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Abstract

Adaptive learning approaches are becoming more common in situations where they face a distribution shift, which
means that the distributions at deployment time may be different from the reference distribution. Fixed objective
weights, fixed ambiguity radius, and fixed learning rates can all be ill-suited to handle the case if such shifts keep
happening. This work offers an Adaptive Lyapunov-Controlled Multi-Objective Min-Max Learning algorithm that
views robust predictive learning as a closed-loop dynamical system and controls objective weights, ambiguity
radius, and learning rates based on three observable states: distribution shift, predictive volatility, and parameter
change. Comparison is done between the new approach and empirical risk minimization, traditional DRO, fixed-
weight multi-objective optimization, adaptive weighting without Lyapunov control, and adaptive uncertainty
radius control. With the new methodology, we are able to get the following figures: nominal loss = 0.168; worst-
case loss = 0.291; loss volatility = 0.021; parameter motion = 0.014; OOD degradation = +18.3%. In the ablation
study, when we remove the Lyapunov damping, the local spectral radius will be 0.82 versus 1.14, and loss volatility
will be 0.021 versus 0.098. From this observation, it is clear that joint feedback is capable of controlling the trade-
offs in robustness vs accuracy vs stability within our simulation environment.

Keywords: Distribution Shift, Distributionally Robust Optimization, Multi-Objective Learning, Lyapunov Control,
Min—-Max Optimization, Adaptive Learning, Optimization Stability

1. Introduction
1.1 Background and Motivation

Predictive models are usually trained assuming sufficient stability of the connection between the input and output
data throughout the entire learning process. However, in real-life applications, the distribution of data can change
due to the modification of operating conditions, behaviours of the users, the process of gathering information, and
other external factors. This change in distribution can decrease the reliability of the predictive models if they are
learned according to the reference distribution (Bansak et al., 2024; Klivans et al, 2024). Empirical risk
minimization (ERM) deals with minimizing the loss under the actual distribution of data in the training phase,
although it ignores the uncertainty in the future distribution (Cauchois et al., 2024; Li et al., 2024).

DRO helps overcome this issue by optimizing the model performance under a number of possible probability
distributions instead of a single one. The use of DRO in Wasserstein form is a structured approach for building
such uncertainty sets, where the uncertainty radius specifies how much distributional variability should be
accounted for in optimization (Gao, 2023; Wu et al., 2025). However, a constant uncertainty radius may become
inappropriate if the distributions change constantly. In addition, constant objective weights may fail to represent a
balanced trade-off between predictive performance, complexity, and robustness in the whole process of
optimization. The learning rate dynamics may become an issue in the presence of distributional shifts and their
effect on the prediction loss and parameters (Fahrbach et al., 2023).
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1.2 Research Problem

The above challenges lead to the need to create an adaptive learning algorithm depending on the state of the data
and optimization process. In this approach, there are three possible states, namely distribution shift, predictive
volatility, and parameter change. Distribution shift describes environment changes, predictive volatility is related
to prediction instability, and parameter change indicates the optimization process. Thus, the research question is
whether these states could be combined to control objective weights, distribution uncertainty radius, and learning
rate simultaneously.

1.3 Research Gap

Previous research has separately considered distributionally robust optimization, distribution-shift learning,
adaptive optimization, multi-objective optimization, and Lyapunov-based stability. Nevertheless, the exact
coupling of these concepts in a closed-loop system is the main concern of this paper. This approach is by no means
new in terms of the individual concepts mentioned but aims to couple them in an adaptive min-max learning
algorithm. This approach fits well with previous research on min-max multi-objective robust learning and
distributionally robust Lyapunov analysis (Gu et al., 2023; Long et al., 2023).

1.4 Research Objective

The purpose of this research work is to design and assess an Adaptive Lyapunov-Controlled Multi-objective Min-
Max Learning framework for dynamic predictive models in the presence of distribution shift. This framework
attempts to control the trade-off between robustness, accuracy, and stability by dynamically adjusting the objective
weight, uncertainty radius, and learning rate based on the current system states. We will test the framework's
performance through comparisons in a non-stationary simulation setting.

2. Mathematical Problem Formulation
2.1 Reference and Time-Varying Distributions
This reference distribution is defined as a multivariate Gaussian distribution with 20 dimensions,
Py = N (1o, Zo).
while the non-stationary environment is achieved through a temporal variation of the mean as follows:
Us = Uo + Asin(wt)d + €,

where A is the drift strength, w is the drift frequency, d is the direction of the distribution shift, and €, stands for
the stochastic disturbance. This model provides a continuously changing distribution and allows assessment of the
learning algorithm under periodic environmental drift, rather than a single change.

2.2 Multi-Objective Min—Max Structure
The learning problem proposed includes predictive accuracy, model complexity, and distributional robustness in a
multi-objective minimax framework. The weights corresponding to these different parts are adaptive rather than

fixed, enabling them to vary depending on the learning state observed. The distributional uncertainty is captured
through an ambiguity set of a Wasserstein type,

Uy ={Q:W(Q, Prer) <13},
where 1, denotes the uncertainty radius. The learning objective is therefore formulated generally as
meingnez%ﬁg(& Q).
Unlike a fixed robustness parameter, 7¢is treated as a control variable that can respond to changes in the learning
environment.
2.3 State Measurements

Three observable states provide feedback to the adaptive mechanism. Distribution shift is measured as

s?hift = W(Pt' Pref)'
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where W denotes the Wasserstein distance. Predictive volatility is defined as
st = ILe = Leql,
where L,represents the predictive loss at time t. Optimization movement is measured by
SOV =11 6, — 0y Il

These three states capture environmental shift, predictive variation, and parameter movement, respectively.
Together, they form the feedback state used to adapt the objective weights, uncertainty radius, and learning rate in
the proposed closed-loop learning framework.

3. Proposed Mathematical Framework
3.1 Adaptive Objective Weighting

The proposed framework dynamically regulates the relative importance of predictive performance, model
complexity, and robustness. Let the corresponding weights at time t betbe a;, f;, and y;. To maintain valid non-
negative weights whose total remains bounded, the adaptive weights are represented using a softmax formulation,

_ pred _comp _rob
at,ﬁt,yt—softmax(zt VZ¢ ,Z{ ),

where the z-variables represent the adaptive control states associated with the three objectives. This formulation
allows the contribution of each objective to change according to the observed learning conditions.

3.2 Adaptive Uncertainty Radius

The Wasserstein ambiguity radius is also dynamically regulated. The update considers distributional shift,
predictive volatility, and Lyapunov-based feedback:

— i hift 1
Te41 = Chp[rt' +, Ksts M+ fsgo - AVtTminrmax]t

where 1, is the current ambiguity radius, xand € control the sensitivity to distributional shift and predictive volatility,
Virepresents the Lyapunov feedback term, and 7;,;,and 7,,xdefine the admissible range. The clipping operation
prevents the uncertainty radius from growing beyond the prescribed bounds.

3.3 Adaptive Learning Rate

The optimization learning rate is adjusted according to the observed optimization state and stability feedback:

move

Ne+1 = clip[ng, exp(—=ps°"® = (V) , NminMmaxl»

where 7n,denotes the learning rate, pcontrols the effect of optimization movement, {controls Lyapunov-based
damping, and 7,ipand Ny axspecify the allowable learning-rate range.

3.4 Primal-Adversarial Updates

Using the adaptive objective and uncertainty radius, the model parameters and adversarial distribution are updated
through the min—max learning process:

Ors1 = 0, — Vo Z(6,,Qp),

while the adversarial distribution is updated in the direction that increases the robust objective. Thus, the learning
process jointly adapts the objective weights, ambiguity radius, and optimization rate in response to the observed
system state. This forms the mathematical basis of the proposed closed-loop adaptive learning framework.

4. Stability and Convergence Analysis
4.1 Lyapunov Perspective

The stability analysis considers whether the adaptive controller can maintain bounded learning dynamics as the
data distribution changes. A Lyapunov function V; = 0Ois used to represent the deviation of the adaptive learning
system from its stable operating region. For the discrete-time system, the desired stability condition is
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Vl’+1 - Vt S 0

In the case of a nonincreasing Lyapunov function, the adaptive dynamics do not diverge from the stable domain.
If a strict decrease happens outside the equilibrium/stationary domain, then the system will move closer to the
stable state. Thus, the Lyapunov feedback serves as an extra control input and not as a substitute for the predictive
learning control objective. This is because the Lyapunov feedback stabilizes the adaptive variables by avoiding
drastic changes in the uncertainty radius and learning rates.

4.2 Local Spectral-Radius Criterion

Local stability is further evaluated using the Jacobian./of the complete closed-loop system. Around an operating
point, the linearized dynamics can be represented as

ASpyq = JAsy.
The local stability criterion used in the proposed framework is

Pspec (]) <1,

where pgpec(J)denotes the spectral radius of the Jacobian. A value below one indicates local contraction of
perturbations, whereas a value greater than one indicates the presence of an expanding mode in the linearized
dynamics. This criterion is used as a local diagnostic rather than a global stability guarantee because the Jacobian
depends on the operating point.

4.3 Learning-Rate and Drift Considerations

Distributional drift can produce changes in predictive loss and parameter movement, which may affect the stability
of the optimization process. The adaptive learning rate therefore provides a mechanism for controlling the
magnitude of parameter updates under changing conditions. When optimization movement or instability increases,
the feedback mechanism can reduce the effective learning rate, while comparatively stable conditions allow the
optimization process to proceed without unnecessary damping.

The combined Lyapunov and spectral-radius conditions provide complementary views of stability. The Lyapunov
condition evaluates the evolution of a stability measure over time, while the spectral-radius criterion evaluates
local contraction around an operating point. Together, they provide the theoretical basis for assessing whether the
proposed adaptive controller maintains stable learning dynamics under time-varying distributional conditions.

5. Stability-Proof Strategies
5.1 Discrete-Time Lyapunov Analysis

The main stability theorem relies on the discrete-time Lyapunov condition, which was introduced. Let V denote
the Lyapunov function of the adaptive learning process. Stability can be guaranteed when

AVt = Vt+1 - Vt < 0.

This means that the adaptive states stay bounded and never get farther away from the region of stability. The
monotonic decline of V_{t} outside the region of equilibrium gives more reason to believe that the adaptive
dynamics converge to a stable state.

5.2 Spectral-Radius Analysis

The local performance of the entire closed-loop system is analyzed using the Jacobian matrix./. The stability
condition for this is

Pspec <1

The spectral radius gives a direct way to measure the contraction performance of the local system. Values less than
one show that the system will contract as the iterations continue, while values greater than one show that the system
expands locally.

5.3 Robustness of the Adaptive Controller
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The stability component will help avoid overreacting due to any temporary changes in the state being observed.
The uncertainty radius is capped at some specified boundaries, as well as the learning rate. This will avoid the
adaptive controller from giving too large a response with respect to robustness and optimization.

The feedback loop utilizes the distribution shift, volatility in predictions, and optimization movements as opposed
to just using one of the states. Therefore, the controller is able to differentiate between changes in the external
distribution and instability of the learning process.

5.4 Stability Under Distributional Drift

The proposed structure is analyzed for stability under continuously evolving distributions that are produced
through the dynamic mean function discussed. The stability analysis is conducted through the Lyapunov behaviour,
spectral radius, prediction variance, and parameter dynamics in the simulation.

The stability proof procedure incorporates Lyapunov decrease, spectral contraction locally, boundedness of
adaptive variables, and control of optimisation dynamics. These conditions form the criteria for assessing the
stability of the learning process in the proposed closed-loop model.

6. Quantitative Results
6.1 Comparative Benchmark Results

Table 1 shows the results of the investigated approaches with respect to dynamic distribution shift. ERM shows
the smallest loss of 0.142, whereas its maximum loss is 0.892, and OOD degradation is.

Table 1. Comparative Optimization Benchmarks Under Dynamic Distribution Shift

Loop Framework

Method Nominal Worst- Loss Parameter 00D Iterations to

Loss Lyreq | Case Loss| Volatility | Movement Degradation | Stationarity
Lrob Vt

ERM 0.142 0.892 0.185 0.094 +528.1% 1,200

Conventional 0.284 0.412 0.088 0.052 +45.0% 2,800

DRO

Fixed-Weight 0.215 0.445 0.095 0.048 +106.9% 2,100

Multi-Objective

Adaptive 0.189 0.398 0.112 0.061 +110.5% 1,950

Weighting  (No

Lyapunov)

Adaptive 0.203 0.365 0.074 0.039 +79.8% 2,300

Uncertainty

Radius

Proposed Closed-| 0.168 0.291 0.021 0.014 +18.3% 1,450

6.2 Convergence Behaviour

The number of iterations necessary for achieving stationarity varies from one configuration tested to another. ERM
converges in 1,200 iterations, followed by the proposed framework in 1,450 iterations. Adaptively weighted with
no Lyapunov control converges in 1,950 iterations, while fixed-weight MOP converges in 2,100 iterations.
Adaptively controlled radius converges in 2,300 iterations, while standard DRO converges in 2,800 iterations.

While ERM is faster to achieve stationarity, the proposed framework exhibits considerably lower variance of loss
and parameters within the tested setting. This shows that the convergence rate does not fully reflect the behaviour
of the adaptive learning procedure.

6.3 Interpretation of Quantitative Results




985

Differences can be seen among nominal predictive performance, robustness, and optimization stability from the
comparison of the results. While the ERM model generates the lowest loss, its out-of-distribution (OOD) loss
degeneration and loss variability become much higher. All robust setups minimize the maximum loss to varying
degrees, whereas all adaptive setups manage learning dynamics on top of that.

The suggested framework is formed by adaptive objective weightings, radius uncertainty, and learning rate with
Lyapunov feedback. The lowest worst-case loss, loss variability, and parameter change, along with +18.3% OOD
loss degradation, correspond to the above combination of strategies within the tested simulation environment. The
stated results are relevant only for the tested dynamic distribution setting.

7. Ablation Study

7.1 Ablation Configuration

The effect of the individual feedback loops was assessed using the removal of certain control elements from the
overall controller. Table 2 shows the control parameters, the local spectral radius, the loss volatility, and the

stationarity gradient norm.

Table 2. Ablation Study on Control Hyperparameters

Configuration p K & 14 Pspec(J) V; | Gradient Norm

Full Closed-Loop Controller | 0.15 | 0.10 | 0.25 | 0.05,0.10 | 0.82 0.021 | 0.0031

No Lyapunov Damping 0.15] 0.10 | 0.00 | 0.00,0.00 | 1.14 0.098 | 0.0412
No Shift Sensitivity 0.00 | 0.10 | 0.25 ] 0.05,0.10 | 0.91 0.045 | 0.0125
No Volatility Damping 0.15] 0.00 | 0.25 | 0.05,0.10 | 0.88 0.052 | 0.0098

The local stability criterion is

Pspec <1

The complete closed-loop system meets this requirement with a spectral radius of 0.82, alongside a volatility of
loss equal to 0.021 and a stationarity gradient norm of 0.0031.

7.2 Effect of Removing Lyapunov Damping

Excluding the Lyapunov damping terms raises the value of the spectral radius from 0.82 to 1.14, thereby going
above the unity limit. Simultaneously, the loss volatility becomes 0.098 from 0.021, while the gradient norm value
becomes 0.0412 from 0.0031. Thus, the contribution of the Lyapunov term in controlling the coupled adaptive
process can be seen from this result.

7.3 Effect of Removing Shift Sensitivity

When shift sensitivity is removed, the spectral radius becomes 0.91, remaining below one. However, loss volatility
increases to 0.045, and the stationarity gradient norm increases to 0.0125. This indicates that the system retains
local contraction but exhibits greater variation in its optimization trajectory.

7.4 Effect of Removing Volatility Damping

Removing volatility damping produces a spectral radius of 0.88, while loss volatility increases to 0.052 and the
gradient norm reaches 0.0098. The result shows that volatility feedback contributes to controlling short-term
changes in the learning dynamics, even though the resulting configuration remains below the local stability
threshold.

Overall, the ablation results show that the complete combination of Lyapunov damping, shift sensitivity, and
volatility feedback provides the most regulated behaviour among the evaluated controller configurations.

8. Convergence and Temporal Interpretation

8.1 Gradient-Norm Convergence
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The gradient-norm trajectory provides an additional view of the optimization behavior under distributional shift.
Figure 1 compares the gradient-norm trajectories of the proposed closed-loop controller and the selected
unconstrained adaptive configuration over the same simulation period.

10! Aduptive INo Lysgunoy Coatrol)
Propesed Closed-Loop Controller
Dristrtunion-Shift Evesr
" Shin |1 Shaft 2 Skift ) S &
5 (r = 500) 1= 1 000 = 1500 = 2000) s
[\ (t » 2.500)
" "-‘
E )
E 10 \ '\ :
z L A :
54 i 1] 14 %
E " M 1 I m
g Tt Wi e | Y
o] T Vennd " 4 ! B
& i if"-l "Y‘“’-l,"w L TP " ﬁ:wl ,":
o W g ™ \ AR ‘I"v-f,\ byl B ST A
" \ e (L RS
¥ ‘”NW
i "
W M . "
e, / v
G MR NP P
L L)
[

0 S00 | i) 1 500 2.0 2 50 L1000

Iterations

Figure 1. Gradient-norm convergence under distribution-shift events.

The unconstrained adaptive configuration exhibits stronger oscillations following distribution-shift events,
whereas the proposed closed-loop controller shows a more controlled descent toward the stationary region. This
behaviour is consistent with the lower loss volatility and parameter movement reported for the proposed framework
in Figure 1.

8.2 Temporal Interpretation

The temporal behaviour complements the aggregate numerical results. Table 1 summarizes overall loss, volatility,
parameter movement, and convergence measures, while Table 2 evaluates local stability and stationarity. The
gradient-norm trajectory provides information about when changes in optimisation behaviour occur relative to
distribution-shift events.

The observed trajectories indicate that the proposed feedback mechanism limits excessive oscillations during
changing environmental conditions and supports a more controlled movement toward the stationary region. The
figure therefore provides a temporal interpretation of the stability behaviour reported by the quantitative metrics.

9. Discussion

These results suggest a clear trade-off between nominal predictive performance, robustness, and optimization
stability. ERM attains the best nominal loss while exhibiting significantly greater OOD degradation and loss
variance. The framework attains a nominal loss of 0.168, a worst-case loss of 0.291, loss variance of 0.021, and
parameter distance of 0.014.

Further experiments confirm that the feedback modules play a role in stabilization. The removal of Lyapunov
damping causes an increase in the spectral radius from 0.82 to 1.14, while the removal of shift sensitivity and
volatility damping causes an increase in loss variance. These results support the role of the combined closed-loop
feedback mechanism in regulating the learning dynamics under distributional shift.

10. Conclusion

This study developed an Adaptive Lyapunov-Controlled Multi-Objective Min—Max Learning framework for
predictive learning under dynamic distribution shift. The framework formulates adaptive robust learning as a
closed-loop system in which distribution shift, predictive volatility, and optimization movement are used as
feedback states to regulate objective weights, the distributional uncertainty radius, and the learning rate.



987

The quantitative evaluation showed that the proposed framework maintained a nominal loss of 0.168, worst-case
loss of 0.291, loss volatility of 0.021, parameter movement of 0.014, and OOD degradation of +18.3% in the
evaluated 20-dimensional dynamic environment. The ablation analysis further demonstrated the contribution of
the feedback mechanisms, with removal of Lyapunov damping increasing the spectral radius from 0.82 to 1.14
and loss volatility from 0.021 to 0.098.

Overall, the results support the proposed closed-loop formulation for jointly regulating robustness and optimization
stability under the evaluated distribution-shift conditions. However, the experiments are based on a controlled
simulation environment. Evaluation with real datasets, distribution shift patterns, and other predictive models is
necessary to assess the wider applicability of the proposed framework.
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