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Abstract

The dimensions and loading of piezoelectric cantilever beams influence their coupled mechanical and electrical
responses. This paper investigates the effects of beam length, width, and applied tip force on static displacement and
electrical potential using a hybrid finite element and moving average approach. A mathematical model describing the
governing electromechanical equations was developed and solved using eight-node quadratic quadrilateral finite
elements. A moving average filter was then applied to smooth the numerical results and reduce fluctuations associated
with differences in scale. The model was evaluated, followed by a parametric study of beam geometry and loading.
With 30,000 elements, the filtered model predicts an electrical potential of 1.1376 mV. The corresponding differences
in displacement and electrical potential are approximately 3.6% and 1.3%, respectively. The parametric study
considers beam lengths of 80 to140 mm, widths of 40 to 80 mm, and tip forces of 0.05 to 1.2 N. Under a tip force of
1.2 N, increasing the beam length from 80 to 140 mm at a fixed width of 40 mm increases the electrical potential from
10.19 to 45.69 mV. Increasing the width from 40 to 80 mm at a fixed length of 120 mm reduces the electrical potential
from 29.85 to 5.06 mV. Both displacement and electrical potential increase approximately linearly with applied force.
These findings characterise the sensitivity of the modelled cantilevers to geometry and loading under static conditions
and may inform the preliminary design of piezoelectric energy harvesters intended for energy harvester device
applications.

Keywords: Piezoelectric energy harvester, Piezoelectric cantilever beam, Finite element method, electromechanical
analysis, moving-average post-processing

1. Introduction

Piezoelectric energy harvesting converts mechanical energy from ambient vibrations into electrical energy through
the direct piezoelectric effect . Deformation of a piezoelectric material generates electrical charge, providing a
potential energy source for low-power electronics [1]. This approach is relevant to wireless sensor networks, where
battery replacement or recharging can constrain long-term operation [2]. Cantilever harvesters incorporating lead
zirconate titanate (PZT) patches are widely investigated because bending produces strain in the active material and
their structural parameters can be adjusted to suit the excitation conditions[3]. Their electrical response depends on
the interaction between structural deformation, piezoelectric coupling, and electrical boundary conditions[4].

The geometry and coverage of the piezoelectric patch are central to this interaction. Changing patch length or width
changes the amount of active material, electrode area, and contribution of the patch to the stiffness and mass of the
composite beam. These changes also affect capacitance and the strain distribution sampled by the electrodes.
Consequently, increasing patch dimensions does not necessarily produce a proportional increase in voltage or
harvested power. Analytical and experimental investigations of partially covered cantilevers have examined the effects
of piezoelectric coverage on harvester response [5]. Studies of varying beam cross-sections and shape optimisation
further demonstrate the importance of geometry in determining electromechanical performance [6,7]. A systematic
assessment of patch dimensions therefore requires a coupled formulation that resolves both displacement and electrical
potential.

Fundamentally, the oscillations of a cantilever beam will produced the vibration. The resulting motion is governed by
the system’s mass, stiffness, and damping, which determine its natural frequencies, resistance to deformation, and rate
of energy dissipation [8]. Thus this mechanism can be complex because they contain many interacting components
and material properties. simplified or reduced-order models are often used to reduce computational effort while
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retaining the behaviour relevant to the analysis. However, these models should preserve essential physical properties,
such as stability and energy relationships, to provide reliable predictions [9]. Therefore, understanding the interaction
between electromechanical coupling and mechanical properties is of great interest in determining the power output.
Several modelling approaches have been developed for piezoelectric cantilevers. For example, simplified lumped-
parameter models demonstrate how mechanical and electrical loads affect system performance [10]. Additionally,
models based on continuous systems theory, which include electromechanical coupling, provide more accurate
predictions of energy output and dynamic behaviour [11] and help clarify how mechanical vibrations interact with
electrical fields generated. The Runge-Kutta method shows that increasing tip masses and excitation amplitudes can
boost voltage output [12]. Analytical models allow parametric studies to optimise resistive load and damping ratio,
enhancing beam performance [13]. Researchers have used Euler-Bernoulli and Rayleigh-Ritz models for beam
analysis; however, these are limited to simple geometries and conditions [14]. A theoretical framework examining the
relationship between voltage and vibration in beams has also been proposed [15].

Despite these advancements, many studies tend to overlook complex material behaviours in modelling beam voltage
output, necessitating robust numerical simulations [16]. Additionally, mathematical models have been employed to
evaluate the influence of amplifiers on beam performance [17]. Accurate coupled electromechanical motion equations
are essential for precise modelling and performance assessment [18]. To address these limitations, the finite element
method (FEM) has gained prominence in PEH beam analysis, owing to its ability to handle complex geometries and
coupled phenomena. FEM allows for flexible meshing and high-fidelity simulations under diverse boundary
conditions [19]. Consequently, numerous studies utilise commercial finite element analysis (FEA) software for PEH
applications [20-22]. These investigations show how variables such as beam dimensions, substrate stiffness, and proof
mass distribution influence energy harvesting efficiency [23,24]. Furthermore, FEM analyses continue to evaluate the
performance and efficiency of beams as energy harvesters [25,26]. However, optimising output power remains a
challenge due to complex electromechanical interactions, nonlinearities, and environmental factors affecting system
behaviour [27].

However, the existing classical linear models used in FEM analyses tend to oversimplify electromechanical
coupling, leading to discrepancies between simulations and experimental results [28]. As a result, these models often
face numerical instabilities, which can manifest as unphysical results, misleading oscillations, or convergence issues,
requiring post-processing techniques for improvement [29]. These problems mainly arise from factors such as the high
stiffness matrix ill-conditioning caused by material anisotropy and electromechanical coupling, as well as the mesh
sensitivity needed to accurately capture polarisation effects and high-strain gradients [30, 31]. Addressing these
numerical challenges is crucial to ensure that the simulation results accurately reflect the model's behaviour. Prior
research used triangular and tetrahedral shape functions in [32] to improve the finite element analysis of piezoelectric
materials. Additionally, a new hybrid FEM zig-zag theory with similar aims was introduced in [33]. These approaches
address the representation of coupled fields and structural deformation within the numerical formulation. Post-
processing of a computed response serves a different purpose: smoothing may assist interpretation, but it cannot by
itself establish convergence or correct an inaccurate governing model. Any assessment of a smoothing procedure
should therefore distinguish changes in the displayed response from changes in the underlying finite element solution.
When tackling the computations involved in finite element method (FEM) analysis, MATLAB stands out as an
exceptional tool compared to other software options. MATLAB provides a practical environment for implementing
coupled finite element equations because element assembly, numerical integration, and solution procedures can be
expressed directly using matrix operations. A custom implementation also permits controlled changes to patch
geometry and consistent extraction of displacement and electrical potential across successive analyses. Although
previous studies have investigated patch coverage and harvester geometry [34], the present work focuses specifically
on the influence of patch length and width on the static electromechanical response of a cantilever beam. This paper
implemented a MATLAB finite element model to evaluate cantilever displacement and electrical potential for different
piezoelectric patch lengths and widths under prescribed mechanical loading. Furthermore, a moving average (MA)
post-processing technique is applied to evaluates static deformation and electrical power under base excitation. This
approach allows for the modelling and analysis of the harvester's behaviour, focusing on determining the displacement
and electrical potential through static analysis. Additionally, the study examines how the harvester's performance is
affected by several features, including beam length, width, and applied force.

2. Piezoelectric Cantilever Beam Design Modelling

Figure 1 shows the 120 mm length, 40 mm width, and 1 mm thickness of the PCB beam design model. The
piezoelectric energy-harvesting beam is a unimorph cantilever comprising a single lead zirconate titanate Type SH
(PZT-5H) layer bonded to an aluminium alloy substrate. PZT-5H was selected for its high piezoelectric coefficients,
while the aluminium alloy substrate provides structural support. One end of the composite beam is clamped, and the



1064

opposite end remains free to deform under the applied loading. The dimensions of the piezoelectric and substrate beam
are listed in Table 3.1.
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Figure 1. Unimorph cantilever beam design model.

Table 1. Dimension for piezoelectric and substrate layer beams

Length of piezoelectric beam, mm 120
Length of substrate layer, mm 120
Width of piezoelectric beam, mm 40
Width of substrate layer, mm 40
Thickness of piezoelectric beam, mm 1
Thickness of substrate layer, mm 1
External force, N 0.05

3. Finite Element Method Implementation in MATLAB

A coupled electromechanical finite element procedure was implemented in MATLAB to calculate the static
displacement and open-circuit voltage of a PZT-5H/aluminium unimorph cantilever. The formulation assumes small
deformation, linear elastic and piezoelectric behaviour, and perfect bonding between the piezoelectric and aluminium
layers. Inertia and damping are excluded from the static solution. The two-dimensional computational domain was
discretized using eight-node quadratic serendipity quadrilateral elements. For a rectangular domain with dimensions
L, and L,, the nominal element dimensions are

hy = 2 By = )

X = 4 y = .
nel,x nel,y

Here, ne;, and ng), denote the numbers of elements along the two model coordinates. Each element contains four
corner nodes and four midside nodes. The element connectivity follows the local ordering used in the shape
functions, and shared nodes are assigned identical global node identifiers. Figure 2 provides a detailed illustration of
an example of a two-by-two element grid (degree of freedom, DOF) for the 8-node configuration
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Figure 2. Natural Coordinates for 8 node Quadratic Quadrilateral Element

The element displacement field and strain vector are expressed as
ué(x,y) =N,(x,y)d®,  S°=B,d°.  (2)

The vector d® contains the element displacement degrees of freedom, N, is the displacement interpolation matrix, and
B, is the strain—displacement matrix. Derivatives with respect to physical coordinates are obtained through the
isoparametric Jacobian. Element connectivity and positive Jacobian determinants are checked at all integration points
before assembly.Electrical variables are defined independently of the mechanical interpolation. Each piezoelectric
element initially has an electrical variable representing the voltage difference across its thickness. For a linear through-
thickness potential distribution,

PR =+ v E=—r ()
p

The coordinate z is measured from the lower piezoelectric surface towards the upper surface, t, is the piezoelectric
thickness, and v = ¢, — ¢,. More generally,

E° =B,v°. (4

The operator By, contains the electric-field direction and the factor —1/t,,. The polarization direction and orientation
of the piezoelectric material axes determine the signs of the coupling coefficients. The linear piezoelectric response is
expressed in stress-charge form as

T = CES — €TE, D =eS + £E. (5)

Here, CE, e, and £° are the elastic stiffness, piezoelectric stress, and dielectric permittivity matrices, respectively. The
element matrices are calculated as

ke, = f Bl CZB,df,  (6)
0

e

T
e =— L Bie"Bydd, ki, = (ki) , (D

e

K, = J BLe'Bydn. ()
N

e
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The domain 2% denotes the piezoelectric region. The aluminium layer contributes to mechanical stiffness but has no
piezoelectric coupling contribution. For the two-dimensional formulation, the integration measure includes the
specified out-of-plane width or unit-width assumption. The element matrices are assembled using the global
connectivity. Element electrical variables belonging to the same continuous electrode pair are constrained to a
common voltage through an electrode transformation matrix. Consequently, each independently connected electrode
pair has one voltage degree of freedom. After electrode condensation, the static system is

Kuu Ku
K —KI¢] o=l ©

All displacement degrees of freedom at the clamped end are prescribed as zero. The remaining mechanical degrees of
freedom are unconstrained except where the external load is applied. The lower electrode is grounded, and the upper
electrode is equipotential with an unknown voltage. The zero electrical right-hand side represents zero prescribed net
free charge on each isolated electrode under an initially uncharged open-circuit condition; it does not require the local
electric displacement to vanish.

After eliminating prescribed degrees of freedom, Equation (9) is solved for displacement and electrode voltage. Mesh
convergence is assessed using the unsmoothed tip displacement and electrode voltage. The mesh sequence, response
values, convergence tolerance, and final mesh are reported to establish the numerical resolution of the solution. Where
moving-average smoothing is used for visualization, it is applied only after solving the finite element equations:

_ 1
xi—mzx]'. (11)

JEW;

The set W; contains spatially ordered samples within the averaging window, and |W;| is the number of included
samples. The sampling path, window size, and endpoint treatment must be specified. Averaging by arbitrary global
node number is avoided because consecutive identifiers need not represent neighbouring locations.

3. Parametric Study of PCB Beams

A controlled parametric study was conducted to evaluate the effects of beam length, beam width, and applied force
on displacement and voltage output. Each parameter was varied independently while the remaining dimensions and
loading conditions were held constant. For the length study, beam and piezoelectric layer lengths of 80, 100, 120, and
140 mm were analysed at a fixed width of 40 mm and thickness of 1 mm . For the width study, beam and piezoelectric
layer widths of 40, 60, and 80 mm were analysed at a fixed length of 120 mm and thickness of 1 mm. A force of 1.2
N was applied at the free end in both geometric studies. For the force study, the beam dimensions were fixed at 140
mm %X 40 mm x 1 mm (length x width x thickness), and the applied force was varied from 0.05 to 1.2 N. Each force
was applied at the free end, and the resulting displacement and voltage output were evaluated. All configurations used
the same mechanical and electrical boundary conditions. A clamped-free mechanical condition was imposed by
constraining displacement at the clamped end and leaving the opposite end unconstrained except for the applied load.
Equipotential conditions were imposed on the modelled electrodes. The same response-extraction procedure was used
across all configurations to enable consistent comparisons. Results obtained using the developed eight-node
quadrilateral element were compared with previously published results to assess agreement with the reference model.

4. Result and discussion

The eight-node finite element model incorporating moving-average processing (FEM-MA) was evaluated by
comparing its predicted displacement and electrical potential with those obtained from the conventional FEM model
and ANSYS. The MATLAB models were solved under static loading, whereas the ANSYS model was evaluated
using harmonic response analysis at 0.1 Hz to approximate quasi-static conditions. This comparison assumes that the
excitation frequency is sufficiently below the relevant natural frequencies and that inertial and damping effects are
negligible.
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Table 2. Comparison of displacement and electrical potential predicted by FEM-MA, conventional FEM, and
ANSYS at 30,000 elements.

Model Displacement (mm) Electrical potential (mV)
FEM-MA 1.2161 x 10°® 1.1376
Conventional FEM 2.4348 x 10°® 0.4848
ANSYS 1.2619 x 10°® 1.1226

As shown in Table 2, the FEM-MA predictions are closer to the ANSYS results than those of the conventional FEM
model. Taking ANSYS as the reference, the FEM-MA displacement differs by approximately 3.6%, and its electrical
potential differs by approximately 1.3%. The conventional FEM model overpredicts displacement by approximately
92.9% and underpredicts electrical potential by approximately 56.8%. These results indicate improved agreement
between FEM-MA and ANSYS for the configuration examined. Figure 3 compares the electrical potential predicted
with and without moving-average processing as the number of elements increases. Both predictions increase with
mesh refinement, while FEM-MA produces consistently higher electrical potentials. At the finest mesh shown, the
reported values are approximately 1.14 with MA and 0.49 without MA, expressed in the same voltage unit.
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Figure 3. Effect of mesh refinement on electrical potential predicted with and without moving-average processing.

This difference demonstrates that the predicted electrical potential is sensitive to the processing method.The closer
agreement with ANSY'S supports the FEM-MA prediction for the case examined. However, smoothing alone does not
establish numerical accuracy or mesh convergence. Convergence should be assessed from the change in the predicted
response between successive mesh refinements, and the effect of window size should be evaluated separately. The
influence of moving-average window size on the displacement distribution is illustrated in Figure 4 for a mesh
containing 4,800 elements. Windows of 100 and 400 samples were compared to examine the sensitivity of the
processed response to the averaging interval. A larger window generally produces stronger smoothing but may also
suppress local variations. Window selection should therefore consider both the reduction of numerical fluctuations
and the preservation of the underlying displacement distribution.
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Figure 4. Noisy results of Displacement distributions when the window size is (a) 100 and (b) 400

The influence of beam width was investigated while maintaining a beam length of 120 mm and a thickness of 1 mm
under an applied force of 1.2 N . Table 3 summaries the predicted displacement and electrical potential for widths of
40, 60, and 80 mm.

Table 3 Effect of beam width on displacement and electrical potential

Width, mm Displacement Electrical Potential
(mm) (mV)
40 3.1790 x 1077 29.85
60 1.0854 x 1077 10.20
80 5.3811 x 1078 5.06

Both displacement and electrical potential decrease as beam width increases. The 40 mm beam produces the largest
displacement, 3.1790 x 10”7 mm, and the highest electrical potential, 29.85 mV. Increasing the width to 80 mm reduces
these values to 5.3811 x 10~® mm and 5.06 mV, respectively. These changes correspond to reductions of approximately
83% in both responses. The trend is consistent with the greater bending stiffness of a wider beam under the same
applied force. Increased stiffness limits deformation and reduces the strain available to generate an electrical response
in the piezoelectric layer. Within the investigated width range, the 40 mm beam therefore provides the highest
predicted voltage. Figure 5 presents the corresponding responses for the three beam widths.

Displacement agzinst Length of Piezoelectric Electrical Potential Against Length of

Piezoeiectric
X

Figure 5. (a) simulated displacement responses of piezoelectric beams with various lengths of piezoelectric (b)
simulated electrical responses of piezoelectric beams with various lengths of piezoelectric
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The influence of beam length was investigated for beams with a fixed width of 40 mm and thickness of 1 mm under
an applied force of 1.2 N. Table 4 presents the results for lengths ranging from 80 to 140 mm.

Table 4. Effect of beam length on displacement and electrical potential under an applied force of 1.2 N.

Length Displacement Electrical Potential
(mm) (mm) (mV)

80 1.0854 x 1077 10.19

100 1.9414 x 1077 18.22

120 3.1790 x 1077 29.83

140 4.8709 x 1077 45.69

Displacement and electrical potential increase with beam length. The 80 mm beam produces a displacement of 1.0854
x 1077 mm and an electrical potential of 10.19 mV. At 140 mm, these values increase to 4.8709 x 107 mm and 45.69
mV, respectively. Thus, increasing the length from 80 to 140 mm increases both responses by approximately 4.5 times.
For a cantilever subjected to the same transverse tip force, increasing the length increases the bending moment near
the fixed support and reduces the effective bending stiffness. The resulting changes in deformation and strain are
consistent with the higher electrical potential predicted for the longer beams. Figure 6 shows the corresponding
responses for each beam length. Among the lengths investigated, the 140 mm beam provides the highest predicted
voltage. Whether this length is suitable for a particular application depends on additional constraints, including
available space and allowable deformation

(a) (b)

Figure 6. (a) simulated displacement responses of piezoelectric beams with various widths of
piezoelectric (b) simulated electrical responses of piezoelectric beams with various widths of
piezoelectric

A beam measuring 140 mm in length, 40 mm in width, and 1 mm in thickness was selected for further load-response
analysis. Although the 140 mm beam produces a higher voltage in the length study, the available results do not
establish a unique optimal geometry. The 120 mm configuration is therefore treated here as the selected design. Table
5 presents its displacement and electrical potential under applied forces ranging from 0.05to 1.2 N

Table 5. Effect of applied force on displacement and electrical potential for the selected 120 x 40 x 1 mm beam

Force Displacement Electrical Potential
™) (mm) (mV)

0.05 1.3246 x 1078 1.24

0.1 2.6491 x 1078 2.49

0.15 3.9737 x 1078 3.73

0.2 5.2983 x 1078 4.97
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1.2 3.1790 x 1077 29.83

Both responses increase approximately linearly with applied force, as illustrated in Figure 7. Increasing the force from
0.05 to 1.2 N, a factor of 24, increases displacement and electrical potential by approximately the same factor. At the
highest force, the beam produces a displacement of 3.1790 x 107 mm and an electrical potential of 29.83 mV. This
proportional response is consistent with the linear behaviour assumed in the model.

Displacement against Force Electrical Potential against Force

(a) (b)

Figure 7. (a) simulated displacement responses of piezoelectric beams with various forces of piezoelectric (b)
simulated electrical responses of piezoelectric beams with various forces of piezoelectric

The higher electrical potential results from the increased mechanical strain induced by the larger applied force. These
findings describe the load sensitivity of the selected geometry and provide a basis for further investigation under
application-specific loading. The present results quantify displacement and electrical potential under static or quasi-
static conditions. Assessment of biomedical energy-harvesting performance additionally requires electrical power
measurements or predictions under a defined circuit load and representative time-varying excitation. Voltage alone is
insufficient to establish harvested power or suitability for a biomedical device.

5. Conclusion

The connection between the mechanical and electrical domains isestablished by the electromechanical equations
controlling PZT energy harvesters, which makes it useful to predict displacement and electrical potential. These
formulas, which are shown as a coupled matrix system in FEM, consist of stiffness matrix, mass matrix, piezoelectric
coupling matrix, and dielectric matrix to determine the displacement and electrical potential from PZT beams. The
MATLAB code for analysing electromechanical interactions in piezoelectric beams under linear static analysis has
also been successfully developed. The finite element method (FEM) was employed tosolve electromechanical
equations to determine displacement and electric potential by using quadratic quadrilateral elements. The FEM code
also solves the electromechanical equations in piezoelectric beams to determine displacement and electrical potential.
The piezoelectric effect is crucial to these simulations because it combines the beam's mechanical deformation with
the creation of electrical potential. An electrical charge is induced on the surface of the piezoelectric material by
mechanical stress-induced deformation, which results in the generation of an electrical potential. Both displacement
and electrical potential in piezoelectric beams may be measured due to the FEM code's ability to accurately represent
this electromechanical relationship. By successfully including the piezoelectric effect in the study, this method allows
for a thorough comprehension of how piezoelectric energy harvesters behave. A parametric study was then conducted
to examine the effects of beam length, width, and applied force on performance. The results show that the beam with
a length of 140 mm, a width of 40 mm, and a thickness of 1 mm produced the highest displacement, leading to greater
electrical potential, reaching 29.83 mV under a force of 1.2 N applied at the beam tip. The study also confirmed that



1071

increasing beam length and applied force, while reducing beam width, leads to higher displacement and electrical
potential. These findings provide useful guidance for improving the design and efficiency of piezoelectric beams for
biomedical energy-harvesting applications.
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