r < =27 and y € [r + 7, —y|, it results for sg,sg € {—, +}

fas(y) — sy — 7] > Sl |, (60)

Consider first the indices j € I, such that |h(53;) — h(a;)| < 47. We have

S IB) - hlay) < 45 = 2C0,

~ *)\ [
€D Ih(B;)—h(ay)|<4g r pd

Let (o, 3) be one of the intervals (a;,3;) corresponding to j € I, satisfying
|h(B;) — h(eyy)| > 4y. If r > 4y the interval (g,r — y) (if » < —4y the interval
(r+vy,—y)) has measure larger then ‘ | This and the assumptions on (, 3) imply

that there exist ¢°, 4! € («, B), that satisfy y' — 4% = |h(B;) — h(;)|/2 and are
such that

u(B9) (o) > flas —a |, for ye s (61)

This, provided p > 0 is sufficiently small, follows from (60). Indeed we have
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(B, y) —ul(a, y)| > [tsgs)(y — h(B)) = Usg(a (y — h(@))]
= |u(B,y) = tsgs)(y = h(B))| = [ula, y) = Tsga) (y — h(@))]

> Slas = a-| = [o(B.y = h(B))| ~o(asy — b))

> 1]a+ —a_|— Cl(q(a)% + C](ﬁ)%)

—_

2
> - |a+—a | —2Cp3 > Slay —a_|,  for ye(y°y'),

;.l;

where we denoted by sy (,) the map @ € {ti_,u,} corresponding to = € S, . and
we used (52) based on

vy (7, )| < C,

that follows from (38) and (21). Integrating (61) in (y°,y') yields

lay —a

It follows |h(B) — h(a)| < (8 — @) and in turn

FEIN|R(B5)—h(oy)|>47

64C 64C ~
D S L W

“lap —a_]? ~ lap —a_|?
las —a-| JEDIR(S;)~h(o) >4 las —a-|
The proof is complete. [

With Lemma 3.8 at hand we can show that d;, in (33) can be taken independent
of L and that u = u” converges to a4 as y — 400 uniformly in z € R.

Next we prove that the restriction z, 2’ € Sy« in Lemma 3.8 can be removed. We
have indeed

Lemma 3.9. There is a constant Cy > 0 independent of L such that

|h(z) — h(2')| < Cy, x,2" €[0,L].
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Proof. Assuming that p > 0 is sufficiently small, from (52) we have
[u(e,y) - oy — h@)| S CPS <2, 2 €Sy R, (62)

where 7( is defined in (32). By Lemma (3.8) there exist hy, h_ such that 26, :=
h, — h_ is bounded independently of L and

gy — (@) = 0| < Z y 2y, w €Sy
gty (y = hle) —a-| S 2, y<ho, a7 €Sy
The first relation and (62) imply
[u(e,y) —as| £ 2, y=he, @ €5 (63)
Now define Y C R by setting
Y ={y > hy:3z, €0, L] such that |u(z,,y) —ay| > %},
From (63) it follows that y € Y implies that z, belongs to S,+ and therefore to

one of the intervals, say (a, 8), that compose S,-. From (63) with z = « it follows
|u(zy,y) —u(a,y)| > 2 for y € Y, and therefore we have

1

Ty L B 1
e [Tl <is-al ([ uyPa)’ gey,

Y

2 B g -
and in turn |Y|% < |Sp*|/ / (2, y) Pdzdy < 2Co|S,-
gp* «

and we see that the measure of Y is bounded independently of L. Then there
exists an increasing sequence y; — 400 such that

< hy+2Y], and |u(z,y;) —ai] < %, rel0,L], j=1,....
This and the cut-off lemma in [5] imply
fu(ey) —axl < 5,y > he +2Y], 2 € [0, L],
A similar argument yields

u(e,y) —a-| <, y<ho—2Y] €0, L]

The lemma follows from these relations and the fact that hy —h_ and |Y| do not
depend on L. ]
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Corollary 3.10. We can assume that the minimizer u’ satisfies

lub(z,y) —ay| < Ke™, y>0, z €R,

lub(z,y) —a_| < Ke*, z € R.

and |Dut(z,y)| < Ke ™™ yeR, z€R, (65)

for a = (a1, as), |a| = 1,2, with constants k, K > 0 independent of L.

Proof. Using again the translation invariance of the energy [J, by identifying
u(z,y) with us, (z,y) = u(z,y + 05), we can assume that the minimizer u satisfy

Ju(e,y) = as < 3, y =8 +2|Y], @ € [0,L],

u(ey) —a-| < 3, y< =6 —2Y], v € [0,L].

These inequalities and a standard argument, based on the non-degeneracy of
ai,a_, imply (64). Inequality (65) follows from (64) and elliptic regularity.
The proof is complete. [

Remark 3.11. From (64) it follows that we have |h(z)| < C), for x € [0, L] with
C, independent of L. Note that this is true in spite of the fact that h(x), if ¢(z)
is large, may be discontinuous.

The bound on h(z) together with (64), (65) and (21) imply that

v(@,y) = ule,y + h(z)) = Usga)(y), (66)

and its first and second derivative with respect to y satisfy exponential estimates
of the form
|Dyv(z,y)| < Ke ™™ yeR zeR, i=0,1,2 (67)

with constants k, K > 0 independent of L. From this and the identity |lv,||* +
(v,vy,) = 0 it follows
1
[oy(z, )| < Caq(x)?, (68)
with C5 > 0 independent of L. This inequality implies that in each interval where

q(z) < ¢*, for some ¢* > 0, we can use the expressions of 1'(z) and ||u,(x,-)| in
Lemma 3.5 and we have the monotonicity of the function p — f(p, x).

3.2. Conclusion of the proof of Theorem 1.5

As before we set u = u”. Since u € A" we have in particular u(0,y) = yu(0,y)
that means w(0,y) € m,, m, the plane fixed by 7. From this and u_ = ~yuy,
u_ # uy it follows

. _ 1 _
0(0) = inf Ju(0,) = aa(- — )y = Sl - .
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We assume that the constant ¢* introduced above satisfies ¢* < %||ﬂ+ —u_|| and
set p = ¢*/2. Then, provided L is sufficiently large, there exists z,, > 0 such that

Q@) >p, we0,2), alz,)=p. (69)
Indeed, from Lemma 3.7 and (30) it follows

ey < / " Uz, ) — co))dz < Co,

Co

so that xp, < 1y =
€p

(70)

From (69), (70) and the symmetry u(% — z,y) = u(% + z,y) with z = £ — 2, we
obtain

L *

q(w,) = q(§ —1,) < qi(zp) =p =q"/2,

ﬂsg(xp) = asg(%—xﬂ’ (71)
L

We now show, see Lemma 3.12 below, that the minimality of u=u* and (71) imply

L

Q(x) <Sp, TE [‘TIME _xp]'
In the proof of this fact, for x in certain intervals, we use test maps of the form
i(z,y) = aly — h(x)) + 4(x)v(z,y — h(z)) (72)

for suitable choices of the functions § = ¢(z) and h = h(x). We always take
4(z) < q(x) < p. Note that in (72) the direction vector v(x, -) is the one associated
to v(z,-) = q(x)v(x,-) with v(z,-) defined in the decomposition (44) of w.

From (72) it follows
/R o *dy = (W) + Gy [* = 206 (va, 1) + () + @ llve®. - (73)

We choose the value of 2’ that minimizes (73) that is

71 _ 52 <V9E7 Vy)
@ + quy|[*

2
thenweget [ iy = (@7 + @l - gt
* y
Therefore the energy density of the test map @ is given by
Lo . 1. 5
§|Ux| dy + [ (W(a)+ 5|uy| ) dy
R R

1/ . ) Ve, vy)? )
= 5((@1/)2 + ¢*|val* = q4m> + W(qv) + co.
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Note that, since we do not change the direction vector v(z,-), this expression is
completely determined once we fix the function ¢.

Lemma 3.12. If u = u” satisfies (71), then q(x) <p, z € [xp, L_ a:p]

Proof. Assume instead that g(z*) > p for some z* € (z,,% — z,). We can
assume that ¢(z*) = max,c|, L g q(x). We show that this implies the existence

of a competing map u with less energy than u. Consider first the case where

q(z*) € (p,2p|. In this case we set & = @ with 4 defined in (72) and, see Fig. 3.1,

(z) = q(x), if g(x) <p,
q(z) =2p—q(x), if q(z) € (p,2p].

>

(75)

q(z)

AW Wa\
AAA AN

q(z)
P z* L/4 L2 —x,

Figure 3.1: The maps x — ¢(z) and x — ¢(z) in Lemma 3.12, ¢(z*) < 2p.

With this definition we have
N L N
w(xy) = u(xy) = U(E — :Up> = u<§ — xp>. (76)

To see this we note that max,, r_, q(z) = q(x*) < ¢* implies that sg(x) is

constant in [z,, £ — ] therefore from (66) and u(z,y) = u(% — z,y) it follows

L

L
Ux(xay) :_U$<§_xay> Uy(l'ay):Uy(E_%y);

and by consequence ' (z) = —h' <§ - x), which yields

ﬁ(g — :Bp> = h(zp) + /j_mp W(z)dz = h(z,) = h(g - xp>.

This and ¢(z,) = q(% — x,) imply (76). It remains to show that the energy of
@ is strictly less than the energy of u. By comparing (74) with the analogous
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expression of the energy of u and observing that (¢')* = (¢')? and ¢(z) < q(x)
with strict inequality near x* we see that this is indeed the case.

Assume now that ¢(z*) > 2p, see Figure 3.2. Let 7, € (), %) be the number

T, = max{z >z, : q(s) < 2p, s € (xp,z]}.

2 /ANYA

q(fc)

A a

Y\ OV
q(z)

x Zpar  LJA L/2 -z,

Figure 3.2: The maps  — ¢(z) and x — ¢(z) in Lemma 3.12, ¢(z*) > 2p.

Note that from tgg(,,) = ) and the symmetry of u it follows that sg(zx) is

equal to a constant, say +, in [z,, T, U [é — i"p,é — 1,

sg(%—xp

We define the competing map @ as follows. In the interval [z, Z,] we set @ = @
with ¢ exactly as in (75) and

~

h(z) = h(z,) + / ’ W(s)de, x € |x,,i,).

P

In the interval (Z,, £ — &,) we take

i, y) = s (y — h(i,)).

Finally in the interval [£ — Z,, £ — 2] we set again @ = @ with ¢ as in (75), but
with
) - v L _ L
h(z) = h(z,) + h'(s)dz, z € 5 " Im g T T
L,i«p

2

With these definitions @ is a continuous piece-wise smooth map that satisfies (76)
and, as in the case ¢(x*) < 2p, one checks that @ has energy strictly less than w.
The proof is complete. O

Next we show that the statement of Lemma 3.12 can be upgraded to exponential
decay. We have indeed

Lemma 3.13. There exists a positive constants c¢*,C* independent of L > Ly
such that

* L
lv(z, )| < C*e™ €% x € [O, Z}
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Proof. We show that, under the standing assumption that 2p = ¢* > 0 is suffi-
ciently small, for L > 4z, it results

L
o(a) < Vape 2, g [, 5], (77)

where 1 > 0 is the constant in (53). Then the lemma follows from (77) and (67)
that implies ¢(z) = [|v(z, )| < \% To prove (77) we proceed as in the proof of
Lemma 3.6 in [11]. We first establish the inequality

d2

L
o, )P 2 plle(e, )P @€ [, 2~ ). (78)

We begin by the elementary inequality

d? , 2 _ 2
L o P = -, = s = B

P (79)

> 2 (e, ) = (= h(@)ul, ) = (-~ hla)))

From
()~ s h))
= Uga (@, +) = @L( = h(@)) (W (2))* + @, (- = h(2))h" (),

and (79), using also (49) (and (¢, ¢) = (¢(- — 1), (- —1))), it follows

%Ilv(l’, NP = 2uge(, ), v(z, - — h()))
Since w is a solution of (12) and w4 solves (8) we have

ts () = Wolu(z, ) = Wi (- = b)) = (ule,) = ie(- ()

Then, recalling the definition of the operator T' and that v(x,-) = u(z, -+ h(z)) —
Uy, we obtain

Iy = (Wu(uy + (@, ) = Waluy) = vyy(, ), 0(z,)) (80)
= Wy +o(z, ) = Waluy) = Wau(uy)o(z, ), vz, ) + (To(z, ), v(z, ).

Now we observe that a standard computation yields

Ta(u(a, ) = o = 5 (Tole. ) o(e ) + [ fwta.n)
where w = Wiy +v) —Wuy) — Wy(uy)v — 1I/Vuu(ﬂur)v -,

2
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From (68), q(z) = |lv(z,-)|| < p and (52) it follows, with Cy > 0 a suitable
constant,

[fw(,9)| < Cwlo(a, y)* < CiCwlo(e, )[[5[o(z, )P,

and therefore
(Tv(z,),v(z,)) > 2(Ja(ul, ) — c) — Clv(a, |5 (81)

Introducing this estimate into (80) and observing that the other term in the right

hand side of (80) can also be estimated by a constant times |[v(z,-)||5 we finally

obtain i
L > 2(Jr(u(z, ) — co) — Cllo(z, )=

To estimate Iy we note that from (68) and (50), provided ¢* = 2p is sufficiently
small, we get

L

o, 2 < 2o, )P < AC(u(z, ) = o), @ € |25 =),

where we have also used (58). This and (68) imply
|IZ| S Cp(JR(U($7 )) - CO)7

for some constant C' > (0 and we obtain
1 9 L
(I + 1) = (2= Co)a(u(, ) = o) = sullo(e, )P, @ € [, 5 — )

and (78) is established. From (78) and the comparison principle we have

L

lo@, ) < p(@), @€ 25 =) (82)

_ ,cosh/u(x — L)
~ 7 cosh Vi(z, — %)

where () (83)

is the solution of the problem

¢ = pp, T € [z L — 1),

2

5 — 1) =1

plap) = ol

Then (77) follows from (82) and

L
o(z) < 2pPe VEE=T) g ¢ [a:p, Z]

This concludes the proof. Il



142 G. Fusco, G. F. Gronchi, M. Novaga / Ezistence of Periodic Orbits ...

To finish the proof of Theorem 1.5 it remains to show that there is a sequence
ub, L; — +oo, that converges to a heteroclinic connection between suitable
translates of uy. Indeed, once this is established, a suitable translation 7 in the
y direction yields the sequence u’i(z,y —n) and the heteroclinic u in Theorem
1.5. From (38) it follows that there exists a subsequence, still denoted by L;, and
a classical solution u™: R?* — R™ of (12) such that we have

. L; [e'S)

Jlim u(2,y) = u™(z,y), (84)
in the C? sense in compacts. Moreover u™ satisfies the exponential estimates
(64) and (65). This implies that the convergence in (84) is in the C? sense in any
set of the form [—), A\] x R. Set u; = u™ and denote by h; and v; the functions
determined by the decomposition (44) of w;:

uj(w,y) = i (y — hj(x)) +vj(z,y — hj(x)) and (vj,a,) =0.  (85)

On the basis of Remark 3.11, v; and its first and second derivatives satisfy (67).
Therefore (68) shows that, under the standing assumption of ¢* > 0 small, we
can control the size of ||(v;),(x,-)|| and, proceeding as in the derivation of (57),
we obtain from (49)

/ 1 L;
@] < Cll e, )| < ClRGus(a, ) = o)t o € [1, 2]
On the other hand from (81) and (68) we get

Ta(ulx,)) = co < C(llvy (@, ) + o, ) + o, )[5) < Clloa, I,

and we conclude

L.

1 (@)] < Cllus(e, )|} < Cem Vet g e (i, =] (86)
where we have also used (77). This and the fact that, as we have seen in Remark
3.11, hj(x) is bounded independently of j, imply that by passing to a subsequence
if necessary, we can assume that there is a Lipschitz continuous and bounded map
h: [l,, +00) — R such that

i hy(e) = B¥(2), @ € [l +o0),
uniformly in compacts. It follows that we can pass to the limit in (85) and obtain
in particular that there exists the limit v>°: [l,, +00) x R — R™ of
li ; =0~
j—lgi-noo U](.T,y) v (xay)a
and the convergence is in L? and in L™ in sets of the form [l,,, ] x R. The functions

h*° and v> coincide with the functions determined by the decomposition (44) of
u>. Moreover from (77) and (86) we have that ¢*(x) = ||[v>°(z, -)|| and h> satisfy

¢ (z) < C*e ", x>0,

h*>(z) < Ce_%\/ﬁ(gﬁ_l”), x> 1,
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The first of these estimates shows that , for x — 400, u™(z,-) converges in the
L? sense to the manifold of the translates of @,. The estimate for h> shows that
there exists n = lim,_, 1o, h>°(x) and therefore that actually, for z — oo, u>(z, )
converges, to a specific element of that manifold. This, taking also into account
the symmetry properties of u* implies that indeed u* is a heteroclinic solution
of (12) that connects translates of u.

This concludes the proof of Theorem 1.5. 0

A. Appendix

We present an elementary proof of Lemma 3.7, that we restate as Proposition
Al

Proposition A.1. Assume that W: R™ — R is of class C3, ay are non degene-
rate, and ue H'=u+ H'(R;R™). Then, for each p > 0 there is e, > 0 with

lu—tus(-—7)[1>q¢' >p, 7ER. (87)

implies Jg(u) —co > e,. Moreover e, is continuous in p and for p < ||[v||y small
it results

ep < Jr(U+v) —co < Coll}, ve H(R;R™), u € {a_,u.},
with C' > 0 a constant.

Proof. If u satisfies (87) and has Jr(u) > 2¢y we can take e, = ¢. It follows
that in the proof we can assume

Jr(u) < 2c. (88)
Note also that u € H' implies lirin u(s) = ax. (89)
S— 100
2
d set = mi { ) }7 90
and se go = miny 7o, o o (90)

where 79 and 7 are the constants in (32) and
Cw = max{|Wyuu(as + 2)| : 2] < 3ro}.
Given g € (0, o) define

J (@)= min J(v), J (¢)= min J(), Jo(¢)= min J(v),

veVT (q) vEV~(q) veVo(q)

z loc

VH(@) = {0 € HL((0, 71 R™) 1 0(0) = 2|2 — ay] = g, lim v(s) = ay),
V7 (q) = {ve HL(0,7);R™) : [v(0) — ay| = q, sliglvv(s) =a_},

Volg) = {v € H'((0,7");R™) : [u(0) — ar| = qo, Ju(7") — ay| = g}
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Observe that there exists a positive functions ¥: (0,¢q) — R that converges to
zero with ¢ and satisfies JI(q) < ¥(q). Note also that Jg(us) = c¢o and the
minimality of a4 imply J~(¢) + ¥(q) > ¢ and therefore we have

co—¥(q) < J (q). (91)
For u € H' define

s (p) = max{s : |u(t) —a_| < p, for t < s},

u,+(

s“T(p) = min{s : |u(t) —ay| < p, for t> s}.

Since ¥(q) — 0 as ¢ — 0 while lim, o Jo(q) = Jo, Jo a positive constant, we can
fix ¢ = q(qo) in such a way that

2J0(q(q0)) — ¥(q(q0)) = Jo- (92)

We claim that in this proposition it suffices to consider only maps that satisfy

the condition
260

Win(q(q))’
where Wi, (t) = minge(a_q,1,2>t W(a + 2). To see this set

s (qo) — 5" (o) < (93)

%7 =max{s : |u(s) —a_| = q(q)},
4" =min{s : [u(s) — a;| = q(q)},

and observe that the definition of %% implies |u(s) — ax| > ¢(q), for s €
(s%~, 5% %), It follows

(5“7 =57 )Wh(q(qo)) < 2co. (94)
Assume first that

|U(5) — CL_| < qo, for s e <_OO7§U,7)7

95
lu(s) —ay| < qo, for s € (5", +o0). (95)

In this case we have
597 < 8" (qo) < 8"V (qo) < 5T,

that together with (94) implies (93). Now assume that (95) does not hold and
there exists s* € (5“7, +00) such that |u(s*) —ay| = qo (or s* € (—o0,5%7)
such that |u(s*) — a_| = qy). For definiteness we consider the first eventuality,
the other possibility is discussed in a similar way. To estimate the energy of u
we focus on the intervals (—oo, §%T), (8%, s (q(qo))), and (s“"(q(qo)), +00).
We have J_o su+y(u) > J(q(qo)) and since s* € (5", 5" (q(qo0))) we also have
J(§u,+’5u,+(q(q0)))(u) > 2Jo(q(q0)). This, (91) and (92) imply

Jr(u) 2 J( oo suty () + Jisuct sut (g (@) = I (q(q0)) + 2J0(q(q0))
> co — ¥(q(q0)) + 2Jo(q(q0)) = co + Jo-
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This completes the proof of the claim. Indeed this computation shows that, if s*
with the above properties exists, then we can take e, = J.

Since Jg is translation invariant we can also restrict ourselves to the set of the
maps that satisfy

Co

—s" (alao)) = 5" (alw)) < s

(96)

and assume that also u. satisfy (96). We remark that the set of maps that satisfy
(88) and (93) is equibounded and equicontinuous. Indeed (88) implies

1
[u(s1) — u(s2)] < V20|51 — 822,

which together with (93) yields

u(s)| < My = |a_| + 3q0 + m(%) )

We first prove the proposition with (87) replaced by
lu—us(-=7)| = ¢" =p, TR (97)

Assume the proposition is false. Then there is a sequence {u;} C H' that satisfies
(89) and

dim Jr(uj) =co, |u; —us(-—7)[| >p, reR.

J—+o0
Since the sequence {u;} is equibounded and equicontinuous there is a subse-
quence, still labeled {u;} and a continuous map @: R — R™ such that

limuy(s) = als),

uniformly in compact sets. From [, [u)|*> < 4co and the fact that u; is uniformly
bounded, by passing to a further subsequence if necessary, we have that u; con-
verges to u weakly in HL_(R;R™). A standard argument then shows that

loc
Jr () = co,

and therefore, by the assumption that 4 and their translates are the only mini-
mizers of Jg, we conclude that @ coincides either with a_ (- —r) or with @ (- —7)
with |r| < Ao where )\ is determined by the condition that @ satisfies (96).

Since ) is fixed, from (21) it follows that we can assume |u(s) —a,| < Ke™** for
s > 0. Fix a number [ > Ay such that

(98)
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and observe that u restricted to the interval [—[, ] is a minimizer of Ji_;;(u) in
the class of u that satisfy u(4l) = u(%!). From this observation it follows

Tea () > (@) — CU8;, (99)
where C' > 0 is a constant and J; = maxy |u;(£l) — a(£l)]|.
From the properties of u and (21) we have, for s > [,

lu;(s) — a(s)| < |u;(s) —ap| + |a(s) —ay| < qo + Ke ™™ < 2¢p. (100)
We estimate the differences Ji_ o 1) (1) = J(—o0,—1) (@) and J( o0y (1) = J(1,+00) (@).
We have with u; = u + v;
400 1 )
— —r / — —
J1,400) (U5) = J(1,400) (W) = /l (u SV + §|vj| +W(a+v;) — W(u))ds

“+oo

——a ) O+ [ (0o Gl W) - W(@)ds

l

= —u'(l) - v(l) + /l+°° (%M‘F +W(u ;) = W(u) = W(a) - vj>ds

+o0 1
> —2qoKe M + /l (5(\11”2 + Wy (@)vj - v))

P (@4 0y) = W (&) — W) vy — S Waal@y v, )ds (101)

Set I(vj) = W(a+v;) — W(a) — Wy (@) - v; — $Wu()v; - v;. Then we have
1ol gl
[<vj> = / / / szWuuu(ﬂ + pO'TUj)(Uj, Vj, ’Uj)deUd,O
o Jo Jo

= /1 /1 /1 PPoWou(ay + (@ — ay) + potv;)(v;,v;,v;)drdodp.
0 Jo
It follows |I(v;)| < 2¢oCw|v;|*. This and (101) imply
St400) (1) = Tt 100) (@) 2
> —200ke [T S0P+l Phds — 200G [ s

’72 " > 2
> ——Ke™ 1=d
> w3t [ Inlas

1 oo
== @‘F 17 / |vj|*ds,
where we have used (90) and (98). From this, the analogous estimate valid in the

interval (—oo, —[), and (99) we obtain

0= lim (Jr(a+v;)—co)
J—+oo



G. Fusco, G. F. Gronchi, M. Novaga / Ezistence of Periodic Orbits ...

Since v; converges to 0 uniformly in [, (], for j large we have

I 2
12 < p-
/_l |U.7’ — 2
and therefore from (97)
-l e8] p2
/ lv;|*ds +/ v |*ds > 5
—00 l

0= lim (J]R(’ll + ’Uj) — Co)

j—+oo

This and (102) imply

2 2 2

. D 2P oD

> (—CM«—Z—- —)z P
= ot i TS 16
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This contradiction concludes the proof of the proposition when (87) is replaced
by (97). To complete the proof we note that it suffices to consider the case
p < 2(2+ v2)\/c =: 2pp. Indeed (88) implies ||[u'|| < 2,/cy that together with

Il < /Zeo yiclds o
lo = @o(- =)l < po, rER.

(103)

It follows that p > 2py implies ||u—a/, (- —7)|| > po and the existence of e, follows

from the first part of the proof. Set

CYy = max{| W, (ix(s) + 2)| : s € R, |2] < 2po},

p

and define p = p(p) by p(p) = V20+¢9,)
w

We distinguish the following alternatives:
(a) |lu—1ax(-—r)]| >p, for reR,
(b) there exists 7 € R and @ € {u_, @y} such that

lu —a(- =) < p.

(104)

In case (a) the proposition is true from the first part of the proof with e, = e;.

Case (b). From (87) and (104) it follows

I’ —@'(- =) > p* = p*.

(105)

For simplicity we write u instead of u(- — 7) and set v = u — u. Note that from

(103), (104) and p < py it follows

\N@FS2/ [o(s)I[v(s)lds < 2l[v][[[v]] < 4p5.

oo
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We compute

J(u) —co = %HUIHQ + /R/ol (Wu(ﬂ + Tv) — Wu(ﬂ))vdes. (106)

Since

(Wi +70) — W@ )odr| < 00102 (107)
. 2

we have from (105) and (106)

1 1 1
J(u) —cy > =(p? = p?) — =C% p? = =p?.
(u) —co = 5" =p*) = 50wp” = 1p

This concludes the first part of the lemma. The last statement is a consequence

of the fact that Jg(u) is continuous in H' and of (106) and (107). O
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