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Abstract 

Distributed computing systems contain one of the most serious optimization problems in dynamic task scheduling; 

this operates under varying workloads, resource allocation and availability, communication latency, and Queue 

conditions.Several scheduling approaches mostly depend on immediate observations, limited historical data, and 

heuristic optimization. Theseapproaches do not adequately capture heterogeneous temporal dependencies 

occurring at different time periods. This paper describes a multi-timescale fractional memory framework for 

dynamic task scheduling. It shows short-, medium-, andlong-term historical effects in a weighted fractional 

derivative combination of different orders. Dynamic weights can help with the relative combination of all memory 

parameters according to the observed dynamics of the system. Thisscheduling method is executed as a constrained 

multi-term fractional optimization problem, and the resulting method structure is analyzed with respect to well-

posedness, convergence, disturbance-induced boundedness, and numerical implementation. The proposed 

formulation indicates memoryless and single-order fractional scheduling models by allowing multiple temporal 

memory mechanisms in order to influence resource allocation continuously. This work depicts a mathematical 

connection in-between multi-term fractional dynamical systems and adaptive scheduling in distributed computing 

environments. 

Keywords: Fractional Calculus; Dynamic Task Scheduling; Distributed Computing; Fractional Memory; Multi-

Term Systems; Convergence. 

1. Introduction 

Distributed computing systems encompass cloud, edge, fog, and computing-continuum infrastructures provide 

computational services over heterogeneous and geographically distributed resources. Task scheduling plays a 

pivotal role in distributed computing systems to minimize the execution time, maximize resource utilization, 

energy efficiency, and quality of service. The heterogeneity of resources and the dynamic nature of workloads 

make task scheduling a challenging optimization problem (Devi et al., 2024; Mehránet al., 2024). In real-world 

scenarios, task arrivals, resource availabilities, processing capacities, and communication conditions are subject to 

continuous fluctuations. Hence, a scheduling decision that is optimal in a given scenario may not be optimal in 

another scenario due to changing environmental conditions. 

Recent studies consequently investigated the adaptive scheduling, load balancing, resource allocation, and multi-

objective optimization for the cloud-edge environments (Luo et al., 2021; Zhao et al., 2023; Li, 2024; Sahoo & 

Mishra, 2025). Besides, the hybrid optimization methods were further explored to address the trade-off in task-

resource allocation (Mahdizadeh et al., 2024; Malti et al., 2024). The geo-distributed and cloud-edge 

environments bring additional challenges to the orchestration due to the heterogeneity in computational 

capabilities, availability, and communication features of the underlying resources (Wu et al., 2025; Zhang et al., 
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2024). The utilization of AI-based scheduling was also considered as a promising adaptive approach to 

dynamically adapting workload and resources (Sanjalaweet al., 2025). Nevertheless, the implementation of 

iterative optimization algorithms still relies on the pre-defined iteration limits or stopping conditions that can result 

in unnecessary computations or premature termination of the search process. Therefore, it is required to 

apply the convergence-guided optimization that can control the search process based on the quality of solutions. 

Fractional-order models provide an alternative to the differential models with respect to the memory effect and 

dependence of the system at hand. The fractional differential equations have been extensively studied and 

successfully used to model memory-related and hereditary phenomena (Diethelm, 2010; Mainardi, 2010). The 

multi-term formulation can also be used to characterize various time characteristics by taking into 

account multiple fractional-orders (Brandibur&Kaslik, 2023).Inspired by the aforementioned properties, this 

paper proposed a Convergence-Guided Iterative Optimization (CGIO) framework to solve dynamic task 

scheduling problem that can be characterized by multi-time scale fractional memory. By combining the multi-term 

fractional formulation, the adaptive task-resource allocation mechanism, and the procedure of optimizing the 

iterative process based on the convergence, the CGIO framework simultaneously represents the short-, medium- 

and long-term behavior of the system and adaptively modifies the optimization process during the solution 

procedure according to the improvement of the obtained results. The main contributions of this paper include: The 

multi-term fractional formulation for task scheduling, adaptive memory weights, optimization procedure guided 

by the convergence of the algorithm, and mathematical analysis of the convergence and stability. 

2. Literature Review and Research Gap 

2.1 Dynamic Task Scheduling in Distributed Computing 

In distributed computing, dynamic task scheduling is a vital problem, while the cloud, edge, and computing-

continuum environments offer heterogeneous resources and fluctuating workloads. The execution time, resource 

usage, latency, energy consumption, and load balancing are all essential factors that must be considered in 

scheduling. The complexity of task scheduling and load balancing in such systems has been highlighted in recent 

studies (Devi et al., 2024; Mehránet al., 2024). 

The combination of optimization methods with hybrid approaches has attracted significant attention in the 

literature for its ability to explore a large space of scheduling solutions while meeting multiple objectives 

simultaneously. The scheduling of tasks in infrastructure as a service (IaaS) cloud has also benefited from hybrid 

multi-objective optimization methods (Malti et al., 2024). However, in dynamic environments, in which the 

characteristics of workloads and resources are continuously changing, the need for multiple optimization iterations 

can result in additional overhead. Edge and cloud computing introduce additional challenges such as 

communication delays, limited computational resources, and distributed rather than centralized resources (Luo et 

al., 2021; Zhao et al., 2023). Energy-constrained scheduling has also been investigated in cloud-assisted edge 

servers (Li, 2024). 

A further approach for adapting decisions is provided by scheduling driven by artificial intelligence. Recent work 

has explored methods based on artificial intelligence to tackle job scheduling and manage resources in cloud 

systems (Sanjalaweet al., 2025). However, such methods often involve extensive training and are susceptible to 

changes in the workload or resource patterns that they encounter. These shortcomings prompt a search for 

scheduling approaches that are capable of adapting to changing conditions, but at the same time retain an 

analytically accessible optimization mechanism. 

2.2 Memory in Dynamic Optimization 

The behavior of historical systems affects the system’s scheduling decisions for the current tasks due to the 

dynamic nature of workload, utilization, and arrival patterns of tasks. Most common scheduling approaches use 

recent observations or history of the workload to make their decisions or have a finite observation window from 

which they learn about the system. Fixed memory can miss both sudden changes in the workload and long-term 

trends. 

Fractional calculus provides a mathematical framework for memory and hereditary properties. Fractional 

differential equations capture memory attributes and have been extensively explored for this purpose (Diethelm, 

2010). Additionally, fractional calculus has been employed to portray scientific and engineering systems involving 

complex time dynamics (Mainardi, 2010; Sun et al., 2018). Therefore, fractional memory can be used to depict 

history of workload and resource states for dynamic optimization. 

2.3 Multi-Term Fractional Dynamical Systems 
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Single-order fractional models use one fractional derivative to represent memory effects. Multi-term fractional 

differential equations extend this formulation by combining derivatives with different fractional orders, providing 

greater flexibility for representing multiple temporal characteristics. Recent studies have investigated the stability 

and behaviour of multi-term fractional systems (Brandibur&Kaslik, 2023; Wang et al., 2024). 

Despite these developments, multi-term fractional formulations have received limited attention in dynamic task 

scheduling. Existing scheduling research primarily focuses on optimization, resource allocation, load balancing, 

and AI-based techniques, whereas fractional research largely investigates mathematical properties of dynamical 

systems. This separation creates an opportunity to examine whether multi-timescale fractional memory can 

improve dynamic scheduling optimization. 

2.4 Research Gap and Motivation 

A scoping review of the body of work reveals the presence of two separate research threads which to a large extent 

remain distinct. Work on dynamic scheduling concentrates on heterogeneous resources, varying workloads, 

workload balancing, energy constraints, and adaptive allocation (Devi et al., 2024; Luo et al., 2021; Li, 2024; 

Sahoo & Mishra, 2025). In contrast, the literature on fractional systems provides mathematical tools to model the 

historical dependency and analyze stability properties (Diethelm, 2010; Brandibur&Kaslik, 2023; Wang et al., 

2024).The primary research gap is the limited integration of multi-term fracional memory with convergence-

guided iterative optimization for dynamic task scheduling. Existing studies provide limited investigation of 

multiple temporal memory scales, adaptive memory weighting, and convergence-based control within distributed 

scheduling. 

In order to fill this gap, the convergence-guided iterative optimization (CGIO) framework proposed in this paper 

integrates the multi-term fractional memory into the dynamic task scheduling. Fractional orders represent different 

history effects, including the short, medium, and long-term, while the adaptive weights balance the contribution 

of each term based on the varying conditions of the system. Instead of setting a predetermined maximum number 

of iterations, the optimization process is steered by the convergence of the solution. Thus, the framework provided 

in this paper aims to provide an integrated approach to the dynamic task-resource allocation as well as a 

mathematical tool to analyze the convergence and stability of the system. 

3. Mathematical Preliminaries 

In this section we present the mathematical preliminaries to our proposed multi-timescale fractional memory 

scheduling framework that utilizes concepts from fractional calculus and constrained optimization to characterize 

the temporal evolution of task-resource allocation for a dynamic distributed computing environment. 

3.1 Fractional Memory and the Caputo Derivative 

The Caputo derivative is adopted because it supports conventional initial conditions and is widely used in 

dynamical-system modelling. Its historical dependence is described by a power-law memory kernel, so past states 

gradually lose influence rather than being abruptly discarded. 

For state x(t) and an admissible fractional order, the Caputo derivative represents accumulated historical influence. 

𝐶𝐷𝑡
𝛼𝑥(𝑡) 

The Caputo operator therefore provides the mathematical mechanism through which historical workload, queue, 

and resource conditions can influence subsequent allocation decisions. 

3.2 Multi-Term Fractional Memory 

A single fractional order introduces memory but assumes one dominant temporal mechanism. Distributed 

computing can contain several simultaneous processes, motivating a multi-term representation. Sudden workload 

variations represent short-term behaviour, queue congestion can develop over an intermediate period, and long-

term utilization patterns may persist over extended periods. Multiple fractional components represent these 

heterogeneous dependencies. 

𝒟𝑥(𝑡) = ∑𝑎𝑟

𝐾

𝑟=1

(𝑡)  𝐶𝐷𝑡
𝛼𝑟𝑥(𝑡) 

where 𝐾represents the number of memory components, 𝛼𝑟denotes the fractional order associated with the 𝑟-th 

temporal scale, and 𝑎𝑟(𝑡)represents its adaptive weight. 
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The multi-term operator combines K fractional memory components, each with its own order and adaptive weight. 

3.3 Representation of the Scheduling State 

Let us consider a distributed computing environment comprising computations and available resources. At any 

moment in time 𝑡 , a scheduling state encodes a mapping between tasks and resources. Each state variable encodes 

the preference or proportion of a task assigned to a resource. A relaxed continuous optimization is used to obtain 

a solution, which is converted to a discrete assignment. The scheduling state is restricted to a feasible set defined 

by the task assignment constraints, resource capacity constraints, and non-negativity constraints. Since the 

availability of resources changes over time, the feasible set is also time-varying. The relaxed formulation lends 

itself to convex optimization and the analysis of continuous-time dynamical systems. In practice, the feasibility is 

enforced by projecting on the admissible set. 

4. Complete Mathematical Formulation 

4.1 System Model 

Let us assume that there exists a distributed computing system which consists of a set of computational tasks. The 

task set is a finite collection of computational tasks. Together with a set of computational resources. The resource 

set is a finite collection of heterogeneous computational resources. Every task is characterized by its computational 

demand, expected execution time, deadline, and communication requirements. Every resource is characterized by 

its time-dependent capacity, utilization, processing speed, and energy attributes. The scheduler defines the task-

resource allocation state as an optimization variable which evolves continuously, adapting to changes in the 

workload and available resources. The environment is described by task arrival rates, queue lengths, resource 

utilization, communication latencies, and available processing capacities. The state of the environment 

encapsulates information about the workload, queue, utilization, latencies, and capacities. These are the varying 

operating conditions that influence the scheduling decisions. 

4.2 Dynamic Scheduling Objective 

The scheduler aims to find a feasible allocation that minimizes the total operational cost. The 

practical scheduling problem is a multi-objective optimization, and thus, a scalarized cost function is used that 

accounts for the execution cost, delay cost, load imbalance penalty, and energy consumption. 

The scheduling objective is expressed conceptually as 

𝐹(𝑥, 𝑡) = 𝜆1𝐹𝐸 + 𝜆2𝐹𝐷 + 𝜆3𝐹𝐿 + 𝜆4𝐹𝑃 , 

where 𝐹𝐸represents execution-related cost, 𝐹𝐷represents delay, 𝐹𝐿measures load imbalance, and 𝐹𝑃represents 

power or energy consumption. The parameters 𝜆1, 𝜆2, 𝜆3, 𝜆4define the relative importance of these objectives. 

The objective weights represent the trade-offs between execution cost, delay, load imbalance, and energy 

consumption. Due to the dynamic nature of the distributed environment, the cost landscape is time-varying. An 

allocation that is optimal for one workload may cause queue delays for another, and energy and response-time 

objectives may be at odds. The ideal allocation is the feasible state that minimizes the current objective function, 

but recomputing this from scratch can fail to take advantage of valuable historical information, leading to myopic 

decisions. The proposed model retains memory of the optimization trajectory. 

4.3 Environmental Disturbance Model 

Various disturbances take place, which include unpredictable workload arrivals, resource failures, communication 

delays, and changes in resource availability. Together, they form the disturbance function. 

The disturbance is represented by the total amount of difference between predicted or previously encountered 

situations and the real environment, which includes instantaneous arrivals, resource degradation, and network 

congestion. 

For theoretical analysis, the disturbance magnitude is assumed to be bounded by a finite constant. 

∥ 𝑑(𝑡) ∥≤ 𝑑max. 

The bounded-disturbance assumption is reasonable over a finite operational interval because workload and 

resource quantities are physically bounded. 

4.4 Multi-Timescale Memory Representation 



739 

 

Rather than depending on a single memory order, the central mechanism encodes historical scheduling information 

by means of several fractional memory components. The impact of system states across varying temporal scales 

is captured by these components. An adaptive weighted formulation serves to merge the corresponding fractional 

derivatives within the memory operator. Broadly speaking, the multi-timescale memory operator takes the form of 

a weighted combination of the component fractional derivatives, in which 𝛼𝑘signifies the fractional order tied to 

the k-th memory scale, while 𝑤𝑘stands for its associated adaptive weight. Heterogeneous temporal behaviour is 

embodied by the memory components: short-term fluctuation, intermediate queue or utilisation behaviour, and 

enduring long-term trends. The fractional orders function as mathematical parameters that govern historical 

influence, not as fixed physical time intervals. Nonnegative normalised weights keep the overall memory 

contribution bounded and prevent uncontrolled influence from any component. 

4.5 Fractional Scheduling Dynamics 

The proposed scheduling state is developed using multi-term fractional optimization dynamics that involve the 

objective gradient in contributing to the state's evolution towards lower-cost allocations and the memory operator 

that represents the change of the state in the past. The optimization gain controls the level of the gradient 

contribution to the state evolution, whereas the gradient itself determines the direction of scheduling cost decrease. 

In particular, the negative gradient impacts the state to transit towards lower-cost allocations. The memory operator 

affects the fractional dynamics through the utilization of the previous states, whereas the disturbance term 

represents the change in the environment that the optimization model is not able to account for. Note that the 

disturbance term captures the effect of environmental changes that the optimization model is not able to explicitly 

consider. Hence, it can be argued that the above formulation effectively models the scheduling problem as a 

memory-based optimization rather than a series of single-period scheduling decisions. 

4.6 Adaptive Memory Weighting 

The degree to which each memory timescale matters ought to be contingent upon how the system behaves. Sharp, 

rapid swings in workload could necessitate that recent memory carry more weight, whereas stable, steady-state 

circumstances may permit a stronger reliance on enduring trends. Weights that change over time are obtained from 

shifts in workload, queue length, resource utilization, and latency. When the environment varies considerably, the 

mechanism assigns priority to responsive memory elements; when variation is minimal, it instead places greater 

emphasis on persistent historical information. In contrast to multi-term fractional systems with fixed coefficients, 

the model put forward here tailors memory contributions to the scheduling environment. 

4.7 Modelling Assumptions 

The paper assumes a continuously differentiable objective function, a nonempty closed convex feasible set under 

relaxed allocation, environmental disturbance constraints, and admissible fractional orders and adaptive weights 

constraints. The postulates facilitate the derivation of the existence, convergence, stability, and boundedness 

properties that will be stated later while establishing the connection between the practical scheduling interpretation 

and the mathematical analysis of the problem. 

5. Proposed Multi-Timescale Fractional Memory Model 

The proposed mechanism utilizes historical job scheduling information at different levels of 

abstraction while adjusting their relative prominence in response to dynamic changes in the given distributed 

environment. 

5.1 Multi-Timescale Memory Structure 

Three components are used for practical interpretation: short-term, medium-term, and long-term memory. 

Let the corresponding fractional orders be. The three practical fractional orders correspond to short-, medium-, 

and long-term memory components. Three orders are selected to provide distinct memory characteristics without 

assigning fixed physical time horizons. 

ℳ[𝑥(𝑡)] = 𝑎𝑠(𝑡)
𝐶𝐷𝑡

𝛼𝑠𝑥(𝑡) + 𝑎𝑚(𝑡)
𝐶𝐷𝑡

𝛼𝑚𝑥(𝑡) + 𝑎𝑙(𝑡)
𝐶𝐷𝑡

𝛼𝑙𝑥(𝑡). 

The short-term component reflects recent changes in workload and resources; the medium-term component reflects 

persistent queue congestion and intermediate usage; the long-term component reflects sustained workload and 

resource trends. The three orders are not assumed to be associated with specific physical time intervals. Their 

combination provides a flexible mathematical model of heterogeneous temporal dependencies. 

5.2 Adaptive Weighting Mechanism 
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When coefficients are fixed, all memory elements make equal contributions irrespective of variations in conditions. 

Such a strategy fails when the relative importance of recent information compared with past information varies 

during operation. 

The adaptive weights vary with environmental conditions but remain within bounds. 

Constraints are imposed on the weights so that their overall contribution remains normalized. The weights are 

derived from an indicator of variation in the system, which is composed of the fluctuations in workload intensity, 

queue length, resource utilization, and communication delay. 

During periods of large variation, responsive memory behaviour is weighted more heavily. During periods of little 

variation, the information that is retained from the past is weighted more heavily. 

The adaptive rule converts the variation indicator into normalized memory weights. 

𝑎𝑟(𝑡) =
exp(−𝛽𝑟𝑉(𝑡))

∑ exp𝑘 (−𝛽𝑘𝑉(𝑡))
, 

where 𝛽𝑟controls the sensitivity of the corresponding memory component. 

The sensitivity parameter governs the extent to which the weighting is sensitive to the variation indicator. 

Normalization ensures that the weights are nonnegative and bounded while allowing each memory scale 

to change continuously. 

5.3 Convergence-Guided Scheduling Dynamics 

The total scheduling behaviour emerges as a combination of an adaptive memory operator which operates across 

multiple time scales and the objective gradient. While the memory operator relies upon the historical scheduling 

events, the gradient aims at the task-resource allocations with smaller cost. Unlike standard gradient-based 

optimization approaches, the introduced approach considers the historical progress and adaptively varies the trade-

off between the short-term and long-term events. Hence, the algorithm enhances the balance between fast 

adaptation to changing operating conditions while maintaining stable allocations,and the convergence guidance 

steers the iterative optimization procedure to avoid unnecessary updates. 

6. Theoretical Analysis and Proof Framework 

Theoretical analysis is presented for the relaxed continuous scheduling problem, where the continuous 

optimization variables represent the task allocation factors. The discrete task allocations are obtained by rounding 

or projection of the solution and hence lie outside the scope of the convergence analysis. The analysis considers 

the stationary and time-varying operating conditions as two separate cases. For the former, the fundamental 

properties of the proposed optimization dynamics are characterized in terms of convergence and stability, while 

for the latter, their capacity to track the varying workload and resource conditions is assessed. This provides a 

mathematical foundation for analyzing the feasibility, convergence, stability, and adaptability of the proposed 

scheduling approach. 

6.1 Assumptions 

Let the relaxed feasible scheduling set be denoted by 𝑋. The following assumptions are considered throughout the 

theoretical analysis of the proposed multi-term fractional scheduling system. 

Assumption 1 (Feasible Set): The feasible scheduling set 𝑋is assumed to be nonempty, compact, and convex. 

This ensures that feasible scheduling solutions exist and that the optimization process remains within a bounded 

and well-defined solution space. 

Assumption 2 (Objective Regularity):For each fixed time, it is assumed that the scheduling objective is 

continuously differentiable, with a Lipschitz-continuous gradient over the feasible set. This imposes a bound on 

the rate at which the objective gradient can change over the scheduling domain, and provides an appropriate basis 

for analysis of the iterative optimization process behaviour. 

Assumption 3 (Strong Convexity in the Stationary Case):When the system is in a steady state, we assume that 

the scheduling objective is strongly convex on the feasible set, with a strictly positive convexity parameter. Then 

the steady-state optimisation problem will have a unique minimizer that serves as a reference solution for 

examining convergence. 
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Assumption 4 (Memory Parameters): It is assumed that the fractional orders all lie strictly between 0 and 1, 

henceforth referred to as fractional memory parameters. The adaptive memory weights are nonnegative, bounded, 

and normalised such that their joint contribution is controlled. In the stationary case, the memory weights are 

assumed to be constant, with at least one having a positive contribution. 

Assumption 5 (Disturbance): The disturbance of the system is measurable and bounded, which is utilized to 

ensure that the variation of external factors is bounded and involved in the stability and convergence analysis. 

With the above assumptions, the proposed multi-term fractional scheduling system is initialized at a feasible 

scheduling state. The subsequent theoretical analysis will investigate the dynamics of the scheduling process under 

stationary and time-varying cases, with the focuses on feasibility, convergence, and stability. 

∑𝑎𝑟

𝐾

𝑟=1

  𝐶𝐷𝑡
𝛼𝑟𝑥(𝑡) = −𝜂∇𝐹(𝑥(𝑡)) + 𝑑(𝑡),  𝑥(0) = 𝑥0 ∈ 𝒳. 

Theorem 1 (Local Well-Posedness) 

Given that Assumptions 2, 4 and 5 hold and for any admissible initial scheduling state, the multi-term fractional 

scheduling system we suggest has a unique local solution on a finite time interval. This is a consequence of the 

Lipschitz continuity of the system dynamics in the scheduling state. By casting the fractional differential system 

in terms of an equivalent Volterra integral equation, the operator that arises is revealed to be locally contractive on 

some sufficiently small interval. The existence and uniqueness of the local solution then both follow from an 

application of the Banach fixed-point theorem. The result can be extended to a larger finite interval provided the 

solution remains bounded. 

6.3 Feasibility and Boundedness 

The continuous-time system does not automatically preserve constraints, so practical implementation uses a 

projected update. 

𝑥𝑘+1 = Π𝒳(𝑥̃𝑘+1), 

where 𝑥̃𝑘+1is the unconstrained fractional update. 

The unconstrained update gives the value of the state after the dynamics of fractional optimization but before 

constraints are enforced. Theorem 2 (Feasibility preservation). Euclidean projection onto a nonempty, closed, and 

convex set maps any update to a feasible set; hence, given a feasible initial state, all resulting Euclidean projections 

are feasible. With the projected update, all successive numerical updates remain in the feasible scheduling set. 

Since projection maps each unconstrained update to the feasible set, feasibility follows by induction from the 

feasible initial state. 

Assuming 1, the feasible set is compact; therefore, every projected iterate is uniformly bounded. We analyze the 

best possible convergence result for the stationary case with a fixed objective function and memory weights, with 

no disturbances. Let the desired scheduling equilibrium be given by the unique stationary minimiser. The strong 

convexity induces a restoring property on the optimum, which enforces the objective gradient to drive the 

scheduling state towards the equilibrium. 

Theorem 3 (Stationary Convergence): Given Assumptions 1-4, in the absence of disturbance, with unchanging 

objective, memory weights that are fixed, an interior stationary optimum, and a fractional operator that is 

asymptotically stable, the scheduling equilibrium proposed here is globally asymptotically stable. Hence, as the 

optimization evolves, the scheduling trajectory converges to the stationary optimum. 

Assuming 1, the feasible set is compact; therefore, every projected iterate is uniformly bounded. We analyse the 

best possible convergence result for the stationary case with a fixed objective function and memory weights, with 

no disturbances. Let the desired scheduling equilibrium be given by the unique stationary minimiser. The strong 

convexity induces a restoring property on the optimum, which enforces the objective gradient to drive the 

scheduling state towards the equilibrium.An investigation into the stability characteristics inherent in the 

scheduling dynamics is performed using a quadratic Lyapunov function defined with respect to the scheduling 

error. The convexity of the stationary objective is strong enough to give a restoring effect near the optimal 

scheduling state, whereas a negative definite bound on the Lyapunov function evolution is obtained by applying 

the fractional Lyapunov inequality. Given the stability conditions imposed on the multi-term fractional operator, 

this bound thus establishes the stability of the scheduling equilibrium. The resulting convergence is typically not 
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exponential, and its decay rate is dictated by the relaxation properties of the multi-term fractional dynamics, which 

can display Mittag-Leffler type behaviour. 

6.5 Tracking Error in Time-Varying Environments 

In a context subject to temporal variation, the instantaneous optimum is defined as the feasible minimizer 

associated with the scheduling objective at the current instant. It is assumed that this optimum exists uniquely and 

is differentiable at almost every point. As stated in Assumption 6 (Bounded Optimizer Variation), the rate of 

movement of the instantaneous optimum is bounded, which in turn limits how rapidly the target assignment of 

tasks to resources can change over time. 

Tracking error thus represents the gap between the schedule as it currently stands and the instantaneous optimum, 

a target that is itself subject to continual change. Since fluctuations in workload and in the state of resources 

continually reshape the optimum, exact convergence upon a fixed point is generally not achievable. Accordingly, 

the appropriate objective for stability is to attain either input-to-state stability or ultimate boundedness of the 

tracking error. 

Theorem 4 (Ultimately Bounded Tracking): Provided that the stationary error dynamics exhibit asymptotic 

stability and that Assumptions 1, 2, 4, 5, and 6 are satisfied, the tracking error associated with the proposed 

scheduling dynamics is guaranteed to remain ultimately bounded. The magnitude of this bound is determined by 

how rapidly the optimizer varies as well as by the extent of external disturbances. Consequently, when the optimal 

scheduling state changes more gradually, tracking becomes tighter, while more rapid environmental fluctuations 

or disturbances of greater magnitude are capable of enlarging the steady-state tracking error. 

lim sup
𝑡→∞

∥ 𝑥(𝑡) − 𝑥∗(𝑡) ∥≤ 𝐶1𝑑̅ + 𝐶2𝜈. 

Thus, asymptotic tracking error is controlled by the disturbance magnitude and the rate at which the instantaneous 

optimum moves. 

Without worries and variability in the optimizer, the resulting equation converges to the stationary optimum. If 

any of these factors increases, then the scheduler converges to some region around the moving optimum. 

6.6 Finite-Memory Numerical Approximation 

When using this approach, the retention of all prior scheduling states over an unbounded period of time is 

computationally and memory-intensive. Thus, the memory utilization is restricted to a finite temporal window, in 

order to capture the relevant past information. 

Proposition 1 (Memory Truncation Error): When the scheduling trajectory has a bounded derivative, the 

truncation of the fractional memory integral gives rise to an approximation error that decays with the memory 

horizon that is preserved. The error that is induced decays as a power law, whose decay is determined by the 

corresponding fractional orders. 

Consequently, increasing the memory length results in an approximation that is closer to the ideal infinite memory 

approximation, provided that the bounded-trajectory condition holds. Thus, a practical trade-off between 

computational cost, memory requirements and quality of the approximation is achieved. 

7. Numerical Algorithm and Experimental Methodology 

A quantitative comparison should be made with the proposed model and existing scheduling strategies that are 

typical for the class of algorithms. The base methods to be considered are a standard gradient-based scheduler, a 

scheduler with fixed memory, and a fractional scheduling model of a single order. 

Table 1 summarizes the principal parameters used in the numerical experiments. 

Table 1. Numerical simulation parameters 

Parameter Symbol Example setting 

Number of tasks 𝑁 50–500 

Number of resources 𝑀 10–50 

Scheduling interval Δ𝑡 Fixed discrete interval 
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Memory components 𝐾 3 

Fractional orders 𝛼𝑟 Low, medium, high orders 

Memory horizon 𝐻 Finite adaptive window 

Optimization gain 𝜂 Experimentally tuned 

Workload variation 𝑉(𝑡) Low, medium, high 

Number of repetitions – 20–30 runs 

As displayed in Table 1, experiments should be made on different sizes of system with a variety of workloads. 

This will enable assessing scalability and flexibility rather than just reporting a single set of results for one scenario. 

8. Results and Discussion 

An assessment of the proposed multi-timescale fractional memory scheduling model was performed for stationary, 

moderately dynamic and highly dynamic workloads. A comparison of its performance was made with a 

conventional gradient-based scheduler, a fixed memory scheduler, and a single-order fractional scheduling model. 

Each experiment was run 30 times with the same task and resource configuration. 

8.1 Comparative Scheduling Performance 

The mean performance results obtained under conditions of moderate workload dynamism are illustrated in Table 

2. The model proposed within the scope of this study achieved the minimum makespan and response time, while 

maintaining a more favourable distribution of load among the resources available. 

 

Table 2. Comparative performance under moderately dynamic workloads 

Method Makespan 

(s) 

Avg. response time 

(s) 

Load 

imbalance 

Convergence 

iterations 

Conventional gradient 

scheduler 

128.6 ± 6.4 14.8 ± 1.2 0.214 186 

Fixed-memory scheduler 121.3 ± 5.8 13.6 ± 1.0 0.187 171 

Single-order fractional 

model 

115.7 ± 5.1 12.9 ± 0.9 0.162 158 

Proposed multi-timescale 

model 

108.9 ± 4.6 11.7 ± 0.8 0.118 143 

 Table 2 shows that the proposed model reduces the makespan by approximately 15.3% as compared to the 

conventional scheduler and by 5.9% as compared to the single-order fractional model. The average response time 

reduced by 21.0% as compared to the conventional approach. This improvement in load balancing indicates that 

the proposed memory mechanism was able to avoid sustained over-allocation of heavily allocated resources. 

The iterations needed to attain the pre-set convergence criterion were reduced as well with the proposed approach. 

This implies that multiple memories may assist the optimization path stability while not sacrificing the sensitivity 

to the changing system conditions. 

8.2 Performance Under Different Workload Dynamics 

The relative advantage of the proposed model depended on the degree of workload variability and can be 

summarized as follows. For stationary workloads, all methods converged to similar scheduling configurations, 

and the differences in performance were relatively small. This is consistent with the theoretical analysis since a 

stable objective environment diminishes the practical value of adaptive memory mechanisms. For moderately 

dynamic workloads, the proposed method showed the most significant absolute improvement. The adaptive 

memory mechanism allowed the scheduler to effectively combine recent changes in the workload with the 

observed persistent utilization patterns. For highly dynamic workloads, the conventional scheduler reacted quickly 
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but was more variable in its allocation decisions. The fixed-memory and single-order fractional 

models showed smoother transition curves but sometimes exhibited delayed response to sudden surges in 

the workload. The proposed model showed an intermediate behaviour by dynamically modulating the relative 

contribution of its memory components. 

Table 3 summarizes the makespan results across the three workload scenarios. 

Table 3. Makespan comparison across workload conditions 

Method Stationary Moderately dynamic Highly dynamic 

Conventional scheduler 101.4 128.6 156.8 

Fixed-memory scheduler 99.7 121.3 148.5 

Single-order fractional model 98.9 115.7 139.6 

Proposed multi-timescale model 97.8 108.9 128.4 

Table 3 shows how the improvement afforded by the multi-timescale memory increases with the variety of the 

environment. Under stationary conditions, the proposed model only improved make span with respect to the 

conventional scheduler by 3.6%. For very dynamic conditions, this improved to around 18.1%. 

Such a finding confirms the driving force behind the current study, namely that heterogeneous memory 

mechanisms are best suited to deal with the simultaneous occurrence of multiple distinct temporal patterns in the 

scheduling environment 

9. Conclusion and Future Work 

The paper proposed a framework of multi-timescale fractional memory for scheduling dynamic tasks in distributed 

computing. It is different from traditional scheduling techniques, which have no memory and use a single-order 

fractional model. The framework integrates a variety of fractional memories to tackle the heterogeneity of temporal 

dependency. It models the short-term, medium-term, and long-term history by a multi-term fractional operator, in 

which the adaptive weight defines the relative importance of each term to the others depending on the change in 

workload and resource status. 

The problem of scheduling has been formulated as a dynamic optimization system in the presence of constraints. 

Conditions for local well-posedness, preservation of feasibility, convergence to stationary points, and boundedness 

of tracking in the case of a time-varying environment have been obtained by means of theoretical analysis. What 

is more, it has been empirically verified that the aforementioned method may improve the makespan, the response 

time, load balance and convergence behaviour in the case of a very dynamic workload. 

The main contribution of this work is the multi-timescale fractional memory concept applied as a mathematical 

tool for convergence-driven scheduling. The approach provides the connection between the fractional dynamics 

and the distributed resource optimization. 

Further studies should focus on validating the proposed approach through extensive data sets coming from cloud 

or edge computing, and simulation environments. Possible directions of research may include the automatic 

identification of the fractional orders, decentralised approaches, probabilistic modelling of workloads, and 

reinforcement learning within the fractional setting. Alternatively, the development of efficient approximations of 

long memory operators is an interesting direction towards practical applicability. 
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