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The paper deals with the existence of entire solutions for a quasilinear equation (£,) in H",
depending on a real parameter A, which involves a general elliptic operator A in divergence
form and two main nonlinearities. The competing nonlinear terms combine each other. Under
some conditions, we prove the existence of a critical value A, > 0 with the property that (£))
admits nontrivial nonnegative entire solutions if and only if A > A,. Furthermore, under the
further assumption that the potential &7 of A is uniform convex, we give the existence of a
second independent nontrivial nonnegative entire solution of (£), when A > A..
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1. Introduction

Differential equations arising from variational principles have a strong geometric
content and Geometric Analysis in the Heisenberg group, and more in general in
sub-Riemannian manifolds, represents one of the currently most active and excit-
ing areas of mathematics. Indeed, the Heisenberg group H", n = 1,2,3, ..., plays
a crucial role for instance in representation theory, harmonic analysis, complex
variables, partial differential equations and quantum mechanics.

Recently, great interest has been directed to the study of nonlinear elliptic prob-
lems involving critical nonlinearities, in the context of stratified groups. We
briefly refer to [3, 13, 14| and to the references therein. However, up-to-date
results have been also produced by many authors in the Euclidean elliptic set-
ting. We mention [17] and related references and comments given there, since
this paper is an extension of [17] to the Heisenberg setting.

In this paper we study the one parameter elliptic equation in H"
(&) —divirA(g, Dyu) + alg) [ul”* u = Xw(g) [u]™ > u = h(g) |u|™ " u,
where A € R and A: H" x Hy — Hpy admits a potential .o, with respect to its
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second variable ¢, while Hy is the span generated by {X;,Y; and

n
=1

0 0 0 9
7 = V= — _9p.—
Xi=gn, Yigp YT g, T iy

are vector fields for any 5 = 1,...,n. The horizontal vector field A satisfies the
following assumption, required throughout the paper.

(Ay) The potential of = /(q,§) is a continuous function in H" x Hy, with
continuous derivative with respect to £, A = 0:97(q, &), and verifies:

(i)  “(q,0n) =0 and (g, &) = (¢, =¢) for all (¢,§) € H" x Hy;
(ii) </(q,-) is strictly convex in Hy for all ¢ € H";

(iii) There exist positive constants ¢, ¢; > 0 and an exponent p such that

€ < (A4, 6,6, |A(@,8)]y < e e (1)

for all (¢,&) € H" x Hy, where 1 < p < @, and @ = 2n + 2 is the
homogeneous dimension of H", while (-, -) gz is the natural inner product
in Hy and | - |z the related norm introduced properly in Section 2.

Furthermore, we denote by r the Heisenberg norm, defined for all ¢=(z,t) e H" by
r(q) = (|z[*+ )%, 2 =(z,y) eR"xR", t €R,

and by | - | the Euclidean norm in R®*". In the entire paper we assume for (&))
(H1) (i) a€ L. (H"), and a(q) > a1[1+7r(g)] 7 for all ¢ € H" and some constant
a; € (O, 1]

(ii)) The exponents m and m are such that 1 <m < m < oc.
(iii) 0 < he L (H"), 0 <w e L, (H") and w £ 0

loc loc

Equation (£,) is a kind of quasilinear elliptic problem involving a possibly super
Sobolev critical nonlinearity, with combined effects. In the Euclidean setting
several papers are devoted on problems of this kind, we just quote, for example,
[1, 16, 17] and the comments and references therein. Motivated by these papers,
we extend the general results of [17] from the Euclidean to the Heisenberg setting.
However, (£,) is more delicate to handle, since the general framework produces
new interesting complications.

Finally, we introduce further mild structure conditions, which are assumed only
when specifically required.

(Ay) & is uniformly convex, i.e. for any € € (0,1) there exists a number
d =4(e) € (0,1) such that either |£¢ —n| < emax{[{],|n|}, or

A (q,(§+mn)/2) < (1 =0)[(q,) + (q,n)]

N | —

for any ¢ € H" and all £, n € Hp.
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(H2) The coefficients h and w are related by the condition that either

w(w/h)(m—l)/(m—m) c Lp*/(Hn), p* _ TLQ ,
n-¢ (3)
||w(w/h)(m’1)/(m’m) o = W e RT

holds, where p*' is the Holder conjugate of p*.
(Hy) w e LP/@=m)(H") and p < m < p*.

The standard convexity condition of Simon type, assumed for instance in [1],
implies that <7 satisfies condition (As), as shown in the Remark of Section 3
of [17]. Concerning the famous condition (2) we refer to the historical comments
given in [17].

A typical operator covered in the paper is A(q,§) = a(q) |§\’;I_2 £, where a €
CH™) and 0 < o < a < ay in H" for suitable numbers «a;, as € RT, and

A(q, &) = alq) |€[ % € satisfies (A1) and (Ay), provided that 1 < p < Q. There-
fore, in the subcase a = 1, along any ¢ € C2°(H")

divyA(g, D) = divy(|Duel’™> D) = Apn g

reduces to the so called horizontal p-Laplacian on the Heisenberg group.

Throughout the paper we require assumptions (A;) and (H;), without further
mentioning. We present the main results in the following statement.

Theorem 1.1. Let (Hs) hold.

(i) There exists A« > 0 such that (€)) has at least a nontrivial nonnegative entire
solution for all X > A\, and has no nontrivial nonnegative entire solutions for

A< A

(i) If (Hy) is also satisfied, then there exists A, > 0 such that (Ey\) admits at
least a nontrivial nonnegative entire solution if and only if A > \,;

(iii) Let (Az) be also satisfied. If (E)) has a nontrivial nonnegative entire solution
for some A > 0, then (E)) admits at least two nontrivial nonnegative entire
solutions.

Further multiplicity results for (£,) in the subcase m < p are given in the forth-
coming paper [15].

It is worthwhile to see that (2) implies (3), when w satisfies (3 );, but only if
1 <m < p* and m < m. Indeed, the Holder inequality, with (p* — 1)m/(p* —m)
and m//p*’, where p* and m’ are the Holder conjugates of p* and m, implies
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*/

D p*//m/

/n[w(q) (%)m—n/(m—m)] o /nwp*’/m[ (Z-:)l/(m_m)] "

p*//m )%p*//m/‘

=< ”w p*/(p*—m

Therefore (3) holds by virtue of (2) and (H3 )1, but asking only the request that
1<m<p*and m < m.

The paper is divided into four sections. Section 2 contains some relevant defini-
tions and notations related to the Heisenberg group functional setting. Section 3
gives some useful properties of functionals and operators. Section 4 presents the
proof of Theorem 1.1.

2. Preliminaries

We briefly recall the relevant definitions and notations related to the Heisenberg
group functional setting. For a complete treatment, we refer to [7, 10, 11, 12].

Let H" be the Heisenberg group of dimension 2n + 1, that is the Lie group whose
underlying manifold is R?"*!, endowed with the non-Abelian group law

goq = (z + 2 t+t +2 Z(yzx; — xly;))
i=1
for all ¢, ¢ € H", with
q = (Zat) = ($17"'axnay1>"'7ynat)7 q/ = (Z/7t/) = (flﬁ'll,...,I;,yi,...,yé,t/).
In H" the natural origin is denoted by O = (0,0). Define
r(q) = r(z,t) = (|2]* + H)Y* forall ¢ = (2,t) € H,

where | - | is the Euclidean norm in R?**. The Kordnyi norm is homogeneous of
degree 1, with respect to the dilations dz: (2,t) — (Rz, R?t), R > 0. Indeed, for
all g = (z,t) € H"

r(6r(q)) = r(Rz, R*) = (|Rz|* + R**)Y* = Rr(q).
Hence, the Kordnyi distance is
di(q,q) =7(g oq) forall (¢,q) € H" x H",
and the Kordnyi open ball of radius R centered at qq is
Br(q) ={q € H" : dk(q,q) < R}.

For simplicity Bgr denotes the ball of radius R centered at ¢y = O.

The Jacobian determinant of dp is R?*"*2. The natural number Q = 2n + 2,
which is the so called homogeneous dimension of H", plays a role analogous to
the topological dimension in the Euclidean context.
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The Haar measure on H" coincides with the Lebesgue measure on R?" x R. It
is invariant under left translations and (Q-homogeneous with respect to dilations.
Hence, as noted in [11], the topological dimension 2n+1 of H" is strictly less than

its Hausdorff dimension ). We denote by |U| the measure of any measurable set
U C H". Then
6r(U)| = Re|U, d(drq) = R%dq.

In particular, if U = Bg, then |Bg| = R%wq, where wg is the measure of the
unit sphere of H".

The vector fields for j =1,...,n

0 0 0 0 0
Xj—a—ijr?yjay Yj_a_yj_ijaa ET

constitute a basis for the real Lie algebra of left-invariant vector fields on H".
This basis satisfies the Heisenberg canonical commutation relations for position
and momentum [X;,Y;] = —40,,0/0¢, all other commutators being zero. The
span of {Xj,Y;}7_, is briefly denoted by Hy and a vector field in Hy is called
horizontal.

Let u € CY(H") be fixed. The horizontal gradient Dgu is

DHU = Z [(Xju)Xj + ()/JU)Y;] )

j=1
that is, it is an element of Hy. Furthermore, if f € C'(R), then Dy (f ou) =
f'(u)Dgyu. The natural inner product in Hy
(W.2), =3 (w + @)
j=1
for W = {w’X; + @’Y;}}_, and Z = {27 X; + ZY;}}_, produces the Hilbertian
norm

|Dyu|lg = \/(DHu, DHu)H
for the horizontal vector field Dyu. Moreover, if also v € C'(H") then the
Cauchy-Schwarz inequality
‘(DHU, DHU>H‘ < |Dpu|g|Dpv|n
continues to be valid.

For horizontal vector fields W = {w’ X; +@’Y;}7_; of class C'' (H", R*") we define
the horizontal divergence by

n

divyW =) [X;(w’) + Yj(@))].

If furthermore g € C'(H"), then the Leibnitz formula holds, namely
divg (gW) = gdivgW + (Dug, W) .
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The Kohn-Spencer Laplacian Ay, or equivalently the horizontal Laplacian in H",
of a function u of class C?(H") is defined by

A u—i(X2+Y2)u—zn: 8—2+8—2+4 -8—2—4ma—2 u+4|z|2@
T TN L\ g T oy T M omor T a0 o’

and Ag is hypoelliptic according to the celebrated Theorem 1.1 due to Hormander
in [9]. In particular, Agu = divy Dgu for each u € C?(H").

A well known generalization of the Kohn-Spencer Laplacian is the horizontal
p-Laplacian on the Heisenberg group given by

Appu = divy (| Dyulb > Dyu),

which is well defined for all function v € C*(H") and p € (1,00). But in this
paper 1 < p < Q.

Since we are interested in weighted Lebesgue spaces, denoted by w a generic
weight on H" of class L (H"), we put for any o, with 1 < o < oo,

loc
L°(H",w) = {u: H" — R measurable : w'/?[u| € L7(H")},
endowed with the norm ||ul|,, = ||w/?u||,. In particular, the next result sum-
marizes the main properties of the weighted spaces LP(H",a), L™(H", w) and
L™(H™, h) we are interested in, see [10] for a complete discussion. By Propo-
sition A.6 in [1], which still holds in the context of the Heisenberg group, we
have

Lemma 2.1. Let the weights a, w, h be of class Li (H"), and let p, m, m be

loc

finite Lebesgue exponents strictly greater than 1. Then LP(H", a), L™(H",w) and
L™(H", h) are separable uniformly convexr Banach spaces.

We recall that throughout the paper we assume that (A;) and (H;) are satisfied,
without further mentioning. Now conditions (A;)(i) and (ii) imply that

A (q,§) < (A(q,€),&)m  forall (¢,§) € H" x Hy. (4)

Furthermore, (A;)(ii) is weaker than the request that <7 is uniformly convex, that
is that (Ay) holds, i.e.for any € € (0,1) there exists § = d(¢) € (0, 1) such that

W(q,“T”) < (1_5)”(%5);%(%77)

for all ¢ € H" and &, n € Hy, with [§ —n|,; > emax{[{|4 . [n]4}-
By (A1)(i) and (iii), we have

1

d "1
(0.6 = [ Fottaecra = [ L) €t > Liely.

0
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which, together with (1) and (4), implies

for all (¢,&) € H" x Hy.

We are now able to introduce the main spaces E = (E, || - ||g) and X = (X, - ||)
naturally associated to (€,). Let E denote the completion of C°(H™), with

respect to the norm |[ullg = ([|[Dgult + ||u||£’a)1/p, with

sty = ([ 1Dwtatda) " el = ([ atomioran)”

and the main solution space

x={uer: [ noltora <ol

endowed with the norm ||u|| = ||ul|g + ||t/

Clearly E and X are well defined, since C*(H") C X C E.

Lemma 2.2. The space E is a separable uniformly convexr Banach space and X
is a separable reflexive Banach space.

Proof. Clearly E is a Banach space. The linear operator T: E — LP(H", a) X
LP(H", R?"), defined for all uw € FE by T(u) = (u, Dyu), is isometric. Hence E is
a closed subspace of LP(H", a) x LP(H",R*"). Thus F is a separable uniformly
convex Banach space since 1 < p < oc.

For the latter part, put Y = E x L™(H", h) and endow the space Y with the
norm ||ully = |[ullg + ||u|lmn. It is easy to see that Y is separable and reflexive,
since both E and L™(H", h) are separable and reflexive.

Consider now the operator T: X — Y defined by T'(u) = (u,u). Clearly T is
well defined and linear. Moreover T is an isometry, being X endowed exactly
with the norm || - ||y. Therefore, T(X) is a closed subspace of the separable
reflexive space Y, and so T'(X) is separable and reflexive. Consequently, also
(X, ]| |ly) = (X, ]| - ||) is separable and reflexive, being isomorphic to a separable
reflexive Banach space. O

Let us recall that throughout the paper 1 < p < () and that Br denotes the ball
in H" of center O and radius R > 0. Let S"?(H") be the Folland-Stein space, that
is the completion of C'°(H"), with respect to the norm || Dgo||,, ¢ € C(H").
The homogeneous dimension () plays an important role also for the sub-elliptic
version of the classical Sobolev embedding theorem.

Lemma 2.3. (i) The embeddings X — E < SYP(H") — LP"(H") are contin-
uous, with ||Dyull, < ||ullg for allu € E, ||u||lg < ||u|| for allu e X and

» < Cpl|Dyull,  for all u € SYP(H™). (6)

[
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(ii) For any R > 0 and for any qo € H" the embeddings E —— L°(Bgr(qo)) and
X << L°(Br(qy)) are compact for all o, with 1 < o < p*.

Proof. (i) By [4, 5, 10, 18, 19], the Sobolev inequality asserts that

p* S Cp*

1% Duoll, (7)

for all ¢ € C(H"), where C)» = Cg,, is a positive constant depending only on
@ and p. Consequently, (7) gives at once the validity of (6).

(ii) If © is a bounded PS domain in H", the embedding
HW'P(Q) < L7 () (8)

is compact, when 1 < o < p* by [8, 10, 20]. By [6, 10, 20] the property (8) holds in
Carnot-Carathéodory balls, which are special bounded PS domains of H". Since
the Carnot-Carathéodory distance and the Koranyi distance are equivalent on H"
by [2, 12], then (8) can be applied when 2 is any Kordnyi ball Bg(qo), ¢ € H",
and R > 0.

Thus, since by (H1)(i) the weight a has the property that a > cg, > 0 in
Br(qy) and a is bounded in Bg(qp), the embedding (8) and (i) yield at once
that £ << L%(Bgr(q)) and X <—<— L7(Bg(qo)) are compact for all o, with
1 <o < p*and for any R > 0 and ¢g € H". ]

Lemma 2.4. Fvery weakly convergent sequence either in E or in X admits a
subsequence converging a.e. in H™ to the same limit.

Proof. Similar to the proof of Theorem A.10 of [1], thanks to Lemma 2.3(ii).
We omit it here. ]

Lemma 2.5. If (Hy) is satisfied, then the embedding X —— L™(H",w) is
compact. Moreover, if (Hg) is satisfied, then E —— L™(H", w) is compact.

Proof. We divide the proof into three steps.
Step 1: First assume that (2) is satisfied. Fix v # 0 in X. By the Holder

inequality and (2) we have
da = h m/m
1 /n h(Q)m/m @

b= / “u(q)
< ([ grmma) ([ )

= A"l el

m

el

[2elfom

since 1 < m < m < oo by (48)(ii). Consequently,

[ullmw < Corllullmp,  Cop = A™H™, (9)
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Hence X — L™(H",w) is continuous.

To prove that it is compact, fix a sequence (uy); and w in X, with up — w in
X. Up to a subsequence, still denoted by (uy)g, then u — uw a.e. in H" by
Lemma 2.4. We claim that (w|ux — u|™), is uniformly integrable in H".

Since (uy)y is bounded in X, then |Jug|| + ||u]| < M for all k =1,2,--- and some
a constant M > 0. Of course, (ug)g is also bounded in L™(H", h).

Fix £ > 0. Since w/h™™ € Lw-m (H") by (2), there exists § = d(¢) > 0 such that,
for any measurable subset U C H", with |U| < 4, we have

m/ (m—m)
/ w(q) dg = /
v h(g)m/m=m) U

w(q)™ m=m) e \m/(m—m)
< (-2)" 10
/Hn\BR h(g)m/(m=m) 1o

Let U be any fixed measurable subset of H" with |U| < §. Similar to the proof
of (9),

m/(m—m 1—=m/m m/m
w(gq)™/ )
wqu—umdq<(/—dq h(q)|ux — u|™dg
/U (@ = ul v h(g)m/m=m) U (@ = ul

g
< —M" =
Mm c

for all k =1,2,.... Using (10), we also obtain for all k =1,2,...

_ 1-m/m
” w(q)m/(m m)
w(q) luk —ul™ dg < </ e dg X
/IHI"\BR w5y, 1(q)™/ (M=)

m/m
X (/ h(q)|uy — u|mdq) <e.
H"\Br

In conclusion, the claim is proved. Finally, w|ux —u|™ — 0 a.e. in H™ and so
the Vitali convergence theorem assures that u;, — wu in LI(H", w) as k — oc.
Therefore, X << LI(H",w) is compact.

Step 2: Assume that (3) is satisfied. Let us recall the following elementary
inequality: for every ki1 > 0, ko > 0 and «, B, with 0 < o < 3, there exists

_ a/(B-a)
Cop = 5 5 “ <%> € (0,1) such that for all t € R

K, a/(B—a) K, a/(B—a)
key [ — ko [t < Caghy | — <ky | — :
ks ks

(11)
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Hence, taking k; =w, ke=h/2, a=m—1, f=m—1 in (11), we get for all ue X

m
el o

= [ (vt = G ™Y uldg + 5 [ nta) g

— m—m ]' m
< [ wlw/m)m I ol dg 4l
: (12)

<O Hw(w/h)(m—l)/(m—m)H . HU

p*—1

Lo
< CCpH || Dy, + §HU“m,h

1
v+ 5l

by (6), where C; = 2(m=1/(m=m)  Therefore, for any v € X, v # 0, putting
u=v/||v|| and Cy = C1Cp»#', we have

[

Hence,

1

Thus [[v[|m.e < (Cy+1)

It remains

m 1 m

dg < Cy || Dy —— +—/ h(q) | dg
lollll, 2 Jan [|v]]
v 1 m

scWHDH— +—/ W) dg < Cy +1.
lollell, 2 Ja [0,
v(q) o] \"™ v(g)|™
= [ w(q) dq:( w(q) || d
/Hn 191l 10 [0}, n vl

< (M)m (Cy +1).

1]

1/m||v|| and so X is continuously embedded in L™ (H", w).

to prove that the embedding is actually compact. To this aim let

up — uwin X. Again, up to a subsequence, still denoted by (uy )k, we have up — u
a.e.in H" by Lemma 2.4. We claim that for all € > 0 there exists N = N(¢g) such

that

Since uy —

/ w(q) |ug —ul™dg <e forall k> N. (13)

win X, then [, h(q) |ux|™ dg < M for all k =1,2,--- and a suitable

positive constant M. Clearly also [i;, h(q) |u|™ dg < M by Fatou’s lemma.

Fix ¢ > 0.
a=m-—1,

J

By (11), as in the proof of (12), taking k1 = w, ko = eh/2™" M,
f=m—1,wegetforall k=1,2,---

w(g) lux — ul™dg < / Cow(uw/B)™ /) [y | dg

n

€ m
t omriny /th(Q) lur, — ul"dgq (14)
£

< / Cow(w/h)m=D/m=m) 1 — | dg + 5



P. Pucci / Existence of Entire Solutions ... 171

where C, = (2" /e) (m=D/m=m) \We assert that (w(w/h)m=D/m=m) |y — )w
is uniformly integrable in H". Indeed, for any measurable subset U C H",

1-1/p*
||lug — u

p*-

/Uw(w/h)(ml)/(mm) |up — u|dg < (/U[w(w/h)(ml)/(mm)]p*/>

Similar to the proof of the first step we get from the last inequality at once the
assertion. Hence the Vitali convergence theorem yields

lim [ Cow(w/h) M=/ ™=m) 1y, — ] dg

k—oo Hn»

= / lim Coaw(w/h) ™D/ =m) 1y — | dg = 0.
H

n k—00

Thus there exists N = N(g) such that

Cow(w/R) ™D/ m=m) 1y — | dg < %
H’ﬂ

for all & > N. In conclusion the claim (13) is valid by (14). Therefore, the
embedding X —<— L™(H", w) is compact.

Step 3: Assume (Hj). Similarly, £ << L™(H",w) is compact, if (H3) is
satisfied. It is simply enough to replace in the main argument w(w/h)™m=1/(m=m)
by w. Indeed, for all v € E the Holder inequality, Lemma 2.3 and (6) give

p* /(o —m)| U w

[ w@eds < o

m

Zi < C;Z p*/(p*—m)“DHUH;n

W||pe s (e —my | ]| 5 -

Thus, ||ullmwe < Cp ;{;’Ep*_m)HuHE, that is the embedding £ — L™(H", w)

is continuous. Let us prove that it is actually compact. Fix (ug)y, v € E and
assume that ux — u in E. Then, up to a subsequence, still denoted by (uy)g, we
get that up, — w a.e. in H" as £ — oo by Lemma 2.4. Moreover, there exists
a constant M > 0 such that ||ugl|g + ||ul|lp < M. We claim that uxy — u in
L™(H",w). Fix e > 0. There exists § = d(¢) > 0 and r = r(¢) > 0 such that for
any measurable subset U C H", with |U| < ¢,

w

/ i ) € p*/(p*—m)
Ny
U (Mcp*)m

/ o ) e p*/(p*—m)
T
H™\ Bg (MCp)m

9

forall R > r,



172 P. Pucci / Existence of Entire Solutions ...

since w € LP"/®=™)(H") by (Hg). Consequently, for any measurable subset
U C H", with |U| < 9,

(p*—m)/p*
[ w@tuto) — wormds < ([ w@r /e i) -l <
U U

(p*—m)/p*
/ w(g)lur(q) — u(q)["dg < </ w(q)”" ‘m)dq) lur, — ullyt < e
H H

"\Br "\Br

for all R > r. Therefore, the fact that w|uy — u| — 0 a.e.in H" and the Vitali
convergence theorem yield

lim | w(q)|ux(q) — u(q)|™dg =0,

k—oo Hr

that is up — uw in L™(H", w), as claimed. This completes the proof. O

3. Preliminary results for existence

Let us first note that for all u € £
/ (A(q, D), D)y + ullh o = £([1Daully + [lull} ). (15)
where £ = min{c;, 1} > 0 and ¢; is given in (1). Using (5), for all u € E, we get

1 K
A (q, Dgu)dg + 5HUH£,G > = ([ Daullf + [lull?,)- (16)

Hn p

Lemma 3.1. Assume that (H2) holds. If u € X\{0} and X € R satisfy

/ (Alg, Dyu), Du)adg + [lullp o + lulln, = Al ., (17)

then 0 < k([Dmully + [lull}.e) + llullyn < Aully., (18)

and XA > 0. Moreover,

() if (2) holds, then, |||, < mg AV ™)

(i) if (3) is valid, then ||ul|m.e < Ko APOR=DFm=ml/(m=m)(p=1)m
(iil) if (Hy) is satisfied, then ks A\Y®P™™) < ||u| e,

and the positive constants ki1, ke and k3 are independent of u.

Proof. Let v € X\{0} and A € R satisfy (17). By (15), we have at once (18).
Hence A > 0, since u # 0.

(i) Assume that (2) is satisfied.
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By (17) and (18), the Young inequality, with ¢ = m/m > 1, ¢/ = m/(m — m),
e=m/2m >0 and C = C. = (2m/m)™ ™™ (m — m)/m > 0 yields

Aw(g)
ulll, < Aw(q) |u|™d :/h W d
folltn < [ Yol da = [ ool 5D a

wla) \ /-
L@l + ¢ <A—@) ] dq

= / n|2 h(g)m/™

1
< §||u||g;h + O\ (m=m)

By (9) and the above inequality, we have
[l < Corllillmn < m A=),

with k1 = 2C,,C77, as stated.

(ii) Assume that (3) is satisfied.
By (1), (11) and (17), putting ¢} = max{1,1/¢;}, we have

Jully < v [ | (A, Dar) D) + ala) a? + i) |

& [ Pt = G ] - fulaa

- 19
< G0y / (/)™= E=m) 1 g (19)
< CLONTD/ =) |y /) =D/ |,
< 02)\(m—1)/(m—m)HDHqu < CQA(m‘l)/(m‘m)HuHE,
where Cy = C’lCle*W, C, = 2m=D/(m=m) "ag in (12). Thus
lullp < Ck(m—l)/(m—m)(p—lh (20)

with C' = C;/"™. By (15) and (17), since A > 0, we finally get, thanks to (19)
and (20),

2 1 " l/m
[l < <X / {(A(q, Digu), Dy} + a(g) |uf” + Sh(g) [u] ] dq)
< (QC’W)\(m—l)/(m—m)—lC«/\(m—l)/(m—m)(p—l)]l/m

oy A=) m—m] /() (p—1)m

Y

where Cy = C1C# as above, and Ky = (20 C)/™.
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(iii) Assume that (H3) holds. Then Lemma 2.5, and (18) imply

[l < Conllullz < Con (/)77 Jullin /e

m,aw’

where C,,, > 0 is the constant of the embedding £ < L™(H",w). In conclusion,
since u # 0 and p < m, we get ||[ullmw > K3AY P where k3 = (CPk)Y P~
This completes the proof. O

We say that v € X is a (weak) entire solution of (€,) if, for all v € X

/(A(anHU)7DHU)qu+/ a(q) |’ *uvdg

n n

- / w(g) [l 2uvdq — / hq) [ul™ 2uvdg

n

Hence the entire solutions of (€,) correspond to the critical points of the energy
functional ®,: X — R, defined by

1 U |
@)= [ /(o Dyu)dg + ol — Tl + ol

If (€\) admits a nontrivial entire solution uw € X, then A > 0. From now on we
consider only the case A > 0.

Lemma 3.2. Assume that (Hz) holds.

(i) The functional ®, is coercive in X and any sequence (uy)p in X, with
(P (ug))r bounded, admits a weakly convergent subsequence in X .

(ii) Fized A > 0, all the critical points of @, are uniformly bounded in X .
Proof. (i) We divide the proof into two parts.

Part (a): Let (2) be satisfied. For all ¢ € H" we apply the elementary inequality
(11), now with k; = Aw(q)/m, ks = h(q)/p'm, a« =m and 8 = m. Then

A @™ = @) < A= {h(q)/plm}
— ’E m/(m—m) w—q)m 1/(m—m)
P’ h(Q)m} :

Integrating the above inequality over H", we get by (2)

A 1

||u||z,h < O)n

where Cy = Sp'mA™ (=) /my,
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Therefore, by (16), putting p¢ = min{x, 1/m}, for all u € X we have

A 1

=l -

1 m
Op(u) = | (g, Dyu)dq + ]_?Hqu,a - [l n

H p'm

1 1
— a4 el

1 1
> [ @ (q, Dgu)dq + —|ju|®b, — Cx + —||uln
> | (e, Duwydg + lully, = Cn+—lul
> ¢ ([lull + lullng) — Cx = elllully™ = 1) + &(llullmy — 1) = Ca
> ¢fful|'" = Cy - 2¢,

where € = min{p — 1,m — 1} > 0. In conclusion, ®, is coercive in X.

The last part of the claim follows at once by the coercivity of @, and the reflexivity
of the Banach space X.

Part (b): Let (3) hold. Again by (11) and (16), putting now ¢ = min{x/p,1/2m},
arguing as in (12) and using the same notations, we get for all u € X

1 U B 1,
00 = [ 0. D+ Sl = | 2ol = ) + 5l
K 1 w(@) | me1 @) | me
>_ p = m - )\_ m _ \1J m . d
> Sl + gl = [ WLt = B0 ) g

> &(lfully + lullm ) - Cy / Aew(aw /) D/ | dg

> Julls™ = 1) + é(|lullwy — 1) = CollDrul,
> cllull ™ = Cyllull — 2¢,

with again € = min{p — 1,m — 1} > 0 and Cy = C1C,»#". Thus @, is coercive
in X also in this latter case.

(i) Fix A > 0 and let Sy = {u € X : wis a critical point of ®,}. Clearly
every u € S, is a solution of (£,) and so satisfies (17). Hence either (i) or (ii) of
Lemma 3.1 is valid. In conclusion, Sy is bounded in L™(H", w), and so in £ and
also in L™(H", h) by (18). In particular, Sy is bounded in X, as required. O

Define the functionals ., ®,, &, ¢,: X — R by

1
Oy (u) = A (q, Dpu)dg, Qy(u) = EHUHP

p,(l7
Hn

1 m 1 m
Su() = el Balw) = [l
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Lemma 3.3. The functional ®, is convex, of class C'(X) and sequentially
weakly lower semi-continuous in X.

Proof. Fix (uy), and v in X, with wy — w in X. Then ||Dyuy — Dyul, — 0
and, up to a subsequence, Dyu, — Dyu a.e. in Hy, and ( |Dpug, — Dyulb, )k is
uniformly integrable by the Vitali convergent theorem. By (5)

Hence it is easy to prove that also the sequence (42/ (q, DHuk)) . is uniformly
integrable and <7 (q, Dyuy) — </ (q, Dyu) a.e. in Hy for all ¢ by (A;). Thus by
the Vitali convergent theorem klim b, (ug) = Py (u), that is &, is continuous.

— 00

Similarly, we can see that as k — oo

197 (ur) — D%y (u)] = sup

veX,[lpll=1

< ||A(q, Duy) — Alg, D)y — 0.

/ (A(¢. Da) — A, D), Do) dla

Therefore, ®’, is also continuous in X. Thus @, is of class C*(X).
Obviously, @, is convex in X by (A;)(ii). Finally, ®, is sequentially weakly

lower semi-continuous in X by Theorem A.2 of [17]. O

Lemma 3.4. The functionals ®, and ®;, are strictly conver, of class C1(X) and
sequentially weakly lower semi-continuous in X. Moreover, if (uy)g, u are in X

and up — u in X, then @ (up) = @ (u) in X', where X' is the dual space of X,
and ) (ug) = ) (u) in X'.

Proof. It is enough to prove the lemma for ®,, since the same argument applies
to @, with obvious changes.

Arguing as in the proof of Lemma 3.3, we show that also ®, is strictly convex,
of class C*(X) and sequentially weakly lower semi-continuous in X. Fix v € X.
For any measurable subset U C H", we have

/U a(@) |lus(@) P2 us(q) — (@) ulg)| - [v(a)] dg

S/Ua(fJ)”p/(\uk(q)!p_lﬂL\U(q)\p_l)a(q)”pIv(q)ldq

< o1t ( [ a@ (@l + o)l dq) " ( / a<q>|v<q>|pdq) "

Similar to the proof of Lemma 2.5, we can see that

(a(q) ’|Uk|p72 Up — |U’p72ul : M)k
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is uniformly integrable in H". Hence, Lemma 2.4 and an application of Vitali’s
convergence theorem give

lim [ a(q) [Jur(@)" welq) — lu(@)"u(q)| - [v(g)| dg = 0.

k—o00 Hr

Thus, @' (ug) — ' (u) in X' O

Lemma 3.5. If (H2) holds, then ®,, is conver, of class C*(X) and sequentially
weakly continuous in X, i.e. up — u in X implies Oy, (uy) — Py (u) as k — oo.

Proof. Obviously, ®,, is convex, C'(X) continuity can be proved as in the proof
of Lemma 3.4. Hence, we have only to show that &, is sequentially weak con-
tinuous in X. To this aim, let vy — w in X. Then uy — u in L™(H", w) by
Lemma 2.5, so that ®,(u;) — ®,(u) as k — oo, as required. O

Lemma 3.6. Assume (Hs) holds. Then ®y is of class C*(X) and sequentially
weakly lower semi-continuous in X. Hence, if up, — u in X, then

Oy (u) < liminf®y (ug).

k—o0

Proof. Lemmas 3.3-3.5 yield that ®, is of class C*(X). Hence it remains to
show that @, is the sequentially weakly lower semi-continuous in X. To this aim
fix (ug)g, win X, with uy — u as k — oo.

Since (Hs) is satisfied, ®,, is weakly continuous in X by Lemma 3.5. Thus, by
Lemmas 3.3—3.5 and the fact that A > 0,

lim inf®, (ug) > li]£I1 inf [@d(uk) + O, (ug) + @h(uk)] — Aim sup D, (uy)
—00

k—o0 k—o00

> Oy (u) + Po(u) + Prn(u) — APy, (u) = Py (u).
Therefore @, is sequentially weakly lower semi-continuous in X. [

Lemma 3.7. Suppose that o satisfies also (As), i.e. & is a uniformly convex
function.

(i) Then ®,: X — R is a uniformly convezr functional, i.e. for any ¢ € (0, 1)
there exists 0 = 0(g) € (0,1) such that for all u,v € X either

o, <u—v> R <u—;—v> < (1—g) 2T (0)

2 2 2

(il) If ur — uw in X and if limsup (P, (ux) — D, (u), ur, — u) < 0, then we have

k—o0
Oy (up —u) = 0 as k — oo.

Proof. (i) The statement follows directly from (.A,).
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(ii) Fix (ug)g, vin X, with limsup (9, (ug) — ', (u), up —u) < 0 and ux — u as
k—ro0

k — oo. Hence, klim (@' (ug) — @', (u), ur — uy = 0 by convexity, so that
—00

lim (@', (ug),up —u) =0
k—oo

by Lemma 3.3. Since (||ug||)x is bounded, then (uy), C Br C X for some R > 0
large enough. Thus also (P (uy)) . is bounded by (5) and there exists ¢ € R and

O (u) < liminf @ (ug) = ¢

k—o0

by Lemma 3.3. On the other hand, since ® ., is convex in X, for all k
Dy () = Py (ug) + (Pl (ur), u — ) ,

that is @ (u) > ¢. In conclusion @, (u) = c.

Clearly also (ux + u)/2 — u as k — oo, and again by the weak lower semi-
continuity of &, in X

¢ = By(u) < liminf @,/ <“’€+“) (21)

—00 2

Assume by contradiction that the assertion is false. Then there exists € € (0,1)
and a subsequence (ug,); of (ux)x such that

Q)W(u) -+ Cbmf (ukj )
2

Qo(u—up) >

for all j. Let 6 = d(¢) € (0,1) be the corresponding number of the uniform
convexity of ®, on the ball B C X. Then as j — oo

= (1-=9)c<e,

Cor (ukj; u) < (1—4) o (v) +2%(ukj)

which contradicts (21). Thus @, (ur —u) — 0 as k — oo in X. O

Let .#: X — R be defined by

1 1 1
S =2 [ @ Dy + Zlullp, + Tl = Qo (w) + Safu) + Oi(u)

for all u € X and let L be its derivative operator, i.e. L = .#’: X — X', where
X'’ is the dual space of X. Moreover, L can be represented, for all u, v € X, as

(L)) = [ (Ala D), Digv)da + [ ata) ™ wwdg + [ hia) ol s,

n n n
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Lemma 3.8. (i) L: X — X' is a continuous, bounded, strictly monotone operator.
Moreover, if of satisfies also (As), that is &7 is uniform convez, then

(ii) L is a map of type (Sy), i.e.

if ug = w in X and limsup (L(ug) — L(u),ur, —u) <0, then up, — u in X;
k—o0

(iii) L: X — X' is a homeomorphism.

Proof. (i) From Lemmas 3.3-3.5 it follows that L is a continuous and bounded
operator.

Fix u, v € X, with u # v, and put g(t) = F(t(u —v) +v), t € R. It is easy to
check that t — @ (t(u — v) 4+ v) is strictly convex in R, since <7(q,-) is strictly
convex in Hy for all ¢ € H" by (A;)(ii). Moreover, ®, and ®,, are strictly convex
in X by Lemma 3.4. Therefore g is strictly convex in R, and its derivative is
strictly increasing in R. In particular,

0 < ¢/(1) — ¢/(0) = (L(w) — L(v), u —v).

Thus L is strictly monotone in X.
(ii) Property (S;) for L is a direct consequence of Lemma 3.7.

(iii) The strict monotonicity of L implies that L is an injection operator. Clearly

oo (Lu) Jun (Ala, D), D) udg + Jullp , + lulln,
im —— = lim = 00

ul—o0 || ul| o0 |

Y

so that L is coercive in X. Hence L is a surjection in view of the Minty-Browder
theorem, see Theorem 26A of [21]. Thus L has an inverse operator L™!: X’ — X
and the continuity of L™! is sufficient to ensure that L is a homeomorphism.

To this aim, fix (fx)g, f € X', with fr — f in X'. Put u, = L71(fy) for all k
and v = L7Y(f). Then L(uy) = fx, L(u) = f and (uy), is bounded in X, since
L is coercive in X. Without loss of generality, we assume that uy — ug in X for
some ug € X, being X reflexive. Consequently, as k — oo

(L(ug) — L(ug), ux — up) = (L(ug) — L(u),up — ug) + (L(u) — L(ug), ux — ug)
= (fx — f,ur — uo) + (L(u) — L(ug), ur, — up) = o(1),
since fr, — f in X’ and up — wuo in X. Therefore, up — ug as k — oo by
the (Sy) property of L. But f, — f in X’ and L is continuous in X, so that
L(up) = klim L(ug) = klim fr = f. Since L is bijective, we conclude that ug = u.
—00 —00
Hence L' is continuous and this completes the proof. O
Lemma 3.9. If (Ay) and (Hs) hold, then ®, satisfies the (PS) condition,

namely, (ux)r C X, with ®(ux) — ¢ and )\ (ux) — 0 in X', admits a convergent
subsequence in X.
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Proof. Fix (u), C X such that ®,(u;) — ¢ and @) (ug) — 0 in X’. Then (ug)
is bounded in X, being ®, coercive in X by Lemma 3.2 and (Hs). Thus (ug)x
has a weakly convergent subsequence, still denoted by (uy ), since X is reflexive
by Lemma 2.2. Hence up — u as k — oo for some u in X.

By Lemma 2.5 and (Hsz) the embedding X << L™(H", w) is compact, so that
P (ug) — @ (u) in X’. Consequently, being L™! continuous from X’ to X by
Lemma 3.8 and (Ay), it follows that uy — L' o®/ (u) in X and we are done. [J

For all A > 0 and (¢,u) € H" x R put
ga(q.u) = —alq) [u’~> u+ Aw(q) |u" " u — h(q) |u|" " u.

Lemma 3.10. Assume that (Hz) holds. Then gx(-,u)€ L (H") along any uve€ X .

loc

Proof. Fix A >0, u € X and R > 0. Clearly

| @l da < [ ala)ful+ 1da < full, + |Brless supa(a)
Br

Br qE€EBR

| @ o< [ bl 0o <l [ Hade

Br

By Lemma 2.5 and (Hs)

A [ @ <3 [ w1 < (nuuz,w -/ Rw(q)dq)

R

<A\C (||u||m + /BRw(q)dq) :

where C' = max{1, C,,}. Hence, summarizing the above inequalities, we obtain

/ lga(q, w)| dg < oco.
Br

Thus g(+,u) € Li,.(H") along u € X. O

loc

4. Proof of Theorem 1.1

Throughout the section we assume also condition (Hz), without further mention-
ing. Let us introduce the crucial value

- 1 - |
3= ot [ 0 Ddes g+ il = o)
CI)w(u)zl @w(u):l

We claim that A > 0. Indeed, for any u € X, with ®,,(u) = 1, then ||t =
m'/™ > 1. By Lemma 2.5 and (), there exists a constant C,, > 0 such that
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|ullmw < Cpllul| for any w € X. Thus |ju|| > 1/C,, for any u € X, with
®,,(u) = 1. Since |Ju|| = |Ju||g + ||||mn, it follows that either

1 1

> — > —.
uls > 55 or el = 55

The first case and (16) imply

p \2Cn,

1 K K 1 P
(¢, Dyu)dg + ~[lull} , > —|lully > — (—) :
H" b p

Put C' = min{x/p(2C,,)*,1/m(2C,,)™}. Then, in both cases, .#(u) > C for all

u € X, with ®,,(u) = 1. Thus A > C > 0 and the claim is proved.

Lemma 4.1. Forall A\ > X there exists a global nontrivial nonnegative minimaizer
e € X of &) with negative energy, that is ®y(e) < 0.

Proof. By Lemma 3.2 and (Hs) the functional ®, is coercive in X and Lemma
3.6 gives that ®, is sequentially weakly lower semi-continuous in X. Hence for
all A > 0 there exists a global minimizer e € X of ®,, that is

®,)(e) = inf @) (v).

veX

Clearly e is a solution of (£)). The definition of X yields that inf,ex d,\(v) <0
for all A > A\. Thus e # 0. In conclusion, for any A > X equation (£,) has a
nontrivial solution e € X such that ®,(e) < 0. Finally, we may assume e > 0

a.e. in H", since |e| € X and ®,(e)= Py (|e|) by (A1)(i). O
Put & ={AeR : (&) admits a nontrivial nonnegative entire solution}.
Lemma 4.1 assures that £ is nonempty. Set
A = sup{A : (£,) admits only the trivial solution for all ;1 < A},
A = Inf{X : A € &}
Clearly, A\, > 0 and ., > 0 by Lemma 3.1.
Theorem 4.2. For all A\ > M. equation (E)) admits a nontrivial nonnegative

entire solution uy € X. Moreover, Ay =Xx.

Proof. Fix A > ... Then there exist p € £, with 0 < A\ < g < A, and a
nontrivial nonnegative entire solution u, € X of (£,). We next show that (&)
admits a nontrivial nonnegative entire solution u) € X. For all ¢ € H" put

w(g) [¢™ ¢, if t > u,(q),
u 1) = 2 .
) {w(Q) lua (@™ uu(q), it <wuu(g),

t
and Fuu(q,t):/fuu(q,T)dT.
0
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Let us consider

(&N —divA(g, Dyu) + alg) [ul”*u+ h(g) [u]™ " u = Afu,(g,u)-

The solutions of (€,) are the critical points of ®,,,: X — R defined by
B (0) = [l Dy + Sl + el = A [ Fu(avu(a))ds

As in the proof of Lemmas 3.2 and 3.6, it is not hard to see that ®,,,, is coercive
and sequentially weakly lower semi-continuous in X. Furthermore ®, ,, achieves
its infimum in X at u), € X. Therefore u, is a nontrivial nonnegative entire
solution of (£,) provided that uy > u,.

To see this, first we show that wu, is a sub-solution for (£,)". Indeed, for all
v e X, with v > 0, we have

/ (A(q. Dyru,), Do) g + / a(q) lupl" 2u,0dg + / h(q) [t ™2 wvdg
]H[n

—u / w(g) ™ uyvdg < A / (@) ™ upodg = A | fu, (@ w)vda.
mn n HTL

As test function v take (u, —u))" = max{u, —uy,0} € X. Then
(L(ux) — L(uu)a (uu - UA)+>

= / (A(Q7 DHUA) _A(Q7 DHuu)yDH(uu _UA)+)dq
o [ ala) ol s ™ ), = )
" / R(a) (™ 1y = ™ ) (w, — 1) g

> / (fu0,03) = Fu0,10)) (= 3) g = 0,

Hence (u, —uy)* = 0 in H", since L is a strictly monotone operator by Lemma
3.8(i). Thus u, < uy, as claimed.

The first part of the statement shows that \** > A*. Suppose by contradiction
that A** > A*. Then (€,) cannot admit a nontrivial solution v € X if A < A**,
since this would contradict the minimality of \**. Hence, for all A € [\*, \**)
the unique solution of (£,) is v = 0. But this is again impossible since it would
contradict the maximality of \*. Hence A\** = \*. Il

Theorem 4.3. Let also (Hy) hold. Then (Ey,) admits a nontrivial nonnegative
entire solution u € X and so A, > 0.

Proof. The argument is similar to the proof of Lemma 3.4 of [14], see also
Lemma 4.3 of [3], given both in the Heisenberg setting. For the reader’s con-
venience we present it also in this simpler but different context. Let (Ag)x be
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a strictly decreasing sequence converging to A\, and let up € X be a nontrivial
nonnegative entire solution of (£,,). Then for all v € X

n

where g(q) = —a(q)ul " + ew(q)u*™ — h(q)jul" for all k.
By (17) and the monotonicity of (A)x, we obtain

/ (A(g, Drur), Drug) mdq + luklly o + llukllan = Aellull., < C

n

where C = £ A™ ™™ by Lemma 3.1(i) if (2) holds, while

O = AP/ (=)o)

Y

thanks to Lemma 3.1(ii) if (3) is satisfied. Therefore, the sequences (||ug||z)k
and (||ug||mn)r are bounded, and in turn also (||ug||)x is bounded. Hence, (gx)k
is bounded in L{ _(H"), since also () is bounded. Moreover, by (A;)(iii),

loc
Lemmas 2.2 and 2.5, it is possible to extract a subsequence, still relabeled (uy)g,

satisfying
up — uin X, up — win L™ (H", w),
wp — win L™(H", h), up — w a.e. in H”, (23)

Dyuy — Dgu in LP(H", R*),  A(q, Dgug) — © in LY (H*, R?"),

for some u € X and © € LY (H", R?"). We claim that © = A(-, Dyu) and that
u, which is clearly nonnegative in H" by (23), is the solution we are looking for.

Step 1. Fix R > 0. Let pgr € C°(H") be such that 0 < ¢ < 1 in H" and
wr = 1 in Bg. Given € > 0 define for each t € R

t, if |t| <e,

ne(t) = if |t > e

t
€7
t]
Put vx = @gne o (ur — u), so that v, € X for all k. Taking v = v, in (22), we get

/@R(A(qa Dyuy) — A(q, Dyu), Dy (ne o (ux — u)))mdq

n

_ / (1. o (wr — w))(A(q, Diruy), Dror) mda (24)

n

~ [ n(Ale: D). Dt o (e~ u)nda + | gula)onda

n
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Moreover,
/ (1e o (ux — u))(A(g, Drur), Dur)ndg — 0 as k — oo,

since 1. o (up — u)Dypr — 0 in LP(supp g, R?") and A(q, Dyuy) — © in
LP (H*,R?") by (23). Furthermore, prDg(n. o (up — u)) — 0 in LP(H",R?")
by Lemma 2.3 and (23), since uy — u in X. Consequently,

/ vr(A(q, Dyu), Dy(no (ux —u)))gdg — 0 as k — oo,

being A(-, Dyu) € LY (H", R?").

In conclusion, the first two terms in the right hand side of (24) go to zero as
k — oo. Now, recalling that 0 < ¢r <1 in H", we have

/ gu(g)ondy < / 106@)] - e o (ux — )| d < ¢ / 190(0)] dq < € C,

" upp ¥R upp ¥r

since (gx)x is bounded in L (H") by Lemma 3.10. Now (A;)(ii) and the defini-
tions of pg and 7, yield

@R(A((b DHuk) - A(Qu DHu)a DH(ne © (U’k - u)))H Z 0 a.e. in Hn’

and in turn

/B (erA(q, Dyu), Dy(ne o (ur, —u)))udq

R

< [ on(Alq. D). Di(r o e = )

Combining all these facts with (24), we find that

lim sup / or(A(q, Diw), Dyr(n. o (g — w)))udg < e Cr. (25)
B

k—o00 R

Define the nonnegative functions ey for all k by

We claim that (e); is bounded in L'(H"). Indeed,
0< / exdq < |A(, Duug) — A(, D)y | Druk — Daull, < Co, - (26)

where () is an appropriate constant, independent of &, since (Dyug )y in the space
LP(H",R*") and (A(-, Dyug)), in L” (H",R?*") are both bounded by (23).
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Fix 6 € (0,1). Split the ball Bg into
Si(R) ={q € Br : |u(q) —ulg)] <€},  Gi(R) = Br\Si(R).

By the Holder inequality,

0 0
/ efdq < / eedq | 1SR + / eedq | 1GS(R)
Br SE(R) G5(R)

< (Cr)" SR + COIGLR) ™,
by (25), since ¢r = 1 and Dy(ne o (ux —u)) = Dy (ur —u) in Sg(R), and by (26).

Since up — w in measure in Bpg, then |G5(R)| tends to zero as k — oco. Therefore

0< limsup/ equ < (e CR)0 |BR’1_0-
B

k—o00 R

Letting € tend to 0T we find that ¢} — 0 in L'(Bg) and so, since R > 0 is
arbitrary, we deduce that, up to a subsequence,

er — 0 a.e in H".
Thus, Lemma 2.1 of [1] yields that also
DHUk — DHU a.e. in Hn,

and so by (Ay): A(q, Dyui) — A(q, Dgu) a.e. in H™.
Hence, Proposition A.7. of [1] implies that © = A(-, Dyu) and consequently

/n(A(q,DHuk),DHv)qu—> Hn(A(q,DHu),DHU)dq (27)

for all v € X as k — oo, since A(-, Dyug) — A(-, Dyu) in L' (H", R?") by (23).
Step 2. Since u;, — u in X, Lemma 3.4 yields in particular that for all v € X
/ a(q) g’ upvdg — a(q) [ulP > uvdg (28)
n Hn

as k — 0o. Moreover, Lemmas 3.4 and 3.5 imply that for all v € X

/ w(q) Jup|™ " wpvdg — w(q) [u|™* uvdg,
” ) (29)
/ h(q) | wpvdq — h(q) |u™* uvdg,

H»
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as k — oo. In conclusion, passing to the limit as k& — oo in (22), we get by
27)—(29

/"M%mwwmm+/cmww*w@
Hn

n

=a/umww2w@—/fmww2w@

for all v € X, that is u is a nonnegative entire solution of (&y,).

Step 3. We claim that u # 0. Indeed, since uy — u in X by (23), Lemma 2.5
yields in particular that ||w|/mw = Umg_eo [|Uk][mw. Moreover, Lemma 3.1(iii)
applied to each w;, # 0 implies that ||ug|/mw > ligkllc/(p_m) > /{3/\}/(13_7”), since

Ae \o Ay and p < m by (HF). Consequently, |[tllmw > £3A/®™™ > 0. Hence u
is nontrivial and nonnegative by (23). Lemma 3.1 yields now that A, > 0. O

Proof of Theorem 1.1. (i) Theorem 4.2 says that there exists A, > 0 such
that (€,) has at least a nontrivial nonnegative entire solution for A > A, and (&,)
has no nonnegative entire solution for A < A, by definition of \,.

(ii) Lemmas 3.1 and 4.1, Theorems 4.2 and 4.3 show the existence of A, > 0 such

that (€,) admits at least a nontrivial nonnegative entire solution if and only if
A > A

(iii) Assume that o is uniformly convex, and (£,) has a nontrivial nonnegative
entire solution u;. We claim that (€,) admits at least two nontrivial nonnegative
entire solutions.

To this aim let us consider
—div A(q, Diu) + a(q) [ul > u + h(q) [u" " u = Aw(q) [u]" " u", (30)

where u™ = max{u,0}. The embedding X —<— L™(H" w) is compact by
Lemma 2.5 and (Hy). Thus @/ : X — (L™(H",w))" is compact, i.e. if u, — u in
X then ® (u;,) — @ (u) in (L™ (H", w))".

Since &7 is assumed to be uniformly convex, L: X — X’ is a homeomorphism by
Lemma 3.8(iii). Hence u is a solution of (30) if and only if u is a solution of the
operator equation u = L™ o ®/ (u™). Let § € [0,1] and consider

u=L"'o® (uh). (31)

Define G: [0,1] x X — X by G(0,u) = L™ o @} (u™) for all (§,u) € [0,1] x X.
Thus G is continuous and compact. Lemma 3.2(ii) yields that all the solutions
of (31) are uniformly bounded in X, so that there exists R > 0 sufficiently large
such that (31) has no solution on 0Bg C X. Therefore,

deg; (I — G(1,), Bgr,0) = deg; (I — G(0,-), Bg,0) = 1.
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Since (30) has the trivial solution zero and the nontrivial nonnegative entire
solution uq, then (30) has another nontrivial entire solution uy € X.

We claim that wus is nonnegative. Suppose the contrary. Put u; = min{us,0}.
Then u; € X and take uy as a test function. Therefore by (30), (A;)(i) and (15)

0= [ wla) lualo)" " u (@) ()
~ [ (Alg. Dirua). Diry (@) nda + | ala) fusl sy (a)d

T / h(q) [us™ 2usu; (q)da

- / (A(q, Dury ), Dyrty )udg + / a(q)|u; Pdq + / h(q)us I™dg
n HTL

n

ff(/ \DHUE\ZdH/H a(q) !u;|pdq) +/’ h(q)luz [dg

> kllug I + llug llnpn = 0.

Vv

In conclusion, ||uy || = 0, that is u; = 0, as required. Thus uy is nonnegative.
Finally, us is a nontrivial nonnegative solution of (£,). N
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