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Inspired by the variational formulation of continuous Cauchy-Lipschitz systems and forward
(descent) or backward (proximal) methods, and motivated by the solvability of bilevel equilib-
rium problems, we introduce first-order continuous Evolution Dynamical Equilibrium Systems,
(EDES) for short. Then, our primary goal is to study the existence and uniqueness of solu-
tions to (EDES). Secondly, we study the asymptotic behaviour of trajectories of Dynamical Ky
Fan Minimax Inequalities (NDEMI) with nonautonomous equilibrium bifunctions defined in
Hilbert spaces under monotonicity conditions. In this way, we provide conditions guaranteeing
the weak ergodic convergence, i.e., convergence in average, of trajectories to an equilibrium
point of an appropriate limit monotone bifunction. In the process of doing so, we consider
Fitzpatrick’s transforms introduced by M. H. Alizadeh and N. Hadjisavvas [4] and their related
Brézis-Haraux transforms for time-dependant equilibrium bifunctions, which prove to be a key
tool in our convergence analysis. Afterwards, by means of a first-order linear sum approach of
two real-valued bifunctions, where the penalization term is a positive measurable function, we
present several results concerning the weak convergence in average, weak and strong conver-
gence of trajectories to solutions to the bilevel equilibrium problem subject to our treatment.
Some applications, supported by numerical illustrations implemented in Scilab version 5.5.2,
are thereafter discussed with respect to bilevel hierarchical minimization problem as well as
dynamical systems for saddle convex-concave bifunctions. Our results generalize and extend
some of those obtained in J. B. Baillon and H. Brézis [9], and H. Attouch and M. O. Czarnecki
[7]. We end the paper by concluding remarks and suggestions for research perspectives.
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1. Introduction

Let H be a real Hilbert space endowed with the scalar product 〈·, ·〉 and the
corresponding norm ‖ · ‖, K be a closed convex subset of H and f : K ×K → R
be an equilibrium bifunction. As usual, we call f an equilibrium bifunction if
f(x, x) = 0 and f(x, ·) is convex and lower semicontinuous for every x ∈ K. For
a closed and convex subset C ⊂ K, the corresponding Ky Fan minimax inequality
over C is defined as follows:

(FMI) Find x̄ ∈ C such that f(x̄, y) ≥ 0, ∀y ∈ C. (1)

We denote by Sf (C) the solution set of (1) on C, and when C = K, we simply
write Sf .
We point out that existence of equilibrium points in (1) stems from the well
known KKM Lemma (1929) that has been extended by Ky Fan (1961) to gen-
eral infinite dimensional framework and has henceforth led to the well known Ky
Fan minimax inequality [30] when the equilibrium bifunction f is upper semi-
continuous relatively to the first variable. The existence of equilibrium point has
been developed in [10, 19, 38] by replacing upper semicontinuity condition by
monotonicity and upper hemicontinuity. In [13]  Blum and Oettli introduced
their very known mixed version of (1), which has been appeared subsequently
in the scope of many research articles including also the vector case, quote for
example [13, 23, 33, 34, 51], wherein the authors clarified how the theory of Ky
Fan minimax inequalities unifies a large number of problems arising in optimiza-
tion, variational inequalities, Panagiotopoulos inequalities, fixed-point, games,
mathematical models of noncooperative games and Nash equilibrium concepts.
Thereby, a great interest has been brought to the study of (1) by means of
splitting iterative methods that include gradient-descent (or forward) methods
and Proximal point (or backward) methods; one can consult [5, 21, 39, 41, 45]
and references therein.
Chbani and Riahi [26] introduced a class of demipositive bifunctions and used
it to study the asymptotic behaviour of solutions for the corresponding general
dynamical Ky Fan minimax system

x ∈ C0([0,+∞];K) and f(x(t), y) + 〈ẋ(t), y − x(t)〉 ≥ 0, ∀y ∈ K, for a.e. t ≥ 0.

More precisely, they obtained the weak convergence of the trajectories to a solu-
tion of (1).
In the present paper, we consider the following bilevel hierarchical Ky Fan mini-
max inequality:

(BFMI) Find x̄ ∈ Sf such that g(x̄, y) ≥ 0, ∀y ∈ Sf , (2)

where g : K ×K → R is another equilibrium bifunction.
From now on, we assume that the solution set S := Sg(Sf ) of problem (2) is
nonempty.
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Our approach provides solutions to (2) by analyzing the asymptotic behaviour
of the following continuous evolution dynamical equilibrium system:
Find x ∈ C0([0,+∞];K) such that

(EDES) β(t)f(x(t), y) + g(x(t), y) + 〈ẋ(t), y − x(t)〉 ≥ 0, (3)

for all y ∈ K and for a.e. t ≥ 0. Let us mention that iterative methods for solving
the problem (2) are discrete counterparts of the dynamical equilibrium system
(3). The simplest ones among these are backward-splitting, double-backward,
double-forward and forward-backward methods (see, e.g., [25, 27, 47]).
The nearest existing model in the literature to our problem (3) deals with dynam-
ical monotone variational systems for which the existence of solutions is usually
treated via two essential approaches. The first approach uses time discretization
and solves an auxiliary problem in each step, then a solution to the proposed
system is obtained via a convergence scheme under an appropriate control. The
second one is based on Cauchy-Picard theorems and the theory of Yosida reg-
ularization technique. For our nonsmooth equilibrium system (3), we rather
follow-up the second method and approximate it by Lipschitz continuous ordi-
nary differential equations ẋλ(t) + AΓt

λ xλ(t) = 0, where AΓt
λ is the associated

Yosida λ-approximation to the bifunction Γt = β(t)f + g. More specifically, we
show in Theorem 2.9 that, under a suitable uniform condition on AΓt

λ and β, the
regularized solutions xλ converge to the unique absolutely continuous solution of
the problem (3) with initial condition x(0) = x0. In Corollary 2.10, we justify
that the uniform condition on AΓt

λ and β is satisfied whenever the bifunction f is
the following quadratic form f(x, y) = 〈x, y − x〉.
In the next step of work we introduce the equilibrium Brézis-Haraux trans-
form of equilibrium bifunctions which is important for complexity analysis of
the asymptotic behavior for hierarchical Ky Fan minimax inequalities (2). For
u ∈ H and x ∈ K, the equilibrium Brézis-Haraux transform Gf of the bifunc-
tion f : K × K → R is given by Gf (x, u) = Ff (x, u) − 〈x, u〉, where Ff is the
equilibrium Fitzpatrick transform of f , introduced in [4, 16], and defined by
Ff (x, u) = supy∈K{〈u, y〉+ f(y, x)}.

In the sequel we discuss the hierarchical minimization problem minargmin ψ φ,
where φ, ψ : H → R ∪ {+∞} are proper, convex and lower semicontinuous func-
tions. For this problem, Attouch and Czarnecki [7] obtained solutions by means
of the asymptotic behavior of trajectories of the following first order dynamical
system 0 ∈ ẋ(t) + ∂φ(x(t)) + β(t)∂ψ(x(t)) to a solution of minargmin ψ φ, where
the penalization term β(t) is positive and measurable. Several ergodic and non-
ergodic convergence results have been justified for x(t) under the integral key
assumption (41). Motivated and inspired by [7], a number of research articles
was devoted to this subject, including variational inequalities associated to maxi-
mal monotone operators in the constraints set. For more general formulation, [6]
provide conditions involving the Brézis-Haraux transform associated to At and
guaranteeing the weak ergodic convergence of each trajectory x(·) of the nonau-
tonomous monotone evolution inclusion 0 ∈ ẋ(t)+At(x(t)) to a zero of a maximal
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monotone operator A∞ (which is the graph-limit of maximal monotone operators
At : H ⇒ H), as t tends to +∞.
For our purpose we consider the following first-order nonautonomous continuous
dynamical Ky Fan minimax inequalities: Find x ∈ C0([0,+∞];H) such that

(NDFMI) Γt(x(t), y) + 〈ẋ(t), y − x(t)〉 ≥ 0, ∀y ∈ K, for a.e. t ≥ 0, (4)

where {Γt :K×K → R, t ≥ 0} denotes a suitable family of monotone bifunctions.
Our time-dependent Ky Fan minimax inequality is nowadays considered one of the
fashion research themes. Indeed, if we remove the derivative term in our problem
(4), and include instead a control term we obtain an abstract evolution problem
into which we can convert the time dependent variational inequalities arising in
the constraints of differential variational inequalities, qualified recently as a new
modeling paradigm of variational analysis to treat many applied problems in
engineering, operations research, and physical sciences, see for example [35, 43]
and references therein.
In order to prove the weak ergodic convergence of trajectories of (4), we need some
general condition involving the equilibrium Brézis Haraux transform GΓt of the
bifunction Γt. If there exists a monotone and maximal bifunction Γ∞ : K×K → R
such that SΓ∞ 6= ∅ and

(C1)
∫ +∞

0

GΓt(z, p)dt < +∞, ∀(z, p) ∈ AΓ∞ , (5)

where AΓ∞ is the associate monotone operator to Γ∞, we show in Theorem 4.4
that every global solution of (4) converges weakly in average, as t→ +∞, toward
an element of SΓ∞ . Afterwards, in Theorem 4.6, we illustrate this general ergodic
weak convergence result with the first order linear sum Γt = β(t)f + g, where
f, g : K × K → R are monotone bifunctions and the penalization term β(t) is
positive and measurable.
In particular, we recover the weak ergodic convergence of a coupled dynamical
systems with multiscale aspects presented in Theorem 2.1 due to Attouch and
Czarnecki [7]. We then improve this convergence theorem (see Theorem 4.11),
by using the weak convergence for the trajectory x(t) of (3) to a solution of (2)
under the additionally assumption lim

t→+∞
β(t) = +∞.

Corollary 5.2 confirms the interest of the result in our Theorem 4.11, since the
weak convergence of x(·) to a solution of (2) was only proved for hierarchical
minimization problems. Then, under an additional strong monotonicity condition
on g, we obtain a strong convergence result in Theorem 4.15.
Following these ideas, some applications are thereafter proposed. The first one
concerns asymptotic behavior theorems for a Ky Fan minimax inequality over
the solution set of a convex minimization problem. As a consequence, we deduce
the weak ergodic convergence result in [7] (see Corollary 5.1), and in addition,
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we obtain Corollary 5.2 which confirms the interest of the result in our Theorem
4.11. Furthermore, we apply our asymptotic behavior theorems to a convex
minimization problem over the solution set of a Ky Fan minimax inequality for
which we obtain a strong convergence result.
As a main last application, we consider the nonautonomous continuous dynamical
systems which are linked to saddle point problems. For this purpose, we sum-
marize the weak convergence Theorems 4.6, 4.11 and 4.15 in Corollary 5.6, and
thereafter we give an example where the geometric condition that ensures weak
convergence is satisfied. The results obtained analytically are illustrated by nu-
merical examples for optimization problems and a non-variational one. The latter
shows the impact of various types of dissipation on the spectrum of the generator
as well as the dynamic behavior of the solution on a rectangular domain.
The paper is organized as follows. In section 2, we present some preliminary
results and tools that will be useful throughout the paper. In section 3, we re-
call the notion of Fitzpatrick and equilibrium Brézis-Haraux transforms, and we
present different properties and auxiliary results on these functions. In section 4,
we prove weak-ergodic convergence of trajectories of the general parametric prob-
lem (4) to an equilibrium point of a monotone and maximal bifunction Γ∞ under
some general condition involving the equilibrium Brézis-Haraux transform GΓt .
A particular attention is devoted to the case Γt = β(t)f + g. In this framework,
we show several results of convergence, firstly the weak ergodic convergence, thus
making more precise the preceding result. The key condition that implies weak
convergence of the trajectories is lim

t→+∞
β(t) = +∞.

When g is assumed to be strongly monotone, we can even show strong (noner-
godic) convergence of the trajectories to the unique solution of (2). Finally, in
the last section, we present applications to bilevel hierarchical minimization prob-
lem and variational inequalities constrained by saddle-points for convex-concave
bifunctions, and add some examples supported by numerical illustrations imple-
mented in Scilab version 5.5.2.

2. Preliminaries and existence result for (EDES)

Throughout the paper, H is a real Hilbert space which is endowed with a scalar
product 〈·, ·〉 and induced norm ‖ · ‖. Let K be a nonempty closed convex subset
of H whose interior with respect to the norm-topology is denoted by int(K).
The following notations and conditions for a bifunction f : K ×K → R will be
needed in the sequel:
(H1) f(x, x) = 0 for each x ∈ K;
(H2) f is monotone, i.e., f(x, y) + f(y, x) ≤ 0 for each x, y ∈ K;
(H3) f is upper hemicontinuous, i.e., lim supt↘0 f(tz + (1 − t)x, y) ≤ f(x, y) for

any x, y, z ∈ K;
(H4) for each x ∈ K, y 7−→ f(x, y) is convex and lower semicontinuous.
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The bifunction f is called maximal if for all (x, u) ∈ K ×H, one has

f(y, x) + 〈u, y − x〉 ≤ 0,∀y ∈ K implies 〈u, y − x〉 ≤ f(x, y), ∀y ∈ K. (6)

Note that each bifunction f satisfying (H1)–(H4) is monotone and maximal (see
[23, Lemma 2.1]). Oettli and Riahi [42] have established the relation between
monotonicity and maximality of an operator A and those of its associated bifunc-
tion f defined by f(x, y) = supv∈A(x)〈v, y − x〉.

2.1. Convex analysis elements and equivalent formulations
for problem (1)

To obtain solutions to (2) by means of convergence analysis of (3), we need a
further background which we fix as follows.
For a proper lower semicontinuous convex function h : H → R ∪ {+∞} and
x ∈ H, let us denote by h∗ : H → R ∪ {+∞} its Fenchel conjugate function,
which is defined by h∗(x) := supy∈H{〈x, y〉 − h(y)}. The subdifferential of h at
x ∈ H is characterized by

∂h(x) := {x∗ ∈ H : h∗(x∗) + h(x) = 〈x∗, x〉}.

If h = δK is the indicator function of K ⊂ H, i.e., δK(x) = 0 if x ∈ K and +∞
otherwise, its Fenchel conjugate function at x∗ ∈ H is the support function of K
at x∗, i.e., δ∗K(x∗) = σK(x

∗) = supy∈K〈x∗, y〉. The normal cone to K at x ∈ H is

NK(x) =

{ {x∗ ∈ H | 〈x∗, u− x〉 ≤ 0, ∀u ∈ K} if x ∈ K

∅ otherwise.

Observe that NK = ∂δK , and x∗ ∈ NK(x) if, and only if, σK(x∗) = 〈x∗, x〉.
An operator T on H is a set-valued mapping for which T (x) ⊂ H for each x ∈ H.
The domain, the range and the graph of T are respectively defined by

dom(T ) = {x ∈ H : T (x) 6= ∅}, R(T ) = T (H),

graph(T ) = {(x, x∗) ∈ H ×H : x∗ ∈ T (x)}.

We identify the operator T with its graph and write equivalently x∗ ∈ T (x) or
(x, x∗) ∈ T . The operator T is said to be monotone if 〈x∗ − y∗, x − y〉 ≥ 0
whenever (x, x∗), (y, y∗) ∈ T . If T is monotone, we call it maximal monotone if
there is no other monotone operator including properly T . The subdifferential of
a proper convex lower semicontinuous function is a maximal monotone operator.
Lemma 2.1. [8, Corollaire 1] and [46, Theorem 4.2]. Let S and T be two
maximal monotone operators on H such that dom(T ) ∩ dom(S) 6= ∅ and

R+(dom(S)− dom(T )) =
∪
a>0

a(dom(S)− dom(T ))

is a closed linear subspace of H. Then S + T is maximal monotone.
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The assumption in this lemma is weaker than Rockafellar’s [48] condition

(int dom(S)) ∩ dom(T ) 6= ∅.

Consider now a bifunction f : K ×K → R. Then, for every u ∈ K, the function
f ∗
u will denote the Fenchel conjugate of the function fu defined on H by fu(x) =
f(u, x) if x ∈ K and fu(x) = +∞ otherwise. For a bifunction f : K ×K → R,
we associate the operator Af defined by:

Af (x) := ∂fx(x) =

{
{z ∈ H : f(x, y) + 〈z, x− y〉 ≥ 0, ∀y ∈ K} if x ∈ K,

∅ otherwise.

Note that, under condition (H4), the values of Af are convex and closed in H
and an easy computation shows that x̄ ∈ Sf iff 0 ∈ Af (x̄); and if f is monotone,
Af is also monotone. The monotonicity on f is a sufficient but not a necessary
condition. Take for instance f : H ×H → R defined by f(x, y) = ‖x− y‖2, then
Af is the identity of H, which is monotone, however f is nonmonotone.
The operator Af is maximal monotone whenever the bifunction f satisfies condi-
tions (H1)–(H4).
We also have for f, g : R×R → R defined by f(x, y) = y2−x2, g(x, y) = 2x(y−x),
the bifunctions f, g satisfy (H1)–(H4) and Af (x) = Ag(x) = {2x}; hence the
maximal monotone operator Af may represent many bifunctions satisfying (H1)–
(H4), since g(x, y) < f(x, y) unless x = y, (see [1, 36] for a detailed presentation).
Suppose in the sequel that dom(Ag) = K, and a condition that ensures the
validity of ∂gx + NSf

= ∂(gx + δSf
), which is realized when we assume that

K ∩ Sf 6= ∅ and R+(K − Sf ) is a closed linear subspace of H.
The next Lemma introduce the notion of resolvent associated to bifunctions. This
concept is crucial in the proof of existence for (3).

Lemma 2.2. [24] Suppose that f : K ×K → R satisfies (H1), (H2), (H4). Then,
f is maximal if, and only if, for each x ∈ H and λ > 0, there exists a unique
zλ = Jfλ (x) ∈ K, called the resolvent of f at x, such that

λf(zλ, y) + 〈y − zλ, zλ − x〉 ≥ 0, ∀y ∈ K. (7)

Moreover, x is an equilibrium point of f if, and only if x = Jfλ (x) for every λ > 0

if, and only if x = Jfλ (x) for some λ > 0.

Proof. The proof of the first step (see [23]) is based on the generalized KKM-
Fan’s lemma. The second step relies on (7).

Given that f is maximal monotone and satisfies the conditions (H1)–(H4), we
have the existence and the uniqueness of Jfλ (x), for each x ∈ H and λ > 0.
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Definition 2.3. Let f : K ×K → R.
(1) For each λ > 0, the associated Yosida λ-approximate to f over K is defined

by Afλ := 1
λ
(I − Jfλ ).

(2) The minimal section operator A◦ associated to f is defined by the condition
A◦x := PAfx0 ∈ Af (x), where PAfx is the metric projection of the origin on
the set Afx.

Remark 2.4. [23, 26, 40] (i) For each λ > 0, the resolvent Jfλ is firmly nonex-
pansive, namely

〈Jfλx− Jfλy, x− y〉 ≥ ‖Jfλx− Jfλy‖
2, ∀ x, y ∈ K. (8)

As consequence, the Yosida λ-approximate is 1
λ
-Lipschitz continuous, that is

‖Afλx− Afλy‖ ≤ 1

λ
‖x− y‖, ∀x, y ∈ K.

(ii) From [24, Lemma 2.5], we also have for every x, y ∈ K,λ > 0,

λ‖Afλx− Afλy‖
2 ≤ 〈Afλx− Afλy, y − x〉.

For f : K×K → R, we also need the following Minty Ky Fan minimax inequality

(MFMI) Find x̄ ∈ K such that f(y, x̄) ≤ 0, ∀y ∈ K. (9)

Lemma 2.5. (Minty’s Lemma, [13])
(i) Whenever (H2) is satisfied, every solution to (1) is a solution to (9).
(ii) Conversely, if f satisfies (H1), (H3) and (H4), then each solution of (9) is

a solution of (1).

Remark 2.6. (i) We conclude that under conditions (H1)–(H4), the problems
(1) and (9) are equivalent, i.e., their sets of solutions coincide.
(ii) Observe that the assertion 2.5(i) remains true when we only assume f to be
pseudomonotone, i.e., for each x, y ∈ K, f(x, y) ≥ 0 implies f(y, x) ≤ 0.
(iii) The link between (9) and standard ones is investigated in [22, Theorem 2]
and [2, Proposition 5.32] in the framework of upper sign properties, see also [12].

2.2. Existence and uniqueness for the evolution dynamical equilib-
rium system (EDES)

Following Brézis [17, Definition 3.1], we say that x : [0; +∞) → H is a solution
of (4) (respectively (3)), if x is absolutely continuous (and then almost every-
where differentiable) on any bounded interval [0, T ] with 0 < T < +∞, and (4)
(respectively (3)) holds for almost every t > 0.
As mentioned before, to solve the problem (3), our approach is essentially based
on the following Cauchy-Lipschitz well known existence result.
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Lemma 2.7. [See [17], Theorem I.4] Assume that K ⊂ H is nonempty, closed,
convex and J : [0,+∞[×K → K satisfies the Lipschitz condition:

‖J(t)x− J(t)y‖ ≤ ‖x− y‖, ∀x, y ∈ K, t ≥ 0.

Then, for each λ > 0, u0 ∈ K, there exists a unique solution uλ : [0,+∞[→ H to
the following differential equation:{

u̇λ(t) +
1

λ
(uλ(t)− J(t)uλ(t)) = 0,

uλ(0) = u0.
(10)

To prove our main existence result, we also need the following useful dissipative
property:
Lemma 2.8. Assume that f and g are monotone. Then, for any solutions x1
and x2 to (3), the function t 7→ ‖x1(t)− x2(t)‖ is nonincreasing.

Proof. It suffices to show that the real-valued function θ : R+ → R+ defined for
every t ≥ 0 by θ(t) = 1

2
‖x1(t) − x2(t)‖2, is nonincreasing. Since x1 and x2 are

solutions to (3), then respectively

β(t)f(x1(t), x2(t)) + g(x1(t), x2(t)) + 〈ẋ1(t), x2(t)− x1(t)〉 ≥ 0,

and
β(t)f(x2(t), x1(t)) + g(x2(t), x1(t)) + 〈ẋ2(t), x1(t)− x2(t)〉 ≥ 0.

By summing and using monotone condition (H2) on f and g, we obtain

θ̇(t) = 〈ẋ1(t)− ẋ2(t), x1(t)− x2(t)〉 ≤ 0,

and so the function θ is nonincreasing.

Theorem 2.9. Suppose that the bifunctions f and g satisfy conditions (H1)–
(H4) and the penalization function β : R+ → R⋆

+ is measurable with β̇ ∈ L∞
loc(R).

Assume moreover that for all λ > 0,

‖AΓt
λ u− AΓs

λ u‖ ≤ |β(t)− β(s)|
(
λmin

(
‖AΓt

λ u‖, ‖A
Γs
λ u‖

)
+ ‖u‖

)
, (11)

for all u ∈ K and for all s, t ≥ 0, where Γt(u, v) := β(t)f(u, v)+g(u, v), for t ≥ 0
and u, v ∈ K. Then, with initial value u0 ∈ K, problem (3) admits a unique
solution.

Proof. Fix λ > 0 and u0 ∈ K, we have JΓt
λ is Lipschitz continuous (see (8)),

and according to Lemma 2.7, there exists a unique solution denoted by uλ to the
following differential equation

u̇λ(t)+
1

λ
(uλ(t)− JΓt

λ uλ(t)) = u̇λ(t)+AΓt
λ uλ(t) = 0 with uλ(0) = u0 ∈ K. (12)
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Let T > 0, for t ∈ (0, T ), if h > 0 is sufficiently small, we have t, t + h ∈ [0, T ],
and therefore u̇λ(t) = −AΓt

λ uλ(t) and u̇λ(t+ h) = −AΓt+h

λ uλ(t+ h).
Using condition (11), we deduce

1

2

d

dt
‖uλ(t+ h)− uλ(t)‖2 = 〈u̇λ(t+ h)− u̇λ(t), uλ(t+ h)− uλ(t)〉

= 〈AΓt
λ uλ(t)− A

Γt+h

λ uλ(t+ h), uλ(t+ h)− uλ(t)〉

= 〈AΓt
λ uλ(t)− A

Γt+h

λ uλ(t), uλ(t+ h)− uλ(t)〉

+ 〈AΓt+h

λ uλ(t)− A
Γt+h

λ uλ(t+ h), uλ(t+ h)− uλ(t)〉

≤ 〈AΓt
λ uλ(t)− A

Γt+h

λ uλ(t), uλ(t+ h)− uλ(t)〉

− λ‖AΓt+h

λ uλ(t)− AΓt+h
λ uλ(t+ h)‖2

≤ ‖AΓt
λ uλ(t)− A

Γt+h

λ uλ(t)‖‖uλ(t+ h)− uλ(t)‖

≤ |β(t)− β(t+ h)|
(
λ‖AΓt

λ uλ(t)‖+ ‖uλ(t)‖
)
‖uλ(t+ h)− uλ(t)‖.

By integrating from 0 to t we have

1

2
‖uλ(t+ h)− uλ(t)‖2 ≤

1

2
‖uλ(h)− uλ(0)‖2+

+

∫ t

0

|β(s)− β(s+ h)|
(
λ‖AΓs

λ uλ(s)‖+ ‖uλ(s)‖
)
‖uλ(s+ h)− uλ(s)‖ds.

By [17, Lemma A.5], we conclude

‖uλ(t+h)−uλ(t)‖ ≤ ‖uλ(h)−u0‖+
∫ t

0

|β(s)−β(s+h)|
(
λ‖AΓs

λ uλ(s)‖+ ‖uλ(s)‖
)
ds,

and then multiplying by 1
h
, replacing AΓs

λ uλ(s) by −u̇λ(s) and letting h → 0, we
obtain: for a.e. t ∈ [0, T ]

‖u̇λ(t)‖ ≤ ‖u̇λ(0)‖+
∫ t

0

|β̇(s)| (λ‖u̇λ(s)‖+ ‖uλ(s)‖) ds

≤ ‖u̇λ(0)‖+ ‖β̇‖T,∞
∫ t

0

(λ‖u̇λ(s)‖+ ‖uλ(s)‖) ds.
(13)

Using uλ of (12), which satisfies for each t ∈ (0, T ), uλ(t) = u0 +
∫ t
0
u̇λ(s)ds, and

integrating on [0, t] the norm of this relation, we obtain∫ t

0

‖uλ(s)‖ds ≤ ‖u0‖T +

∫ t

0

s‖u̇λ(s)‖ds. (14)

Combining (13) and (14), we get for a.e. t ∈ [0, T ]

‖u̇λ(t)‖ ≤
(
‖u̇λ(0)‖+ ‖β̇‖T,∞‖u0‖T

)
+

∫ t

0

(
λ‖β̇‖T,∞ + s

)
‖u̇λ(s)‖ds; (15)
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and Gronwall’s lemma allows us to write, for a.e. t ∈ [0, T ],

‖u̇λ(t)‖ ≤
(
‖u̇λ(0)‖+ ‖β̇‖T,∞‖u0‖T

)
exp

(
(λ‖β̇‖T,∞ + T )T

)
.

According to [26, Lemma 2.5 (i)], we have ‖u̇λ(0)‖ = ‖AΓ0
λ u0‖ ≤ ‖(AΓ0)

◦
u0‖,

which leads, for all 0 < λ ≤ 1 and for a.e. t ∈ [0, T ], to

‖u̇λ(t)‖ = ‖AΓt
λ uλ(t)‖ ≤ C, where

C =
(
‖(AΓ0)

◦
u0‖+ ‖β̇‖T,∞‖u0‖T

)
exp

(
(‖β̇‖T,∞ + T )T

)
. (16)

To show that {uλ} is a Cauchy family in the Banach space C([0, T ], H) (as λ→ 0),
let us fix λ, µ > 0, and set, for a.e. t ∈ [0, T ], a(t) := d

dt
‖uλ(t)−uµ(t)‖2. We have

a(t) =
d

dt
‖uλ(t)− uµ(t)‖2 = −2〈AΓt

λ uλ(t)− AΓt
µ uµ(t), uλ(t)− uµ(t)〉.

Now, for every t ∈ [0, T ] and every θ ∈ {λ, µ}, write uθ(t) = θAΓt
θ uθ(t) + JΓt

θ uθ(t)
and obtain

〈AΓt
λ uλ(t)− AΓt

µ uµ(t), uλ(t)− uµ(t)〉

= 〈AΓt
λ uλ(t)− AΓt

µ uµ(t), λA
Γt
λ uλ(t)− µAΓt

µ uµ(t)〉+

+ 〈AΓt
λ uλ(t)− AΓt

µ uµ(t), J
Γt
λ uλ(t)− JΓt

µ uµ(t)〉.

Let us examine the term 〈AΓt
λ uλ(t)− AΓt

µ uµ(t), J
Γt
λ uλ(t)− JΓt

µ uµ(t)〉.

We have Γt(J
Γt
λ uλ(t), J

Γt
µ uµ(t))− 〈AΓt

λ uλ(t), J
Γt
µ uµ(t)− JΓt

λ uλ(t)〉 ≥ 0,

and Γt(J
Γt
µ uµ(t), J

Γt
λ uλ(t))− 〈AΓt

µ uµ(t), J
Γt
λ uλ(t)− JΓt

µ uµ(t)〉 ≥ 0.

By summing these two inequalities and using the monotonicity of Γt, we obtain

〈AΓt
λ uλ(t)− AΓt

µ uµ(t), J
Γt
λ uλ(t)− JΓt

µ uµ(t)〉 ≥ 0.

Thus a(t) ≤ −2〈AΓt
λ uλ(t)− AΓt

µ uµ(t), λA
Γt
λ uλ(t)− µAΓt

µ uµ(t)〉,

hence a(t) ≤ 2λ〈AΓt
λ uλ(t), A

Γt
µ uµ(t)〉+ 2µ〈AΓt

µ uµ(t), A
Γt
λ uλ(t)〉−

−2(λ‖AΓt
λ uλ(t)‖

2 + µ‖AΓt
µ uµ(t)‖2).

On the other hand, for θ, θ′ ∈ {λ, µ}

θ〈AΓt
θ uθ(t), A

Γt

θ′ uθ′(t)〉 ≤ θ‖AΓt
θ uθ(t)‖‖A

Γt

θ′ uθ′(t)‖

≤ θ‖AΓt
θ uθ(t)‖

2 +
θ

4
‖AΓt

θ′ uθ′(t)‖
2.
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Therefore, from (16) it follows that

d

dt
‖uλ(t)− uµ(t)‖2 = a(t) ≤ 1

2
(λ‖AΓt

λ uλ(t)‖
2 + µ‖AΓt

µ uµ(t)‖2) ≤
λ+ µ

2
C2,

which in turns leads to ‖uλ(t)− uµ(t)‖ ≤
(
λ+ µ

2
t

) 1
2

C.

Thus, {uλ} is a Cauchy sequence uniformly in t ∈ [0, T ]. Accordingly, {uλ}
converges to some limit u ∈ C([0, T ], H) with

‖uλ(t)− u(t)‖ ≤
(
λT

2

) 1
2

C for every 0 ≤ t ≤ T and λ > 0.

Now, from the estimate ‖JΓt
λ uλ(t) − uλ(t)‖ = λ‖AΓt

λ uλ(t)‖ ≤ λC, it results that
JΓt
λ uλ converges in C([0, T ];H) to u. Observe also that (16) implies that {u̇λ} is

also bounded in the Hilbert space L2(0, T,H), so it admits a subsequence weakly
converging to some w ∈ L2(0, T,H).

Passing to the limit in uλ(t) = u0 +

∫ t

0

u̇λ(s)ds we find that the limit is u̇ and

take into account the uniqueness of the weak limit we get that w = u̇.
Next, using the monotonicity of Γt and the convexity of Γt(v, .), at the limit in
the following inequality

Γt(J
Γt
λ uλ(t), v) + 〈u̇λ(t), v − JΓt

λ uλ〉 ≥ 0, ∀v ∈ K,

we obtain Γt(v, u(t)) ≤ lim inf
λ→0

Γt(v, J
Γt
λ uλ(t)) ≤ 〈u̇(t), v − u(t)〉.

Finally, thanks to Lemma 2.5, for a.e. t > 0, we get

Γt(u(t), v) + 〈u̇(t), v − u(t)〉 ≥ 0, ∀v ∈ K.

Consequently, u is a solution to (3).
For uniqueness, suppose that u, v are solutions of the differential equation (3),
and that u and v satisfy u(0) = v(0) = u0, then according to Lemma 2.8, the
function t 7→ ‖v(t) − u(t)‖ is nonincreasing, which means that, for every t > 0,
we have ‖v(t) − u(t)‖ ≤ ‖v(0) − u(0)‖ = 0. Thus u = v on R+, and then the
solution of (3) is unique.

The above condition (11) appears natural in the proof of Theorem 2.9. In the
next corollary, we give a particular case of bifunctions satisfying this condition.
The existence of solutions for the system (4) requires more effort.
Corollary 2.10. Suppose g satisfies (H1)–(H4) and let f(u, v) = 〈u, v − u〉, for
all u, v ∈ K. Then, for each u0 ∈ K, problem (3) with the initial condition
u(0) = u0 admits a unique (absolutely continuous) solution.
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Proof. We only need to verify condition (11). For t ≥ 0 and u, v ∈ K we have
Γt(u, v) := β(t)〈u, v − u〉 + g(u, v). So, by definition of the associated λ-Yosida
approximate to Γt, we get, for each t, s ≥ 0 and u ∈ K

Γt(J
Γt
λ u, J

Γs
λ u)− 〈AΓt

λ u, J
Γs
λ u− JΓt

λ u〉 ≥ 0,

and similarly Γs(J
Γs
λ u, J

Γt
λ u)− 〈AΓs

λ u, J
Γt
λ u− JΓs

λ u〉 ≥ 0.

By summing these two inequalities and using monotonicity of g we obtain

β(t)〈JΓt
λ u, J

Γs
λ u−J

Γt
λ u〉+β(s)〈J

Γs
λ u, J

Γt
λ u−J

Γs
λ u〉+〈AΓs

λ u−A
Γt
λ u, J

Γs
λ u−J

Γt
λ u〉 ≥ 0.

Since JΓs
λ − JΓt

λ = −λ(AΓs
λ − AΓt

λ ), then

λ‖AΓt
λ u− AΓs

λ u‖
2 ≤ β(t)〈JΓt

λ u, J
Γs
λ u− JΓt

λ u〉+ β(s)〈JΓs
λ u, J

Γt
λ u− JΓs

λ u〉

= 〈β(t)JΓt
λ u− β(s)JΓs

λ u, J
Γs
λ u− JΓt

λ u〉

= (β(t)− β(s))〈JΓt
λ u, J

Γs
λ u− JΓt

λ u〉 − β(s)‖JΓs
λ u− JΓt

λ u‖
2

≤ |β(t)− β(s)|.‖JΓt
λ u‖‖J

Γs
λ u− JΓt

λ u‖

≤ |β(t)− β(s)|
(
λ‖AΓt

λ u‖+ ‖u‖
)
λ(‖AΓt

λ u− AΓs
λ u‖).

Suppose AΓt
λ u 6= AΓs

λ u, otherwise the required estimate is trivially satisfied, then

‖AΓt
λ u− AΓs

λ u‖ ≤ |β(t)− β(s)|
(
λ‖AΓt

λ u‖+ ‖u‖
)
.

By the same way we also prove

‖AΓt
λ u− AΓs

λ u‖ ≤ |β(t)− β(s)|
(
λ‖AΓs

λ u‖+ ‖u‖
)
.

From the last two inequalities, we deduce that assumption (11) is satisfied.

3. Equilibrium Fitzpatrick transform

The notion of Fitzpatrick transform for equilibrium bifunctions was introduced by
Boţ and Grad [16] and developed by Alizadeh and Hadjisavvas in [4] by adapting
the original Fitzpatrick transform on monotone operators.
Given a monotone operator T ⊂ H ×H, the Brézis-Haraux transform (see [18])
GT : H ×H → R ∪ {+∞} associated to the operator T is defined by

GT (x, u) = sup
(y,v)∈T

〈x− y, v − u〉,

and the Fitzpatrick transform (see [31]) FT : H ×H → R ∪ {+∞} is defined by

FT (x, u) = sup
(y,v)∈T

{〈x, v〉+ 〈y, u〉 − 〈y, v〉} = GT (x, u) + 〈x, u〉.

As a supremum of continuous affine functions, FT is convex and lower semi-
continuous with respect to the couple (x, u). This property turns out to be an
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important tool through which convex analysis methods have been widely applied
to problems governed by maximal monotone operators (see for example [11, 50]
and the references therein).
For every (x, u) ∈ H ×H, one has FT (x, u) ≥ 〈x, u〉, and equality holds if, and
only if (x, u) ∈ T ; and thus the function GT is nonnegative and takes the zero value
on the graph of T . In many active researches, see for example [6, 14, 15], several
conditions have been formulated by means of the Fitzpatrick and the Brézis-
Haraux transforms in order to study the asymptotic convergence for monotone
inclusion problems.
Based on these notions of real transforms associated with monotone operators, the
authors of [4, 16] introduced the following definitions of Fitzpatrick and Brézis-
Haraux transforms associated with real equilibrium bifunctions.
Definition 3.1. Let f : K×K → R be a bifunction. The equilibrium Fitzpatrick
transform associated to f is the function Ff : K ×H → R ∪ {+∞} defined by

Ff (x, u) = sup
y∈K

{〈u, y〉+ f(y, x)}.

Similarly, the equilibrium Brézis-Haraux transform Gf is given by

Gf (x, u) = Ff (x, u)− 〈u, x〉.

Whenever f(y, .) is convex lower semicontinuous for all y ∈ K, then Ff is also
convex lower semicontinuous. By setting y = x in the definition of Ff , we first
remark that Ff (x, u) ≥ 〈u, x〉 for all (u, x) ∈ H×K, and then Gf is a nonnegative
function. As shown in [4, Theorem 3.2], if moreover the bifunction f is monotone
and maximal, then equality holds if and only if u ∈ Afx. The link between
monotonicity of f and the geometric property Ff (x, u) = 〈x, u〉 is investigated in
the following propositions.
Proposition 3.2. Let f : K ×K → R and K ′ = dom(Af ) ⊂ K.
(1) If f is monotone then Ff (x, u) = 〈u, x〉 for all x ∈ K ′ and all u ∈ Afx.
(2) Conversely, if Ff (x, u) = 〈u, x〉 for all x ∈ K ′ and all u ∈ Afx, then the

operator Af is monotone on K ′ and the bifunction f is relaxed monotone
on K ′, i.e., there is a nonnegative symmetric bifunction γ : K ′ ×K ′ → R+

such that γ(x, x) = 0 for each x ∈ K ′ and

f(x, y) + f(y, x) ≤ γ(x, y) ∀x, y ∈ K ′. (17)

(3) When, we suppose existence of some u ∈ H such that Ff (x, u) = 〈u, x〉 for
all x ∈ K = dom(Af ), we get f is monotone.

Proof. (1) We first remark that Ff (x, u) ≥ 〈u, x〉 for all (u, x) ∈ H × K. If
x ∈ K ′, u ∈ Afx and y ∈ K, we have f(x, y) + 〈u, x − y〉 ≥ 0, and then
〈u, x〉 ≥ 〈u, y〉 − f(x, y). Monotonicity of f implies 〈u, x〉 ≥ 〈u, y〉+ f(y, x), and
thus 〈u, x〉 ≥ supy∈K{〈u, y〉+ f(y, x)} = Ff (x, u).
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(2) To prove that the operator Af is monotone on K ′, fix x1, x2 ∈ K ′ and let
u1 ∈ Af (x1), u2 ∈ Af (x2). We have from the definition of the operator Af

f(x1, x2) + 〈u1, x1 − x2〉 ≥ 0 and f(x2, x1) + 〈u2, x2 − x1〉 ≥ 0.

By summing these two inequalities we obtain

〈u1 − u2, x1 − x2〉+ f(x1, x2) + f(x2, x1) ≥ 0. (18)

On the other hand, by hypothesis we have

Ff (x1, u1) = 〈x1, u1〉 and Ff (x2, u2) = 〈x2, u2〉,

which implies

〈u1, x2〉+ f(x2, x1) ≤ 〈x1, u1〉 and 〈u2, x1〉+ f(x1, x2) ≤ 〈x2, u2〉. (19)

Combining (18) and (19), we get 〈u1 − u2, x1 − x2〉 ≥ 0, and then the operator
Af is monotone on K ′.
Let x1, x2 ∈ K ′, u1 ∈ Afx1 and u2 ∈ Afx2, then Ff (x1, u1) = 〈x1, u1〉 and
Ff (x2, u2) = 〈x2, u2〉. By summing and using the definition of the function Ff we
obtain

f(x1, x2) + f(x2, x1) ≤ 〈u1 − u2, x1 − x2〉. (20)

According to Af is monotone, the right hand side of the last inequality is non-
negative, and then by setting γ(x, y) = inf

u∈Afx, v∈Afy
〈u− v, x− y〉, we get

f(x1, x2) + f(x2, x1) ≤ γ(x1, x2),

where γ is nonnegative symmetric on K ′ ×K ′ and equal to zero on the diagonal;
whence the result.
(3) Returning to (20) for x1, x2 ∈ K and noticing that u1 = u2 = u, we obtain
f(x1, x2) + f(x2, x1) ≤ 0, which concludes the proof.

Remark 3.3. From maximality of f , see (6), we have x ∈ K and u ∈ Afx imply
Ff (x, u) = 〈x, u〉; and then for a monotone and maximal bifunction f , we have
for every x ∈ dom(Af )

u ∈ Afx is equivalent to Ff (x, u) = 〈x, u〉.
Remark also that if x is in the domain of Af , then the monotonicity on f entails
f(x, x) = 0; in particular if dom(Af ) = K then (H2) ⇒ (H1).

Remark 3.4. Let J : K → R be a locally Lipschitz function, and consider fJ the
bifunction defined by fJ(x, y) = J0(x; y− x), where J0 is the generalized Clark’s
derivative of J . If J is quasiconvex (nonconvex), then AfJ is quasimonotone, i.e.,
for all x, y ∈ K, supx∗∈AfJ (x)〈x∗, y − x〉 > 0 implies supy∗∈AfJ (y)〈y∗, x− y〉 ≤ 0.
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Indeed, let x, y ∈ K and x∗ ∈ AfJ (x) such that 〈x∗, y − x〉 > 0.
Since x∗ ∈ AfJ (x), we have, for all v ∈ K, J0(x; v − x) ≥ 〈x∗, v − x〉, and hence
fJ(x, y) = J0(x; y − x) ≥ 〈x∗, y − x〉 > 0.
Since J is quasiconvex, following [2], then the subdifferential ∂cJ is quasimono-
tone, and therefore the bifunction fJ(x, y) = J0(x; y − x) is quasimonotone. We
deduce, for all y∗ ∈ AfJ (y), 〈y∗, x − y〉 ≤ J0(y;x − y) = fJ(y, x) ≤ 0, implying
that AfJ is quasimonotone. �
Remark 3.5. (1) For any nonconvex function J : K → R which is quasicon-
vex and locally Lipschitz, the result of Proposition 3.2 is not satisfied for the
bifunction fJ(x, y) = J0(x; y − x) since in this case fJ is only quasimonotone.
(2) One can also consult [3, Lemma 3.3, Remark 3.4] and [2, Example 3.4,
Example 3.5] for the case where the bifunction fJ satisfies all the conditions
(H1), (H3), (H4) except (H2) which can be replaced by the relaxed γ-monotonicity
condition (17), where γ(x, y) = c‖y − x‖δ with c, δ > 0.

Proposition 3.6. Let f : K×K → R be a monotone bifunction. Then, for each
(x, u) ∈ K ×H, Ff (x, u) ≤ f ∗

x(u).

Proof. Suppose that the bifunction f is monotone, i.e., f(y, x) ≤ −f(x, y) for
all y ∈ K, then

Ff (x, u) = sup
y∈K

{〈u, y〉+ f(y, x)} ≤ sup
y∈K

{〈u, y〉 − f(x, y)}

= sup
y∈H

{〈u, y〉 − fx(y)} = f ∗
x(u).

Example 3.7. To illustrate Propositions 3.2 and 3.6, we provide the following
example. Take K = R and f defined on R2 by

f(x, y) =

{
(x− y)y2 if y < 0

0 if y ≥ 0.

We have f(x, x) = 0 for all x ∈ R, and f(x, y) + f(y, x) > 0 if either x, y < 0
and x 6= y, or x ≥ 0 and y < 0, or x < 0 and y ≥ 0. We conclude that f is not
monotone on R2. We also get Af (x) = {0} if x ≥ 0 and Af (x) = {−x2} if x < 0;
then we have

Ff (x, u) = sup
y∈R

{uy + f(y, x)} =

{
0 if x ≥ 0 and u = 0

−x3 if x < 0 and u = −x2,

and

f ∗
x(u) = sup

y∈R
{uy − f(x, y)} =

{
0 if x ≥ 0 and u = 0

−x3 if x < 0 and u = −x2.

We conclude that Ff (x, u) = f ∗
x(u) for each (x, u) in the graph of Af , but f is

not monotone, which means that monotonicity is a sufficient condition but not
necessary in Proposition 3.6.



Z. Chbani, Z. Mazgouri, H. Riahi / From Convergence ... 247

This example illustrates also that the converse in Proposition 3.2(1) is false, since
Ff (x, u) = 〈u, x〉 for all x ∈ R and u ∈ Af (x), and f is not monotone; while the
assertion (2) is satisfied when taking γ(x, y) = (x−y)2|x+y| for each x, y ∈ R.

Proposition 3.8. If f(x, y) = ϕ(y)− ϕ(x) where ϕ : H → R ∪ {+∞} is convex
and lower semicontinuous with dom(ϕ) ⊂ K, then for (x, u) ∈ K ×H

Ff (x, u) = ϕ(x) + ϕ∗(u).

Proof. The required conclusion results from

Ff (x, u) = sup
y∈K

{〈u, y〉 − ϕ(y)}+ ϕ(x) = ϕ∗(u) + ϕ(x).

Proposition 3.9. Let f, g : K×K → R be two bifunctions, then for every λ > 0
and every (x, u) ∈ K ×H

(i) Fλf (x, u) = λFf

(
x, u

λ

)
and Gλf (x, u) = λGf

(
x, u

λ

)
;

(ii) Ff+g(x, u) ≤ inf
z∈H

{Ff (x, z) + Fg(x, u − z)} and similarly for the function
Gf+g.

Proof. (i) Let (x, u) ∈ K ×H and λ > 0, then

Fλf (x, u) = sup
y∈K

{〈u, y〉+ λf(y, x)} = λ sup
y∈K

{⟨u
λ
, y
⟩
+ f(y, x)

}
= λFf

(
x,
u

λ

)
.

Similarly

Gλf (x, u) = Fλf (x, u)− 〈x, u〉 = λ
[
Ff

(
x,
u

λ

)
−
⟨
x,
u

λ

⟩]
= λGf

(
x,
u

λ

)
.

(ii) Given u ∈ H and x ∈ K, we have

Ff+g(x, u) = sup
y∈K

{〈u, y〉+ f(y, x) + g(y, x)}

= sup
y∈K

{〈z, y〉+ 〈u− z, y〉+ f(y, x) + g(y, x)}, ∀z ∈ H

≤ sup
y∈K

{〈z, y〉+ f(y, x)}+ sup
y∈K

{〈u− z, y〉+ g(y, x)}, ∀z ∈ H

= Ff (x, z) + Fg(x, u− z), ∀z ∈ H.

Hence Ff+g(x, u) ≤ inf
z∈H

{Ff (x, z) + Fg(x, u− z)},

and by subtracting 〈x, u〉 to each member, we find the inequality for Gf+g.
Proposition 3.10. Let A⊂H×H be a monotone operator such that K⊂dom(A),
and f defined on K ×K by f(x, y) = supv∈Ax〈v, y − x〉.
Then, for each (u, x) ∈ H ×K, we have Ff (x, u) = FĀ(x, u) ≤ FA(x, u), where
FĀ is the Fitzpatrick transform associated to the operator Āx = Ax if x ∈ K and
Āx = ∅ otherwise.
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Proof. Let (u, x) ∈ H ×K, we have

Ff (x, u) = sup
y∈K

{〈u, y〉+ sup
v∈Ay

〈v, x− y〉} = sup
y∈K

sup
v∈Ay

{〈u, y〉+ 〈v, x〉 − 〈v, y〉}

= sup
(y,v)∈Ā

{〈u, y〉+ 〈v, x〉 − 〈v, y〉} = FĀ(x, u),

and

FA(x, u) = sup
y∈dom(A)

{〈u, y〉+ sup
v∈Ay

〈v, x− y〉}

≥ sup
y∈K

{〈u, y〉+ sup
v∈Ay

〈v, x− y〉} = FĀ(x, u).

Remark 3.11. The function f(x, y) = supv∈Ax〈v, y − x〉 as defined can reach
infinite values, so to make this proposition adequate we assume that A is locally
bounded on each point x ∈ K.

We conclude this section by a link between equilibrium Brézis-Haraux transform
and the resolvent of the associated bifunction.
Proposition 3.12. Suppose that f : K ×K → R satisfies (H1)–(H4). Then for
each (x, u) ∈ K ×H

Gf (x, u) ≥ ‖x− Jf1 (x+ u)‖2. (21)

Proof. Given (x, u) ∈ K × H. There exists a unique y = Jf1 (x + u) ∈ K by
Lemma 2.2 such that

f(y, ξ) + 〈x+ u− y, y − ξ〉 ≥ 0, ∀ξ ∈ K.

By taking ξ = x, we obtain f(y, x) + 〈u, y − x〉 ≥ ‖x− y‖2, and then

Gf (x, u) = sup
ξ∈K

{f(ξ, x) + 〈u, ξ − x〉} ≥ f(y, x) + 〈u, y − x〉

≥ ‖x− y‖2 = ‖x− Jf1 (x+ u)‖2.

4. Weak and strong convergence for asymptotic behavior

Throughout this section we assume that the solution set S of the problem (2) is
nonempty.

4.1. Dynamic Opial and Passty Lemmas

While usually the existence and uniqueness of such trajectories is guaranteed in
the framework of the Cauchy-Lipschitz theorem, their convergence (in a sense
to be specified) towards a solution of an adequate problem relies on Lyapunov
analysis.
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Recall now, the following
Lemma 4.1 (Opial Lemma). Let B be a nonempty subset of a Hilbert space H
and x : [0,+∞) → H. Suppose that:
(i) lim

t→+∞
‖x(t)− u‖ exists for each u ∈ B,

(ii) each sequential weak cluster points of {x(t)} belongs to B.
Then the weakly limit of x(t), when t goes to +∞, exists and belongs to B.

Lemma 4.2 (Opial-Passty Lemma, [44]). Let B be a nonempty subset of a Hil-

bert space H and x : [0,+∞) → H. Set X(t) =
1

t

∫ t
0
x(s) ds and suppose that:

(i) lim
t→+∞

‖x(t)− u‖ exists for all u ∈ B,

(ii) each sequential weak cluster points of {X(t)} belongs to B.
Then, {x(t)} satisfies the weak ergodic convergence in B, i.e., there exists x̄ ∈ B
such that w − lim

t→+∞
X(t) = x̄.

4.2. Weak ergodic convergence

In order to arrange the study of weak ergodic asymptotic behavior of the trajec-
tories in (3), we first analyze the convergence of the following general parametric
problem (4): Find x ∈ C0([0,+∞];K) such that

Γt(x(t), y) + 〈ẋ(t), y − x(t)〉 ≥ 0, ∀y ∈ K, for a.e. t ≥ 0,

where {Γt : K ×K → R, t ≥ 0} is a parametric family of monotone bifunctions.
This parametric family of bifunctions is said to be v-convergent to Γ∞, as t →
+∞, and we write Γ∞ = v − limt→+∞ Γt, if
(1) for every (x, u) ∈ K ×H such that Γ∞(x, y) + 〈u, x− y〉 ≥ 0, for all y ∈ K,

there exist (x(t)) ⊂ K and (u(t)) ⊂ H with x(t) → x and u(t) → u and
Γt(x(t), y) + 〈u(t), y − x(t)〉 ≥ 0 for all y ∈ K;

(2) if there exist tn → +∞, xn → x and un ⇀ u such that, for all y ∈ K, we
have Γtn(x(tn), y) + 〈u(tn), y− x(tn)〉 ≥ 0, then Γ∞(x, y) + 〈u, y− x〉 ≥ 0 for
all y ∈ K.

Remark that, see [1, Proposition 4.1], the v-convergence of a parametric family
of monotone bifunctions is equivalent to the strong convergence of the associate
resolvents, i.e.,

Γ∞ = v − lim
t→+∞

Γt ⇐⇒ ∀λ > 0, JΓt
λ y −→ JΓ∞

λ y, ∀y ∈ H (22)

⇐⇒ ∃λ0 > 0 such that JΓt
λ0
y −→ JΓ∞

λ0
y, ∀y ∈ H.

In the next proposition, we show that the v-convergence of a parametric family of
monotone and maximal bifunctions can be formulated in terms of the equilibrium
Brézis-Haraux transform.
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Proposition 4.3. Let {Γt : K ×K → R, t ≥ 0} be a parametric family of mono-
tone bifunctions. Let Γ∞ : K ×K → R be a monotone and maximal bifunction
such that

lim
t→∞

GΓt(z, p) = 0, ∀(z, p) ∈ AΓ∞ . (23)

Then, the parametric family {Γt} v-converges to Γ∞ as t→ +∞.

Proof. The proof of this proposition makes use of the equivalence (22), and then
it suffices to show that

s− lim
t→∞

JΓt
1 y = JΓ∞

1 y, for each y ∈ H.

Take y∈H arbitrary. By maximality of Γ∞ there exists a unique z1 = JΓ∞
1 y∈K

such that

Γ∞(z1, u) + 〈y − z1, z1 − u〉 ≥ 0, ∀u ∈ K, that is (z1, y − z1) ∈ AΓ∞ .

Set p = y − z1, we have (z1, p) ∈ AΓ∞ , and according to Proposition 3.12,

GΓt(z1, p) ≥ ‖z1 − JΓt
1 (z1 + p)‖2 = ‖JΓ∞

1 y − JΓt
1 y‖2;

which implies, by using (23), the strong convergence of the resolvents JΓt
1 y to

JΓ∞
1 y when t tends to infinity.

Now, we state our general weak ergodic convergence theorem for the first-order
nonautonomous continuous dynamical Ky Fan minimax inequality (4).
Theorem 4.4. Let Γ∞ : K × K → R be a bifunction that satisfies conditions
(H1)–(H4) such that SΓ∞ 6= ∅. Let us assume that

(C1)
∫ +∞

0

GΓt(z, p)dt < +∞, ∀(z, p) ∈ AΓ∞ . (24)

Then, for any solution x(.) of (4) there exists x̄ ∈ SΓ∞ such that

w − lim
t→+∞

1

t

∫ t

0

x(s)ds = x̄.

Proof. The proof relies on the Opial-Passty Lemma 4.2 applied with B = SΓ∞ .
We first show that for every z ∈ SΓ∞ , lim

t→+∞
‖x(t)− z‖ exists.

Set hz(t) = 1
2
‖x(t)− z‖2, then for almost every t > 0

dhz
dt

(t) = 〈ẋ(t), x(t)− z〉 ≤ Γt(x(t), z) ≤ sup
y∈K

Γt(y, z) = GΓt(z, 0).

From this inequality and assumption (24) at the point (z, 0), it follows that
(ḣz)+ ∈ L1(0,+∞), which implies that limt→+∞ hz(t) exists in R. This proves
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condition (i) of the Opial-Passty Lemma 4.2. For condition (ii), let us prove that
if X(tn) = (1/tn)

∫ tn
0
x(s)ds and X(tn) ⇀ z̄, for a sequence tn → +∞, then z̄

belongs to SΓ∞ . Fix (z, p) ∈ AΓ∞ , then for almost every t > 0

ḣz(t) + 〈p, x(t)− z〉 ≤ 〈p, x(t)〉+ Γt(x(t), z)− 〈z, p〉 ≤ GΓt(z, p).

After integrating on [0, tn] and dividing by tn, since hz(tn) ≥ 0, we deduce

〈p,X(tn)− z〉 ≤ hz(0)

tn
+

1

tn

∫ +∞

0

GΓs(z, p)ds ≤
c

tn
, (25)

where c = hz(0)+
∫ +∞
0

GΓs(z, p) ds which is, by condition (24), a positive number.
Passing to the limit in (25), as tn → +∞, we immediately obtain 〈p, z̄ − z〉 ≤ 0.
This being true for all (z, p) ∈ AΓ∞ , the maximal monotonicity of AΓ∞ allows us
to infer that (z̄, 0) ∈ AΓ∞ ; that is z̄ belongs to SΓ∞ . By Lemma 4.2, we conclude
the weak ergodic convergence of the trajectories of (4).

Remark 4.5. From the proof of Proposition 4.3, we deduce that Condition (24)
implies ∫ +∞

0

‖JΓt
1 y − JΓ∞

1 y‖2dt < +∞, ∀y ∈ H.

Hence, for all y ∈ H: ess- lim inft→+∞ ‖JΓt
1 y − JΓ∞

1 y‖ = 0.

Now we specify our general ergodic weak convergence result to the case of a struc-
tured bifunction of the form Γt = β(t)f + g where β : R+ → R⋆

+ is a measurable
function.
Theorem 4.6. Suppose f and g satisfy conditions (H1)–(H4). Suppose addition-
ally that for all u ∈ Sf and for all p ∈ NSf

(u)

(C2)
∫ +∞

0

β(t)

[
Ff

(
u,

p

β(t)

)
− σSf

(
p

β(t)

)]
dt < +∞. (26)

Then for every solution x(.) of (3) there is x̄ ∈ S such that

w − lim
t→+∞

1

t

∫ t

0

x(s)ds = x̄.

Proof. To apply Theorem 4.4, it suffices to prove assumption (24) with

Γt = β(t)f + g and AΓ∞(u) := Ag(u) +NSf
(u) = ∂gu(u) +NSf

(u)

for each u ∈ H. The conditions (H1)–(H4) for g guarantee maximal monotonicity
of the operator Ag, while the criteria R+(K − Sf ) is a closed linear subspace of
H realizes AΓ∞ is maximal monotone.
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Take u ∈ Sf and w ∈ AΓ∞(u) = (Ag + NSf
)(u). Let p ∈ NSf

(u) be such that
w − p ∈ Ag(u). In view of Proposition 3.9 and w − p ∈ Ag(u), we get

Gg+β(t)f (u,w) ≤ Gg(u,w − p) + Gβ(t)f (u, p) = Gβ(t)f (u, p) = β(t)Gf
(
u,

p

β(t)

)
.

We have for every u ∈ Sf and p ∈ NSf
(u), σSf

(p) = 〈p, u〉. Since σSf
is positively

homogeneous and β(t) ≥ 0 we get σSf

( p

β(t)

)
=

⟨ p

β(t)
, u
⟩

, and then

Gf
(
u,

p

β(t)

)
= Ff

(
u,

p

β(t)

)
−

⟨
u,

p

β(t)

⟩
= Ff

(
u,

p

β(t)

)
− σSf

(
p

β(t)

)
.

This equality, together with (26), yields Condition (24) for Γt = β(t)f + g, i.e.,∫ +∞

0

Gg+β(t)f (u,w)dt < +∞.

Applying Theorem 4.4, we conclude that x(t), the solution of (3), converges
weakly in average to some x̄ such that 0 ∈ AΓ∞(x̄) = Ag(x̄) +NSf

(x̄), i.e.,

∃ q ∈ NSf
(x̄) such that g(x̄, y) ≥ 〈−q, y − x̄〉, ∀y ∈ K.

Since q ∈ NSf
(x̄), for each y ∈ Sf , we have 〈−q, y− x̄〉 ≥ 0, and then g(x̄, y) ≥ 0,

∀y ∈ Sf , that is x̄ ∈ S.

Remark 4.7. In view of Proposition 3.6, we have

Ff

(
u,

p

β(t)

)
≤ f ∗

u

(
p

β(t)

)
.

Then (26) is assured under the condition that for all u ∈ Sf and for all p ∈ NSf
(u)

(C3)
∫ +∞

0

β(t)

[
f ∗
u

(
p

β(t)

)
− σSf

(
p

β(t)

)]
dt < +∞. (27)

This condition can be seen as a continuous version of condition (A) introduced
in [25].

4.3. Weak convergence

In this subsection, we show that when the parameter β(t) is assumed to tend to
+∞ and the bifunction g is demipositive, we obtain the weak convergence of the
trajectories of (3) to a solution of (2).
Using Opial’s Lemma 4.1, in order to prove weak convergence of {x(t)} to x ∈ S,
when t→ ∞, one of two main conditions is that each weak cluster point lies in S.
The key tool to prove this condition is demipositivity which was first introduced
in Bruck [20] for monotone operators and developed to bifunctions as follows.
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Definition 4.8. [26] A bifunction f : K × K → R is called demipositive on
C ⊂K if Sf (C) 6= ∅ and the conditions z ∈ Sf (C) (i.e., z ∈ C and f(z, u) ≥ 0
for all u ∈ C), {yn} ⊂ K converging weakly to y ∈ C and f(yn, z) → 0 imply
y ∈ Sf (C).

The following proposition gives examples for bifunctions with the demipositive
property.
Proposition 4.9. [26, Proposition 1] Consider the bifunction f : K × K → R
with Sf 6= ∅. Then each of the following conditions is sufficient for f : K×K → R
to be demipositive on K:
(i) f satisfies (H1)–(H4) and intSf 6= ∅;
(ii) f satisfies (H1)–(H4) and is 3-monotone, i.e., f(x, y) + f(y, z) + f(z, x) ≤ 0

for all x, y, z ∈ K;
(iii) f is α-strongly monotone for some α > 0, i.e., f(x, y)+f(y, x) ≤ −α‖x−y‖2

for each x, y ∈ K;
(iv) f verifies (H1)–(H4) and f is µ-cocoercive for some µ>0, i.e., for each x∈K,

f(x, ·) is differentiable and f(x, y)+f(y, x) ≤ −µ‖∇2f(x, x)−∇2f(y, y)‖2
for all x, y ∈ K.

We begin by the following nonlinear generalization of Gronwall’s inequality that
was given in [28, Theorem 23] and [37, p. 361].
Lemma 4.10. If u, f, ϕ are continuous and nonnegative functions on [0, T ],
0 < γ < 1, c > 0, and for all t ∈ [0, T ]

u(t) ≤ f(t) + c

∫ t

0

ϕ(s)uγ(s)ds.

Then, there exists ξ0 > 0 such that, for each t ∈ [0, T ]

u(t) ≤ f(t) + cξ0

(∫ t

0

ϕ
1

1−γ (s)ds

)1−γ

.

Theorem 4.11. Suppose f and g verify conditions (H1)–(H4), β is absolutely
continuous and consider x(.) a solution of (3).
(1) Then condition (26) on S (the solution set of (2)) implies limt→+∞ ‖x(t)−u‖

exists for every u ∈ S.
(2) If moreover limt→+∞ β(t) = +∞, β̇ ∈ L2(0;+∞) and that the operator Af

is bounded on bounded sets, then each sequential weak cluster point of {x(t)}
belongs to Sf .

(3) If, in addition to the above conditions, g is demipositive on Sf then there is
a solution x̄ ∈ S such that the whole trajectory {x(t)} weakly converges to x̄
as t→ +∞.
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Proof. Step 1. We first show that lim
t→+∞

‖x(t)− u‖ exists for all u ∈ S.

Fix u ∈ S and set hu(t) = 1
2
‖x(t) − u‖2, we have ḣu(t) = 〈ẋ(t), x(t) − u〉 and

0 ∈ (Ag +NSf
)(u). Let p ∈ NSf

(u) be such that −p ∈ Ag(u), then

g(u, x(t)) + 〈−p, u− x(t)〉 ≥ 0. (28)

If we set y = u in (3), we also have, for a.e. t > 0,

β(t)f(x(t), u) + g(x(t), u) + 〈ẋ(t), u− x(t)〉 ≥ 0. (29)

Thanks to the monotonicity of g, summing (28) and (29), we get

β(t)f(x(t), u) + 〈ẋ(t), u− x(t)〉 − 〈p, u− x(t)〉 ≥ 0,

and then for a.e. t > 0

ḣu(t) ≤ β(t)f(x(t), u)− 〈p, u− x(t)〉

≤ β(t)

[⟨
p

β(t)
, x(t)

⟩
+ f(x(t), u)−

⟨
p

β(t)
, u

⟩]
≤ β(t)

[
sup
x∈K

{⟨
p

β(t)
, x

⟩
+ f(x, u)

}
−

⟨
p

β(t)
, u

⟩]
≤ β(t)

[
Ff

(
u,

p

β(t)

)
−

⟨
p

β(t)
, u

⟩]
= β(t)

[
Ff

(
u,

p

β(t)

)
− σSf

(
p

β(t)

)]
.

Hence, for a.e. t > 0,

γ(t) := ḣu(t)− β(t)

[
Ff

(
u,

p

β(t)

)
− σSf

(
p

β(t)

)]
≤ 0. (30)

Now, the fact that x is absolutely continuous implies that hu is absolutely con-
tinuous; then, we have∫ +∞

0

|γ(t)|dt = −
∫ +∞

0

γ(t)dt

≤ 1

2
‖x(0)− u‖2 +

∫ +∞

0

β(t)

[
Ff

(
u,

p

β(t)

)
− σSf

(
p

β(t)

)]
dt < +∞,

which means γ ∈ L1(0,+∞). Since

Ff

(
u,

p

β(t)

)
− σSf

(
p

β(t)

)
≥ 0,

it follows from (30) and assumption (26) that ḣu ∈ L1(0,+∞). We conclude also
that lim

t→+∞
hu(t) exists in R.
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Step 2. We define, for t, s > 0, θ(t, s) = 1
2
‖x(t + s) − x(t)‖2. Consequently,

∂θ
∂t
(t, s) = 〈ẋ(t+ s)− ẋ(t), x(t+ s)− x(t)〉. Thanks to monotonicity of f and g,

∂θ

∂t
(t, s) ≤ β(t+ s)f(x(t+ s), x(t)) + β(t)f(x(t), x(t+ s))

≤ (β(t)− β(t+ s))f(x(t), x(t+ s)).

Integrating on (0, t) leads to

θ(t, s) ≤ θ(0, s) +

∫ t

0

(β(τ)− β(τ + s))f(x(τ), x(τ + s))dτ. (31)

For each τ ∈(0, t) and s 6= 0 sufficiently small, we get for some ξ(τ)∈Af (x(τ)),

f(x(τ), x(τ + s)) ≥ 〈ξ(τ), x(τ + s)− x(τ)〉.

Consider values of s approaching 0 from both the positive and the negative side.

Then lim
s→0

1

s
f(x(τ), x(τ + s)) = 〈ξ(τ), ẋ(τ)〉.

Multiplying (31) by 2
s2

and tending s to 0, we obtain

‖ẋ(t)‖2 ≤ ‖ẋ(0)‖2 − 2

∫ t

0

β̇(τ)〈ξ(τ), ẋ(τ)〉dτ ≤ ‖ẋ(0)‖2 + 2M

∫ t

0

β̇(τ)‖ẋ(τ)‖dτ,

where M = supt≥0 ‖ξ(t)‖ < +∞ since from the first step {x(t)} is bounded and
Af is bounded on bounded sets. We then apply Lemma 4.10 to conclude that for
some ξ0 > 0

‖ẋ(t)‖2 ≤ ‖ẋ(0)‖2 + 2Mξ
1
2
0

(∫ t

0

(β̇(τ))2dτ

) 1
2

, (32)

and then β̇(·) ∈ L2(0;+∞) leads to {ẋ(t)} is bounded.

Step 3. Now we show that each sequential weak cluster points of {x(t)} belongs
to Sf . Consider tn → +∞ such that x(tn) ⇀ x. We have for every y ∈ K and
for all n large enough

β(tn)f(x(tn), y) + g(x(tn), y) + 〈ẋ(tn), y − x(tn)〉 ≥ 0.

By using monotonicity of f and g, we get

β(tn)f(y, x(tn)) + g(y, x(tn)) ≤ 〈ẋ(tn), y − x(tn)〉, (33)

and then

f(y, x(tn)) ≤
−1

β(tn)
g(y, x(tn)) +

1

β(tn)
〈ẋ(tn), y − x(tn)〉. (34)
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Since ∂gy(y) 6= ∅, one can find x∗(y) ∈ H such that for every u ∈ K

g(y, u) ≥ 〈x∗(y), u− y〉 ≥ −‖x∗(y)‖ · ‖y − u‖.

Thus there exists γ(y) := ‖x∗(y)‖ > 0 such that

−g(y, x(tn)) ≤ γ(y).‖y − x(tn)‖, ∀n ∈ N.

Returning to (34), we can write

f(y, x(tn)) ≤
γ(y)

β(tn)
‖y − x(tn)‖+

1

β(tn)
‖ẋ(tn)‖.‖y − x(tn)‖. (35)

Using the fact that {ẋ(tn)} and {x(tn)} are bounded and β(tn) → +∞, we deduce
that f(y, x) ≤ 0 for all y ∈ K, and Lemma 2.5 leads to x ∈ Sf .

Step 4. Now we appeal to Lemma 4.1 applied to B = S to conclude that the
trajectory {x(t)} converges weakly to some x̄ ∈ S. Since item (i) of Lemma 4.1
results from Step 1, we only need to show that each sequential weak cluster point
x belongs to S. Consider tn → +∞ such that x(tn) ⇀ x, then our previous step
ensures x ∈ Sf .
Let us set a point z ∈ S. Since ḣz ∈ L1(0,+∞), ẋ(·) is bounded a.e. and x(·)
is absolutely continuous, then following lines of the proof of [20, Theorem 1], we
construct another subsequence {snk

} such that both |snk
− tnk

|, ‖x(snk
)−x(tnk

)‖
and ḣz(snk

) = 〈ẋ(snk
), x(snk

)− z〉 converge to 0.
Thus {x(snk

)} converges weakly to x ∈ Sf , and taking into account z ∈ S, x(·)
is a solution of (3), g is monotone and ḣz(snk

) → 0, we conclude that

0 = lim
k→+∞

ḣz(snk
) ≤ lim inf

k→+∞
g(x(snk

), z) ≤ lim sup
k→+∞

g(x(snk
), z)

≤ − lim inf
k→+∞

g(z, x(snk
)) ≤ −g(z, x) ≤ 0.

Observe also that g is supposed demipositive on Sf , then x ∈ S = Sg(Sf ). We
conclude from Lemma 4.1, the whole trajectory {x(t)} converges weakly to some
x̄ ∈ S, which completes the proof.

4.4. Strong convergence

To ensure strong convergence of the solution x(·) of (3), we need to strengthen
the monotonicity condition on the objective bifunction g.
Definition 4.12. The bifunction g : K ×K → R is said to be γ-strongly mono-
tone if there exists a continuous function γ : R+ → R+ with γ(s) > 0 whenever
s > 0, and γ(s) → 0 implies s→ 0, such that for all u, v ∈ K,

g(u, v) + g(v, u) ≤ −γ (‖u− v‖) . (36)

The inequality (36) is exactly φ-strong monotonicity with φ(u, v) = γ (‖u− v‖)
in the sense of [2, Definition 3.1].
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Remark 4.13. Let us first notice that every γ-strongly monotone bifunction is
also strictly monotone, i.e., g(u, v) + g(v, u) < 0 for every u, v ∈ K with u 6= v.
Also, every function γ : R+ → R+ which is increasing and continuous at the origin
with γ(0) = 0 must satisfy all conditions for γ in Definition 4.12.

Proposition 4.14. Suppose f and g satisfy conditions (H1)–(H4), and in addi-
tion Sf 6=∅ and g is γ-strongly monotone. Then (2) admits a unique solution x̄.

Proof. The uniqueness results from the strict monotonicity of g. For existence
it is enough to use [23, Theorem 4.3].

Theorem 4.15. Suppose f and g satisfy conditions (H1)–(H4), hypothesis (26)
is fulfilled by f , Sf 6= ∅ and in addition g is γ-strongly monotone. Then x(t), a
solution of (3), strongly converges to the unique solution x̄ of (2).

Proof. Because of the γ-strong monotonicity of g, the monotone operator Ag is
γ-strongly monotone, and the operator Ag + NSf

has the same property. As a
consequence, there exists a unique solution x̄ to the inclusion Ag(x̄)+NSf

(x̄)30,
and then there is some p ∈ NSf

(x̄) such that −p ∈ Ag(x̄) = ∂gx̄(x̄), i.e.,

g(x̄, y) + 〈−p, x̄− y〉 ≥ 0, ∀y ∈ K. (37)

By taking y = x(t) in (37), we obtain

g(x̄, x(t)) + 〈−p, x̄− x(t)〉 ≥ 0. (38)

If we set y = x̄ in (3), we also have

β(t)f(x(t), x̄) + g(x(t), x̄) + 〈ẋ(t), x̄− x(t)〉 ≥ 0. (39)

The first statement of Theorem 4.11 ensures the convergence of ‖x(t) − x̄‖ as
t → +∞. Summing (38) and (39) and using the γ-strong monotonicity of g,
there exists γ : R+ → R+ such that

β(t)f(x(t), x̄)− γ(‖x̄− x(t)‖) + 〈ẋ(t), x̄− x(t)〉+ 〈−p, x̄− x(t)〉 ≥ 0,

and then, for hx̄(t) =
1

2
‖x(t)− x̄‖2,

ḣx̄(t) + γ(‖x̄− x(t)‖) ≤ β(t)f(x(t), x̄)− 〈p, x̄− x(t)〉.

By a device similar to the first step in the proof of Theorem 4.11, we obtain

ḣx̄(t) + γ(‖x̄− x(t)‖) ≤ β(t)

[
Ff

(
x̄,

p

β(t)

)
− σSf

(
p

β(t)

)]
.

After integrating from 0 to +∞ the above inequality, and using assumption (26),
one obtains∫ +∞

0

γ(‖x̄−x(t)‖) dt ≤ hx̄(0)+

∫ +∞

0

β(t)

[
Ff

(
x̄,

p

β(t)

)
− σSf

(
p

β(t)

)]
dt < +∞,
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and since γ is continuous, we conclude lim inf
t→+∞

γ(‖x̄ − x(t)‖) = 0. In view of the

convergence of the hull family ‖x(t) − x̄‖ as t → +∞ and condition on γ, we
deduce that lim

t→+∞
‖x̄− x(t)‖ = 0, hence {x(t)} converges strongly to the unique

solution x̄, which concludes the proof.

5. Applications

5.1. Optimization in the lower-level problem.

We first apply our asymptotic behavior theorems to a Ky Fan minimax inequality
over the solution set of a convex minimization problem: f(x, y) := ψ(y)− ψ(x),
where ψ : K → R is a convex lower semicontinuous function, then f satisfies
(H1)–(H4), Sf = argminKψ, the minimum set of ψ on K, and (2) becomes:

Find x̄ ∈ argminKψ such that g(x̄, y) ≥ 0, ∀y ∈ argminKψ. (40)

Without loss of generality we assume minK ψ = 0. Set ψ(x) = ψ(x) if x ∈ K, and
ψ(x) = +∞ if x /∈ K, then argmin(ψ) = argmin(ψ), and ψ(x)−δargminKψ(x) ≤ 0
for all x ∈ H.
Using the reverse inequality for their Fenchel conjugates, we deduce immediately
ψ

∗
(p)− σargminKψ(p) ≥ 0 for all p ∈ H, and in view of Lemma 3.8, the condition

(26) becomes, for all u ∈ argminKψ and for all p ∈ NargminKψ(u):

(C4)
∫ +∞

0

β(t)

[
ψ

∗
(

p

β(t)

)
− σargminKψ

(
p

β(t)

)]
dt < +∞. (41)

As a consequence of Theorems 4.6 and 4.15, we deduce the weak ergodic conver-
gence and strong convergence results of Attouch and Czarnecki [7]. Consider the
following Multiscale Asymptotic Monotone Inclusion:

(MAMI) ẋ(t) + Ax(t) + β(t)∂ψ(x(t)) 3 0, (42)

where ψ : H → R ∪ {+∞} is a convex lower semicontinuous function such that
K = dom(ψ) is closed and A is a single valued monotone operator such that
K ⊂ dom(A), A+NargminKψ is a maximal monotone operator (see [48, 49]) and
S = (A+NargminKψ)

−1(0) 6= ∅. We have (42) is equivalent to

β(t) [ψ(y)− ψ(x(t))] + 〈Ax(t), y − x(t)〉+ 〈ẋ(t), y − x(t)〉 ≥ 0, ∀y ∈ K.

This is exactly (3) for f(x, y) = ψ(y)− ψ(x) and g(x, y) = 〈Ax, y − x〉.
Corollary 5.1. [7, Theorem 2.1 and Theorem 2.2]
(i) Under the conditions above and assumption (41), if x(.) is a solution of (42),

then w − lim
t→+∞

1

t

∫ t

0

x(s) ds exists and belongs to S.

(ii) If moreover A is strongly monotone, we confirm strong convergence of x(.)
to the unique solution in S.
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By taking β = 0, we obtain the Baillon-Brézis result, see [9], on the ergodic
convergence of generated semi-groups of contractions by maximal monotone op-
erators in Hilbert spaces.
Corollary 5.2. In addition to condition (41), where u is only taken on S, assume
that (a) β is absolutely continuous, (b) limt→+∞ β(t) = +∞, (c) β̇ ∈ L2(0;+∞),
(d) the operator ∇ψ is bounded on bounded sets and (e) the operator A is demiposi-
tive on argminKψ, i.e., z ∈ S 6= ∅, {yn} ⊂ K converging weakly to y ∈ argminKψ
and 〈Ayn, z − yn〉 → 0 imply y ∈ S.
Then the solution x(.) of (42) weakly converges to a solution x̄ ∈ S.

Corollary 5.2 confirms the importance of Theorem 4.11, since the weak conver-
gence of x(·) to a solution of (2) is only proved for hierarchical minimization
problems, see [7] for more details.
Consider, for C ⊂ K a nonempty closed convex set, the particular case

ψ(x) =
1

2
d(x,C)2 =

1

2
inf
y∈C

‖y − x‖2, ∀x ∈ K, then argmin(ψ) = C.

We conclude that for every p ∈ H, ψ∗
(p)−σC(p) = 1

2
‖p‖2, and then condition (41)

is equivalent to
∫ +∞
0

dt
β(t)

< +∞; which is satisfied for example with β(t) = (1+t)p

for every p > 1.

When ψ is convex lower semicontinuous and only ψ(x) ≥ 1
2
d(x,C)2, ∀x ∈ K,

we have ψ∗
(p) − σC(p) ≤ 1

2
‖p‖2 for every p ∈ R(NC), and then

∫ +∞
0

dt
β(t)

< +∞
ensures (41).
Example 5.3. Consider the case where C is the closed unit ball of the space
H = Rn, endowed with the euclidean norm ‖ · ‖, and ψ(x) = 0 if x ∈ C and
ψ(x) = 1

2
(‖x‖− 1)2 if x /∈ C. One has ψ(x) = 1

2
d(x,C)2, for every x ∈ Rn, which

ensures equivalence between
∫ +∞
0

dt
β(t)

< +∞ and (41).

Indeed, the relation ψ(x) = 1
2
d(x,C)2 is trivial whenever x ∈ C; otherwise

1
2
d(x,C)2 can be seen as constrained minimization convex problem:

min
v(y)≤0

u(y) where u(y) = 1

2

n∑
i=1

(yi − xi)
2 and v(y) =

n∑
i=1

y2i − 1. (43)

Considering the first-order optimality conditions for constrained convex optimiza-
tion, we have y realizes the minimum for (43) iff there exists µ ≥ 0 such that
∇u(y) + µ∇v(y) = 0 and µv(y) = 0. One concludes that µ = ‖x‖ − 1 > 0 and
y = 1

∥x∥x, and therefore

1

2
d(x,C)2 = u(y) =

1

2
‖y − x‖2 = 1

2
(‖x‖ − 1)2 = ψ(x).
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This proves ψ = 1
2
d(·, C)2 and the convexity of ψ. Also, argmin(ψ) = C and the

function ψ is continuously differentiable on Rn with

∇ψ(x) =

{
0 if x ∈ C(

1− 1
∥x∥

)
x if x /∈ C.

5.2. Optimization in the upper-level problem.

Here we apply our asymptotic behavior theorems to a convex minimization prob-
lem over the solution set of a Ky Fan minimax inequality:

Find x̄ ∈ Sf such that φ(x̄) ≤ φ(y), ∀y ∈ Sf , (44)

where φ : K → R is a convex lower semicontinuous function. Setting g(x, y) =
φ(y)−φ(x) for φ : H → R∪{+∞} a convex lower semicontinuous function such
that K = dom(φ) is closed, then g is 3-monotone and thus, see Prop. 4.9 (ii),
g is demipositive whenever the solution set S is nonempty. As a consequence
of Theorem 4.11, we obtain weak convergence of the solution x(.) of (3) to a
solution of (44) under conditions β(t) → +∞ and (26) on S. We therefore omit
the assumption

0 ≤ β̇(t) ≤ cβ(t) on [t0,+∞) for some t0 > 0 and c > 0,

used in [7, Theorem 3.1].
To ensure the strong convergence of the path x(t) to a solution of (44), we must
look for another function g, because this choice g(x, y) = φ(y)− φ(x) may never
be strongly monotone.
Set g(x, y) = φ′(x; y− x) = lim inft→0+

1
t
(φ(x+ t(y− x))− φ(x)), the directional

derivative. Let us note that when the convex function φ is continuous at x then

g(x, y) = φ′(x; y − x) = sup
ξ∈∂φ(x)

〈ξ, y − x〉

where ∂φ is the convex subdifferential of φ (we identify φ with φ(x) = φ(x) if
x ∈ K, and φ(x) = +∞ otherwise).
Lemma 5.4. Suppose φ is a strongly convex-like real-valued function on K, i.e.,
for some α > 0, for any x, y ∈ K, and any t ∈ [0, 1],

φ(ty + (1− t)x) ≤ tφ(y) + (1− t)φ(x)− αmin{t, 1− t}‖x− y‖. (45)

Then g is γ-strongly monotone (see Definition 4.12) with γ(t) = 2αt.

Proof. Take x, y ∈ K. Since for all t ∈ [0, 1], t(1−t) ≤ min{t, 1−t}, we conclude
from (45)

g(x, y) = φ′(x; y − x) = lim inf
t→0+

1

t
(φ(x+ t(y − x))− φ(x))

≤ lim inf
t→0+

(φ(y)− φ(x)− α(1− t)‖x− y‖) = φ(y)− φ(x)− α‖x− y‖.
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Similarly, we have g(y, x) = φ′(y;x− y) ≤ φ(x)−φ(y)−α‖x− y‖, and therefore
by summing these two inequalities, we deduce that the bifunction g is γ-strongly
monotone, where γ(t) = 2αt.

Using this lemma, we conclude that Proposition 4.14 and Theorem 4.15 are valid
for the function φ.

Corollary 5.5. Suppose Sf 6= ∅, condition (26) for f , and φ is strongly convex-
like. Then, the unique solution x̄ of (44) exists, i.e., S = {x̄}, and every solution
x(.) of (3) strongly converges to x̄.

5.3. Ky Fan minimax inequality under a saddle point constraint

Let H1, H2 be two real Hilbert spaces, U ⊂ H1 and V ⊂ H2 be nonempty closed
convex sets, and let L : U × V → R be closed and convex-concave, i.e., for each
(u, v) ∈ U × V the real functions L(., v) and −L(u, .) are convex and lower
semicontinuous.
Consider the saddle-point problem: Find (ū, v̄) ∈ U × V such that

(SP) L(ū, v) ≤ L(ū, v̄) ≤ L(u, v̄) for every (u, v) ∈ U × V, (46)

which is equivalent, see [29], to

max
v∈V

inf
u∈U

L(u, v) = min
u∈U

sup
v∈V

L(u, v) = L(ū, v̄).

By defining H = H1 ×H2, K = U × V and f : K ×K → R by

f((u, v), (u′, v′)) := L(u′, v)− L(u, v′), for each (u, v), (u′, v′) ∈ K, (47)

we see that problems (46) and (47) are equivalent; we denote the solution set of
(46) by SL. By Definition 3.1, we have for all (u, v), (u′, v′) ∈ K

Ff ((u, v), (u
′, v′)) = sup

(x,y)∈K
{〈u′, x〉+ 〈v′, y〉+ f((x, y), (u, v))}

= sup
(x,y)∈K

{〈v′, y〉+ L(u, y)− L(x, v) + 〈u′, x〉}

= sup
y∈V

{〈v′, y〉 − (−L((u, y))}+ sup
x∈U

{〈u′, x〉 − L(x, v)}

= (−L(u, .))∗(v′) + (L(., v))∗(u′),

and therefore the condition (26) is satisfied when ∀(u, v) ∈ Sf ,∀(p, q) ∈ NSf
(u, v),

(C5)
∫ +∞

0

β(t)
[
(−L(u, .))∗

( q

β(t)

)
+ (L(., v))∗

( p

β(t)

)
−

− σSf

( p

β(t)
,
q

β(t)

)]
dt < +∞. (48)
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Of course, we consider two single valued monotone operators A and B such that
K ⊂ dom(A)×dom(B), A×B+NSL

is a maximal monotone operator (see [48, 49])
and SV L the solution set of 0 ∈ Ax̄×Bȳ+NSL

(x̄, ȳ) is nonempty. By A×B, we
mean the operator defined for (u, v) ∈ H = H1 ×H2 by A×B(u, v) = Au×Bv.
When the monotone operator A × B + NSL

is again maximal, then (x̄, ȳ) is in
SV L, if and only if,

(x̄, ȳ) ∈ SL and 〈Ax̄, u− x̄〉+ 〈Bȳ, v − ȳ〉 ≥ 0, ∀(u, v) ∈ SL.

By setting g((u, v), (u′, v′)) :=〈Au, u′−u〉+ 〈Bv, v′− v〉, for all (u, v), (u′, v′)∈K,
we see that (3) becomes

(EDSP)


for all (u, v) ∈ U × V, for a.e. t > 0

〈ẋ(t), u− x(t)〉+ 〈ẏ(t), v − y(t)〉+ 〈Ax(t), u− x(t)〉+
+ 〈By(t), v − y(t)〉+ β(t)(L(u, y(t))− L(x(t), v)) ≥ 0.

(49)

In this case Theorems 4.6, 4.11 and 4.15 can be summarized as follows
Corollary 5.6. Suppose (x(t), y(t)) is a solution of (49) and (48) is satisfied,
then for t→ +∞ the weak limit of 1

t

(∫ t
0
u(s) ds,

∫ t
0
v(s) ds

)
exists and realizes a

solution in SV L. The weak convergence is ensured when moreover β is absolutely
continuous, limt→+∞ β(t) = +∞, β̇ ∈ L2(0;+∞) and A × B is demipositive on
SL. Also (x(t), y(t)) strongly converges to the unique element of SV L if in addition
A×B is strongly monotone on K.

We note that this result extends Theorem 2.1 and Theorem 2.2 in [7], from
monotone variational inequalities over the set of solutions for convex minimization
problem, to variational problems constrained by the saddle points of a convex-
convave function.
Here is an example where the condition (48) is verified for a non bilinear form.
Example 5.7. Take K = [0, 1]× [0, 1] and L the closed convex-concave function
defined on K by L(u, v) = u2(1 + v). Then the set of saddle points of L, which
is also the solution set Sf , is Sf = {0} × [0, 1]. We also have

(p, q) ∈ N({0}×[0,1])(0, v) ⇔ (p, q)(s, t− v) ≤ 0, ∀ (s, t) ∈ ({0} × [0, 1])

⇔ q(t− v) ≤ 0, ∀t ∈ [0, 1];

and then NSf
(0, 0) = R× R−, NSf

(0, 1) = R× R+

and NSf
(0, v) = R× {0} for every v ∈]0, 1[.

To ensure (48), we verify

σSf

(
p

β(t)
,
q

β(t)

)
= sup

v∈[0,1]

{
v
q

β(t)

}
=

{ q

β(t)
if q > 0

0 if q ≤ 0,
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(−L(0, .))∗
(

q
β(t)

)
= sup

0≤s≤1

{
q

β(t)
s

}
=

{ q

β(t)
if q > 0

0 if q ≤ 0,

and (L(., v))∗
(

p
β(t)

)
= sup

0≤s≤1

{
p

β(t)
s− (1 + v)s2

}
=

p2

4(1 + v)β(t)2
. Thus

∫ +∞

0

β(t)

[
(−L(u, .))∗

(
q

β(t)

)
+ (L(., v))∗

(
p

β(t)

)
− σSf

(
p

β(t)
,
q

β(t)

)]
dt

=
p2

4(1 + v)

∫ +∞

0

dt

β(t)
;

and then (48) is satisfied, whenever
∫ +∞

0

dt

β(t)
< +∞.

5.4. Numerical examples

All our examples were implemented in Scilab version 5.5.2 as an open source
software.

5.4.1. Example 1. (Unique global solution)

Let us first consider a hierarchical convex minimization problem:

(M) minimize φ(x) under constraint x ∈ argmin(ψ), (50)

Set K = R2, φ(x) = 1
2
xTBx where B =

[
4 1
1 2

]
and ψ(x) = 1

4
(x1 + x2 − 4)2.

The minimum set of ψ on R2 is C = ∇ψ−1(0, 0) = {(x1, x2) ∈ R2 : x2 = 4−x1}
since ψ is convex. To check the condition (26), we calculate 1

2
d(x,C)2 where

d(x,C) = infy∈C ‖y − x‖2 and ‖(x1, x2)‖2 :=
√
x21 + x22. For x = (x1, x2) ∈ R2,

we have

d(x,C)2 = inf
y1∈R

(
(y1 − x1)

2 + (y1 + x2 − 4)2
)
= inf

y1∈R
α(y1).

Since α(t) = (t− x1)
2 + (t+ x2 − 4)2 is strongly convex and

α′(ȳ1) = 2(2ȳ1 + x2 − 4− x1) = 0 ⇔ ȳ1 =
1

2
(x1 − x2 + 4),

we get d(x,C)2 = α(ȳ1) = (ȳ1 − x1)
2 + (ȳ1 + x2 − 4)2 = 2ψ(x), which yields

ψ(x) = 1
2
d(x,C)2; and then the condition (26) is equivalent to

∫ +∞
0

dt

β(t)
< +∞.

In the particular case β(t) = (1+ t)a lnb(1+ t) where (a > 1 and b ∈ R) or (a = 1
and b > 1), we have (26) is satisfied and limt→+∞ β(t) = +∞.
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The associate (3) to problem (M) can be expressed as : x(0) = (x01, x
0
2) and for

a.e. t ≥ 0 {
ẋ1(t) = −(4x1(t) + x2(t))− β(t)

2
(x1(t) + x2(t)− 4)

ẋ2(t) = −(x1(t) + 2x2(t))− β(t)
2
(x1(t) + x2(t)− 4).

Note that the objective function φ is strongly convex, since its Hessian is positive,
because the corresponding two eigenvalues 3 +

√
2 and 3 −

√
2 are positive. So

it is more convenient to take g(x, y) = 〈∇φ(x), y − x〉 in order to get the strong
monotonicity of g. In this case, when

∫ +∞
0

(1/β(t)) dt < +∞, we use Theorem
4.15 to conclude the convergence of x(t) to the unique solution x̄ = (1, 3) of (M).

t x1(t) x2(t) ∥x(t)− x∥2

1 1 1 2.
2 0.2485553 0.6547854 2.4626613
3 0.2957831 0.7965406 2.3132563
4 0.3248042 0.9054741 2.2006654
5 0.3460741 0.9865067 2.1170202
6 0.3631922 1.0492516 2.0520584
7 0.3774884 1.0998038 1.9995665
8 0.3896911 1.1418189 1.9558409
9 0.4002801 1.1775742 1.9185671

10 0.4095936 1.2085649 1.8862183

t x1(t) x2(t) ∥x(t)− x∥2

1 1 1 2.
2 0.5222591 1.2396184 1.8240558
3 0.5654713 1.5198361 1.5426278
4 0.6108087 1.7107616 1.3467018
5 0.6492347 1.8551104 1.1974174
6 0.6810814 1.9695277 1.0786947
7 0.7076983 2.0628006 0.9817245
8 0.7302337 2.1404019 0.9009344
9 0.7495494 2.2060201 0.8325440

10 0.7662861 2.2622559 0.7738789
β(t) = ln(1 + t) β(t) = 1 + t

t x1(t) x2(t) ∥x(t)− x∥2

1 1 1 3.1622777
2 0.8539118 1.9507792 2.
3 0.8794178 2.379629 1.0593422
4 0.9075807 2.5925882 0.4177628
5 0.9290292 2.712801 0.2958379
6 0.9444542 2.7870605 0.2200650
7 0.9555965 2.8360313 0.1698746
8 0.9638034 2.8699681 0.1349759
9 0.9699831 2.8944221 0.1097620

10 0.9747348 2.9126086 0.0909703
β(t) = (1 + t)2

x̄ = (1, 3) is the unique solution of (M)
φ(x) = 2x21 + x1x2 + x22
ψ(x) = 1

4
(x1 + x2 − 4)2

For a two levels hierarchical minimization problem
the convergence is faster when asymptotic exterior
penalization coefficient β(t) is stronger at infinity.

5.4.2. Example 2. (Non variational Ky Fan minimax inequality)

Set K = R2 and consider the bifunctions: for each x = (x1, x2), y = (y1, y2) ∈ K,
f(x, y) = ψ(y) − ψ(x), for ψ(x) = 1

2
d(x,C)2 and C is the closed unit ball (see

Example 5.3), and g(x, y) = − (x21 − x1y1 − x2y2 + x22)− x41 + x1y2 − x2y1 + y41.
Then g is strongly monotone, since g(x, y) + g(y, x) = −‖y − x‖2, ∀x, y ∈ K.
Moreover, for every x ∈ K, g(x, x) = 0 and g(x, ·) is convex and continuously
differentiable, since for every x, y ∈ K,

∇yg(x, y) =

(
x1 − x2 + 4y31

x1 + x2

)
and ∇2

yg(x, y) =

(
12y21 0
0 0

)
.
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Now, we are going to attain the unique solution x of the Ky Fan minimax in-
equality:

Find x ∈ C such that g(x, y) ≥ 0 for every y ∈ C,

by studing the asymptotic behavior of the trajectories of the system:
ẋ(t) +∇yg(x(t), x(t)) + β(t)∇ψ(x(t)) = 0,

which is equivalent to ẋ1(t) = −β(t)max
(
0, 1− 1

∥x(t)∥

)
x1(t)− (x1(t) + 4x31(t)− x2(t))

ẋ2(t) = −β(t)max
(
0, 1− 1

∥x(t)∥

)
x2(t)− (x1(t) + x2(t)).

Since all conditions are satisfied, Theorem 4.11 ensures, for every starting point
x0, convergence of x(t) (when t→ +∞) to the solution of the problem (BFMI).

t x1(t) x2(t) ∥x(t)− x∥2

1 -1 1 1.4142136
2 0.0693421 0.1717814 0.1852490
3 0.0190993 0.0037046 0.0194553
4 0.0011004 - 0.0011523 0.0015933
5 - 0.0000251 - 0.0001037 0.0001067
6 - 0.0000057 - 0.0000020 0.0000060
7 - 0.0000002 0.0000002 0.0000003
8 1.390D-09 1.309D-08 1.316D-08
9 4.537D-10 2.221D-10 5.051D-10

10 - 2.812D-11 - 3.150D-11 4.222D-11

t x1(t) x2(t) ∥x(t)− x∥2

1 -1 1 1.4142136
2 0.0134318 0.0358715 0.0383038
3 0.0004159 0.0000898 0.0004255
4 0.0000012 0.0000012 0.0000017
5 - 5.953D-10 - 2.498D-09 2.568D-09
6 1.124D-11 2.518D-11 2.757D-11
7 5.798D-12 8.187D-12 1.003D-11
8 4.344D-12 6.127D-12 7.511D-12
9 2.890D-12 4.068D-12 4.989D-12

10 1.436D-12 2.008D-12 2.468D-12
β(t) = ln(1 + t) β(t) = 1 + t

t x1(t) x2(t) ∥x(t)− x∥2

1 -1 1 1.4142136
2 - 0.0000467 0.0003831 0.0003859
3 6.129D-10 8.835D-10 1.075D-09
4 - 6.853D-12 - 8.991D-12 1.130D-11
5 - 2.264D-12 - 2.969D-12 3.734D-12
6 - 1.488D-12 - 1.929D-12 2.436D-12
7 - 4.085D-12 - 5.295D-12 6.687D-12
8 - 4.272D-12 - 5.537D-12 6.993D-12
9 - 3.987D-12 - 5.168D-12 6.527D-12

10 - 3.702D-12 - 4.799D-12 6.061D-12
β(t) = (1 + t)2

x = (0, 0) is the limit point of x(t)
f(x, y) = 1

2

(
d(y,B)2 − d(x,B)2

)
g(x, y) = −

(
x21 − x1y1 − x2y2 + x22

)
−

(
x41 − x1y2 + x2y1 − y41

)
Here, for a nonvariational Ky Fan minimax

inequality, convergence is faster and similar when
β(t) = ln(1 + t), (1 + t) and (1 + t)2.

5.4.3. Example 3. (Non unique global solution)

When choosing ψ as in Example 1 and the convex function

φ(x) = (x1 + x2)
2 =

1

2
xTBx with B =

[
1 1
1 1

]
,

we then have that φ is not strongly convex, since the lines of B are collinear, and
the minimum set of ψ is C = {(x1, x2) ∈ R2 : x2 = 4− x1}.
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Note that φ is constant on C, and then the solution set of the hierarchical mini-
mization problem (M) is the whole line S = {(x1, x2) ∈ R2 : x2 = 4−x1}. In this
case, we obtain the convergence of (3) with a similar quickness to that of Example
1. However, each solution limit x̄ depends on x(0) = (x01, x

0
2), the starting point,

and further even if the starting point (1, 4) is the same for different functions β
we also attain different solutions in C. Hence the limit points of x(t) depends on
the starting point and the choice of the penalization function β(t).

6. Conclusion and perspective

This paper studied the asymptotic behaviour of trajectories of a general dynamical
equilibrium system (4) where the associate monotone equilibrium bifunctions are
nonautonomous. As t goes to +∞, we only proved the weak ergodic convergence
of such trajectories to an equilibrium point of an appropriate limit bifunction Γ∞.
This system in the particular model (3), where Γt(x, y) = β(t)f(x, y) + g(x, y)
is an asymptotic exterior penalization with coefficient β(t), allowed us to prove
under one of the conditions (C2)−(C5) (equations (26), (27), (41), (48)), the weak
and strong convergences of trajectory to one solution of (2).
We observe that results obtained in Section 4 can be applied to reach the solution
of different hierarchical problems. We treated some particular cases in Section
5, where we applied the asymptotic behavior theorems to a Ky Fan minimax in-
equality over the solution set of a convex minimization problem and also over the
solution set of a convex-concave saddle point problem. Conversely, we consid-
ered a convex minimization problem over the solution set of a Ky Fan minimax
inequality. We also justified, for the case where f(x, y) = 1

2
d(y, C)2 − 1

2
d(x,C)2,

that condition (41) is equivalent to
∫ +∞
0

dt
β(t)

< +∞, and depends only on β(t).
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Numerical results illustrated that with a suitable choice of the parameters, the
convergence conditions are satisfied and the proposed trajectories succeeded in
approximating a solution of the proposed bilevel hierarchical Ky Fan minimax
problem.
Finally, we note that several extensions of our main results may be analyzed. An
interesting direction of future research is to see if the existence of solutions for
(3), remains valid for (4). In Section 3, we initiated an analysis of the relationship
between the monotonicity of a real bifunction f and its associate equilibrium Fitz-
patrick transform, as well of some properties of these transforms in Propositions
3.8, 3.9 and 3.10. In Remarks 3.4 and 3.5, we also started a direction for future
research works related to the relationship between the nonmonotone bifunctions
and the associate operators, see the work of [2, 3, 4, 16, 31, 32]. Another interest-
ing question is whether convergences of trajectories for the asymptotic behavior
of the proposed dynamic systems don’t require one of the conditions (C2)− (C5)?
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