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The paper deals with the existence of entire solutions for a quasilinear equation (Eλ) in Hn,
depending on a real parameter λ, which involves a general elliptic operator A in divergence
form and two main nonlinearities. The competing nonlinear terms combine each other. Under
some conditions, we prove the existence of a critical value λ∗ > 0 with the property that (Eλ)
admits nontrivial nonnegative entire solutions if and only if λ ≥ λ∗. Furthermore, under the
further assumption that the potential A of A is uniform convex, we give the existence of a
second independent nontrivial nonnegative entire solution of (Eλ), when λ > λ∗.
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1. Introduction

Differential equations arising from variational principles have a strong geometric
content and Geometric Analysis in the Heisenberg group, and more in general in
sub-Riemannian manifolds, represents one of the currently most active and excit-
ing areas of mathematics. Indeed, the Heisenberg group Hn, n = 1, 2, 3, . . . , plays
a crucial role for instance in representation theory, harmonic analysis, complex
variables, partial differential equations and quantum mechanics.
Recently, great interest has been directed to the study of nonlinear elliptic prob-
lems involving critical nonlinearities, in the context of stratified groups. We
briefly refer to [3, 13, 14] and to the references therein. However, up-to-date
results have been also produced by many authors in the Euclidean elliptic set-
ting. We mention [17] and related references and comments given there, since
this paper is an extension of [17] to the Heisenberg setting.
In this paper we study the one parameter elliptic equation in Hn

(Eλ) − divHA(q,DHu) + a(q) |u|p−2 u = λw(q) |u|m−2 u− h(q) |u|m−2 u,

where λ ∈ R and A : Hn × HH → HH admits a potential A , with respect to its

ISSN 2199-1413 (printed), ISSN 2199-1421 (electronic) / $ 2.50 © Heldermann Verlag



162 P. Pucci / Existence of Entire Solutions ...

second variable ξ, while HH is the span generated by {Xj, Yj}nj=1, and

Xj =
∂

∂xj

+ 2yj
∂

∂t
, Yj =

∂

∂yj
− 2xj

∂

∂t

are vector fields for any j = 1, . . . , n. The horizontal vector field A satisfies the
following assumption, required throughout the paper.
(A1) The potential A = A (q, ξ) is a continuous function in Hn × HH , with

continuous derivative with respect to ξ, A = ∂ξA (q, ξ), and verifies:
(i) A (q, 0H) = 0 and A (q, ξ) = A (q,−ξ) for all (q, ξ) ∈ Hn ×HH ;
(ii) A (q, ·) is strictly convex in HH for all q ∈ Hn;
(iii) There exist positive constants c1, c2 > 0 and an exponent p such that

c1 |ξ|pH ≤ (A(q, ξ), ξ)H , |A(q, ξ)|H ≤ c2 |ξ|p−1
H (1)

for all (q, ξ) ∈ Hn × HH , where 1 < p < Q, and Q = 2n + 2 is the
homogeneous dimension of Hn, while (·, ·)H is the natural inner product
in HH and | · |H the related norm introduced properly in Section 2.

Furthermore, we denote by r the Heisenberg norm, defined for all q=(z, t)∈Hn by

r(q) = (|z|4 + t2)1/4, z = (x, y) ∈ Rn × Rn, t ∈ R,

and by | · | the Euclidean norm in R2n. In the entire paper we assume for (Eλ)

(H1) (i) a ∈ L∞
loc(Hn), and a(q) ≥ a1[1+r(q)]−p for all q ∈ Hn and some constant

a1 ∈ (0, 1].
(ii) The exponents m and m are such that 1 < m < m < ∞.
(iii) 0 < h ∈ L1

loc(Hn), 0 ≤ w ∈ L1
loc(Hn) and w ̸≡ 0

Equation (Eλ) is a kind of quasilinear elliptic problem involving a possibly super
Sobolev critical nonlinearity, with combined effects. In the Euclidean setting
several papers are devoted on problems of this kind, we just quote, for example,
[1, 16, 17] and the comments and references therein. Motivated by these papers,
we extend the general results of [17] from the Euclidean to the Heisenberg setting.
However, (Eλ) is more delicate to handle, since the general framework produces
new interesting complications.
Finally, we introduce further mild structure conditions, which are assumed only
when specifically required.

(A2) A is uniformly convex, i.e. for any ε ∈ (0, 1) there exists a number
δ = δ(ε) ∈ (0, 1) such that either |ξ − η| ≤ εmax{|ξ| , |η|}, or

A (q, (ξ + η)/2) ≤ 1

2
(1− δ)[A (q, ξ) + A (q, η)]

for any q ∈ Hn and all ξ, η ∈ HH .
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(H2) The coefficients h and w are related by the condition that either

∫
Hn

w(q)m/[m−m]

h(q)m/[m−m]
dq = H ∈ R+, or (2)


w(w/h)(m−1)/(m−m) ∈ Lp∗′(Hn), p∗ =

nQ

n−Q
,∥∥w(w/h)(m−1)/(m−m)

∥∥
p∗′

= W ∈ R+

(3)

holds, where p∗′ is the Hölder conjugate of p∗.

(H+
2 ) w ∈ Lp∗/(p∗−m)(Hn) and p < m < p∗.

The standard convexity condition of Simon type, assumed for instance in [1],
implies that A satisfies condition (A2), as shown in the Remark of Section 3
of [17]. Concerning the famous condition (2) we refer to the historical comments
given in [17].
A typical operator covered in the paper is A(q, ξ) = α(q) |ξ|p−2

H ξ, where α ∈
C(Hn) and 0 < α1 ≤ α ≤ α2 in Hn for suitable numbers α1, α2 ∈ R+, and
A(q, ξ) = α(q) |ξ|p−2

H ξ satisfies (A1) and (A2), provided that 1 < p < Q. There-
fore, in the subcase α ≡ 1, along any φ ∈ C∞

c (Hn)

divHA(q,DHφ) = divH(|DHφ|p−2DHφ) = ∆Hn,pφ

reduces to the so called horizontal p-Laplacian on the Heisenberg group.
Throughout the paper we require assumptions (A1) and (H1), without further
mentioning. We present the main results in the following statement.
Theorem 1.1. Let (H2) hold.
(i) There exists λ∗ ≥ 0 such that (Eλ) has at least a nontrivial nonnegative entire

solution for all λ > λ∗ and has no nontrivial nonnegative entire solutions for
λ < λ∗;

(ii) If (H+
2 ) is also satisfied, then there exists λ∗ > 0 such that (Eλ) admits at

least a nontrivial nonnegative entire solution if and only if λ ≥ λ∗;
(iii) Let (A2) be also satisfied. If (Eλ) has a nontrivial nonnegative entire solution

for some λ > 0, then (Eλ) admits at least two nontrivial nonnegative entire
solutions.

Further multiplicity results for (Eλ) in the subcase m < p are given in the forth-
coming paper [15].
It is worthwhile to see that (2) implies (3), when w satisfies (H+

2 )1, but only if
1 < m < p∗ and m < m. Indeed, the Hölder inequality, with (p∗ − 1)m/(p∗ −m)
and m′/p∗′, where p∗′ and m′ are the Hölder conjugates of p∗ and m, implies
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Hn

[
w(q)

(
w(q)

h(q)

)(m−1)/(m−m)
]p∗′

dq =

∫
Hn

wp∗′/m

[(
wm

hm

)1/(m−m)
]p∗′/m′

dq

≤ ∥w∥p
∗′/m

p∗/(p∗−m)H
p∗′/m′

.

Therefore (3) holds by virtue of (2) and (H+
2 )1, but asking only the request that

1 < m < p∗ and m < m.
The paper is divided into four sections. Section 2 contains some relevant defini-
tions and notations related to the Heisenberg group functional setting. Section 3
gives some useful properties of functionals and operators. Section 4 presents the
proof of Theorem 1.1.

2. Preliminaries

We briefly recall the relevant definitions and notations related to the Heisenberg
group functional setting. For a complete treatment, we refer to [7, 10, 11, 12].
Let Hn be the Heisenberg group of dimension 2n+1, that is the Lie group whose
underlying manifold is R2n+1, endowed with the non-Abelian group law

q ◦ q′ =
(
z + z′, t+ t′ + 2

n∑
i=1

(yix
′
i − xiy

′
i)

)
for all q, q′ ∈ Hn, with

q = (z, t) = (x1, . . . , xn, y1, . . . , yn, t), q′ = (z′, t′) = (x′
1, . . . , x

′
n, y

′
1, . . . , y

′
n, t

′).

In Hn the natural origin is denoted by O = (0, 0). Define

r(q) = r(z, t) = (|z|4 + t2)1/4 for all q = (z, t) ∈ Hn,

where | · | is the Euclidean norm in R2n. The Korányi norm is homogeneous of
degree 1, with respect to the dilations δR : (z, t) 7→ (Rz,R2t), R > 0. Indeed, for
all q = (z, t) ∈ Hn

r(δR(q)) = r(Rz,R2t) = (|Rz|4 +R4t2)1/4 = Rr(q).

Hence, the Korányi distance is

dK(q, q
′) = r(q−1 ◦ q′) for all (q, q′) ∈ Hn ×Hn,

and the Korányi open ball of radius R centered at q0 is

BR(q0) = {q ∈ Hn : dK(q, q0) < R}.

For simplicity BR denotes the ball of radius R centered at q0 = O.
The Jacobian determinant of δR is R2n+2. The natural number Q = 2n + 2,
which is the so called homogeneous dimension of Hn, plays a role analogous to
the topological dimension in the Euclidean context.
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The Haar measure on Hn coincides with the Lebesgue measure on R2n × R. It
is invariant under left translations and Q-homogeneous with respect to dilations.
Hence, as noted in [11], the topological dimension 2n+1 of Hn is strictly less than
its Hausdorff dimension Q. We denote by |U | the measure of any measurable set
U ⊂ Hn. Then

|δR(U)| = RQ|U |, d(δRq) = RQdq.

In particular, if U = BR, then |BR| = RQwQ, where wQ is the measure of the
unit sphere of Hn.
The vector fields for j = 1, . . . , n

Xj =
∂

∂xj

+ 2yj
∂

∂t
, Yj =

∂

∂yj
− 2xj

∂

∂t
,

∂

∂t
,

constitute a basis for the real Lie algebra of left-invariant vector fields on Hn.
This basis satisfies the Heisenberg canonical commutation relations for position
and momentum [Xj, Yk] = −4δjk∂/∂t, all other commutators being zero. The
span of {Xj, Yj}nj=1 is briefly denoted by HH and a vector field in HH is called
horizontal.
Let u ∈ C1(Hn) be fixed. The horizontal gradient DHu is

DHu =
n∑

j=1

[(Xju)Xj + (Yju)Yj] ,

that is, it is an element of HH . Furthermore, if f ∈ C1(R), then DH(f ◦ u) =
f ′(u)DHu. The natural inner product in HH(

W,Z
)
H
=

n∑
j=1

(
wjzj + w̃j z̃j

)
for W = {wjXj + w̃jYj}nj=1 and Z = {zjXj + z̃jYj}nj=1 produces the Hilbertian
norm

|DHu|H =
√(

DHu,DHu
)
H

for the horizontal vector field DHu. Moreover, if also v ∈ C1(Hn) then the
Cauchy-Schwarz inequality∣∣(DHu,DHv

)
H

∣∣ ≤ |DHu|H |DHv|H
continues to be valid.
For horizontal vector fields W = {wjXj+ w̃jYj}nj=1 of class C1(Hn,R2n) we define
the horizontal divergence by

divHW =
n∑

j=1

[Xj(w
j) + Yj(w̃

j)].

If furthermore g ∈ C1(Hn), then the Leibnitz formula holds, namely
divH(gW ) = g divHW +

(
DHg,W

)
H
.
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The Kohn-Spencer Laplacian ∆H , or equivalently the horizontal Laplacian in Hn,
of a function u of class C2(Hn) is defined by

∆Hu =
n∑

j=1

(X2
j +Y 2

j )u =
n∑

j=1

(
∂2

∂x2
j

+
∂2

∂y2j
+ 4yj

∂2

∂xj∂t
− 4xj

∂2

∂yj∂t

)
u+4|z|2∂

2u

∂t2
,

and ∆H is hypoelliptic according to the celebrated Theorem 1.1 due to Hörmander
in [9]. In particular, ∆Hu = divHDHu for each u ∈ C2(Hn).
A well known generalization of the Kohn-Spencer Laplacian is the horizontal
p-Laplacian on the Heisenberg group given by

∆H,pu = divH(|DHu|p−2
H DHu),

which is well defined for all function u ∈ C2(Hn) and p ∈ (1,∞). But in this
paper 1 < p < Q.
Since we are interested in weighted Lebesgue spaces, denoted by ω a generic
weight on Hn of class L1

loc(Hn), we put for any σ, with 1 < σ < ∞,

Lσ(Hn, ω) = {u : Hn → R measurable : ω1/σ|u| ∈ Lσ(Hn)},

endowed with the norm ∥u∥σ,ω = ∥ω1/σu∥σ. In particular, the next result sum-
marizes the main properties of the weighted spaces Lp(Hn, a), Lm(Hn, w) and
Lm(Hn, h) we are interested in, see [10] for a complete discussion. By Propo-
sition A.6 in [1], which still holds in the context of the Heisenberg group, we
have
Lemma 2.1. Let the weights a, w, h be of class L1

loc(Hn), and let p, m, m be
finite Lebesgue exponents strictly greater than 1. Then Lp(Hn, a), Lm(Hn, w) and
Lm(Hn, h) are separable uniformly convex Banach spaces.

We recall that throughout the paper we assume that (A1) and (H1) are satisfied,
without further mentioning. Now conditions (A1)(i) and (ii) imply that

A (q, ξ) ≤ (A(q, ξ), ξ)H for all (q, ξ) ∈ Hn ×HH . (4)

Furthermore, (A1)(ii) is weaker than the request that A is uniformly convex, that
is that (A2) holds, i.e. for any ε ∈ (0, 1) there exists δ = δ(ε) ∈ (0, 1) such that

A

(
q,

ξ + η

2

)
≤ (1− δ)

A (q, ξ) + A (q, η)

2

for all q ∈ Hn and ξ, η ∈ HH , with |ξ − η|H ≥ εmax{|ξ|H , |η|H}.
By (A1)(i) and (iii), we have

A (q, ξ) =

∫ 1

0

d

dt
A (q, tξ)dt =

∫ 1

0

1

t
(A(q, tξ), tξ)Hdt ≥

c1
p
|ξ|pH ,
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which, together with (1) and (4), implies

c |ξ|pH ≤ A (q, ξ) ≤ (A(q, ξ), ξ)H ≤ c2 |ξ|pH (5)

for all (q, ξ) ∈ Hn ×HH .
We are now able to introduce the main spaces E = (E, ∥ · ∥E) and X = (X, ∥ · ∥)
naturally associated to (Eλ). Let E denote the completion of C∞

c (Hn), with
respect to the norm ∥u∥E =

(
∥DHu∥pp + ∥u∥pp,a

)1/p, with

∥DHu∥p =
(∫

Hn

|DHu(q)|pHdq
)1/p

, ∥u∥p,a =
(∫

Hn

a(q)|u(q)|pdq
)1/p

,

and the main solution space

X =

{
u ∈ E :

∫
Hn

h(q)|u(q)|mdq < ∞
}
,

endowed with the norm ∥u∥ = ∥u∥E + ∥u∥m,h.

Clearly E and X are well defined, since C∞
c (Hn) ⊂ X ⊂ E.

Lemma 2.2. The space E is a separable uniformly convex Banach space and X
is a separable reflexive Banach space.

Proof. Clearly E is a Banach space. The linear operator T : E → Lp(Hn, a) ×
Lp(Hn,R2n), defined for all u ∈ E by T (u) = (u,DHu), is isometric. Hence E is
a closed subspace of Lp(Hn, a) × Lp(Hn,R2n). Thus E is a separable uniformly
convex Banach space since 1 < p < ∞.
For the latter part, put Y = E × Lm(Hn, h) and endow the space Y with the
norm ∥u∥Y = ∥u∥E + ∥u∥m,h. It is easy to see that Y is separable and reflexive,
since both E and Lm(Hn, h) are separable and reflexive.
Consider now the operator T : X → Y defined by T (u) = (u, u). Clearly T is
well defined and linear. Moreover T is an isometry, being X endowed exactly
with the norm ∥ · ∥Y . Therefore, T (X) is a closed subspace of the separable
reflexive space Y , and so T (X) is separable and reflexive. Consequently, also
(X, ∥ · ∥Y ) = (X, ∥ · ∥) is separable and reflexive, being isomorphic to a separable
reflexive Banach space.

Let us recall that throughout the paper 1 < p < Q and that BR denotes the ball
in Hn of center O and radius R > 0. Let S1,p(Hn) be the Folland-Stein space, that
is the completion of C∞

c (Hn), with respect to the norm ∥DHφ∥p, φ ∈ C∞
c (Hn).

The homogeneous dimension Q plays an important role also for the sub-elliptic
version of the classical Sobolev embedding theorem.
Lemma 2.3. (i) The embeddings X ↪→ E ↪→ S1,p(Hn) ↪→ Lp∗(Hn) are contin-
uous, with ∥DHu∥p ≤ ∥u∥E for all u ∈ E, ∥u∥E ≤ ∥u∥ for all u ∈ X and

∥u∥p∗ ≤ Cp∗∥DHu∥p for all u ∈ S1,p(Hn). (6)
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(ii) For any R > 0 and for any q0 ∈ Hn the embeddings E ↪→↪→ Lσ(BR(q0)) and
X ↪→↪→ Lσ(BR(q0)) are compact for all σ, with 1 ≤ σ < p∗.

Proof. (i) By [4, 5, 10, 18, 19], the Sobolev inequality asserts that

∥φ∥p∗ ≤ Cp∗∥DHφ∥p (7)

for all φ ∈ C∞
c (Hn), where Cp∗ = CQ,p is a positive constant depending only on

Q and p. Consequently, (7) gives at once the validity of (6).

(ii) If Ω is a bounded PS domain in Hn, the embedding

HW 1,p(Ω) ↪→↪→ Lσ(Ω) (8)

is compact, when 1 ≤ σ < p∗ by [8, 10, 20]. By [6, 10, 20] the property (8) holds in
Carnot-Carathéodory balls, which are special bounded PS domains of Hn. Since
the Carnot-Carathéodory distance and the Korányi distance are equivalent on Hn

by [2, 12], then (8) can be applied when Ω is any Korányi ball BR(q0), q0 ∈ Hn,
and R > 0.
Thus, since by (H1)(i) the weight a has the property that a ≥ cR,q0 > 0 in
BR(q0) and a is bounded in BR(q0), the embedding (8) and (i) yield at once
that E ↪→↪→ Lσ(BR(q0)) and X ↪→↪→ Lσ(BR(q0)) are compact for all σ, with
1 ≤ σ < p∗ and for any R > 0 and q0 ∈ Hn.

Lemma 2.4. Every weakly convergent sequence either in E or in X admits a
subsequence converging a.e. in Hn to the same limit.

Proof. Similar to the proof of Theorem A.10 of [1], thanks to Lemma 2.3(ii).
We omit it here.

Lemma 2.5. If (H2) is satisfied, then the embedding X ↪→↪→ Lm(Hn, w) is
compact. Moreover, if (H+

2 ) is satisfied, then E ↪→↪→ Lm(Hn, w) is compact.

Proof. We divide the proof into three steps.
Step 1: First assume that (2) is satisfied. Fix u ̸= 0 in X. By the Hölder
inequality and (2) we have

1 =

∫
Hn

w(q)

∣∣∣∣ u

∥u∥m,w

∣∣∣∣m dq =

∫
Hn

w(q)

h(q)m/m
h(q)m/m

∣∣∣∣ u

∥u∥m,w

∣∣∣∣m dq

≤
(∫

Hn

w(q)m/[m−m]

h(q)m/[m−m]
dq

)1−m/m(∫
Hn

h(q)
|u|m

∥u∥mm,w

dq

)m/m

= H 1−m/m∥u∥−m
m,w∥u∥mm,h,

since 1 < m < m < ∞ by (H1)(ii). Consequently,

∥u∥m,w ≤ CH ∥u∥m,h, CH = H 1/m−1/m. (9)
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Hence X ↪→ Lm(Hn, w) is continuous.
To prove that it is compact, fix a sequence (uk)k and u in X, with uk ⇀ u in
X. Up to a subsequence, still denoted by (uk)k, then uk → u a.e. in Hn by
Lemma 2.4. We claim that

(
w|uk − u|m

)
k

is uniformly integrable in Hn.
Since (uk)k is bounded in X, then ∥uk∥+ ∥u∥ ≤ M for all k = 1, 2, · · · and some
a constant M > 0. Of course, (uk)k is also bounded in Lm(Hn, h).
Fix ε > 0. Since w/hm/m ∈ L

m
m−m (Hn) by (2), there exists δ = δ(ε) > 0 such that,

for any measurable subset U ⊂ Hn, with |U | < δ, we have∫
U

w(q)m/(m−m)

h(q)m/(m−m)
dq =

∫
U

∣∣∣∣ w(q)h(q)
m
m

∣∣∣∣ m
m−m

dq <
( ε

Mm

)m/(m−m)

,

and similarly there exists R = R(ε) > 0 such that∫
Hn\BR

w(q)m/(m−m)

h(q)m/(m−m)
dq <

( ε

Mm

)m/(m−m)

. (10)

Let U be any fixed measurable subset of Hn with |U | < δ. Similar to the proof
of (9),

∫
U

w(q)|uk − u|mdq ≤
(∫

U

w(q)m/(m−m)

h(q)m/(m−m)
dq

)1−m/m(∫
U

h(q)|uk − u|mdq
)m/m

<
ε

Mm
Mm = ε

for all k = 1, 2, . . . . Using (10), we also obtain for all k = 1, 2, . . .

∫
Hn\BR

w(q) |uk − u|m dq ≤
(∫

Hn\BR

w(q)m/(m−m)

h(q)m/(m−m)
dq

)1−m/m

×

×
(∫

Hn\BR

h(q)|uk − u|mdq
)m/m

< ε.

In conclusion, the claim is proved. Finally, w |uk − u|m → 0 a.e. in Hn and so
the Vitali convergence theorem assures that uk → u in Lq(Hn, w) as k → ∞.
Therefore, X ↪→↪→ Lq(Hn, w) is compact.

Step 2: Assume that (3) is satisfied. Let us recall the following elementary
inequality: for every k1 ≥ 0, k2 > 0 and α, β, with 0 < α < β, there exists

Cαβ =
β − α

β

(
α

β

)α/(β−α)

∈ (0, 1) such that for all t ∈ R

k1 |t|α − k2 |t|β ≤ Cαβk1

(
k1
k2

)α/(β−α)

≤ k1

(
k1
k2

)α/(β−α)

.

(11)
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Hence, taking k1=w, k2=h/2, α=m−1, β=m−1 in (11), we get for all u∈X

∥u∥mm,w =

∫
Hn

(
w(q) |u|m−1 − 1

2
h(q) |u|m−1

)
|u| dq + 1

2

∫
Hn

h(q) |u|mdq

≤ C1

∫
Hn

w(w/h)(m−1)/(m−m) |u| dq + 1

2
∥u∥mm,h

≤ C1

∥∥w(w/h)(m−1)/(m−m)
∥∥

p∗
p∗−1

∥u∥p∗ +
1

2
∥u∥mm,h

≤ C1Cp∗W ∥DHu∥p +
1

2
∥u∥mm,h

(12)

by (6), where C1 = 2(m−1)/(m−m). Therefore, for any v ∈ X, v ̸= 0, putting
u = v/∥v∥ and CW = C1Cp∗W , we have∫

Hn

w(q)

∣∣∣∣ v

∥v∥

∣∣∣∣mdq ≤ CW

∥∥∥∥DH
v

∥v∥

∥∥∥∥
p

+
1

2

∫
Hn

h(q)

∣∣∣∣ v

∥v∥

∣∣∣∣mdq
≤ CW

∥∥∥∥DH
v

∥v∥E

∥∥∥∥
p

+
1

2

∫
Hn

h(q)

∣∣∣∣ v

∥v∥m,h

∣∣∣∣mdq ≤ CW + 1.

Hence,

1 =

∫
Hn

w(q)

∣∣∣∣∣ v(q)

∥v∥m,w

∣∣∣∣∣
m

dq =

(
∥v∥

∥v∥m,w

)m ∫
Hn

w(q)

∣∣∣∣v(q)∥v∥

∣∣∣∣m dq

≤
(

∥v∥
∥v∥m,w

)m (
CW + 1

)
.

Thus ∥v∥m,w ≤
(
CW +1

)1/m∥v∥ and so X is continuously embedded in Lm(Hn, w).
It remains to prove that the embedding is actually compact. To this aim let
uk ⇀ u in X. Again, up to a subsequence, still denoted by (uk)k, we have uk → u
a.e. in Hn by Lemma 2.4. We claim that for all ε > 0 there exists N = N(ε) such
that ∫

Hn

w(q) |uk − u|m dq < ε for all k ≥ N. (13)

Since uk ⇀ u in X, then
∫
Hn h(q) |uk|m dq ≤ M for all k = 1, 2, · · · and a suitable

positive constant M . Clearly also
∫
Hn h(q) |u|m dq ≤ M by Fatou’s lemma.

Fix ε > 0. By (11), as in the proof of (12), taking k1 = w, k2 = εh/2m+1M ,
α = m− 1, β = m− 1, we get for all k = 1, 2, · · ·∫

Hn

w(q) |uk − u|mdq ≤
∫
Hn

Cεw(w/h)
(m−1)/(m−m) |uk − u| dq

+
ε

2m+1M

∫
Hn

h(q) |uk − u|mdq (14)

≤
∫
Hn

Cεw(w/h)
(m−1)/(m−m) |uk − u| dq + ε

2
,
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where Cε =
(
2m+1M/ε

)(m−1)/(m−m). We assert that
(
w(w/h)(m−1)/(m−m) |uk − u|

)
k

is uniformly integrable in Hn. Indeed, for any measurable subset U ⊂ Hn,

∫
U

w(w/h)(m−1)/(m−m) |uk − u| dq ≤
(∫

U

[w(w/h)(m−1)/(m−m)]p
∗′
)1−1/p∗

∥uk − u∥p∗ .

Similar to the proof of the first step we get from the last inequality at once the
assertion. Hence the Vitali convergence theorem yields

lim
k→∞

∫
Hn

Cεw(w/h)
(m−1)/(m−m) |uk − u| dq

=

∫
Hn

lim
k→∞

Cεw(w/h)
(m−1)/(m−m) |uk − u| dq = 0.

Thus there exists N = N(ε) such that∫
Hn

Cεw(w/h)
(m−1)/(m−m) |uk − u| dq < ε

2

for all k ≥ N . In conclusion the claim (13) is valid by (14). Therefore, the
embedding X ↪→↪→ Lm(Hn, w) is compact.

Step 3: Assume (H+
2 ). Similarly, E ↪→↪→ Lm(Hn, w) is compact, if (H+

2 ) is
satisfied. It is simply enough to replace in the main argument w(w/h)(m−1)/(m−m)

by w. Indeed, for all u ∈ E the Hölder inequality, Lemma 2.3 and (6) give∫
Hn

w(q)|u|mdq ≤ ∥w∥p∗/(p∗−m)∥u∥mp∗ ≤ Cm
p∗∥w∥p∗/(p∗−m)∥DHu∥mp

≤ Cm
p∗∥w∥p∗/(p∗−m)∥u∥mE .

Thus, ∥u∥m,w ≤ Cp∗∥w∥1/mp∗/(p∗−m)∥u∥E, that is the embedding E ↪→ Lm(Hn, w)

is continuous. Let us prove that it is actually compact. Fix (uk)k, u ∈ E and
assume that uk ⇀ u in E. Then, up to a subsequence, still denoted by (uk)k, we
get that uk → u a.e. in Hn as k → ∞ by Lemma 2.4. Moreover, there exists
a constant M > 0 such that ∥uk∥E + ∥u∥E ≤ M . We claim that uk → u in
Lm(Hn, w). Fix ε > 0. There exists δ = δ(ε) > 0 and r = r(ε) > 0 such that for
any measurable subset U ⊂ Hn, with |U | < δ,

∫
U

w(q)p
∗/(p∗−m)dq <

[
ε

(MCp∗)m

]p∗/(p∗−m)

,∫
Hn\BR

w(q)p
∗/(p∗−m)dq <

[
ε

(MCp∗)m

]p∗/(p∗−m)

for all R ≥ r,
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since w ∈ Lp∗/(p∗−m)(Hn) by (H+
2 ). Consequently, for any measurable subset

U ⊂ Hn, with |U | < δ,

∫
U

w(q)|uk(q)− u(q)|mdq ≤
(∫

U

w(q)p
∗/(p∗−m)dq

)(p∗−m)/p∗

∥uk − u∥mp∗ < ε,∫
Hn\BR

w(q)|uk(q)− u(q)|mdq ≤
(∫

Hn\BR

w(q)p
∗/(p∗−m)dq

)(p∗−m)/p∗

∥uk − u∥mp∗ < ε

for all R ≥ r. Therefore, the fact that w|uk − u| → 0 a.e. in Hn and the Vitali
convergence theorem yield

lim
k→∞

∫
Hn

w(q)|uk(q)− u(q)|mdq = 0,

that is uk → u in Lm(Hn, w), as claimed. This completes the proof.

3. Preliminary results for existence

Let us first note that for all u ∈ E∫
Hn

(A(q,DHu), DHu)H + ∥u∥pp,a ≥ κ
(
∥DHu∥pp + ∥u∥pp,a

)
, (15)

where κ = min{c1, 1} > 0 and c1 is given in (1). Using (5), for all u ∈ E, we get∫
Hn

A (q,DHu)dq +
1

p
∥u∥pp,a ≥

κ

p

(
∥DHu∥pp + ∥u∥pp,a

)
. (16)

Lemma 3.1. Assume that (H2) holds. If u ∈ X\{0} and λ ∈ R satisfy∫
Hn

(A(q,DHu), DHu)Hdq + ∥u∥pp,a + ∥u∥mm,h = λ∥u∥mm,w, (17)

then 0 < κ
(
∥DHu∥pp + ∥u∥pp,a

)
+ ∥u∥mm,h ≤ λ∥u∥mm,w (18)

and λ > 0. Moreover,
(i) if (2) holds, then ∥u∥m,w ≤ κ1λ

1/(m−m);
(ii) if (3) is valid, then ∥u∥m,w ≤ κ2λ

[p(m−1)+m−m]/(m−m)(p−1)m;
(iii) if (H+

2 ) is satisfied, then κ3λ
1/(p−m) ≤ ∥u∥m,w,

and the positive constants κ1, κ2 and κ3 are independent of u.

Proof. Let u ∈ X\{0} and λ ∈ R satisfy (17). By (15), we have at once (18).
Hence λ > 0, since u ̸= 0.

(i) Assume that (2) is satisfied.
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By (17) and (18), the Young inequality, with σ = m/m > 1, σ′ = m/(m − m),
ε = m/2m > 0 and C = Cε = (2m/m)m/(m−m)(m−m)/m > 0 yields

∥u∥mm,h ≤
∫
Hn

λw(q) |u|m dq =

∫
Hn

h(q)m/m|u|m λw(q)

h(q)m/m
dq

≤
∫
Hn

[
1

2
h(q)|u|m + C

(
λw(q)

h(q)m/m

)m/(m−m)
]
dq

≤ 1

2
∥u∥mm,h + CH λm/(m−m).

By (9) and the above inequality, we have

∥u∥m,w ≤ CH ∥u∥m,h ≤ κ1λ
1/(m−m),

with κ1 = 2CH CH , as stated.

(ii) Assume that (3) is satisfied.
By (1), (11) and (17), putting C̃1 = max{1, 1/c1}, we have

∥u∥pE ≤ C̃1

∫
Hn

[
(A(q,DHu), DHu)H + a(q) |u|p + 1

2
h(q) |u|m

]
dq

= C̃1

∫
Hn

[
λw(q) |u|m−1 − 1

2
h(q) |u|m−1

]
· |u| dq

≤ C̃1C1

∫
Hn

λw(λw/h)(m−1)/(m−m) |u| dq

≤ C̃1C1λ
(m−1)/(m−m)

∥∥w(w/h)(m−1)/(m−m)
∥∥
p∗′

∥u∥p∗

≤ C2λ
(m−1)/(m−m)∥DHu∥p ≤ C2λ

(m−1)/(m−m)∥u∥E,

(19)

where C2 = C̃1C1Cp∗W , C1 = 2(m−1)/(m−m), as in (12). Thus

∥u∥E ≤ Cλ(m−1)/(m−m)(p−1), (20)

with C = C
1/(p−1)
2 . By (15) and (17), since λ > 0, we finally get, thanks to (19)

and (20),

∥u∥m,w ≤
(
2

λ

∫
Hn

[
(A(q,DHu), DHu)H + a(q) |u|p + 1

2
h(q) |u|m

]
dq

)1/m

≤
(
2CW λ(m−1)/(m−m)−1Cλ(m−1)/(m−m)(p−1)]1/m

= κ2λ
[p(m−1)+m−m]/(m−m)(p−1)m,

where CW = C1Cp∗W as above, and κ2 = (2CW C)1/m.
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(iii) Assume that (H+
2 ) holds. Then Lemma 2.5, and (18) imply

∥u∥m,w ≤ Cm∥u∥E ≤ Cm (λ/κ)1/p ∥u∥m/p
m,w,

where Cm > 0 is the constant of the embedding E ↪→ Lm(Hn, w). In conclusion,
since u ̸= 0 and p < m, we get ∥u∥m,w ≥ κ3λ

1/(p−m), where κ3 = (Cp
mκ)

1/(p−m).
This completes the proof.

We say that u ∈ X is a (weak) entire solution of (Eλ) if, for all v ∈ X,∫
Hn

(A(q,DHu), DHv)Hdq +

∫
Hn

a(q) |u|p−2uvdq

= λ

∫
Hn

w(q) |u|m−2uvdq −
∫
Hn

h(q) |u|m−2uvdq .

Hence the entire solutions of (Eλ) correspond to the critical points of the energy
functional Φλ : X → R, defined by

Φλ(u) =

∫
Hn

A (q,DHu)dq +
1

p
∥u∥pp,a −

λ

m
∥u∥mm,w +

1

m
∥u∥mm,h .

If (Eλ) admits a nontrivial entire solution u ∈ X, then λ > 0. From now on we
consider only the case λ > 0.
Lemma 3.2. Assume that (H2) holds.
(i) The functional Φλ is coercive in X and any sequence (uk)k in X, with

(Φλ(uk))k bounded, admits a weakly convergent subsequence in X.
(ii) Fixed λ > 0, all the critical points of Φλ are uniformly bounded in X.

Proof. (i) We divide the proof into two parts.

Part (a): Let (2) be satisfied. For all q ∈ Hn we apply the elementary inequality
(11), now with k1 = λw(q)/m, k2 = h(q)/p′m, α = m and β = m. Then

λ
w(q)

m
|u(q)|m − h(q)

p′m
|u(q)|m ≤ λ

w(q)

m

[
λw(q)/m

h(q)/p′m

]m/(m−m)

= p′
m

m
λm/(m−m)

[
w(q)m

h(q)m

]1/(m−m)

.

Integrating the above inequality over Hn, we get by (2)

λ

m
∥u∥mm,w − 1

p′m
∥u∥mm,h ≤ Cλ,

where Cλ = H p′mλm/(m−m)/m.



P. Pucci / Existence of Entire Solutions ... 175

Therefore, by (16), putting pc̃ = min{κ, 1/m}, for all u ∈ X we have

Φλ(u) =

∫
Hn

A (q,DHu)dq +
1

p
∥u∥pp,a −

[
λ

m
∥u∥mm,w − 1

p′m
∥u∥mm,h

]
− 1

p′m
∥u∥mm,h +

1

m
∥u∥mm,h

≥
∫
Hn

A (q,DHu)dq +
1

p
∥u∥pp,a − Cλ +

1

pm
∥u∥mm,h

≥ c̃
(
∥u∥pE + ∥u∥mm,h

)
− Cλ ≥ c̃(∥u∥1+ϵ

E − 1) + c̃
(
∥u∥1+ϵ

m,h − 1
)
− Cλ

≥ c̃∥u∥1+ϵ − Cλ − 2c̃,

where ϵ = min{p− 1,m− 1} > 0. In conclusion, Φλ is coercive in X.
The last part of the claim follows at once by the coercivity of Φλ and the reflexivity
of the Banach space X.

Part (b): Let (3) hold. Again by (11) and (16), putting now c̃ = min{κ/p, 1/2m},
arguing as in (12) and using the same notations, we get for all u ∈ X

Φλ(u) =

∫
Hn

A (q,DHu)dq +
1

p
∥u∥pp,a −

[
λ

m
∥u∥mm,w − 1

2m
∥u∥mm,h

]
+

1

2m
∥u∥mm,h

≥ κ

p
∥u∥pE +

1

2m
∥u∥mm,h −

∫
Hn

[
λ
w(q)

m
|u|m−1 − h(q)

2m
|u|m−1

]
· |u| dq

≥ c̃
(
∥u∥pE + ∥u∥mm,h

)
− C1

∫
Hn

λw(λw/h)(m−1)/(m−m) |u| dq

≥ c̃(∥u∥1+ϵ
E − 1) + c̃

(
∥u∥1+ϵ

m,h − 1
)
− CW ∥DHu∥p

≥ c̃∥u∥1+ϵ − CW ∥u∥ − 2c̃,

with again ϵ = min{p − 1,m − 1} > 0 and CW = C1Cp∗W . Thus Φλ is coercive
in X also in this latter case.

(ii) Fix λ > 0 and let Sλ = {u ∈ X : u is a critical point of Φλ}. Clearly
every u ∈ Sλ is a solution of (Eλ) and so satisfies (17). Hence either (i) or (ii) of
Lemma 3.1 is valid. In conclusion, Sλ is bounded in Lm(Hn, w), and so in E and
also in Lm(Hn, h) by (18). In particular, Sλ is bounded in X, as required.

Define the functionals ΦA , Φa, Φw, Φh : X → R by

ΦA (u) =

∫
Hn

A (q,DHu)dq, Φa(u) =
1

p
∥u∥pp,a,

Φw(u) =
1

m
∥u∥mm,w, Φh(u) =

1

m
∥u∥mm,h.
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Lemma 3.3. The functional ΦA is convex, of class C1(X) and sequentially
weakly lower semi-continuous in X.

Proof. Fix (uk)k and u in X, with uk → u in X. Then ∥DHuk − DHu∥p → 0
and, up to a subsequence, DHuk → DHu a.e. in HH , and

(
|DHuk −DHu|pH

)
k

is
uniformly integrable by the Vitali convergent theorem. By (5)

0 ≤ A (q,DHuk) ≤ c2
(
|DHu|pH + |DHuk −DHu|pH

)
.

Hence it is easy to prove that also the sequence
(
A (q,DHuk)

)
k

is uniformly
integrable and A (q,DHuk) → A (q,DHu) a.e. in HH for all q by (A1). Thus by
the Vitali convergent theorem lim

k→∞
ΦA (uk) = ΦA (u), that is ΦA is continuous.

Similarly, we can see that as k → ∞

∥Φ′
A (uk)− Φ′

A (u)∥ = sup
φ∈X,∥φ∥=1

∣∣∣∣∫
Hn

(A(q,DHuk)−A(q,DHu), DHφ)Hdq

∣∣∣∣
≤ ∥A(q,DHuk)−A(q,DHu)∥p′ → 0.

Therefore, Φ′
A is also continuous in X. Thus ΦA is of class C1(X).

Obviously, ΦA is convex in X by (A1)(ii). Finally, ΦA is sequentially weakly
lower semi-continuous in X by Theorem A.2 of [17].

Lemma 3.4. The functionals Φa and Φh are strictly convex, of class C1(X) and
sequentially weakly lower semi-continuous in X. Moreover, if (uk)k, u are in X

and uk ⇀ u in X, then Φ′
a(uk)

∗
⇀ Φ′

a(u) in X ′, where X ′ is the dual space of X,
and Φ′

h(uk)
∗
⇀ Φ′

h(u) in X ′.

Proof. It is enough to prove the lemma for Φa, since the same argument applies
to Φh with obvious changes.
Arguing as in the proof of Lemma 3.3, we show that also Φa is strictly convex,
of class C1(X) and sequentially weakly lower semi-continuous in X. Fix v ∈ X.
For any measurable subset U ⊂ Hn, we have∫

U

a(q)
∣∣|uk(q)|p−2 uk(q)− |u(q)|p−2 u(q)

∣∣ · |v(q)| dq
≤
∫
U

a(q)1/p
′
(|uk(q)|p−1 + |u(q)|p−1)a(q)1/p |v(q)| dq

≤ 21/p
(∫

U

a(q)
[
|uk(q)|p + |u(q)|p

]
dq

)1/p′ (∫
U

a(q)|v(q)|pdq
)1/p

.

Similar to the proof of Lemma 2.5, we can see that(
a(q)

∣∣|uk|p−2 uk − |u|p−2 u
∣∣ · |v|)

k
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is uniformly integrable in Hn. Hence, Lemma 2.4 and an application of Vitali’s
convergence theorem give

lim
k→∞

∫
Hn

a(q)
∣∣|uk(q)|p−2 uk(q)− |u(q)|p−2 u(q)

∣∣ · |v(q)| dq = 0.

Thus, Φ′
a(uk)

∗
⇀ Φ′

a(u) in X ′.

Lemma 3.5. If (H2) holds, then Φw is convex, of class C1(X) and sequentially
weakly continuous in X, i.e. uk ⇀ u in X implies Φw(uk) → Φw(u) as k → ∞.

Proof. Obviously, Φw is convex, C1(X) continuity can be proved as in the proof
of Lemma 3.4. Hence, we have only to show that Φw is sequentially weak con-
tinuous in X. To this aim, let uk ⇀ u in X. Then uk → u in Lm(Hn, w) by
Lemma 2.5, so that Φw(uk) → Φw(u) as k → ∞, as required.

Lemma 3.6. Assume (H2) holds. Then Φλ is of class C1(X) and sequentially
weakly lower semi-continuous in X. Hence, if uk ⇀ u in X, then

Φλ(u) ≤ lim inf
k→∞

Φλ(uk).

Proof. Lemmas 3.3 – 3.5 yield that Φλ is of class C1(X). Hence it remains to
show that Φλ is the sequentially weakly lower semi-continuous in X. To this aim
fix (uk)k, u in X, with uk ⇀ u as k → ∞.
Since (H2) is satisfied, Φw is weakly continuous in X by Lemma 3.5. Thus, by
Lemmas 3.3 – 3.5 and the fact that λ > 0,

lim inf
k→∞

Φλ(uk) ≥ lim inf
k→∞

[
ΦA (uk) + Φa(uk) + Φh(uk)

]
− λ lim sup

k→∞
Φw(uk)

≥ ΦA (u) + Φa(u) + Φh(u)− λΦw(u) = Φλ(u).

Therefore Φλ is sequentially weakly lower semi-continuous in X.

Lemma 3.7. Suppose that A satisfies also (A2), i.e. A is a uniformly convex
function.
(i) Then ΦA : X → R is a uniformly convex functional, i.e. for any ε ∈ (0, 1)

there exists δ = δ(ε) ∈ (0, 1) such that for all u, v ∈ X either

ΦA

(
u−v

2

)
≤ ε

ΦA (u)+ΦA (v)

2
or ΦA

(
u+v

2

)
≤ (1−δ)

ΦA (u)+ΦA (v)

2
.

(ii) If uk ⇀ u in X and if lim sup
k→∞

⟨Φ′
A (uk) − Φ′

A (u), uk − u⟩ ≤ 0, then we have

ΦA (uk − u) → 0 as k → ∞.

Proof. (i) The statement follows directly from (A2).
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(ii) Fix (uk)k, u in X, with lim sup
k→∞

⟨Φ′
A (uk)−Φ′

A (u), uk − u⟩ ≤ 0 and uk ⇀ u as

k → ∞. Hence, lim
k→∞

⟨Φ′
A (uk)− Φ′

A (u), uk − u⟩ = 0 by convexity, so that

lim
k→∞

⟨Φ′
A (uk), uk − u⟩ = 0

by Lemma 3.3. Since (∥uk∥)k is bounded, then (uk)k ⊂ BR ⊂ X for some R > 0
large enough. Thus also

(
ΦA (uk)

)
k

is bounded by (5) and there exists c ∈ R and

ΦA (u) ≤ lim inf
k→∞

ΦA (uk) = c

by Lemma 3.3. On the other hand, since ΦA is convex in X, for all k

ΦA (u) ≥ ΦA (uk) + ⟨Φ′
A (uk), u− uk⟩ ,

that is ΦA (u) ≥ c. In conclusion ΦA (u) = c.
Clearly also (uk + u)/2 ⇀ u as k → ∞, and again by the weak lower semi-
continuity of ΦA in X

c = ΦA (u) ≤ lim inf
k→∞

ΦA

(
uk + u

2

)
. (21)

Assume by contradiction that the assertion is false. Then there exists ϵ ∈ (0, 1)
and a subsequence (ukj)j of (uk)k such that

ΦA (u− ukj) ≥ ϵ
ΦA (u) + ΦA (ukj)

2

for all j. Let δ = δ(ϵ) ∈ (0, 1) be the corresponding number of the uniform
convexity of ΦA on the ball BR ⊂ X. Then as j → ∞

ΦA

(
ukj + u

2

)
≤ (1− δ)

ΦA (u) + ΦA (ukj)

2
→ (1− δ)c < c,

which contradicts (21). Thus ΦA (uk − u) → 0 as k → ∞ in X.

Let I : X → R be defined by

I (u) =
1

p

∫
Hn

A (q,DHu)dq +
1

p
∥u∥pp,a +

1

m
∥u∥mm,h = ΦA (u) + Φa(u) + Φh(u)

for all u ∈ X and let L be its derivative operator, i.e. L = I ′ : X → X ′, where
X ′ is the dual space of X. Moreover, L can be represented, for all u, v ∈ X, as

⟨L(u), v⟩ =
∫
Hn

(A(q,DHu), DHv)Hdq +

∫
Hn

a(q) |u|p−2 uvdq +

∫
Hn

h(q) |u|m−2 uvdq .
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Lemma 3.8. (i) L :X→X ′ is a continuous, bounded, strictly monotone operator.
Moreover, if A satisfies also (A2), that is A is uniform convex, then
(ii) L is a map of type (S+), i.e.

if uk ⇀ u in X and lim sup
k→∞

⟨L(uk)− L(u), uk − u⟩ ≤ 0, then uk → u in X;

(iii) L : X → X ′ is a homeomorphism.

Proof. (i) From Lemmas 3.3 – 3.5 it follows that L is a continuous and bounded
operator.
Fix u, v ∈ X, with u ̸= v, and put g(t) = I (t(u − v) + v), t ∈ R. It is easy to
check that t 7→ ΦA (t(u − v) + v) is strictly convex in R, since A (q, ·) is strictly
convex in HH for all q ∈ Hn by (A1)(ii). Moreover, Φa and Φh are strictly convex
in X by Lemma 3.4. Therefore g is strictly convex in R, and its derivative is
strictly increasing in R. In particular,

0 < g′(1)− g′(0) = ⟨L(u)− L(v), u− v⟩.

Thus L is strictly monotone in X.
(ii) Property (S+) for L is a direct consequence of Lemma 3.7.
(iii) The strict monotonicity of L implies that L is an injection operator. Clearly

lim
∥u∥→∞

⟨Lu, u⟩
∥u∥

= lim
∥u∥→∞

∫
Hn(A(q,DHu), DHu)Hdq + ∥u∥pp,a + ∥u∥mm,h

∥u∥
= ∞,

so that L is coercive in X. Hence L is a surjection in view of the Minty-Browder
theorem, see Theorem 26A of [21]. Thus L has an inverse operator L−1 : X ′ → X
and the continuity of L−1 is sufficient to ensure that L is a homeomorphism.
To this aim, fix (fk)k, f ∈ X ′, with fk → f in X ′. Put uk = L−1(fk) for all k
and u = L−1(f). Then L(uk) = fk, L(u) = f and (uk)k is bounded in X, since
L is coercive in X. Without loss of generality, we assume that uk ⇀ u0 in X for
some u0 ∈ X, being X reflexive. Consequently, as k → ∞

⟨L(uk)− L(u0), uk − u0⟩ = ⟨L(uk)− L(u), uk − u0⟩+ ⟨L(u)− L(u0), uk − u0⟩
= ⟨fk − f, uk − u0⟩+ ⟨L(u)− L(u0), uk − u0⟩ = o(1),

since fk → f in X ′ and uk ⇀ u0 in X. Therefore, uk → u0 as k → ∞ by
the (S+) property of L. But fk → f in X ′ and L is continuous in X, so that
L(u0) = lim

k→∞
L(uk) = lim

k→∞
fk = f . Since L is bijective, we conclude that u0 = u.

Hence L−1 is continuous and this completes the proof.

Lemma 3.9. If (A2) and (H2) hold, then Φλ satisfies the (PS) condition,
namely, (uk)k ⊂ X, with Φλ(uk) → c and Φ′

λ(uk) → 0 in X ′, admits a convergent
subsequence in X.
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Proof. Fix (uk)k ⊂ X such that Φλ(uk) → c and Φ′
λ(uk) → 0 in X ′. Then (uk)k

is bounded in X, being Φλ coercive in X by Lemma 3.2 and (H2). Thus (uk)k
has a weakly convergent subsequence, still denoted by (uk)k, since X is reflexive
by Lemma 2.2. Hence uk ⇀ u as k → ∞ for some u in X.
By Lemma 2.5 and (H2) the embedding X ↪→↪→ Lm(Hn, w) is compact, so that
Φ′

w(uk) → Φ′
w(u) in X ′. Consequently, being L−1 continuous from X ′ to X by

Lemma 3.8 and (A2), it follows that uk → L−1 ◦Φ′
w(u) in X and we are done.

For all λ > 0 and (q, u) ∈ Hn × R put

gλ(q, u) = −a(q) |u|p−2 u+ λw(q) |u|m−2 u− h(q) |u|m−2 u.

Lemma 3.10. Assume that (H2) holds. Then gλ(·, u)∈L1
loc(Hn) along any u∈X.

Proof. Fix λ > 0, u ∈ X and R > 0. Clearly∫
BR

a(q) |u|p−1 dq ≤
∫
BR

a(q)(|u|p + 1)dq ≤ ∥u∥pp,a + |BR| ess sup
q∈BR

a(q);∫
BR

h(q) |u|m−1 dq ≤
∫
BR

h(q)(|u|m + 1)dq ≤ ∥u∥mm,h +

∫
BR

h(q)dq.

By Lemma 2.5 and (H2)

λ

∫
BR

w(q) |u|m−1 dq ≤ λ

∫
BR

w(q)(|u|m + 1)dq ≤ λ

(
∥u∥mm,w +

∫
BR

w(q)dq

)
≤ λC

(
∥u∥m +

∫
BR

w(q)dq

)
,

where C = max{1, Cm}. Hence, summarizing the above inequalities, we obtain∫
BR

|gλ(q, u)| dq < ∞.

Thus gλ(·, u) ∈ L1
loc(Hn) along u ∈ X.

4. Proof of Theorem 1.1

Throughout the section we assume also condition (H2), without further mention-
ing. Let us introduce the crucial value

λ = inf
u∈X

Φw(u)=1

{∫
Hn

A (q,DHu)dq +
1

p
∥u∥pp,a +

1

m
∥u∥mm,h

}
= inf

u∈X
Φw(u)=1

I (u).

We claim that λ > 0. Indeed, for any u ∈ X, with Φw(u) = 1, then ∥u∥m,w =
m1/m > 1. By Lemma 2.5 and (H2), there exists a constant Cm > 0 such that
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∥u∥m,w ≤ Cm∥u∥ for any u ∈ X. Thus ∥u∥ ≥ 1/Cm for any u ∈ X, with
Φw(u) = 1. Since ∥u∥ = ∥u∥E + ∥u∥m,h, it follows that either

∥u∥E ≥ 1

2Cm

, or ∥u∥m,h ≥ 1

2Cm

.

The first case and (16) imply∫
Hn

A (q,DHu)dq +
1

p
∥u∥pp,a ≥

κ

p
∥u∥pE ≥ κ

p

(
1

2Cm

)p

.

Put C = min{κ/p(2Cm)
p, 1/m(2Cm)

m}. Then, in both cases, I (u) ≥ C for all
u ∈ X, with Φw(u) = 1. Thus λ ≥ C > 0 and the claim is proved.
Lemma 4.1. For all λ > λ there exists a global nontrivial nonnegative minimizer
e ∈ X of Φλ with negative energy, that is Φλ(e) < 0.

Proof. By Lemma 3.2 and (H2) the functional Φλ is coercive in X and Lemma
3.6 gives that Φλ is sequentially weakly lower semi-continuous in X. Hence for
all λ > 0 there exists a global minimizer e ∈ X of Φλ, that is

Φλ(e) = inf
v∈X

Φλ(v).

Clearly e is a solution of (Eλ). The definition of λ yields that infv∈X Φλ(v) < 0
for all λ > λ. Thus e ̸= 0. In conclusion, for any λ > λ equation (Eλ) has a
nontrivial solution e ∈ X such that Φλ(e) < 0. Finally, we may assume e ≥ 0
a.e. in Hn, since |e| ∈ X and Φλ(e)= Φλ(|e|) by (A1)(i).

Put E = {λ ∈ R : (Eλ) admits a nontrivial nonnegative entire solution}.
Lemma 4.1 assures that E is nonempty. Set

λ∗ = sup{λ : (Eµ) admits only the trivial solution for all µ < λ},
λ∗∗ = inf{λ : λ ∈ E}.

Clearly, λ∗ ≥ 0 and λ∗∗ ≥ 0 by Lemma 3.1.
Theorem 4.2. For all λ > λ∗∗ equation (Eλ) admits a nontrivial nonnegative
entire solution uλ ∈ X. Moreover, λ∗=λ∗∗.

Proof. Fix λ > λ∗∗. Then there exist µ ∈ E , with 0 ≤ λ∗∗ < µ < λ, and a
nontrivial nonnegative entire solution uµ ∈ X of (Eµ). We next show that (Eλ)
admits a nontrivial nonnegative entire solution uλ ∈ X. For all q ∈ Hn put

fuµ(q, t) =

{
w(q) |t|m−2 t, if t ≥ uµ(q),

w(q) |uµ(q)|m−2 uµ(q), if t < uµ(q),

and Fuµ(q, t) =

∫ t

0

fuµ(q, τ)dτ.
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Let us consider

(Eλ)+ − divA(q,DHu) + a(q) |u|p−2 u+ h(q) |u|m−2 u = λfuµ(q, u).

The solutions of (Eλ)+ are the critical points of Φλ,uµ : X → R defined by

Φλ,uµ(u) =

∫
Hn

A (q,DHu)dq +
1

p
∥u∥pp,a +

1

m
∥u∥mm,h − λ

∫
Hn

Fuµ(q, u(q))dq.

As in the proof of Lemmas 3.2 and 3.6, it is not hard to see that Φλ,uµ is coercive
and sequentially weakly lower semi-continuous in X. Furthermore Φλ,uµ achieves
its infimum in X at uλ ∈ X. Therefore uλ is a nontrivial nonnegative entire
solution of (Eλ) provided that uλ ≥ uµ.
To see this, first we show that uµ is a sub-solution for (Eλ)+. Indeed, for all
v ∈ X, with v ≥ 0, we have∫

Hn

(A(q,DHuµ), DHv)Hdq +

∫
Hn

a(q) |uµ|p−2uµvdq +

∫
Hn

h(q) |uµ|m−2 uµvdq

= µ

∫
Hn

w(q) |uµ|m−2 uµvdq ≤ λ

∫
Hn

w(q) |uµ|m−2 uµvdq = λ

∫
Hn

fuµ(q, uµ)vdq.

As test function v take (uµ − uλ)
+ = max{uµ − uλ, 0} ∈ X. Then

⟨L(uλ)− L(uµ), (uµ − uλ)
+⟩

=

∫
Hn

(A(q,DHuλ)−A(q,DHuµ), DH(uµ − uλ)
+)dq

+

∫
Hn

a(q)(|uλ|p−2 uλ − |uµ|p−2 uµ)(uµ − uλ)
+dq

+

∫
Hn

h(q)(|uλ|m−2 uλ − |uµ|m−2 uµ)(uµ − uλ)
+dq

≥ λ

∫
Hn

(fuµ(q, uλ)− fuµ(q, uµ))(uµ − uλ)
+dq = 0.

Hence (uµ − uλ)
+ ≡ 0 in Hn, since L is a strictly monotone operator by Lemma

3.8(i). Thus uµ ≤ uλ, as claimed.
The first part of the statement shows that λ∗∗ ≥ λ∗. Suppose by contradiction
that λ∗∗ > λ∗. Then (Eλ) cannot admit a nontrivial solution u ∈ X if λ < λ∗∗,
since this would contradict the minimality of λ∗∗. Hence, for all λ ∈ [λ∗, λ∗∗)
the unique solution of (Eλ) is u ≡ 0. But this is again impossible since it would
contradict the maximality of λ∗. Hence λ∗∗ = λ∗.
Theorem 4.3. Let also (H+

2 ) hold. Then (Eλ∗) admits a nontrivial nonnegative
entire solution u ∈ X and so λ∗ > 0.

Proof. The argument is similar to the proof of Lemma 3.4 of [14], see also
Lemma 4.3 of [3], given both in the Heisenberg setting. For the reader’s con-
venience we present it also in this simpler but different context. Let (λk)k be
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a strictly decreasing sequence converging to λ∗ and let uk ∈ X be a nontrivial
nonnegative entire solution of (Eλk

). Then for all v ∈ X∫
Hn

(A(q,DHuk), DHv)Hdq =

∫
Hn

gk(q)vdq, (22)

where gk(q) = −a(q)up−1
k + λkw(q)u

m−1
k − h(q)]um−1

k for all k.
By (17) and the monotonicity of (λk)k, we obtain∫

Hn

(A(q,DHuk), DHuk)Hdq + ∥uk∥pp,a + ∥uk∥mm,h = λk∥uk∥mm,w ≤ C,

where C = κm
1 λ

m/(m−m)
1 by Lemma 3.1(i) if (2) holds, while

C = κm
2 λ

p(m−1)/(m−m)(p−1)
1 ,

thanks to Lemma 3.1(ii) if (3) is satisfied. Therefore, the sequences (∥uk∥E)k
and (∥uk∥m,h)k are bounded, and in turn also (∥uk∥)k is bounded. Hence, (gk)k
is bounded in L1

loc(Hn), since also (λk)k is bounded. Moreover, by (A1)(iii),
Lemmas 2.2 and 2.5, it is possible to extract a subsequence, still relabeled (uk)k,
satisfying

uk ⇀ u in X, uk → u in Lm(Hn, w),

uk ⇀ u in Lm(Hn, h), uk → u a.e. in Hn,

DHuk ⇀ DHu in Lp(Hn,R2n), A(q,DHuk) ⇀ Θ in Lp′(Hn,R2n),

(23)

for some u ∈ X and Θ ∈ Lp′(Hn,R2n). We claim that Θ = A(·, DHu) and that
u, which is clearly nonnegative in Hn by (23), is the solution we are looking for.

Step 1. Fix R > 0. Let φR ∈ C∞
c (Hn) be such that 0 ≤ φR ≤ 1 in Hn and

φR ≡ 1 in BR. Given ϵ > 0 define for each t ∈ R

ηϵ(t) =

t, if |t| < ϵ,

ϵ
t

|t|
, if |t| ≥ ϵ.

Put vk = φRηϵ ◦ (uk − u), so that vk ∈ X for all k. Taking v = vk in (22), we get∫
Hn

φR(A(q,DHuk)−A(q,DHu), DH(ηϵ ◦ (uk − u)))Hdq

= −
∫
Hn

(ηϵ ◦ (uk − u))(A(q,DHuk), DHφR)Hdq

−
∫
Hn

φR(A(q,DHu), DH(ηϵ ◦ (uk − u)))Hdq +

∫
Hn

gk(q)vkdq.

(24)
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Moreover,∫
Hn

(ηϵ ◦ (uk − u))(A(q,DHuk), DHφR)Hdq → 0 as k → ∞,

since ηϵ ◦ (uk − u)DHφR → 0 in Lp(suppφR,R2n) and A(q,DHuk) ⇀ Θ in
Lp′(Hn,R2n) by (23). Furthermore, φRDH(ηϵ ◦ (uk − u)) ⇀ 0 in Lp(Hn,R2n)
by Lemma 2.3 and (23), since uk ⇀ u in X. Consequently,∫

Hn

φR(A(q,DHu), DH(η ◦ (uk − u)))Hdq → 0 as k → ∞,

being A(·, DHu) ∈ Lp′(Hn,R2n).
In conclusion, the first two terms in the right hand side of (24) go to zero as
k → ∞. Now, recalling that 0 ≤ φR ≤ 1 in Hn, we have∫

Hn

gk(q)vkdq ≤
∫

suppφR

|gk(q)| · |ηϵ ◦ (uk − u)| dq ≤ ϵ

∫
suppφR

|gk(q)| dq ≤ ϵ CR,

since (gk)k is bounded in L1
loc(Hn) by Lemma 3.10. Now (A1)(ii) and the defini-

tions of φR and ηϵ yield

φR(A(q,DHuk)−A(q,DHu), DH(ηϵ ◦ (uk − u)))H ≥ 0 a.e. in Hn,

and in turn∫
BR

(φRA(q,DHu), DH(ηϵ ◦ (uk − u)))Hdq

≤
∫
Hn

φR(A(q,DHu), DH(ηϵ ◦ (uk − u)))Hdq.

Combining all these facts with (24), we find that

lim sup
k→∞

∫
BR

φR(A(q,DHu), DH(ηϵ ◦ (uk − u)))Hdq ≤ ϵ CR. (25)

Define the nonnegative functions ek for all k by

ek(q) = (A(q,DHuk)−A(q,DHu), DH(uk − u))H .

We claim that (ek)k is bounded in L1(Hn). Indeed,

0 ≤
∫
Hn

ekdq ≤ ∥A(·, DHuk)−A(·, DHu)∥p′∥DHuk −DHu∥p ≤ C0, (26)

where C0 is an appropriate constant, independent of k, since (DHuk)k in the space
Lp(Hn,R2n) and

(
A(·, DHuk)

)
k

in Lp′(Hn,R2n) are both bounded by (23).
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Fix θ ∈ (0, 1). Split the ball BR into

Sϵ
k(R) = {q ∈ BR : |uk(q)− u(q)| ≤ ϵ}, Gϵ

k(R) = BR\Sϵ
k(R).

By the Hölder inequality,

∫
BR

eθkdq ≤

(∫
Sϵ
k(R)

ekdq

)θ

|Sϵ
k(R)|1−θ +

(∫
Gϵ

k(R)

ekdq

)θ

|Gϵ
k(R)|1−θ

≤ (ϵCR)
θ |Sϵ

k(R)|1−θ + Cθ
0 |Gϵ

k(R)|1−θ ,

by (25), since φR ≡ 1 and DH(ηϵ ◦ (uk −u)) = DH(uk −u) in Sϵ
k(R), and by (26).

Since uk → u in measure in BR, then |Gϵ
k(R)| tends to zero as k → ∞. Therefore

0 ≤ lim sup
k→∞

∫
BR

eθkdq ≤ (ϵ CR)
θ |BR|1−θ .

Letting ϵ tend to 0+ we find that eθk → 0 in L1(BR) and so, since R > 0 is
arbitrary, we deduce that, up to a subsequence,

ek → 0 a.e. in Hn.

Thus, Lemma 2.1 of [1] yields that also

DHuk → DHu a.e. in Hn,

and so by (A1): A(q,DHuk) → A(q,DHu) a.e. in Hn.
Hence, Proposition A.7. of [1] implies that Θ = A(·, DHu) and consequently∫

Hn

(A(q,DHuk), DHv)Hdq →
∫
Hn

(A(q,DHu), DHv)dq (27)

for all v ∈ X as k → ∞, since A(·, DHuk) → A(·, DHu) in Lp′(Hn,R2n) by (23).

Step 2. Since uk ⇀ u in X, Lemma 3.4 yields in particular that for all v ∈ X∫
Hn

a(q) |uk|p−2 ukvdq →
∫
Hn

a(q) |u|p−2 uvdq (28)

as k → ∞. Moreover, Lemmas 3.4 and 3.5 imply that for all v ∈ X∫
Hn

w(q) |uk|m−2 ukvdq →
∫
Hn

w(q) |u|m−2 uvdq,∫
Hn

h(q) |uk|m−2 ukvdq →
∫
Hn

h(q) |u|m−2 uvdq,

(29)
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as k → ∞. In conclusion, passing to the limit as k → ∞ in (22), we get by
(27) – (29)∫

Hn

A(q,DHu)DHvdq +

∫
Hn

a(q) |u|p−2 uvdq

= λ∗

∫
Hn

w(q) |u|m−2 uvdq −
∫
Hn

h(q) |u|m−2 uvdq

for all v ∈ X, that is u is a nonnegative entire solution of (Eλ∗).

Step 3. We claim that u ̸= 0. Indeed, since uk ⇀ u in X by (23), Lemma 2.5
yields in particular that ∥u∥m,w = limk→∞ ∥uk∥m,w. Moreover, Lemma 3.1(iii)
applied to each uk ̸= 0 implies that ∥uk∥m,w ≥ κ3λ

1/(p−m)
k ≥ κ3λ

1/(p−m)
1 , since

λk ↘ λ∗ and p < m by (H+
2 ). Consequently, ∥u∥m,w ≥ κ3λ

1/(p−m)
1 > 0. Hence u

is nontrivial and nonnegative by (23). Lemma 3.1 yields now that λ∗ > 0.

Proof of Theorem 1.1. (i) Theorem 4.2 says that there exists λ∗ ≥ 0 such
that (Eλ) has at least a nontrivial nonnegative entire solution for λ > λ∗ and (Eλ)
has no nonnegative entire solution for λ < λ∗ by definition of λ∗.

(ii) Lemmas 3.1 and 4.1, Theorems 4.2 and 4.3 show the existence of λ∗ > 0 such
that (Eλ) admits at least a nontrivial nonnegative entire solution if and only if
λ ≥ λ∗.

(iii) Assume that A is uniformly convex, and (Eλ) has a nontrivial nonnegative
entire solution u1. We claim that (Eλ) admits at least two nontrivial nonnegative
entire solutions.
To this aim let us consider

−divA(q,DHu) + a(q) |u|p−2 u+ h(q) |u|m−2 u = λw(q) |u|m−2 u+, (30)

where u+ = max{u, 0}. The embedding X ↪→↪→ Lm(Hn, w) is compact by
Lemma 2.5 and (H2). Thus Φ′

w : X → (Lm(Hn, w))′ is compact, i.e. if uk ⇀ u in
X then Φ′

w(uk) → Φ′
w(u) in (Lm(Hn, w))′.

Since A is assumed to be uniformly convex, L : X → X ′ is a homeomorphism by
Lemma 3.8(iii). Hence u is a solution of (30) if and only if u is a solution of the
operator equation u = L−1 ◦ Φ′

w(u
+). Let δ ∈ [0, 1] and consider

u = L−1 ◦ Φ′
δw(u

+). (31)

Define G : [0, 1] ×X → X by G(δ, u) = L−1 ◦ Φ′
δw(u

+) for all (δ, u) ∈ [0, 1] ×X.
Thus G is continuous and compact. Lemma 3.2(ii) yields that all the solutions
of (31) are uniformly bounded in X, so that there exists R > 0 sufficiently large
such that (31) has no solution on ∂BR ⊂ X. Therefore,

degLS(I −G(1, ·), BR, 0) = degLS(I −G(0, ·), BR, 0) = 1.
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Since (30) has the trivial solution zero and the nontrivial nonnegative entire
solution u1, then (30) has another nontrivial entire solution u2 ∈ X.
We claim that u2 is nonnegative. Suppose the contrary. Put u−

2 = min{u2, 0}.
Then u−

2 ∈ X and take u−
2 as a test function. Therefore by (30), (A1)(i) and (15)

0 = λ

∫
Hn

w(q) |u2(q)|m−2 u+
2 (q)u

−
2 (q)dq

=

∫
Hn

(A(q,DHu2), DHu
−
2 (q))Hdq +

∫
Hn

a(q) |u2|p−2u2u
−
2 (q)dq

+

∫
Hn

h(q) |u2|m−2u2u
−
2 (q)dq

=

∫
Hn

(A(q,DHu
−
2 ), DHu

−
2 )Hdq +

∫
Hn

a(q)|u−
2 |pdq +

∫
Hn

h(q)|u−
2 |mdq

≥ κ

(∫
Hn

∣∣DHu
−
2

∣∣p
H
dq +

∫
Hn

a(q)
∣∣u−

2

∣∣p dq)+

∫
Hn

h(q)|u−
2 |mdq

≥ κ∥u−
2 ∥

p
E + ∥u−

2 ∥mm,h ≥ 0.

In conclusion, ∥u−
2 ∥ = 0, that is u−

2 = 0, as required. Thus u2 is nonnegative.
Finally, u2 is a nontrivial nonnegative solution of (Eλ).
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