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We obtain an improved version of a recent result concerning the existence of nonnegative non-
radial solutions v € DV2(RN) N L2(RY, |z|~* dz) to the equation

_Au+|Aau:f(u) inRY, N>3, A a>0,
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where f is a continuous nonlinearity satisfying f (0) = 0.
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1. Introduction and main result

In this paper we consider the following semilinear elliptic problem:

—Au—i—iau:f(u) in RY, N >3
(P) ||

uwe H\ {0}, u>0

where A,a > 0 are real constants, f: R — R is continuous and satisfies 0 <
f(s) < (const.) s?~! for some p > 2 and all s > 0 (hence f(0) = 0), and H} is
the natural energy space related to the equation, i.e.,

2
H! = {u € DY (RY) / Ldr < oo} .
R

(0%
v ||

Here and in the rest of the paper, DV?(RY) is the usual Sobolev space, which
identifies with the completion of C>°(RY) with respect to the L? norm of the
gradient.

We are interested in weak solutions to (P), i.e., functions u € H} \ {0} such that
u > 0 almost everywhere in RY and

A
Vu-Vvdm+/ —uvdx:/ f(u)vdr forallve H. (1)
RN

o
RN RN |Z|
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As is well known, problems like (P) arise in many branches of mathematical
physics, such as population dynamics, nonlinear optics, plasma physics, con-
densed matter physics and cosmology (see e.g. [9, 12, 22]). In this context, (P)
is a prototype for problems exhibiting radial potentials which are singular at
the origin and/or vanishing at infinity (sometimes called the zero mass case; see
e.g. 6, 16]).

Although it can be considered as a quite recent investigation, the study of prob-
lem (P) has already some history and, currently, the problem of existence and
nonexistence of radial solutions has been essentially solved, through various sub-
sequent contributions, in the pure-power case f (u) = |ul’ ~2 4, where the results
obtained rest upon compatibility conditions between o and p. The first results
in this direction are probably due to Terracini [21], who proved that (P) has no

solution if
a=2 o # 2 2N
2F = ——
{p#Z* o {p—2*’ N-2

and explicitly found all the radial solutions of (P) for (o, p) = (2,2*). As usual,
2* denotes the critical exponent for the Sobolev embedding in dimension N > 3.
The problem was then considered again in [11], where the authors proved that
(P) has at least a radial solution if

I<a<?2 a > 2
* a—2 * or * * a—2
X+ 55 <p<2 2 <p< 2+ 575

while it has no solution if
O<a<?2 or o> 2
p>2F 2<p<2F

The existence and nonexistence results of [11] were subsequently extended in [7],
by showing that (P) has no solution also if

0<a<?2 . 2<a<N 2‘__2N
2<p§2a p22o¢ 9 a‘_N—Oé’

and obtaining at least a radial solution for every pair (o, p) such that

O<a<? o> 2
or
2*+2]‘i‘,;_22<p<2* 2*<1o<2*+2]‘§‘,;_22

A further extension of this existence condition was found in [19, 20|, where the
authors proved that (P) has at least a radial solution for all the pairs («,p)
satisfying

O<a<? 2<a<2N -2 or oa>2N —2 (2)
2 <p<?2 2" <p<2 p> 2" ’
2N — 2
where 2 = ta

o 2N —2—a
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Finally, the problem of radial solutions in the left open cases was solved in [3] and
[10], where, respectively, it was proved that the problem has no radial solutions
for both
{ 0<a<? q { 2<a<2N -2
2, <p <2 28 <p<2,

All these results are portrayed in the picture of the ap-plane given in Fig.1.1,
where nonexistence regions are shaded in gray (nonexistence of radial solutions)
and light gray (nonexistence of solutions at all, which includes both the lines
p = 2* and p = 2, except for the pair (a,p) = (2,2*)), whereas white color (of
course above the line p = 2) means existence of radial solutions.
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Figure 1.1: Regions of nonexistence of solutions (light gray), and existence (white
with p > 2) and nonexistence (dark gray) of radial solutions.

All the above results on the existence of radial solutions are obtained by vari-
ational techniques which can be extended in a standard way (see [7, 20]) to
general continuous nonlinearities f: R — R satisfying the so-called Ambrosetti-
Rabinowitz condition (i.e., assumption (hy) below) and 0 < f (s) < (const.) sP~!
for all s > 0 and for some p > 2 such that the pair («a, p) satisfies (2).

Concerning nonradial solutions, Terracini proved in [21] that problem (P) with
N >4, a=2and f(u) = |ul* "*u has at least one nonradial solution for every A
large enough. This just concerns the point («, p) = (2,2*) in Fig.1.1, which brings
Catrina to say, in the introduction of his paper [10]: “Two questions still remain:
whether one can find non-radial solutions in the case when radial solutions do not
exist, or in the case when radial solutions exist”.

A first result in this direction has been obtained in [18], for nonlinearities satis-
fying the following assumption:

(hg) there exist p;, ps > 2and M > O such that 0 < f(s) < M min{sP*~! sr2~1}
for all s > 0.
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Assumption (hg) is the so-called double-power growth condition and seems to
be typical in nonlinear problems with potentials vanishing at infinity (see e.g.
[1, 2, 4, 5, 6, 14, 16, 18] and the references therein). It obviously implies the
single-power growth condition 0 < f(s) < MsP~! for all p € [p;,ps] and s > 0,
but it is actually more stringent than that whenever it is assumed with p; # ps.

r p=p*

0 /-1 2 W IN -2 @

Figure 1.2: The curve p = p}, in the same ap-plane of Fig.1.1.

The result of [18] is the following. For every a € (0,2N —2)\ {2} and py,p2 > 2,
define

2(N-1)—2a(N—1)+4N .
* { 222(N—1)—23(N+1)+4N it 0<a<?2

Py =
22t2-a if 2<a<2N-2

and V= VN@%PI»PZ =

[\

2min {221 3=22n b oN (LoD <1 i 0<a <2

p1—

(3)

2min {821, 22 | g if 2<a<2N -2

where [-] denotes the ceiling function (i.e., [z] := min{n € Z : n > z}). Fig.1.2
shows the curve p = p? in the same ap-plane of Fig.1.1. Note that p = 2 if
a=2/(N-1).

Theorem 1.1. Let N >4 and a € (2/(N —1),2N —2), a # 2. Let f: R >R
be a continuous function satisfying assumption (hy) with 2 < p; < p¥, and ps > 2*
if o€ (2/(N—1),2), or2 <p <2" and py > pl, if a € (2,2N —2). Assume
furthermore that:

(hy) the function f(s) /s is strictly increasing on (0, +00)

(hy) Ju > 2 such that the function F(s) /s* is decreasing on (0, +00)

(hg) 3In > 2 such that the function F(s) /s" is increasing on (0, +00)
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where F (s) := [J f (t)dt. Then there exists A, > 0 such that for every A > A,
problem (P) has both a radial solution and v different nonradial solutions.

Under the assumptions of Theorem 1.1, v turns out to be strictly positive (see
[18, Lemma 5.2]), so that at least one nonradial solution actually exists. Unfor-
tunately, the theorem does not encompass the case of pure-power nonlinearities,
since it always requires p; < po in assumption (hg). Observe that assumption
(hs) is the well known Ambrosetti-Rabinowitz condition, as the increasingness of
F(s)/s" on (0, +00) amounts to nF(s) < f(s) s for all s > 0.

The aim of this paper is to improve Theorem 1.1, by proving the following result.

Theorem 1.2. Let N >4 and o € (2/(N —1),2N —2), a # 2. Let f: R — R
be a continuous function satisfying (ho) with p1,ps as in Theorem 1.1. Assume
furthermore that:

(b)) the function f(s) /s is increasing on (0, +00)
(h}) 3u > 2 and 3s, > 0 such that the function F(s) /s is decreasing on (0, s).

Then the same conclusion of Theorem 1.1 holds true.

As for Theorem 1.1, Theorem 1.2 does not concern pure-power nonlinearities
(owing to assumption (hg) with p; < ps), and we have v > 1 and limpy_,o, v = +00
(for a, py, po fixed).

Clearly Theorem 1.2 includes Theorem 1.1, and in particular it removes the
Ambrosetti-Rabinowitz condition from the assumptions. This inclusion is ac-
tually strict, for instance because Theorem 1.2 applies to the nonlinearities

!

f(s)=min{[s|,[s]"* "} and f(s)= T s 2

for any py (and p;) as in the theorem, while Theorem 1.1 does not.

Theorem 1.2 will be proved in Section 4. Our proof is variational, since the weak
solutions to problem (P) are (at least formally) the critical points of the Euler
functional associated to the equation of (P), i.e.,

1
I (u) = ) Jull — /RN F(u)dx, where

A
Il = (), and  (u,v), = /RN (w Vo4 Ww) "

define the norm and the scalar product of the Hilbert space Hl. More precisely,
our argument is the following. We modify the function f by setting f(s) = 0
for all s < 0, still denoting by f the modified function. This modification is not
restrictive in proving Theorem 1.2 and will always be assumed in the rest of the
paper. Then by (hg) there exists M’ > 0 such that, for all s € R,

If(s)] < err1i1r1{|3\pr1 , |5\p271} and |F (s)] < M'min{|s["*,|s[”*}
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which yields in particular, for all p € [py,ps] and s € R,
[f ()| < M|s|"™" and |F (s)] < M'|s]" (4)

By the continuous embeddings H! — D2(RY) — L2 (RY), condition (4) with
p = 2* implies that [ is of class C' on H} and has Fréchet derivative I’ (u) at
any u € H! given by

I'(uw)v = (u,v), — RNf(u)vdx for all v € H..

This yields that critical points of I: H! — R satisfy (1). A standard argument
shows that such critical points are nonnegative (cf.the proof of Theorem 1.2
below) and therefore nonzero critical points of I are weak solutions to problem

(P).

Then our proof proceeds essentially as follows. Given any integer K such that
1<K <N-1, wewritez € RV as v = (y,2) € RE x RV and in the space
H! we define the following closed subspaces of symmetric functions:

H,:={ueH:u(zx)=u(|z])} and Hx :={ueH:u(x) =u(y,z) =u(lyl|,|z])}.

Considering the restrictions Iy, and I g, with 2 < K < N — 2, we prove that
each of them has a nonzero mountain-pass critical point (Section 4), which is a
weak solution to (P), since H, and H are natural constraints for / thanks to the
classical Palais’ Principle of Symmetric Criticality [17]. So the proof of Theorem
1.2 is accomplished by estimating the mountain-pass critical levels we find for
I g, and the nonzero critical levels of Iy, (Sections 2 and 3 respectively), in
order to show that their sets are disjoint. This clearly implies that the mountain-
pass critical points ug of Ijy, are not radial, which also ensures that they are
multiple, namely ug, # ug, for Ky # Ky, since Hg, N Hg, = H, (see [18, Lemma
2.1]).

The above argument is essentially the same of [18]. The main differences here
are due to the removal of the Ambrosetti-Rabinowitz condition (hs), which gives
rise to the problem of the boundedness of the Palais-Smale sequences of the func-
tionals Ijy, and I g, . This will be overcome in Section 4 by applying an abstract
result from [13] about the existence of bounded Palais-Smale sequences for C*
functionals on Banach spaces. The weakening of assumptions (h;) and (hy) will
be tackled, instead, by slightly modifying the arguments of [18] in estimating
the radial critical levels of I (Section 2) and the cylindrical mountain-pass levels
I (ug) (Section 3).

2. Estimate of radial critical levels
Let N>3 and o, A>0. Let f:R — R be continuous and satisfy (hy) and (h}).

This section is devoted to deriving an estimate from below for the nonzero critical
levels of I, namely for the value

my :=inf{I (u) :ue H\ {0}, I'(u) = 0}.
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Lemma 2.1. Letu € H,\{0} is a critical point for I. Then I (u) = max;>o I (tu).

Proof. As already observed, u is nonnegative. For ¢ > 0 define

1
g (t) :=1I(tu) = =t*[Jul’ —/ F (tu) dz.
D o

Then

g0 =1 tu=tlul~ [ Feude =t~ [ fwuds
RN {u>0}

forallt >0and ¢ (1) ="' (u)u = 0. If t <1, then 0 < tu < u and assumption

(h)) gives
; (||u||§4 —/ f(t“)umx)
{u>0) tU

2t<|]uH124—/{ . #uzda:) =1I"(u)u=0.

Similarly we get ¢’ (f) > 0 for ¢ > 1, so that we conclude ¢ (1) = max;>og (%),
which is the claim. ]

g (t)

Proposition 2.2. Assume 0 < o < 2N — 2, a # 2, and let p = max{2},p1} or
p=min{2" p} if 0 < a <2 or2<a<2N —2, respectively. Then there exists
a constant Cy > 0, independent from A, such that

N—2 p—2*

my > CoAe=2r2 .

Proof. The argument is similar to the one of [18, Proposition 3.2|, except for
the conclusion, so we omit most computations. Let u € H, \ {0}. Here C will
denote any positive constant independent from A and u. By the radial lemma
[18, Lemma 3.1], we have

C ||U||A
u\xr — 5
| ( >| = Al/A |x‘2N—42—a

almost everywhere in RY

and therefore

/ Juf* dx:/ | uldx < C Julf / . dx
RN RN T AR/ [y |x|2N*42*a(2372)

C -
< =l

N—-2—a

Then, both for p = max{2},p1} < 2* and p = min{2},p2} > 2*, we can use
Sobolev inequality and argue by interpolation. We get that there exists A € [0, 1)
such that

A 1-A P
2 2% [l
/ lul” dz < </ |ul d:c> (/ |ul dx) < C—@mef‘lﬂ) .
RN RN RN A 2N—2-a
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Recalling condition (4), this implies

/ F (u)dx
RN
(2N—2)(1-\)

and therefore T (u) > |ul? /2 — CA™ 28-—2=a |ju|/". Then for every t > 0 we
have

p
RN

(2N—=2)(1—X)
2N—2—«

1 (2N-2)(1-))
I(tu) = 5t° lully — CA™=v=2=a" 7 ||y
where the function of the variable ¢ on the r.h.s. has a maximum which can be
N—2p—2*
easily computed and it is given by CAa= 57, Hence, if u is a critical point of
I, Lemma 2.1 gives

This yields the conclusion, since v € H, \ {0} is an arbitrary critical point and C'
does not depend on u. Il

Remark 2.3. If p is as in Proposition 2.2, it is easy to check that

N—2p—2 min{%,%‘jﬁ‘_@l} if 0<a<?2
a—2p—2 min{%,%pggj} if 2<a<2N-—2

3. Estimate of cylindrical mountain-pass levels

Let N>3,2<K<N-2and a >0, a#2. Let f: R— R be a continuous
function satisfying (hg) and (hj).

In this section we show that the functional Iy, has a mountain-pass geometry
and provide an estimate from above for the corresponding mountain-pass level.

The mountain-pass geometry of I g, near the origin is straightforward, since
condition (4) with p = 2* and the continuous embedding Hx — L* (RY) imply
that 3C' > 0 such that I (u) > ||lul% /2 — C ||ul| for all u € Hg. Hence 3R > 0
such that

inf I(u)=0 and inf I (u)>0. (5)

ueH e |lull ;<R ueHg,||ull ,=R

Now we define a suitable wyx € Hg such that [ (ux) < 0. Then one has ||ug]|| , >
R by (5), so that Ijy, has the mountain-pass geometry and we can define the
mountain-pass level

= inf I(v(t
carc = inf max (v () >0

where F:={yeC([0,1];Hk):v(0) =0, v(1) =uk}. (6)
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The definition of U is inspired by some arguments of [8]. Denote by ¢: D — R?*\
{0} the change to polar coordinates in R?\ {0}, namely ¢ (p, ) = (pcosb, psin6)
for all (p,0) € D := (0,+00) x [0,27). Define E := (1/4,3/4) x (7/6,7/3) and
take any 1: R? — R such that ¢ € C>® (E), ¢ # 0 and 0 < ¢ < s,, where s, is
given in assumption (h}). For every A > 1, define

3) 1/\/2

Ea = {(P>9)€R2:G <p<(Z

and a function 4 € C* (E4) by setting

Va(p,0) = (7, 0V/4)

T
<0<

1/VA -
) oA m}

Finally define

0a(y.2) = 0a (67wl 12) for o = (3,2) € (REXRNFN{0}, 4 (0) =0,

Thenvs € C° (Qa)NHg, where Q4 := {(y,2) € R x RN - ([y|, |2]) € ¢ (Ea)}.
Notice that v4 # 0 and 0 < vy < s,.

By using spherical coordinates in R and R¥~¥ and then making the change of
variables (1, ) = (p¥4,0y/A), one computes

2
. v (p¥4,0v4)
/ —Adr = ogon_k / H () dpdf
R Ea

N |£E| pa—N—i-l
OKON-K Tﬁ(ﬁ 90)2 _
A E T(a—N)/A1/2+1H(A Y2p)dr dg (7)

where H (0) := (cos)* " (sin )" "% " (see [18] for more detailed computation).
Here and in the following o4 denotes the (d — 1)-dimensional measure of the unit
sphere of RY. Similarly one obtains

[ Foayde = T2 | () A (A7) drd (9
RN A E

and / \Voul” dz =
RN
1 1/2 _
o [ (wr (r o)+ g . 90)2) PSP (A7) drdp (9

where we denote ¥, = and P, = e Y for brevity. Then we have
2
||UA||A
Jan F (va) ydx

S (2 4 ) p -2/ g2 =) F(AY2g)dr dig
Jp F () PNV (A1) dr dyp '
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Since in the integration set E one has A~'/%71/6 < A=Y2p < A=1/21/3, for every
A > 1 large enough we have that A='/2¢/2 < sin(A’l/Qgp)_< é’l/%p and that
1/2 < (cos A™/2) < 1, and thus there exist two constants C, Cy > 0 such that

N-K-1 N-—K-1

CiA™ 2 < H(APp) <Cod™ 2 .

Similarly, since 1/4 < r < 3/4 in E, the terms r(N=2A7/241 p(N=a)A7/21 4
rNATY2-1 are bounded and bounded away from zero by positive constants inde-

pendent of A > 1, say C5 and C} respectively, so that we conclude

foally o CCa fy (624 02 +0?) drd

EEAA — 4+ A — +00.
o F (va)dz = CaCs [, F () dr dip o >

This allows us to fix, hereafter, a threshold Ax > 0 such that

2
[valls

———————>1 forevery A> Ag. (10)
Jon F (va) da

Proposition 3.1. Assume 0 < a < 2 and let A > Ag. Define ux € Hig by

setting
loall

(Joure F (va) d)

Then I (ug) < 0 and the corresponding mountain-pass level (6) satisfies

Uk () == va (§> with A =

CAK S OlA%J’_N(i_%)
where the constant C; > 0 does not depend on A.

Proof. As A\ > 1, an obvious change of variables yields

. )\N72 5 /\Nfa A ) N
I(ug) = |Vua|™ dx + Fvadr — A F(va)dx
2 RN 2 RN |.r| RN

)\Nfa 9 A ) N
< |Voal®de + —zvadr | — A F(va)dx
2 RN RN |l‘| RN

AN AN
= — ()\0‘ HUAHZ—Q/ F(UA)d:U) = —— F(va)dx <O0.
. 2

2 BN

In order to estimate c4 g, observe that hypothesis (h}) implies F (ts) > t"F (s)
for all 0 < s < s, and ¢t € [0,1]. Then consider the straight path v (t) := tug,
t € [0,1]. Since 0 < Ux < s, (recall that 0 < v4 < s,), we have

1

1
TG ) = gl — [ F ) de < 3 - o [ R e )
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Note that F' () # 0 since Ux # 0. The function of the variable ¢ on the r.h.s of
(11) has the maximum

where m := (1/p)**~2 (1/2 — 1/p) for brevity. Therefore, recalling that A > 1,
we obtain

cax < max[(y(t)<m —
t€[0,1] (fRN (Tx) da:)Q/(’“” 2)

AN =a)/(n—2) (fRN |V?JA| dr + IRN Az U%dx)/i/(lﬁ?)
N2N/G=2) ([ F (vy) da) > ¢

||U HQM/(#—?)
(fRN UA dx)2/(u*2)'

Inserting the definition of A and using computations (7)—(9), we get

IN

m

p(N—a)—2N
= mA sz

2N N
o I) e
cax <m [valld N—o = MOKON_K 7N7<a1> ~—, Where
(fRN (va dx) o A % (L) =
I, = /((¢ + ¢) N2A1/2+1+¢TN a)A=1/2 1)H(A_1/2<p)drdg0,
E
and I, = / F () pNATP 1y (A7120) dr dep.
E

Finally, taking as above the four constants C7,...,Cy > 0 independent of A, we
conclude

N
(o (2 + 202) +v2r) A )
CAk < MOKON_K N
Nea [— — N-K-1 a
- (0104 [ F () A5y dgp)
N
g Un (02 202) ¢ ) dr )
N—a
(fp F (@) drdp) =
with obvious definition of the constant C'. As the last ratio does not depend on
A, the conclusion ensues. [

Proposition 3.2. Assume a > 2 and let A > Ag. Define u € Hx by setting

[vall o

(fRN F (vy) dac)l/2 .

Uk () == wy (%) with X\ =
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Then I (ux) < 0 and the corresponding mountain-pass level (6) satisfies

K—-1

cax < CA 2

where the constant Cy > 0 does not depend on A.

Proof. The proof is very similar to the one of Proposition 3.1 above (see also
[18, Proposition 4.3]), so we leave it to the reader for brevity. N

4. Proof of Theorem 1.1

This section is devoted to the proof of Theorem 1.1, so assume all the hypotheses
of the theorem.

Let K be any integer such that 2 < K < N — 2. Assume A > Ag (where Ak is
defined by (10)) and consider the mountain-pass level c4 x defined by (6), with
Uy € Hg given by Proposition 3.1 or 3.2 if o € (2/(N —1),2) or a € (2,2N — 2),
respectively.

We first show that c4 x is a critical level for the energy functional /. To do this,
we will make use of the sum space

LPt+ L7 = {uy +up : uy € L7 (RY) , ug € L7 (RV) }.

We recall that it is a Banach space with respect to the norm

lwll oy 4 poe == uliﬂfzumaX{HUlHLm(RN) g ”U2HLP2(RN)}
(see [6, Corollary 2.11]) and that the continuous embedding LP(RY) — [Pt 4 [P>
holds for all p € [p1,ps] (see [6, Proposition 2.17]), in particular for p = 2*.
Moreover, for every u € LP* + LP? and every ¢ € LP1(RY) N LP2(RY) one has

/R gl de < [l zon (101 gy + 190 any) (12)

where p; = p;/(p; — 1) is the Hélder conjugate exponent of p; (see [6, Lemma
2.9]).

We will also need the following abstract result from [13], concerning the existence
of bounded Palais-Smale sequences for C* functionals on Banach spaces.

Lemma 4.1. Let J: X — R be a C' functional on a Banach space (X, |-||),

having the form
1
J(u) = p [ull” = B (u)
for some q > 0 and some continuous functional B: X — R. Assume that there
exists a sequence of continuous mappings 1, : X — X such that for all n there

exist o, > B, > 0 satisfying

[ull > an b (" and B (u) < 5,B (¢n (u))  foralueX — (13)
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1- n
and lim o, = hm On=1, lim inf | Bl < 0
n—00 n—00 (), —

n

If there exist r >0 and uw € X with |||l > r such that

inf J(u) > J(0)>J (@) and lim [, (0)] = lim ¢, @) -] =0,

l[ull=r
then J has a bounded Palais-Smale sequence {w,} C X at level

cja=inf max J(u), '={yeC([0,1],X):~v(0)=0,~v(1) =u}.

7€l uex(0,1))

Proof. This is a particular case of [13, Theorem 1.1]. O

Lemma 4.2. cy i is a critical level for the functional Iy, .

Proof. We want to apply Lemma 4. 1 to the functional /|y, with @ = g (and
of course ¢ = 2 and B (u) = [on F (u)dz). Take any real sequence {t,} such
that ¢, — 1 and ¢,, > 1 and for every u € Hy define v, (u) € Hg by setting
U (u) (z) = u(z/ty,). We have

o (I = 672 [ (FuPdo+ e [

A
—uzdl' < tmaX{N 2,N—a} HUH (14)
vz

and /RNF(% (u)) dx = tﬁ/ F (u) dw, (15)

RN

so that (13) holds with a, = t, ™2} and 8, = t-V. Note that (14) also

ensures that the linear mapping v,,: Hx — Hp is continuous. Since ¢, > 1 and

max {N—2, N—a} < N, we have «,, > f3,. Moreover, lim «, = lim 5,=1 and
n—oo n—oo

11— B, " 11—ty N _
n—oo - ma{N=2N-a} 4N = N —max{N —2,N —a}

n

n

Recalling (5) and the fact that I (ug) < 0, it remains to check that

lim |4, (Ux) — g, = 0.

n

By definition of ug, there exist l;,ly > 0 such that ux € CX(,,,) where
gy = {;E eERN: ) < |z| < l2}. Then both ux and ), (ux) belong to the
space C°(€, j2,21,) for n sufficiently large, and thus we get

/ (Vn (ﬂK)a— ﬂK)2dm _ / (¢ (ﬂK)a— ﬂK)de
RN Q1 /2,215

]
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and

/ [Vibn (@) = V| da = / Vi, (k) = Viig|* dz — 0
RN

/2,215

as n — oo, since ¥, (Ux) = Uk (t;") = ux e V (¥, (Ux)) = t,;'Vug (t;') —
Vg in L°(RY). So we can apply apply Lemma 4.1 and deduce that there
exists a sequence {u,} C Hg such that {|lu,||,} is bounded, I (u,) = ca x and
I’ (u,) — 0 in the dual space of Hx. Now we exploit the fact that the space H
is compactly embedded into LP* 4+ LP?, since p; < 2* < py and so is the subspace
of DY?(RY) made up of the mappings with the same symmetries of Hy (see [1,
Theorem A.1]). Hence there exists u € Hg such that (up to a subsequence)
Uy, = u in Hg and uw,, — w in LP* 4+ LP2. This implies that {f (u,)} is bounded
in both L1 (RN) and LP2(RY), since assumption (hg) ensures that the Nemytskif
operator v — f (v) is continuous from LP' + LP? into LP1(RN) N LP2(RN) (see [6,
Corollary 3.7]). Then by (12) we get

f(un) (uy —u)de

RN

IN

letm =l g (5 )l ot vy + 1 () )

< (const.) ||ty — || ppy 4 ppr — O

and therefore
n =l = (st — ) 4 — (U0, — ),

= I (up) (up —u) + RNf(un) (U, — w) dz — (u,uy, —u) , — 0,

where (u,u, —u), — 0 since u,, — u in Hg, and I’ (u,) (v, —u) — 0 because
I’ (u,) — 0 in the dual space of Hg and {u,, — u} is bounded in Hg. This implies
that u,, — u in Hg and thus concludes the proof. O

Now, using again Lemma 4.1 and the compactness results of [20], we show that
I also has a radial critical point.

Lemma 4.3. The functional 1|y, has at least a nonzero critical point.

Proof. The arguments are absolutely similar to the ones used in proving Lemma
4.2, so we will be very sketchy. By condition (4) with p = 2* and the con-
tinuous embedding H, — L? (RY), we readily have that 3R > 0 such that
infyy) ,=r Lg, (u) > 0 and Ijg, (u) > 0 for ||lul|, < R. For every u € H, and ¢ > 1
define ¢ (u) (z) := u(x/t). Take uy € C°(RN \ {0}) N H, such that uy > 0 and
ug # 0. We have

1
I (o) < 28 gl = [ ) da

and therefore I (u) < 0 for @ := )4 (up) with t large enough. Then, letting {t,}
be any real sequence such that t, — 1 and ¢, > 1, as in the proof of Lemma
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4.2 one checks that Lemma 4.1 applies with v, = ¥, , ay = tn "2V 4nq

By = t,;N. So Iy, has a Palais-Smale sequence {u,} at a nonzero level. Now
observe that assumption (hg) with py, ps as in the theorem ensures that one can
find p € [p1, po] such that | f (u)] < (const.)uP~! (recall (4)) and (2) holds, in such
a way that the embedding H, — LP(RY) is compact by the compactness results
of [20]. Hence it is a standard exercise to conclude that, up to a subsequence, u,
converges to a nonzero critical point of I, . [

Proof of Theorem 1.1. The proof is essentially the same of Theorem 1.1 of
[18]; we repeat it here just for the sake of completeness. On the one hand, the
restriction /|y, has a critical point u, # 0 by Lemma 4.3. On the other hand, one
checks that for a € (%5,2N — 2) \ {2} the integer v defined in (3) is at least 1
(see [18, Lemma 5.2]), so that there are v integers K (precisely K = 2,...,v + 1)
such that

K—-1 1 1 N—-—1 N-—-22*—
—+N(——§)<min{ p1} if

<a<?2
2 a a 2—a p—2 @

2
N -1

and

K—1 , {N—l N —2p,—2*
< min

if 2<a<2N -2
a ’a—2p2—2} ' “

Let K be any of such integers. By Lemma 4.2, there exists ug € Hg \ {0} such
that I (ux) = cax > 0and I|’HK (ug) = 0. Both u, and ug are also critical points
for the functional I: H! — R, by the Palais’ Principle of Symmetric Criticality
[17]. Moreover, it easy to check that they are nonnegative: test I’ (ug) with
the negative part up € H} of uyx and use the fact that f(s) = 0 for s < 0
to get I' (ug)up = — ||u[}H124 = 0; the same for u,. Therefore u, and ux are
weak solutions to problem (P). By Remark 2.3 and Propositions 2.2, 3.1 and

3.2, there exists XK > Ak such that cyx < my for every A > KK. Now,
setting A, := max{;fK 2< K<v+ 1}, we have cq g < my for every A > A,
and K = 2,...,v + 1, so that all the v weak solutions ux with K =2,...,v+1
are nonradial, since otherwise Lemma 2.1 would yield the contradiction c4 x =
I (ug) > mu. This also implies ug, # ug, for K1 # Ko, since Hx, N Hg, = H,
(see [18, Lemma 2.1]). O
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