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Let © be a bounded smooth connected open set in RY and let \; be the first eigenvalue of the
Laplacian on 2. We study the resonant elliptic problem

—Au=Mu+u"t — purt in Q
u > 0, in
ujpn =0

where s €]1,2[, r €]1, s[, and p €]0, +0o0[. An existence result of nonzero solutions is established
via minimax and perturbation methods. Furthermore, for p large enough, we prove a Strong
Maximum Principle for the solutions of this problem. In particular, we extend to higher di-
mension an analogous recent result obtained in the one-dimensional case via the time-mapping
method.
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1. Introduction

Here and in the following, € is a bounded open connected set in RY of class C2.
Let f: [0, +00[— R be a continuous function and let consider the elliptic problem

—Au= f(u), in £,
(P) u>0 in Q,
U|3Q = 0.

By a weak solution to problem (P) above we mean any nonnegative function
u € C°(Q) N W,*(Q) which satisfies the equation

/Q (VuVv — f(u)v)de =0 (1)
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for each v € Wy(Q). A solution to problem (P) will be always understood in
the sense specified above.

A standard technique to detect positive solutions to problem (P) consists in
verifying that the following two properties hold true:

(1) there exists at least a nonzero solution to problem (P);
(ii) every solution v to problem (P) such that v(xy) = 0, for some xy € €0, is
identically zero in 2.

Property (ii) is the well known Strong Maximum Principle for the solutions of
problem (P). It can be reformulated in the following equivalent form:

(iii) every nonnegative and nonzero solution v € C°(2) NW,*(Q) to
problem (P) is positive in .

Theorem 1 of [9] (see also [7]) provides a sufficient condition on the nonlinearity
f for the validity of the Strong Maximum Principle for the nonnegative solutions
of the equation —Awu = f(u) (with no boundary condition). For our convenience,
we report here Theorem 1 of [9] in the following form:

Theorem 1.1. Let f: [0, +oo[— R be a continuous function. A sufficient condi-
tion for the validity of the Strong Maximum Principle for the nonnegative contin-
uous functions u: Q — R satisfying Au € LL () and the equation —Au = f(u)
a.e. in €2, is the following one:

(1)  There exist an interval [0,a], a > 0, and a continuous nonincreasing func-
tion g: [0,a] — R, with g(0) = 0, such that:

(a) f(t) > g(t), foreach t€0,al], and
(b) either g(t) =0, for each t € |0,al,

a t -
or g(t) <0, for each t€]0,al, and / (—/g(T)dT) dt = 400.
0 0

S

In the same paper, the author shows that condition (1) is also necessary for the
validity of the Strong Maximum Principle. Indeed, Theorem 3 of [9] states that:

Theorem 1.2. If a > 0 and if f: [0,a] — R is a nonincreasing function with
f(0) =0 and f(t) <0 fort €]0,al, such that

/Oa <—/Otf(7')d7)_ dt < 400, (2)

then there exists a nonzero nonnegative function u € C1(Q), with Au € L>®(Q),
such that —Au = f(u) a.e. in Q and u vanishes in a open nonempty subset of Q).

NI

For a special class of nonlinearities f which are nonincreasing in an interval of the
type [0,a], a > 0, and satisfyng f(0) = 0, f(¢) < 0, for t €]0, a], and condition
(2), it is also possible to exhibit nonzero solutions to problem (P) which vanish
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in some nonempty subset of 2. We mention, for instance, Theorem 1 of [6] which
gives, for nonlinearities of the type

ft)y = "t =1t €]0, +o0], (3)

where s €]1,2[ and r €]1, s[ satisfy Ty <AV, and A €]0, oo is a sufficiently

large parameter, the existence of a continuum of nonnegative and nonzero so-
lutions to problem (P) which have compact support in Q. Note that the range
of every nonzero weak solution u to problem (P), with f given by (3), strictly
contains the set [0, )\_sir] = f71(] — 00, 0]). To see this, assume on the contrary
that

u(ﬁ> = [0, maxgu] C f_l(] — 00, 0]).

Then, testing (1) with v = u, we should have

0< / |Vul*dz = / fu)udz < 0.
Q Q

More generally we have, of course, the same situation if we consider any contin-
uous function f: [0, +o0o[— R such that

f1(] —00,0]) 2]0,a], for some a >0, (4)

in the sense that, if u is any nonzero solution to problem (P), then necessarily
maxgu € f71(]0,+oc[) # 0 and maxgu > a. In particular, if f satisfies (4)
and nonzero solutions to (P) exist, then f is not nonincreasing in the interval
10, maxg u]. In light of Theorem 3 of [9], it is quite natural to investigate whether
the Strong Maximum Principle for the solutions of problem (P), with f satisfying
(4), holds at least in some special case.

Actually, we will prove that this is true when f is of the type
F) =Mt + 2" =7, e [0, +o0], (5)

for A > 0 sufficiently small. Here,

/ |Vul*dz
A = inf Q

Jo_ (6)
weWw 2@\ {0} / luf2dz
Q

is the first eigenvalue of the Laplacian on 2. We will also prove that, for all A > 0,
problem (P), with f given by (5), always admits at least a nonzero solution. This
fact highlights a sort of opposite behavior with respect to the non-resonant case,
i.e. when the resonant term A;¢ is missing in (5). Indeed, in this case, Theorem
3.13 of [5] (see also [3]) states that:
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Theorem 1.3. Let s €]|1,2] and r €]1,s[. There exists A > 0 such that problem
(P), with f(t) = M1 — "1 admits:

(a) at least one solution w € P, for all )\ €]\, +o0].

Ou

Here, P={ucCiQ): u>0 in Q, 5

<0 on 00}, (7)

is the interior of the positive cone of C3(2) := {u € C'(Q) : ujpq = 0}
(v being the unit outer normal to ON);

(b)  no positive solution for all X €]0, A[.

Note that, using the rescaling u = A7 and setting pu = )\_%, the problem
—Au = Mu+ =t in €,

(Py) u>0 in €,
ujpn = 0,

turns into the problem
—Av = \ov+vt— o in €,

(P,u) v >0 n Q,

vipo = 0,

Since problems (P,) and (P,) are equivalent from the point of view of existence
as well as of positivity of the solutions, we choose to study problem (P,) in order
to make a more clear comparison with the results obtained in [4]. Some open
questions issued by this comparison will be proposed.

In the rest of the paper, we will use the following notations:

1
o || := (/Q \V(-)\de) denotes the norm of the Sobolev space Wy?(€2);

o foreachp>1,|-J,:= (/ | - |pda7) " denotes the norm of the space LP(£2);
Q

e ||l ;= esssup|u(x)| denotes the norm of the space L*(£2);
€N
e more generally, given any other functional space X, || - || x denotes its standard
norm;
° foreachpz1,withp§%,if]\f23,
u
e wp L

wewt2 @0y Ul

denotes the best Sobolev constant for the embedding W, *(Q) < LP(1);
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e given a function u: {2 — R, we denote by u, the function defined by
uy () = max{u(x),0}, for each z €

e finally, we denote by ¢; € C''(Q) the normalized (with respect to | - ||o0) posi-
tive eigenfunction associated to the first eigenvalue of the Laplacian operator
on ).

2. Main Results

Let r,s €]1,2[, with r < s. As announced above, we are concerned in studying
problem (P,) on varying of the positive parameter ;. Recall that the solutions of
problem (P,) are exactly the critical points of the associated energy functional

1 )\1 1% r 1 s
Lu(w) = Sllul® = S lusll3 + sy = Slluglls v e We*(@).

Standard results ensure that [, is C' and sequentially weakly lower semicontin-
uous in W, *(Q).
Our main first result concerns the existence of nonzero solutions to problem (P,).

Theorem 2.1. For each pu > 0, problem (P,) admits at least a nonzero solution.

Proof. Fix p €]0, +oo[ and let n € N, with n > )\il Consider the functional

def 1
) 1) 4 5 =
1 1 | o1
=gl = 5 (0= 2 ) Bl 2l = Sl we wi@)

Clearly, the functional I, has the same regularity of I,, that is I, is contin-
uously differentiable and sequentially weakly lower semicontinuous in VVO1 2(Q).
Moreover, one has the estimate

1 S
a(w) 2 el = 2ljull®, for each u € Wy*(@),

which implies  lim [,(u) = 400.
||| =400
In particular, I,, satisfies the Palais-Smale condition (see Example 38.25 of [10]).
Now, we show that, for each n € N large enough, I, has the mountain pass
geometry. To this end, fix ¢ €]2,2*[ and put
dof At — Bgr 4 Lgs

M = sup
>0 %tq

It is easy to check that M is a positive number. Moreover, if we put

R (Met)™,
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. 1, Mg
the function f(t) = §t — —t1, te 0,400,
q

is increasing in ]0, R[ and decreasing in | R, +00[, with

11\ .,

Hence, for each n € N and for each u € W,*(Q), with ||u|| = R, one has

L@ 2 gl = [ (G = e + Justo)) do =

2
1 Moyy(x)? — Eu(z) + Lu(z)® 1
2 u>0 Eu(x)q q
1 M M
> —|Jul]? — — w(z)tde > Slul]* — —Jul|? >
2 q Juso 2 q

1 Mcl 1 1
> 5““”2 - %Hunq = f(llull) = f(R) = (5 - 5) R2>0. (8)

Next, we show that there is a function v € W, *(Q), with |jv|| > R, and an integer
n € N such that

I,(v) <0, foreach neN, withn>n. (9)

Indeed, fix a positive number ¢ with

R ( su@u:)sir
t > max , | = .
{HM AR

Then, by an easy computation we see that

pt"
.

r t? s
||¢1||r - g“qble < 0.

Consequently, we can fix n € N in such way that for each n € N with n > n

pt"
.

t? .t i
L(tér) = o= llonl* + —lénll; = —llenlll < 0.

Hence, inequality (9) follows by choosing v=t¢,. This proves that, for each n €N,
with n > n, I, has the mountain pass geometry. Since [, satisfies the Palais-
Smale condition, by applying the classical Ambrosetti-Rabinowitz Mountain Pass
Theorem ([2]), we infer that, for each n € N, with n > 7, I,, admits a critical
point u, € Wy?(Q) such that

I,(u,) = inf sup I,(¥(1))

el 7e0,1)

where I' % {y € C([0,1], WE2(Q)) : (0) =0, (1) =v}.
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In particular, by (8), we get

1 1

I (up) > <§ - —> R?. (10)

q

Of course, u, is a nonzero weak solution to the problem

—Au = (/\1 — %) w4+ utt — pu in Q,
Ulpa = 0.

Our next step is showing that the sequence {u, },> is bounded in VVO1 2(Q) To
this end, let n € N with n > n. Using the identity

1 S T
£ ) = Nl = (s = ) Bl = Nl + I .

in (10), we get

1 1
0<(———)R2§
2 q
1

1 1 1 s M .,
< In(un) = Sllunll® = 5 (M= = ) Nualld = =lJunll + =[Junll; =
2 2 n S T

1 1 1 1
-z R s 11
(3= 5) Tl = (5= 3) s, (1)

which implies

1 1
1 1\7 (1 1\ & :
ns< ~— T 5 DS Q)sr.
o <u(t-3)" (5-3)  m@

Therefore, the sequence {uy }n>5 is bounded in L*(2). So, if we put

C= sup [l
neN,n>n
by I/, (uy) (1) = 0, we get
2 1 2 s r
el = { A= = ) unllz = Nluall? = pllually < (12)

for all n € N, with n > 7. At this point, let H C Wy*(Q2) be the orthogonal
subspace to (¢1) in W;*(Q) and let n € N, with n > 72. Then, there exist ¢, € R
and w,, € H such that
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Using the orthogonal decomposition (13) and inequality (12), one obtains

1= 228 < ol = (s = 2 Jon? <
/\2 - n -

1
<l + = (A= ) (Bl + lwnl) =

1
~lull = (3= 3 ) Il < C

where A5 is the second positive eigenvalue of the Laplacian on €2, whose variational
characterization is

[\

[[o]]

)\2 = inf

ved [|vf]

]\

Since Ay > Ay, from the previous inequality we infer the boundedness of the
sequence {wy }p>n in Wy ?(Q). Moreover, for each n € N, with n > 7, one has

C 2 [lun|l; = / |t + wy|*dx > /(\tn\gbl — |wy| — 1)da.
Q Q

Exploiting this last inequality and the boundedness of the sequence {w,},>7 in
W, ’Z(Q), one promptly gets the boundedness of the sequence {t, },>5 in R which,
jointly with (13), yields the boundedness of {uy}n>n in Wy*(€2). Consequently,
there exists u* € VVO1 2(Q) such that, up to a subsequence, u,, — u* weakly in
W,y*(Q) and strongly in LP(€2), for each p € [1,2*[. At this point, let v € W,*(Q)
be arbitrarily fixed. Since w, is a weak solution to problem (F,), passing to the
limit as n — +o00 in the identity

1
Il (up)(v) = / Vu,Vudr — / {()\1 — —) Uy, —us + uuzll vdr = 0,
Q Q n

one obtains I, (u*)(v) = 0. Therefore, u* is a solution to problem (F,). Finally,
passing to the limit as n — oo in (11), one has

1 1 1 1 1 1
0<|==Z2 R2< - - *|r _ (- _ = *||8
(G-3)m<u(5-3) = (5 -3) e

which, in turn, implies u* # 0 as well. The proof is now complete. [

Here and in the sequel, for each p > 0, S, will denote the set of all nonzero
solutions of problem (F,).

Our second main result concerns the validity of property (4i¢) for problem (P,)
provided that p is large enough. Recall that P denotes the interior of the positive
cone of C}(2) introduced in (7).
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Theorem 2.2. There exists u* > 0 such that, for each p > p*, one has S, C P.

Proof. Since the domain  is of class C?, then, by standard regularity theory,

for each > 0 and for each u, € S, one has u, € W*1(Q) for any ¢ > 1 (see

[1] or Appendix B of [8] , for instance). In particular, u, € C1*(Q), for some
€ (0,1), by Sobolev embeddings.

Moreover, u, must satisfy the inequality

sup u,, > ui. (14)
Q

Indeed, if (14) was not true, then uf, — puj, < 0 in Q\ u,*(0), and Q\ u,'(0) # 0
being u, # 0. Consequently, from the identity

0 = I, (u)(u) = fJuall* = Mlll[5 = ol + el (15)

we should have 0 > |lu,||* — Ai]ju,|/3, which contradicts (6).

Now, we claim that there exist two constants C' and pg > 0, such that for each
f > po and for each u, € S, one has

]l > O, (16)
To prove our claim, let u, € S, with g > 0. Thanks to (15), one has
lalls = pellwally = Nl = Aaflwall3 > 0. (17)

Fix any ¢ > &. By Theorem 8.2 of [1] and the embedding W?4(Q) — C*(€2), we
can find two constants Cy, Cy > 0 (independent of ;1) such that

luuller @ < Colluullwa@y < Crlhallually + luallf 2, + pllull2y,)- (18)

Then, in view of (17), we get

a=2 2 s—1—
||“u||oo < Al”“u”Og ||uu||2q + ||Uu||oo

s s r—1-1 z
gl + sl Www]z

a=2 2 s—1—5 El (r—s)a=2t T
— G Al a3+l q@ww+ummm qmmﬁ]s

-2 2 s—1-% e —a=1 a
< Cr | Alluallod N3+ ualise™ " (el + - QWN@]S

=2 2 s—1—= s
< O [ Allugllod flualls + 2lluplloo qHuuHs‘I} <

[ %2 2 s—1-2 s
< Co | flupllod [lupll® + lJugllos “ fluglls
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for some constant C'y > 0 independent of p. Dividing side to side the inequality

q—2

9—= 2 s—1-2 El
H%MSQHWMHWMHMM wm{

42
by [Ju,llsd and using inequality (14), one obtains

_2 2 2 (s—2)2L s
pae= < gl < Co | [luplle + [Juglloo gl

s—

2 2g9-1 s
< Co {7 + 155 5]

q(s—r)

In particular, putting py = max {1, (2C5) 2 }, we get, for u > pyo,

_2 2 2 s 2
P < & < Colllul? + ] < Coflul? + 1] (19)

2 1 1
,u/q(S*T) - = >

202 2 402
Note that, from (16), one has ||u,|| = 400, as p — +oo. Then, from (19), we
can find py € [ug, +oo[ and a constant Cy > 0 such that

Consequently, ||u#||§ > uq(i”, which proves (16).

[uplloo < Callugll,  for all p € [u1, +o00. (20)
From now on, we always assume p € [pq, +00][.

Let H C W,*(2) be the orthogonal subspace to (¢,) in Wy*(Q) and let u, € S,
Then, there exist a unique ¢, € R and a unique w, € H such that

u, = t,d1 +w,. (21)
Since u,, is nonzero and nonnegative, multiplying by ¢; both sides of the identity

u, = t,¢1 + w, and integrating over (2, we can see that ¢, > 0. Moreover, it is
easy to check that w, is a solution to the problem

I

{ —Au = Mu+u N (z) — pul N (x)  in Q,

Up = 0.

In particular, w, satisfies the identity

/Q|un(a:)|2d:v -\ /Q lw,,(2)|*dz = /Q(u‘;_1 — g, wyda (22)

Now, testing the equation I}, (u,)(v) = 0 with v = ¢, we get

/(Uffl — pul, ) prda = /(Vuuvasl — Muyéy)dz = 0.
Q Q
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Consequently,

[ = i e = [ 30 = )

Thus, by (17) and (22), we obtain

wm—mmmzémm—mmwmwéﬁmmsme.@@

Furthermore, note that, being w, € H, then |Jw,[|3 < A;'||w,|*. Plugging this
inequality in (23), we get

lw,ll < Yl (24)

/\2;\3‘;\1 Using again Theorem 8.2 of [1], we get for [[w, o1 ) an upper

estimate as (18). More precisely, if we fix any ¢ > %,
C5 > 0 (independent of p) such that

where v =

we can find a constant

loullery < CsOnallwally + laallit, + alla ).

Then, following the same argument after (18), we arrive to

q—2

2 == s—1-2 El
flongn < Co (Tl ol g + Bl ).

Using (20) and (24), we also find a constant C7 (independent of ) such that

Lo a2 )
lnlongn < Co (Tl T + ™).

From the previous estimate, we infer that either

s q=2
q

lwller@) < 2C7[|u or lwpller@ < 207w

Wy H C(i ®)
Therefore,

2} (25)

lwpllor < Cs max|fu, [, [l
where Cs = max{2Cy, (2C7)2},
At this point, note that by the orthogonal decomposition (21) and (24), one has

ol = Eall@all* + lw,lI* < Eall@all* + I

Then, in view of (16), we obtain

1 1 s—2
&= lual? (o =) 2 ual? (o =02 ).
s Il e e e
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So, if we fix ps € [p1, +00][ such that

708’2;@2:3 < 5
4|12’

for p > ps we get the following lower estimate of ¢,, (recall that t, > 0)

[ UH“MH? (26)
C
where oc=——>0.
2/|¢l

Now, suppose 11 > po and let u, € S,. By (16), (21), (25) and (26), we infer
It 1wy = drllery = b wullor gy <

) < Cymax{u®, p77)

< o~ Csmax{|luul|*™%, lu,

for some constant Cy (independent of p).

Since ¢; € P, and P is open in C'(Q), there exists § > 0 such that
{p e CH Q) : | — 1 <0} CP.

Therefore, if we fix p* > uo such that
Comax{ ('), ()77} < 6,

we have t;lu“ € P, andso u, € P for each pn > p* and each u, € S,. Hence,
the proof is complete. [

Remark 2.3. Theorem 1 and Theorem 2 extend, in the semilinear case, Theorem
2.3 of [4] to higher dimension. This extension is not full. Indeed, for Q =0, 1],
Theorem 2.3 of [4] gives the following more precise conclusion:

There exists j11 > 0 such that problem (P,) admits:

- a unique positive solution u,, which satisfies u,,(0) >0, u, (1) <0, if u > p1,

- a unique positive solution u, which satisfies u;,(0) = u, (1) = 0 if p = puy,

- a continuum of nonzero solutions compactly supported in 0, 1[, if p €]0, p1].
So, it would be interesting to investigate, in higher dimension, the uniqueness

of the positive solution as well as the existence of nonzero solutions compactly
supported in €.

Remark 2.4. The substitutions v = ,uﬁu and A = u% transform problem
(P,) into the equivalent problem

—Au=X u+ ANt —uh),  in Q
u >0, in €
Ulpn = 0
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where the nonlinearity ¢ €]0, +oo[— ¢*~! — "~ is negative in ]0, 1[ and positive
in |1, +o00[. This suggests to investigate the more general problem

—Au = \u+ Ag(u), in Q
u >0, in €
upo =0

where A > 0, and g: ]0,+o0o[— R is a continuous function, possibly diverging as
t — 0% and satisfying some growth condition at infinity, such that for some a > 0
we have g~'(] — o0,0[) =]0,a[, and sup ;g > 0. In particular, we think that
it would be of interest to see whether for this more general problem, Theorem 1
and Theorem 2 still hold respectively for all A, and for X\ sufficiently small.
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