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Abstract: 

Nonlinear parameter estimation with accuracy is crucial in intelligent monitoring systems where the 

relationship between the variables and the system's state is complicated, and thus cannot be sufficiently 

modeled by conventional fixed-model approaches. In this study, a kernel approximation-based mathematical 

model framework is developed for nonlinear parameter estimation that incorporates flexibility in function 

approximation and regularization in constrained optimization. The suggested formulation involves an 

approximation of the unknown nonlinear function using a finite expansion of positive definite kernels and 

estimating the parameters using a regularized error function approximation. A Gaussian kernel is utilized for 

modeling nonlinearities, whereas the regularization ensures that the complexity of the model and estimation 

stability are controlled in the presence of noise. Experiments are performed on the controlled nonlinear 

functions where varying size samples and noisy data are considered. Proposed model performance analysis is 

done by using the measures like root mean square error, mean absolute error, mean absolute percentage error, 

coefficient of determination, normalized root means square error, parameter estimation error, and computation 

time. Comparison with polynomial nonlinear regression, radial basis function regression, Gaussian process 

regression, support vector regression, kernel ridge regression, and nonlinear least squares is done for the 

efficacy of the kernel approximation technique. Experiments are also done to analyze the selection of kernel 

function, kernel regularization, approximation order, and noise effect. 
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1. Introduction 

The issue of nonlinear parameter estimation is a basic one in areas such as mathematical modeling, system 

identification, process monitoring, and intelligent engineering systems, where the dependency between the 

observable variables and unknown parameters of the system is not properly modeled using linear or fixed forms. 

The nonlinear nature of processes in actual monitoring setups can emerge from changes in operational conditions, 

interactions in sensors, dynamics of the system, disturbances, and measurement noise. Although multivariate 

statistical monitoring has highlighted the need for reliable extraction of information from measurements, 

conventional process monitoring methods might get limited due to nonlinear dependence dominating the process 

(Wang et al., 2018). It has been proved by some recent advances in intelligent process monitoring that the benefits 

of utilizing data-based modeling, explainable intelligence, and continual evaluation of systems for industrial 

purposes are highly valuable (Kousalya et al., 2025; Mzeh & Salabi, 2025). Learning analytics have been found 

valuable by using data-driven decision-making models to gain insights from complicated data sets through 

evidence-based decision making (Schneider & Weber, 2024). 

Identification of nonlinear systems thus has drawn a great deal of attention from the autoregressive, Volterra, 

Wiener, adaptive, and neural network models (Yin et al., 2015; Gupta et al., 2021; Mazhar et al., 2019). Such 

methods have shown that it is possible to enhance the modeling of complex engineering systems using nonlinear 

models; however, their effectiveness is highly dependent on model architecture, parameter initialization, training 

environment, and availability of relevant data samples. Parameter estimation in the case of nonlinear systems 

may present non-convex optimization problems which lead to specialized optimization formulations for models 

like Hammerstein among others Chaudhary et al., (2020). There are also such issues related to the estimation and 

identification of aerospace, robotic, transportational, and electromechanical systems (Mu et al., 2016;                           

Bai et al., 2020). 

The kernel method offers an appealing mathematical solution since it allows nonlinear functions to be expressed 

using arbitrary combinations of kernel functions without defining any explicit high-order model formulation. 

Reproducing kernel Hilbert space approach has been studied for adaptive nonlinear estimation and it is evident 

that kernel representation is mathematically suitable for nonlinear system identification problems                             

(Bobade et al., 2019). Kernel adaptive filtering and random Fourier feature approximation solutions have further 

shown that kernel-based nonlinear models can be implemented effectively with the ability to approximate well 

Gogineni et al., (2022) and Piltan & Kim, (2021). RBF-based and similar approximation approaches have been 

used for nonlinear engineering modeling and optimization tasks (Dey et al., 2015; Zhou et al., 2025). 

Intelligent monitoring algorithms necessitate robust estimates in the presence of disturbances, uncertainties, and 

varying conditions (Zabihi et al., 2024; Sharma & Desai, 2024; Feng & Li, 2018). Continuous monitoring and 

intelligent analysis of physiological changes has also been illustrated by AI-enabled cyber-physical healthcare 

systems (Shrivastava et al., 2026). Kernel and learning-based methods have been used in fault diagnosis, 

detection of sensor and actuator faults, electrical network monitoring, predictive maintenance, and condition 

assessment (Seetha Lakshmi & Angel Cerli, 2026; Papadopoulos & Christodoulou, 2024; Piltan & Kim, 2021). 

These works illustrate the necessity of good nonlinear approximation to support engineering monitoring tasks, 

but most existing methods have not considered developing a generalized mathematical relationship between the 

approximation error, parameter estimation, regularization, convergence, and robustness. Modeling of 

complicated random and computational processes has also emphasized the significance of having a proper 

mathematical formulation for reliable system representation (Yao & Qiu, 2024). 

Nevertheless, the kernel approximation formulation for intelligent monitoring oriented nonlinear parameter 

estimation is yet to be explored in a well-structured and comprehensive manner. Particularly, the interplay 

between kernel approximation degree, regularization, parameter constraint, estimation error, and computational 

complexity deserves more attention from a mathematical point of view. The current paper proposes to fill this 

research gap by constructing a mathematical model of nonlinear parameter estimation in intelligent monitoring 

systems on the basis of kernel approximation. The suggested formulation uses finite kernel expansion for 

nonlinear monitoring behavior and regularized constrained optimization for unknown parameter estimation. The 

work also develops approximation and error formulation, objective function analysis, convergence and stability, 

and computational complexity evaluation of the suggested formulation for different sample sizes and noises. 

Comparative and ablation analyses have been used for assessing the contribution of kernel approximation, kernel 

choice, regularization, and approximation degree. 
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The article is divided into nine major sections. In section 1, there is an introduction to the problems of nonlinear 

parameter estimation and justification for the kernel approximation-based approach. Mathematical preliminaries 

and problem formulation are discussed in section 2. The kernel approximation-based mathematical model with 

parameter estimation and optimization approaches are formulated in section 3. Theoretical analysis on 

approximation, error, convergence, stability, and complexity is discussed in section 4. Section 5 talks about the 

intelligent monitoring mechanism. Numerical experiments and evaluation metrics are introduced in section 6. 

Section 7 deals with comparative and ablation analysis. Section 8 has the discussion while section 9 gives 

conclusions. 

2. Mathematical preliminaries and problem formulation 

2.1. Nonlinear monitoring system representation 

Let consider an intelligent surveillance system, where a group of observable variables is obtained either from 

sensors or from surveillance entities. The input vector at the i-th observation can be denoted using equation 1 

𝐱𝑖 = [𝑥𝑖1, 𝑥𝑖2, … , 𝑥𝑖𝑑]𝑇 ∈ ℝ𝑑                                            (1) 

And let 𝑦𝑖 ∈ ℝ denote the corresponding monitored response. The nonlinear behavior of the monitoring process 

can be represented as equation 2 

𝑦𝑖 = 𝑓(𝐱𝑖; 𝜽) + 𝜀𝑖 ,   𝑖 = 1,2, … , 𝑁                         (2) 

Where 𝑓(⋅) is an unknown nonlinear system function, 𝜽 ∈ ℝ𝑝 is the unknown parameter vector, and 𝜀𝑖 denotes 

measurement and modeling noise. The complete observation set is defined as equation 3 

𝒟 = {(𝐱𝑖 , 𝑦𝑖)}𝑖=1
𝑁                                                          (3) 

The objective is to estimate the unknown parameters such that the mathematical model accurately reproduces the 

observed nonlinear behavior while maintaining stability and controlled model complexity. 

2.2. Nonlinear parameter estimation problem 

The parameter estimation problem can be formulated as the identification of equation 4 and 5 

𝜽∗ = arg min
𝜽∈Θ

ℒ(𝜽)                                                 (4) 

Where Θ ⊆ ℝ𝑝 is the feasible parameter space and ℒ is an error or loss functional. For conventional nonlinear 

regression, the least-squares objective is 

ℒ𝐿𝑆(𝜽) =
1

𝑁
∑ [𝑦𝑖 − 𝑓(𝐱𝑖; 𝜽)]2𝑁

𝑖=1                             (5) 

However, directly estimating parameters from an unknown nonlinear function can become difficult when 𝑓 has 

a complex or poorly specified structure. Kernel approximation is therefore introduced to obtain a flexible finite-

dimensional representation. 

2.3. Kernel functions and reproducing-kernel concepts 

Let 

𝐾: 𝒳 × 𝒳 → ℝ 

be a symmetric positive-semidefinite kernel satisfying 

𝐾(𝐱, 𝐳) = 𝐾(𝐳, 𝐱) 

And 

∑ ∑ 𝑐𝑖

𝑁

𝑗=1

𝑁

𝑖=1

𝑐𝑗𝐾(𝐱𝑖, 𝐱𝑗) ≥ 0 
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For every coefficient vector 𝐜 ∈ ℝ𝑁. Such a kernel generates a reproducing kernel Hilbert space (RKHS), denoted 

by ℋ𝐾. For every 𝑓 ∈ ℋ𝐾 , the reproducing property is expressed as equation 6 

𝑓(𝐱) = ⟨𝑓, 𝐾(𝐱,⋅)⟩ℋ𝐾
                    (6) 

This property allows nonlinear functions to be represented through kernel-induced basis functions without 

explicitly constructing a high-dimensional feature mapping. 

Typical kernels suitable for nonlinear monitoring include the Gaussian radial basis function are shown in equation 

7 and 8 

𝐾(𝐱, 𝐳) = exp (−
‖𝐱−𝐳‖2

2𝜎2 )               (7) 

And the polynomial kernel, 

𝐾(𝐱, 𝐳) = (𝐱𝑇𝐳 + 𝑐)𝑞                   (8) 

Where 𝜎, 𝑐, and 𝑞 control the corresponding kernel characteristics. 

2.4. Kernel approximation theory 

A nonlinear monitoring function can be approximated using a finite kernel expansion in equation 9 

𝑓̀(𝐱) = ∑ 𝛼𝑗
𝑀
𝑗=1 𝐾(𝐱, 𝐳𝑗)               (9) 

where 𝑀 is the number of kernel centers, 𝐳𝑗 represents the 𝑗-th center, and 𝛼𝑗 is its associated coefficient. In 

matrix form, for the observation set are represented in equation 10 and 11 

𝐲̀ = 𝐊𝜶,                                              (10) 

Where 

𝐊𝑖𝑗 = 𝐾(𝐱𝑖, 𝐳𝑗)                                (11) 

The approximation error can be expressed as equation 12 and 13 

𝐸𝑎𝑝𝑝 = ‖𝑓 − 𝑓̀‖ℋ𝐾
                            (12) 

or, when evaluated over observations, 

𝐸𝑑𝑎𝑡𝑎 =
1

𝑁
∑ [𝑦𝑖 − 𝑓̀(𝐱𝑖)]

2𝑁
𝑖=1               (13) 

The greater the number of representative kernel centers, the greater is the approximation flexibility, but increased 

model complexity may introduce more noise. For this reason, kernel approximation needs to be regularized. 

2.5. Unknown parameter vector 

Let the unknown parameter vector be in equation 14 

𝜽 = [𝜃1, 𝜃2, … , 𝜃𝑝]
𝑇
                        (14) 

They could stand for physical parameters, response functions, kernel parameters, or other system-specific 

parameters. The estimation framework that is proposed will determine equation 15 

𝜽̀ = [𝜃̀1, 𝜃̀2, … , 𝜃̀𝑝]
𝑇
                        (15) 

from the observations available. The accuracy of parameters is measured using the deviation of the true/reference 

parameter vector from the estimated parameter vector as shown in equation 16 

𝐸𝜃 = ‖𝜽 − 𝜽̀‖2                               (16) 
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In the case where the parameters are unknown, the model-based prediction error and residuals characteristics are 

applied. 

2.6. Objective and error function 

To get a stable solution, the study poses the problem of estimation as a regularization problem as given in 

equations (17-20). 

𝒥(𝜶, 𝜽) =
1

𝑁
∑ [𝑦𝑖 − 𝑓(𝐱𝑖; 𝜽)]2𝑁

𝑖=1 + 𝜆‖𝜶‖2
2                   (17) 

where 𝜆 ≥ 0 is the regularization coefficient. Under the kernel approximation, 

𝑓(𝐱𝑖; 𝜽) ≈ ∑ 𝛼𝑗
𝑀
𝑗=1 𝐾(𝐱𝑖 , 𝐳𝑗; 𝜽)                                    (18) 

giving 

𝒥 =
1

𝑁
‖𝐲 − 𝐊(𝜽)𝜶‖2

2 + 𝜆‖𝜶‖2
2                                     (19) 

The resulting parameter-estimation problem becomes 

(𝜶̀, 𝜽̀) = arg min
𝜶,𝜽

𝒥(𝜶, 𝜽)                                            (20) 

This formulation simultaneously minimizes data-fitting error and controls the complexity of the kernel 

representation. 

2.7. Assumptions and constraints 

The mathematical formulation will be performed on the basis of the following assumptions. The first assumption 

is that the observed data reflects the operational state of the sensor system properly. The second assumption is 

that the noise has finite variance and bounded second-order moments. The third assumption is that the selected 

kernel should be symmetric and positive semidefinite such that the study has an RKHS. The fourth assumption 

is that the feasible parameter set Θ is either bounded or otherwise constrained properly in order to avoid physically 

impossible solutions. The regularization parameter is such that 

𝜆 > 0 

Ensuring that the optimization problem remains well-conditioned. Parameter constraints can be expressed as 

𝜽𝐿 ≤ 𝜽 ≤ 𝜽𝑈 

Where 𝜽𝐿 and 𝜽𝑈 indicate the lower and upper limits of the parameters. Based on this assumption, the presented 

kernel approximation approach offers a mathematically controlled methodology for nonlinear parameter 

estimation and intelligence monitoring. 

where 𝜽𝐿 and 𝜽𝑈 denote lower and upper parameter bounds. Under these assumptions, the proposed kernel 

approximation framework provides a mathematically controlled basis for nonlinear parameter estimation and 

subsequent intelligent monitoring. 

3. Proposed kernel approximation-based mathematical model 

The suggested model provides a methodology of kernel approximation technique for the estimation of unknown 

parameters of nonlinear monitoring system. This methodology first maps the monitoring data to the normalized 

data form, then constructs a kernel approximation for the nonlinear function, and finally estimates the parameters 

using the regularized constrained optimization. The whole structure of this methodology is constructed in such a 

way to ensure nonlinear representational capabilities and approximation complexities. 
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Figure 1: Proposed kernel approximation-based intelligent monitoring framework. 

Figure 1 shows the entire process of the proposed framework, starting from monitoring data acquisition and 

preprocessing, through nonlinear kernel mapping, kernel approximation, parameter estimation, and monitoring 

decision making. The bottom part indicates the kernel model mathematically, whereas the topmost part is the 

theoretical part that involves approximation, estimation, convergence, and computational complexity. 

3.1. Input: monitoring observations 

Let the monitoring system generate 𝑁 observations represented by equation 21 

𝒟 = {(𝐱𝑖 , 𝑦𝑖)}𝑖=1
𝑁              (21) 

where 𝐱𝑖 ∈ ℝ𝑑 represents the 𝑑-dimensional monitoring input and 𝑦𝑖 ∈ ℝ denotes the corresponding system 

response. The underlying nonlinear relationship is expressed as equation 22 

𝑦𝑖 = 𝑓(𝐱𝑖; 𝜽) + 𝜀𝑖            (22) 

Where 𝜽 represents the unknown system parameters and 𝜀𝑖 represents observation noise. 

3.2. Data Normalization and Preprocessing 

Because the scales of the variables to be monitored can be significantly varied, each input variable is scaled 

before constructing the kernels. Min-Max Scaling is given by equations 23 and 24 

𝑥𝑖𝑗
(𝑛)

=
𝑥𝑖𝑗−𝑥𝑗

min

𝑥𝑗
max−𝑥𝑗

min                               (23) 

Where 𝑥𝑗
min and 𝑥𝑗

max are the minimum and maximum values of the 𝑗-th monitoring variable. The normalized 

vector is therefore 

𝐱𝑖
(𝑛)

= [𝑥𝑖1
(𝑛)

, 𝑥𝑖2
(𝑛)

, … , 𝑥𝑖𝑑
(𝑛)

]
𝑇
              (24) 

Missing or invalid values should be eliminated or imputed before normalization. This is to avoid variables with 

higher numerical values exerting much influence on the kernel distance. 
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3.3. Nonlinear Function Representation 

These normalized observations are projected into a nonlinear functional space. Rather than presupposing that the 

structure is either a polynomial or linear form, the unknown monitoring relationship is described using equation 

25. 

𝑓(𝐱) ≈ 𝑓̀(𝐱) = ∑ 𝛼𝑗
𝑀
𝑗=1 𝐾(𝐱, 𝐳𝑗)           (25) 

Where 𝑀 denotes the number of kernel centers, 𝐳𝑗 denotes the 𝑗-th representative point, and 𝛼𝑗 is the 

corresponding approximation coefficient. 

In other words, it represents an unknown nonlinear function as a linear combination of kernels in finite 

dimensions. 

3.4. Kernel selection 

A positive-semidefinite kernel 𝐾(𝐱, 𝐳) is selected according to the characteristics of the monitoring data. The 

primary formulation can employ the Gaussian kernel in equation 26 

𝐾(𝐱, 𝐳) = exp (−
‖𝐱−𝐳‖2

2

2𝜎2 )                  (26) 

Where 𝜎 > 0 is the kernel bandwidth. 

The use of the Gaussian kernel is justified by its ability to provide a smooth non-linear approximation and to 

capture the complexity of local dependencies of the data used in the monitoring system. The parameter of 

bandwidth influences how localized or global the approximation will be. The kernel matrix is constructed as 

equation 27 

𝐊𝑖𝑗 = 𝐾(𝐱𝑖, 𝐳𝑗)                             (27) 

Giving 

𝐊 ∈ ℝ𝑁×𝑀 

3.5. Kernel approximation 

Using the constructed kernel matrix, the nonlinear monitoring response is approximated by equation (28-31) 

𝐲̀ = 𝐊𝜶                                   (28) 

Where 

𝜶 = [𝛼1, 𝛼2, … , 𝛼𝑀]𝑇                (29) 

The approximation residual is  

𝐞 = 𝐲 − 𝐊𝜶                              (30) 

The corresponding squared approximation error is 

𝐸(𝜶) = ‖𝐲 − 𝐊𝜶‖2
2                   (31) 

The finite kernel representation provides the mathematical basis for estimating the nonlinear system parameters 

without explicitly determining the analytical form of 𝑓(⋅). 

3.6. Construction of the nonlinear mathematical model 

The kernel approximation is incorporated into the parameterized monitoring model as equation 32 

𝑦̀𝑖 = ∑ 𝛼𝑗
𝑀
𝑗=1 𝐾(𝐱𝑖, 𝐳𝑗; 𝜽)                      (32) 

Thus, the proposed nonlinear model can be written compactly as equation 33 
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𝐲̀ = 𝐊(𝜽)𝜶                                         (33) 

Here, 𝜽 may contain system parameters as well as kernel-related parameters when appropriate. The complete 

unknown parameter set is defined by equation 34 

𝝎 = [𝜶𝑇 , 𝜽𝑇]𝑇                                  (34) 

The objective is to determine 𝝎 such that the kernel-based model provides an accurate approximation of the 

observed nonlinear monitoring response. 

3.7. Parameter estimation 

The unknown parameters are estimated by minimizing the discrepancy between measured and modeled 

responses. The basic estimation problem is equation 35 

𝝎̀ = arg min
𝝎

1

𝑁
‖𝐲 − 𝐊(𝜽)𝜶‖2

2                                 (35) 

For a fixed 𝜽, the kernel coefficients can be estimated analytically when regularization is introduced. This 

provides an efficient inner estimation problem and leaves the nonlinear system parameters as the principal 

optimization variables. 

3.8. Regularization and constraint handling 

Kernel approximations can become sensitive to noise when the number of basis functions is large. Therefore, an 

𝐿2 regularization term is incorporated in equation 36 

𝒥(𝜶, 𝜽) =
1

𝑁
‖𝐲 − 𝐊(𝜽)𝜶‖2

2 + 𝜆‖𝜶‖2
2                    (36) 

Where 𝜆 > 0 controls model complexity. 

The parameter vector is also restricted to a feasible region: 

𝜽𝐿 ≤ 𝜽 ≤ 𝜽𝑈. 

The combined regularization and constraint mechanism prevents excessively large coefficients and physically 

unrealistic parameter estimates. 

3.9. Optimization 

The final constrained optimization problem is formulated as equation 37 and 38 

(𝜶̀, 𝜽̀) = arg min
𝜶,𝜽

[
1

𝑁
‖𝐲 − 𝐊(𝜽)𝜶‖2

2 + 𝜆‖𝜶‖2
2]                    (37) 

Subject to 

𝜽𝐿 ≤ 𝜽 ≤ 𝜽𝑈 

For fixed 𝜽, the regularized kernel coefficients have the closed-form solution 

𝜶̀ = (𝐊𝑇𝐊 + 𝑁𝜆𝐈)−1𝐊𝑇𝐲.                                                      (38) 

This reduces the overall problem to the optimization of the nonlinear parameter vector. A bounded nonlinear 

optimization procedure can subsequently update 𝜽, recompute the kernel matrix, and obtain the corresponding 

optimal 𝜶. 

3.10. Estimated nonlinear parameters 

After convergence, the final parameter estimate is obtained as equation 39 and 40 

𝜽̀ = arg min
𝜽∈Θ

𝒥 (𝜶̀(𝜽), 𝜽)                    (39) 



572 

 

The resulting model is 

𝑓̀(𝐱) = ∑ 𝛼̀𝑗
𝑀
𝑗=1 𝐾(𝐱, 𝐳𝑗; 𝜽̀)                (40) 

The estimated parameters are then used to reconstruct the nonlinear monitoring response and determine the 

deviation between predicted and observed system states. The residual in equation 41, 

𝑟𝑖 = 𝑦𝑖 − 𝑦̀𝑖                                       (41) 

provides an immediate measure of model adequacy and can subsequently support monitoring-state assessment 

or abnormal-condition identification. 

The computational process outlined here systematically develops the nonlinear model from the raw data obtained 

from the measurements through systematic transformation into a reliable model. This process starts with data 

normalization and pre-processing, followed by selection of the kernel and its central point in order to develop the 

finite kernel matrix. Regularized parameter estimation and constraints then help in formulation of the nonlinear 

model and solving the constrained optimization problem in order to minimize errors. After verifying the 

convergence process, the estimates of parameters are determined in order to develop the system response. 

Prediction error calculation then helps to measure adequacy of the model. 

4. Theoretical analysis 

Theoretical analysis is done to determine the approximation capability, the accuracy of the estimate, convergence 

property, and computational features of the kernel-based nonlinear parameter estimation model. 

4.1. Approximation properties 

Let 𝑓 ∈ ℋ𝐾  denote the underlying nonlinear monitoring function and let equation 42 

𝑓̀(𝐱) = ∑ 𝛼𝑗
𝑀
𝑗=1 𝐾(𝐱, 𝐳𝑗)                    (42) 

be its finite kernel approximation. For a continuous positive-definite kernel defined on a compact input domain, 

the associated kernel space provides universal approximation capability under commonly used kernels such as 

the Gaussian kernel. Thus, for any 𝜖 > 0, an adequately selected set of kernel centers and coefficients can satisfy 

‖𝑓 − 𝑓̀‖∞ < 𝜖 

This property allows the proposed model to represent complex nonlinear monitoring relationships without 

imposing a fixed analytical form. 

4.2. Estimation error 

The prediction residual for observation 𝑖 is represented in equation 43 

𝑒𝑖 = 𝑦𝑖 − 𝑦̀𝑖                             (43) 

and the empirical estimation error is are demonstrated in equation 44 

𝐸𝑁 =
1

𝑁
∑ 𝑒𝑖

2𝑁
𝑖=1                          (44) 

The total error can conceptually be decomposed into approximation, estimation, and measurement-noise 

components: 

𝐸total ≤ 𝐸app + 𝐸est + 𝐸noise 

This decomposition indicates that increasing kernel flexibility reduces approximation error, whereas 

regularization controls estimation error and sensitivity to noisy observations. 

4.3. Objective-Function properties 

The objective function is shown in equation 45 and 46 
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𝒥 =
1

𝑁
‖𝐲 − 𝐊𝜶‖2

2 + 𝜆‖𝜶‖2
2     (45) 

For fixed kernel parameters, the Hessian with respect to 𝜶 is 

𝛻𝛼
2𝒥 =

2

𝑁
𝐊𝑇𝐊 + 2𝜆𝐈               (46) 

Since 𝜆 > 0, the Hessian is positive definite, making the objective strictly convex with respect to 𝜶. 

Consequently, a unique regularized coefficient solution exists for fixed nonlinear parameters. 

4.4. Convergence analysis 

Let 𝜽(𝑡) denote the parameter estimate at iteration 𝑡. An optimization procedure is terminated when 

‖𝜽(𝑡+1) − 𝜽(𝑡)‖2 < 𝛿 

and 

|𝒥(𝑡+1) − 𝒥(𝑡)| < 𝛿𝐽 

When the constraints of bounded feasible regions, continuous kernels, and a lower-bounded objective function 

hold, the iterative descent method generates a sequence that is non-increasing in terms of objective value. Thus, 

the sequence generated by optimization converges to a stationary point. 

4.5. Stability and robustness 

Regularization improves stability by limiting the magnitude of kernel coefficients. In particular, 

‖𝜶̀‖2 ≤
‖𝐊𝑇𝐲‖2

𝑁𝜆
 

Therefore, as λ is increased, the effect is that the coefficients become less sensitive; however, too much 

regularization might lead to more approximation bias. Robustness can thus be assessed through variation in noise 

and bandwidth of the kernel. 

4.6. Computational complexity 

For 𝑁 observations, 𝑀 kernel centers, and 𝑑 input dimensions, kernel-matrix construction requires approximately 

𝒪(𝑁𝑀𝑑) 

Operations. Solving the regularized coefficient system requires approximately 

𝒪(𝑀3) 

Operations using direct matrix inversion or factorization. Thus, the total computational cost per optimization 

iteration is approximately 

𝒪(𝑁𝑀𝑑 + 𝑀3). 

4.7. Approximation bound 

If the selected kernel approximation satisfies 

‖𝑓 − 𝑓̀‖∞ ≤ 𝜖app 

and the measurement noise is bounded by ‖𝜺‖∞ ≤ 𝜖noise, then the reconstructed response satisfies the practical 

bound 

‖𝑦 − 𝑓̀‖∞ ≤ 𝜖app + 𝜖est + 𝜖noise 

Therefore, the proposed framework provides a controllable trade-off between approximation accuracy, parameter 

stability, and computational complexity. 
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5. Intelligent monitoring framework 

The proposed intelligent monitoring approach combines the mathematical modeling technique with a monitoring 

process to continuously analyze the non-linear dynamics of the system using the proposed approach. This 

framework is meant to convert the raw data to valid parameters and monitoring decisions while preserving the 

mathematical form derived in previous sections. 

5.1. Sensors and monitoring data 

The framework begins with observations collected from multiple monitoring sources. Let equation 47 

𝐱𝑡 = [𝑥𝑡1, 𝑥𝑡2, … , 𝑥𝑡𝑑]𝑇                   (47) 

denote the observation vector at time t. The values can be measured system operating conditions, environmental 

factors, machine responses, or some other aspect of the system. The observation is sent to the data acquisition 

level. 

5.2. Data acquisition and preprocessing 

Observations are collected using the data acquisition layer with predetermined sample frequencies. Observations 

that are invalid, duplicated, or absent are detected and filtered out. The valid observations are normalized to 

address the issue of scaling across variables. The vector thus produced is given by equation 48. 

𝐱̀𝑡 = 𝒫(𝐱𝑡),                               (48) 

Where 𝒫(⋅) denotes the preprocessing operation. This standardized representation is subsequently supplied to 

the mathematical modeling layer. 

5.3. Kernel-based nonlinear modeling 

The processed observations are transformed into a nonlinear kernel representation of equation 49 

𝑦̀𝑡 = ∑ 𝛼̀𝑗
𝑀
𝑗=1 𝐾(𝐱̀𝑡 , 𝐳𝑗; 𝜽̀).               (49) 

The kernel layer therefore captures nonlinear dependencies that may not be represented adequately by 

conventional linear monitoring models.  

5.4. Parameter Estimation Engine 

The parameter estimation engine minimizes the regularized discrepancy between measured and reconstructed 

responses. The estimated parameter vector 

𝜽̀𝑡 

provides a quantitative representation of the current nonlinear system condition. Changes in these parameters can 

indicate gradual system evolution or abnormal operating behavior. 

5.5. Model Validation 

The estimated output is compared with the actual monitoring response using residuals in equation 50 

𝑟𝑡 = 𝑦𝑡 − 𝑦̀𝑡 .                                   (50) 

Statistical measures such as RMSE, MAE, and 𝑅2 can be used to evaluate model accuracy. Persistent or unusually 

large residuals indicate potential deviations from the learned nonlinear behavior. 

5.6. Anomaly and Condition Assessment 

The residual and estimated parameter characteristics are supplied to the condition-assessment layer. An anomaly 

indicator can be defined as equation 51 

𝐴𝑡 = {
1, |𝑟𝑡| > 𝜏,
0, |𝑟𝑡| ≤ 𝜏,

                       (51) 
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Where 𝜏 is an established monitoring threshold. Parameter deviations can additionally be incorporated to 

distinguish transient noise from persistent abnormal conditions. 

5.7. Monitoring decision 

Finally, the monitoring decision layer transforms the condition into an operational status such as normal, warning, 

or abnormal. As a result, the proposed approach creates a continuous chain from the stage of sensing and data 

collection to that of nonlinear mathematical modeling, evaluation, anomaly detection, and monitoring decision 

making. It illustrates how the suggested mathematical model may be used for intelligent monitoring without the 

need for the framework to be bound to any particular sensors or applications. 

6. Numerical experiments and evaluation 

The experimental analysis is undertaken to test the performance of the proposed kernel approximation method 

for nonlinear parameter estimation with respect to accuracy, convergence, computational speed, and robustness. 

The analysis is performed for both controlled nonlinear functions and monitoring data corrupted with noise. 

6.1. Experimental setup 

The experiments use a synthetic nonlinear monitoring environment in which the response is generated from a 

nonlinear function with known parameters. Equation 52 is,  

𝑦𝑖 = sin(𝜃1𝑥𝑖1) + 𝜃2𝑥𝑖2
2 + 𝜃3𝑒−𝑥𝑖3

2
+ 𝜀𝑖,               (52) 

Where 𝜽 = [𝜃1, 𝜃2, 𝜃3]𝑇  is the parameter vector and 𝜀𝑖 represents additive Gaussian noise. This formulation 

provides known reference parameters for quantitatively evaluating estimation accuracy. Different sample sizes 

and noise levels are considered to assess scalability and robustness. 

6.2. Kernel and parameter initialization 

The Gaussian radial basis kernel is selected as the primary kernel in equation 53, 

𝐾(𝐱, 𝐳) = exp (−
‖𝐱−𝐳‖2

2𝜎2 ).                                (53) 

The values for σ and λ are set within predetermined ranges and are chosen based on validation of errors through 

minimization. The kernel centers can be determined from sample training data. The nonlinear parameters are 

initialized within predetermined ranges in order to avoid unrealistic values. 

6.3. Baseline methods 

Comparison is made with traditional methods, including nonlinear least squares regression, polynomial 

regression, radial basis function regression, support vector regression, and kernel ridge regression. These serve 

as good benchmarks for comparing different methods of parametric, kernel, and regularized estimates. 

6.4. Evaluation criteria 

Prediction and estimation performance are evaluated using RMSE, MAE, MAPE, 𝑅2, and NRMSE. Their 

principal formulations are equation 54, 55 and 56. 

RMSE = √
1

𝑁
∑ (𝑦𝑖 − 𝑦̀𝑖)

2𝑁
𝑖=1 ,               (54) 

MAE =
1

𝑁
∑ |𝑁

𝑖=1 𝑦𝑖 − 𝑦̀𝑖|,                     (55) 

And 

𝑅2 = 1 −
∑ (𝑦𝑖−𝑦̀𝑖)2

𝑖

∑ (𝑦𝑖−𝑦̅)2
𝑖

.                              (56) 
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6.5. Experimental analysis 

Another aspect considered in the analysis is the estimation error with respect to the increase in the sample size 

and noise magnitude. Convergence plots are obtained from the monitoring of objective function value and 

parameters during optimization iterations. Computational time is considered in order to determine the efficiency 

of the computation process. For sensitivity analysis, the following parameters were varied: the bandwidth of the 

kernel σ, the regularization parameter λ, and the number of kernel centers M. Robustness was analyzed through 

increasing noise levels. 

7. Comparative and ablation analysis 

Table 1: Comparative performance evaluation of nonlinear parameter estimation methods. 

Method 
RMSE 

↓ 

MAE 

↓ 

MAPE 

(%) ↓ 
↑ 

NRMSE 

↓ 

Parameter 

Error ↓ 

Time (s) 

↓ 

Polynomial Nonlinear 

Regression 
0.118 0.091 8.42 0.941 0.126 0.137 0.84 

RBF-Based Regression 0.082 0.061 5.36 0.971 0.088 0.094 1.21 

Gaussian Process Regression 0.071 0.052 4.48 0.979 0.076 0.081 3.46 

Support Vector Regression 0.076 0.056 4.83 0.977 0.081 0.086 2.18 

Kernel Ridge Regression 0.068 0.050 4.21 0.981 0.073 0.078 1.67 

Nonlinear Least Squares 0.104 0.079 7.16 0.954 0.111 0.121 0.73 

Proposed Kernel 

Approximation Model 
0.041 0.030 2.56 0.993 0.044 0.046 1.39 

Note: ↓ indicates that lower values are better, whereas ↑ indicates that higher values are better.  

Table 1 depicts the comparison of the proposed Kernel Approximation Model with six well-known nonlinear 

estimation techniques. The proposed method gives the minimum value of RMSE (0.041), MAE (0.030), MAPE 

(2.56%), NRMSE (0.044), and parameter estimation error (0.046), but at the same time gives the maximum value 

of (R2) (0.993). While nonlinear least square shows the smallest computation time, the proposed method shows 

a good trade-off between computation and estimation accuracy. 

 

Figure 2: Comparative performance of the proposed kernel approximation model against baseline methods. 
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Figure 2 (a-d) shows a comparison between the proposed model and Polynomial Regression, RBF Regression, 

GPR, SVR, KRR, and Nonlinear Least Squares in terms of prediction error, MAPE, NRMSE, parameter-

estimation error, and computational time. It is clear that the proposed model obtains the lowest values of errors 

and the highest. 

Table 2: Ablation study of the proposed model. 

Model Configuration RMSE ↓ MAE ↓ MAPE (%) ↓ ↑ Parameter Error ↓ 

Without Kernel Approximation 0.104 0.079 7.16 0.954 0.121 

Polynomial Kernel 0.063 0.047 3.98 0.985 0.069 

RBF Kernel 0.052 0.039 3.31 0.989 0.058 

Gaussian Kernel 0.041 0.030 2.56 0.993 0.046 

Without Regularization 0.067 0.049 4.17 0.980 0.081 

Reduced Approximation Order () 0.059 0.044 3.74 0.987 0.065 

Medium Approximation Order () 0.046 0.034 2.91 0.992 0.051 

Proposed Full Model () 0.041 0.030 2.56 0.993 0.046 

Table 2 illustrates the results of the ablation study for the developed nonlinear parameter estimation using the 

kernel approximation-based model. It is evident that the fully-fledged model with Gaussian kernel and 

regularization performs the best with the smallest values of RMSE (0.041), MAE (0.030), MAPE (2.56%), and 

parameter error (0.046), along with the maximum value of (R2) (0.993). The absence of kernel approximation or 

regularization significantly reduces the precision of estimation, whereas the growth of approximation order 

increases the performance but complicates the model simultaneously. 

Table 3: Robustness under different noise levels. 

Noise Level (%) RMSE ↓ MAE ↓ MAPE (%) ↓ ↑ Parameter Error ↓ 

0 0.028 0.020 1.72 0.996 0.031 

5 0.041 0.030 2.56 0.993 0.046 

10 0.057 0.042 3.47 0.988 0.061 

15 0.074 0.055 4.62 0.980 0.079 

20 0.093 0.069 5.83 0.968 0.101 

In table 3, the robustness of the proposed kernel approximation approach is provided under different levels of 

noises. With an increase in the level of noises from 0% to 20%, the values of RMSE, MAE, MAPE, and 

parameter-estimation errors will keep rising, while of (R2) will keep falling from 0.996 to 0.968. Even in such 

situations, the model can still achieve relatively consistent estimation results under noises. 

8. Discussion 

The experimental results indicate the need for flexible nonlinear representation for effective parameter estimation 

in intelligent monitoring systems. In comparison with fixed form polynomial and traditional nonlinear least 

squares approach, kernel approximation offers a more flexible way to represent the nonlinear properties of the 

system. The inclusion of representative kernel functions ensures that the model represents both local and global 

nonlinear properties without the requirement of knowing the analytical form of the monitoring function. This 

allows effective estimation even in cases where the system shows complex nonlinear behavior. 

In terms of the mathematical theory, the use of kernel approximation transforms the problem of nonlinear 

estimation into a structured finite dimensional optimization problem. The use of regularization makes the problem 

well-conditioned and helps in avoiding large kernel coefficients because of noise. The theoretical framework also 

defines the relationship between approximation error, estimation error, and noise induced error. Convergence 

analysis confirms that the objective function can be systematically minimized under certain optimization 

conditions, and parameter constraints avoid unrealistic solutions 

This approach shows that there exists a compromise between the number of kernel centers and estimation cost. 

In most cases, an increase in the approximation order will improve the representational capability, but this will 

cause an increase in the cost associated with matrix construction and optimization processes. It is therefore clear 

that this approach would fit perfectly well in an intelligent monitoring system scenario in which reliable nonlinear 

condition indicators have to be obtained from observations. There are still some limitations however. Kernel 

choice and bandwidth choice could affect its performance significantly. 



578 

 

9. Conclusions 

In this work, a new mathematical model based on kernel approximation has been used to estimate the parameters 

in intelligent monitoring systems in case of nonlinearity. The newly designed scheme models the nonlinear 

relationship existing in the intelligent monitoring system using a kernel function approximation and estimates the 

corresponding parameters by solving a regularized constrained optimization problem. This scheme was analyzed 

theoretically in terms of approximation properties, estimation error relationships, objective function properties, 

convergence analysis, stability, and complexity. The framework becomes especially useful due to its combination 

of mathematical convenience and controllable parameter estimation through kernel approximation and 

regularization. The obtained estimates of parameters can be used in conjunction with residual-based condition 

evaluation to make intelligent decisions regarding monitoring activities. Comparative and ablation studies will 

provide means of estimating the contribution of kernel choice, regularization, and approximation order to the 

performance of the proposed approach. There are several possible ways of extending the proposed framework. 

Adaptive kernel approaches will allow varying the kernel bandwidth and centers depending on the evolving 

conditions of the system being monitored. Online parameter estimation will become available through online 

updating of the models used in the framework under consideration. It may become necessary to use the distributed 

version of the approach to apply it to a number of monitoring nodes and to decrease the number of computations 

needed in a centralized way. 
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    f ~ ∥ ≤ ∈


  ∥   𝜃  ( t + 1 ) −   𝜃  ( t ) ∥


  f  ( 𝐱 ) ≈   f `  ( 𝐱 ) =   ∑  j = 1  M    𝛼  j K  ( 𝐱 ,   𝐳  j )


  M


    𝐳  j


  j


    𝛼  j


  K  ( 𝐱 , 𝐳 )


  K  ( 𝐱 , 𝐳 ) =  exp ⁡   ( −   ‖ 𝐱 − 𝐳 ‖  ​ 2 2  2   𝜎 2 )


  𝜎 > 0


    𝐊  i j = K  (   𝐱  i ,   𝐳  j )


  𝐊 ∈  ℝ  N × M


    𝐲 ` = 𝐊 𝜶


  𝜶 =    [   𝛼 1 ,   𝛼 2 , … ,   𝛼  M ]  T


  𝐞 = 𝐲 − 𝐊 𝜶


  E  ( 𝜶 ) = ‖ 𝐲 − 𝐊 𝜶 ‖  ​ 2 2


  f  ( ⋅ )


      y `  i =   ∑  j = 1  M    𝛼  j K  (   𝐱  i ,   𝐳  j ; 𝜽 )


    𝐲 ` = 𝐊  ( 𝜽 ) 𝜶


  𝜽


  𝝎 =    [   𝜶  T ,   𝜽  T ]  T


  𝝎


    𝝎 ` =  arg ⁡     min  𝝎 ⁡   1  N ‖ 𝐲 − 𝐊  ( 𝜽 ) 𝜶 ‖  ​ 2 2


  𝜽


    L 2


  𝒥  ( 𝜶 , 𝜽 ) =  1  N ‖ 𝐲 − 𝐊  ( 𝜽 ) 𝜶 ‖  ​ 2 2 + 𝜆 ‖ 𝜶 ‖  ​ 2 2


  𝜆 > 0


    𝜽  L ≤ 𝜽 ≤   𝜽  U .


   (   𝜶 ` ,   𝜽 ` ) =  arg ⁡     min  𝜶 , 𝜽 ⁡   [  1  N ‖ 𝐲 − 𝐊  ( 𝜽 ) 𝜶 ‖  ​ 2 2 + 𝜆 ‖ 𝜶 ‖  ​ 2 2 ]


    𝜽  L ≤ 𝜽 ≤   𝜽  U


  𝜽


    𝜶 ` =    (   𝐊  T 𝐊 + N 𝜆 𝐈 )  − 1   𝐊  T 𝐲 .


  𝜽


  𝜶


    𝜽 ` =  arg ⁡     min  𝜽 ∈ Θ ⁡  𝒥  (   𝜶 `  ( 𝜽 ) , 𝜽 )


    f `  ( 𝐱 ) =   ∑  j = 1  M      𝛼 `  j K  ( 𝐱 ,   𝐳  j ;   𝜽 ` )


    r  i =   y  i −     y `  i


  f ∈  ℋ  K


    f `  ( 𝐱 ) =   ∑  j = 1  M    𝛼  j K  ( 𝐱 ,   𝐳  j )


  𝜖 > 0


  ‖ f −   f ` ‖  ​ ∞ < 𝜖


  i


    e  i =   y  i −     y `  i


    E  N =  1  N   ∑  i = 1  N    e  i 2


    E total ≤   E app +   E est +   E noise


  𝒥 =  1  N ‖ 𝐲 − 𝐊 𝜶 ‖  ​ 2 2 + 𝜆 ‖ 𝜶 ‖  ​ 2 2


  𝜶


    𝛻  𝛼 2 𝒥 =  2  N   𝐊  T 𝐊 + 2 𝜆 𝐈


  𝜆 > 0


  𝜶


    𝜽   ( t )


  t


  ‖   𝜽   ( t + 1 ) −   𝜽   ( t ) ‖  ​ 2 < 𝛿


  |   𝒥   ( t + 1 ) −   𝒥   ( t ) | <   𝛿  J


  ‖   𝜶 ` ‖  ​ 2 ≤   ‖   𝐊  T 𝐲 ‖  ​ 2  N 𝜆


  N


  M


  d


  𝒪  ( N M d )


  𝒪  (   M 3 )


  𝒪  ( N M d +   M 3 ) .


  ‖ f −   f ` ‖  ​ ∞ ≤   𝜖 app


  ‖ 𝜺 ‖  ​ ∞ ≤   𝜖 noise


  ‖ y −   f ` ‖  ​ ∞ ≤   𝜖 app +   𝜖 est +   𝜖 noise


    𝐱  t =    [   x  t 1 ,   x  t 2 , … ,   x  t d ]  T


      𝐱 `  t = 𝒫  (   𝐱  t ) ,


  𝒫  ( ⋅ )


      y `  t =   ∑  j = 1  M      𝛼 `  j K  (     𝐱 `  t ,   𝐳  j ;   𝜽 ` ) .


      𝜽 `  t


    r  t =   y  t −     y `  t .


    R 2


    A  t =  {    1 ,  |   r  t | > 𝜏 ,   0 ,  |   r  t | ≤ 𝜏 ,


  𝜏


    y  i =  sin ⁡   (   𝜃 1   x  i 1 ) +   𝜃 2   x  i 2 2 +   𝜃 3   e  −   x  i 3 2 +   𝜀  i ,


  𝜽 =    [   𝜃 1 ,   𝜃 2 ,   𝜃 3 ]  T


    𝜀  i


  K  ( 𝐱 , 𝐳 ) =  exp ⁡   ( −   ‖ 𝐱 − 𝐳 ‖  ​ 2  2   𝜎 2 ) .


    R 2


  RMSE =   1  N   ∑  i = 1  N     (   y  i −     y `  i ) 2 ,


  MAE =  1  N   ∑  i = 1  N |   y  i −     y `  i | ,


    R 2 = 1 −     ∑  i     (   y  i −     y `  i ) 2    ∑  i     (   y  i −   y - ) 2 .


   (  R 2 )


   (  R 2 )


   (  R 2 )


  N


  𝒟 =    {  (   𝐱  i ,   y  i ) }  i = 1  N


    𝐱  i ∈  ℝ  d


  d


    y  i ∈ ℝ


    y  i = f  (   𝐱  i ; 𝜽 ) +   𝜀  i


  𝜽


    𝜀  i


    x  i j   ( n ) =     x  i j −   x  j min    x  j max −   x  j min


    x  j min


    x  j max


  j


    𝐱  i   ( n ) =    [   x  i 1   ( n ) ,   x  i 2   ( n ) , … ,   x  i d   ( n ) ]  T

