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We present complete mathematical statements and perform detailed investigations of the min-
imax estimation problems of unknown data for the Helmholtz transmission problems from
indirect noisy observations of their solutions. We construct optimal, in certain sense, estimates,
which are called minimax mean-square estimates, of the values of linear functionals from un-
known data. It is established that when unknown data and correlation functions of errors in
observations belong to special sets, the minimax mean square estimates are expressed via so-
lutions to certain transmission problems for systems of Helmholtz equations. We prove that
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sults are proposed including applications to the problems with incomplete data and pointwise
observations.
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1. Introduction

Determination of electromagnetic or acoustic fields is reduced to the solution of
boundary value problems (BVPs) for the Maxwell or Helmholtz equations where
the parameters of sources and frequencies are given. Otherwise, additional data
are required for the determination of unknown quantities. The latter constitute
inverse problems in the classical meaning, they have ill-posed nature and are
investigated by many authors.

We study the wave fields in different domains generated by unknown sources
that may be situated both inside the domains and on their boundaries. The
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inverse problems in question differ from known classical settings and are reduced
to finding the estimates of the right-hand sides of the Helmholtz equations and
the boundary conditions under the assumption that they belong to certain subsets
of appropriate function spaces. This forms the essence of the proposed technique
for the analysis of inverse problems employing optimal estimations.

From the observations of unknown fields or from their linear transformations at
certain points or subdomains of the considered domain perturbed by additive
random noises, we find optimal estimates both for unknown right-hand sides
of the equations entering the BVPs and for the linear functionals from them.
In other words, we look for the estimates in the class of linear estimates with
respect to observations, for which the maximal mean square error taken over all
the realizations of perturbations from certain given sets takes its minimal value.
Such estimates are called the minimax mean square or guaranteed estimates.

In the present paper we show that, under some restrictions on the right-hand sides
of the equations entering the statement of Helmholtz transmission problems and
on the statistical characteristics of observations errors, the linear mean square
estimates and estimation errors are expressed via solutions to certain well-posed
problems.

Note that the minimax estimation problem of linear functionals from solutions
to transmission problems for the Helmholtz equation with inexact data was in-
vestigated in [5] and [7]. Neumann boundary value problems for the Helmholtz
equation and for pointwise observations similar estimation problems were studied
in [6].

For some other types of partial differential equations such an approach was applied
in [8] and [9] for obtaining the minimax mean square estimates of their unknown
solutions and right-hand sides.

2. Statement of the estimation problem

Assume that in bounded subdomains € , j; = 1,...,my, and Q3,, jo = 1,...,ma,
of domains D and R" \ D, respectively, the following functions are observed

y]ll(x) :lelwl(l')‘l— ]1‘1(17)7 l’eﬂ}l, jl :17"'7m17 (1)
2 2 2 2 o
ys, () = Choa(x) + &5, (), €8, ja=1,...,ma. (2)
Here D € R", n = 2,3, is a bounded domain with smooth boundary I' of class

C?, C’; c E(LZ(Q}i),LQ(Qé-i)), i = 1,2, are linear continuous operators, ¢; and
9 correspond to a transmission problem for the Helmholtz equation

—(A + k)p1(x) = fi(z) in D, (3)
—(A + k3)pa(x) = fo(z) in R\ D, (4)

Hapa — pipr = g1 on I (5)
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Opy  0p1 _
w oy b o
%02 hagr = ofL/r"I), 1 = la], = o0, ™

where v is the unit normal to I' drawn in the direction from D to R™\ D, f; and
f2 are unknown source terms distributed, correspondingly, in bounded domains
D and Dy € R*\ D, g; and g, are unknown functions on I', & () are the

choice functions of unknown random complex-valued fields &j, (z) = &, (w, ) and
2 (w, ). In addition, fi, fa, g1, g2, and &}, are assumed to be such that

F :(f17f27g1792)6007 5:: (5117"'75;17637"'75312)GGl; (8)

where
Go 2:{F = (f1, f2, 31, G2) : 1€ LA(D), fo€ L*(Dy), g1 € H¥*(T), g.€ H'*(T),
/ A= W= D@ et [ Qulfs = @~ B de

/Qs 91— 9) (5 — ¢} dF+/Q4 G2 — 95) (g2 — gS)dFSel},

c1

and G; denotes the set of random variables £ = (511, vy &Gy ml,él, . 327
. ,53,12) with values in the Hilbert space!
H:=L*Q) x - x L*(,) x L*() x --- x L*(Q2,)
whose components have zero means, Egl = 0, and Eéi = 0, with finite se-

cond moments EH and ]EH and unknown correlation functions

”L2 Ql HLZ Q2

R} (z,y) = E jll(:v) Jll(y) and R?Q(:c,y) =E ]22(513) W), gi=1,...my 0 = 1,2,
satisfying the condition

Z Z/ (r;l (m))2}~%;l (x,2)dr < €. (9)

Here f0 € L*(D,) f9 € L*(Dy,) ¢ € H*?(T), and g3 € H'?(T") are prescribed
functions, Q1, Q2, and Q3, Q4 are Hermitian positive definite operators in L?(D),

f u is an element belonging to the Hilbert space H of the form u = (ui,...,ul, ,u?, ... u2 )

s Yoo
then its norm is defined by

mo 1/2
|u||H—{Z/ jl |2dx+2/ |“g2 z)2d } .

Jj1=1 jo=1
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L*(Dy), and L*(T'), respectively, Q5" is such that it maps the space H'/2(T") into
itself, and 7’;1(1') are the functions continuous on the sets Qéu Ji = 1,...,m;,
1 = 1,2, which do not vanish there, ¢, > 0, & = 1,2, are given constants. We
also assume that k; and ko, py and ps are given nonzero complex numbers with
Im ki, Im ky > 0, such that
2
p = Hl—]fl e R,

piok3
where p > 0 (< 0) if RekjReks > 0 (< 0), It can be shown, using the results
by R.Kress and G.F.Roach [2], that under our assumptions problem (3)—(7) is
uniquely solvable and ¢; € H?(D) and ¢, € HZ (R™\ D).2

loc

Let [y, ls, I3, and I4 be given functions such that [; € LQ(D), [ has a compact
support Dy C R*\ D, I, € L?(Dy), and I3,1; € L*(T"). The problem of estimation
consists in the following. From observations (1) and (2) of the state of the system
described by BVP (3)—(7) under conditions (8) it is necessary to estimate the
quantity

F) = [ W@t do+ [

Do

Iy(z) fa(x) d$+/rl3g1dr+/rl492dr (10)

in the class of the estimates linear with respect to observations which have the
form

mi m2
I(F) = Z/m u;l(x)y;l(:cHZ/m ul (2)y2, (z) da + ¢, (11)
Ji=1 J1 j2=1 J2

where uél € LQ(Q;-I,), ji=1,...,m;, 1=1,2, ¢ € C. An estimate

lf\l?) = Z /Ql &}1(95)3/;-1 (x) + Z /92. ﬁ?Q(x)ny(x) do + ¢ (12)

j1=1

is called a minimaz mean square or gquaranteed estimate of the [(F') if an element

wi=(ul,... ,u,lnl, u?, ... ,ufw) € H and a number ¢ € C are determined from the
condition
- _ o oa
ueg’lceca(u, c) =o(u,c),
where o(u,¢)= sup E|I(F)—1(F)]?,
FeGo,€€Gy
(F) =" /Q o, BIAGEDY /Q ol (2)72 () dz + ¢, (13)
J1=1""%1 Jo=1""%3

g, (2) = Cj,¢1(2) + &, (), weq

i i1 1 jlzl,...,ml,

g]22(x) = 0]22927§<I'> +g]22(x)7 X e 9?2, j2 - 17 “e ,m2,

2Here, we denote by H*(T), s > 0, H™(D), and H{".(R™ \ D), m > 0, usual Sobolev spaces in
the corresponding sets.
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(¢1, P2) satisfies problem (3)(7) when fi = fi, fo = fo, g1 = §1, g2 = §o. The
quantity o := [o(@,¢)]Y/? is called error of the minimaz estimation.

Thus, a minimax estimate is an estimate minimizing the maximal mean-square
estimation error calculated for the worst-case realization of the perturbations.

3. Main results

For any fixed u € H we introduce z;(-;u) € H*(D) and 25(- ;u) € H2 (R™\ D) as
solution functions of the following transmission problem:

(A + k)zi(z5u) = Z Xa (2)(C),) uj (), @ €D, (14)
(A + &3)zo(wyu) = ZX%( 2)(C}) " uj, (x), x € R"\ D, (15)
zo(;u) —z1(;u) =0 on T, (16)

_ Oz(-5u)  _ O0zi(hu)
fu—p " T = 0 on T (17)
822g;? u) +ikozy (i u) = o(1/r™= V) r=1z|, r— o0, (18)

where (C]Z)* is the operator adjoint of C;i, jgi=1,...,m;,1=1,2,

1, reM
(@ =10 ¢ m

is a characteristic function of the set M C R™.

It is easy to see that under the assumptions made on k; and u;, ¢ = 1,2, the
unique solvability of the transmission problem (14)—(18) follows from the unique
solvability of the problem (3)—(7) and for any R there exists a positive constant
a > 0 independent of f and g (but dependent on R) such that

|21(:5w) | 2oy + [122(55 @) | 2 (D 1\ D)

Sa(zu B0 g+ 3 N )). 5)

11=1 J2=1

Here Dp := {x € R" : |2| < R} and R is chosing so that Dy, Q} , Q3 C Dp\ D,
Ji = 1,...,m;, 1 = 1,2. In fact, taking the complex conjugates of both sides in

(3)—(7) and using the substitution

%(x):%zl(x), “”2(:”):%2(‘”” Zx )(CLy i (x),

1=1,2, g =0, and g, = 0 in the resulting equations, we come to the conclusion
of the unique solvability of the problem (14)—(18). The estimate (19) follows from
the results obtained in [1], [2] and [8].
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Lemma 3.1. The problem of finding the minimax mean squre estimate l(l?) of
[(F) is equivalent to the problem of optimal control of a system described by a
problem (14)—(18) with the quality criterion:

=6 (/D Qi+ 21 (u)) (@) (1 (2) + 21(z;u)) do

) Qy' (2 + () (@) (Ia(2) + 22(w; w)) du

+/FQ31(Z3+%8zg';u))(l3+é82g';u)) dl (20)

v I v

+/FQ;1(J4—ZI(.;U)) (1= =1(2w) dF)
(ZJQ e |2dx+z/ 2(w)|2d:v> — inf .

J2=1

Proof. Taking into account (10) and (13), we obtain
1P~ I(F) = / L) i) da -+ / L) fale) do + / il + [ Tigadr
Do r
Z / yj2 x)dr —c
QQ

Jj2=1

1
J11Q

:/mfl(:c)dx—l—/jjob( ) fo(x )da:+/l_3§1dl“+/rl_4§2dl“
—Z/m INEINOENE dx—Z/ ()2, (0) ol do

—Zl/ Zl/ z)dx — c. (21)

Let Dg be such as above and 'y := 0Dpg. Taking into consideration equations
(3)-(4), (14)-(15) and applying the second Green formula to ¢;(z) and z;(z;u)
and @o(x) and z9(z;u) in domains D and Dg\ D , respectively, we obtain

— Z/Ql 0311 “uj (2)@1(x) do — Z/ CJ22 )*uz, (x)pa(x) do

Jji1=1 Jo=1

= — /D G1(2)(Az (w5 u) + K22y (v;u)) do — / o () (Azo(m;u) + k3zo(x;u)) do

Dr\D

- /D (—AG () — K261 ()71 (7 0) di — / (—AGy(x) — K2pa(a)) 227 0) di

Dr\D
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—/821(';“>¢1dr+/—awl(’;“)zldr+/azz(““@dr
r al/ r 81/ r 3V

OPa (-5 u) _ D
_/MZQCZF—I—ER(@('?“)’W)’
r

ov
= [ At [ faGd- [0 [ 020 ar
D Do r al/ r 81/
0Zy(-;u) . OPa(+u) _ -
+ /F aV ©2 dr /F TZZ dr + ER(ZQ< ) U), 902)7 (22)

where

Saeati) g2 = = [ (ﬁa“”a—“) -l (W)) i,

Since zo(+;u) and Qg satisfy the Sommerfeld radiation conditions (18) and (7),
respectively, and dl'r = R"'dS;, where S; denotes the sphere of unit radius
centered at the origin, we obtain the following estimate for Xg(z2(+;u), 92):

Sr(za( ), @) = /FRm(agzéx) —ikz@(x)) .
_ /FR Pa() (% + ikozo(; u)) dTx

= / O(1/R™Y/2)o(1/R"V/%)ar
I'r

— / O(1/R™V/2)o(1/R™V/2)dlz = 0(1) as R — oo.
I'r

From here, passing to the limit as R — oo in (22), we get

mi m2
_ Z/ uk1 /hk1 z,y)p1(y) dy dx — Z/ uk2 / hZQ x,y)P2(y) dy dz

k1=1 P
o - _—

:/ frza(w;u) de + fQZQ(a:;u)da:+/ (5 u >952d1“
D Do r ov

~ [9a(su) | Opr(5u) o [ 0a(su)

We transform the sum of the last four terms in the right-hand side of (23) using
equalities (5), (6) and (16), (17) and obtain

/352(';@%526”_/551(‘;U)¢ldr+/5<P1(';U)Zldr_/3<P2(';U)z2dr
r Ov r Ov r Ov r Ov

1 (- 5 (.- s (.
_ _glazg( ;) i+ &@1822( ;) T — / 0z ( ’u><ﬁ1 I
r M2 ov r M2 v r O
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—/ngzQ(-;u)dF—/Fagpg u Z(; )dF+/Fa¢g(;u>zl(-;U)dF

v
1 0z(;u) / 1 07 (u) 0z (5 u)y -
r ng v e F<H2 ov ov )801 d
0P (+;
r r y
231 r

Equalities (21), (23), and (24) yield

Z(F)—J(Aﬁ) :/Dll(m)fl(:c) dx+/DO Iy(x) fo(z) dx+ligg1dr+ﬁi4g2dr

s [ wnG s [ e [ o0
D

Do o ov
/ g2z (s u)dl — i / ul (2)¢] (z) i / w2 (2)& (v) dx — c
S AUCEREIACEE Tl ) o) de

+/F<lg—|—iazla<l'/‘u)>§l dF+L(l4_Zl(';U))§2dF

Z/Q z)dz — ¢

J1=1%"%1 J2=1

- /D ) T+ 2@ W) (fr(2)— f2(a)) da+ / G0) & 2@ @) (fole)— () da

Do

n /r(l?’ + l‘%g; “)>(g1 — g%l + /F(l4 —21(5u))(g2 — g2)dl

+ /D (Ii(2) + 21 (z;0)) () do + / (Iy(x) + zo(x;u)) fo () dx

Do

1321( ) 0 7 — /. 0
/F(zg+a o )gldFJr/F(LL—zl(-,u))g2dF—c

—i/ Z/QQ . (25)

Jj1=1 Jj2=1

Taking into consideration the relationship Dn = E|n — En|? = E|n|?> — |En|? that
couples the variance Dn of the complex random variable n = n; + iny and its
expectation En = En; + iEny, we obtain from the last formulas

Efi#) - 1P| = | [ G T a@m o) - ) ds
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+/D (Iy(x) + za(z;w)) (folz) — f2(2)) da
/F<l3 + i%)@l —g})dl' + /r(l_4 — 7(0))(Gs — ¢)dl

H

n /D @) T (@) /() do + /D G0@) T w(m ) f2 (@) de

0

/F<l3+i821a(y )) ?dFJF/F(LL—%(-;U))ngF—c

2

251
mi 2
Z/ ]1 +Z/ dz| .
= 1 J2= 1
Therefore
- —= |2
inf  sup ‘Z(F)—Z(F))
€C feqy, écay
= inf sup / (ly(x) + Zl(%”))(fl(l') — fi(x)) dz
ceC FEG

+/D (Io(z) + 2o(x; u))(fz(iﬂ) — fI(z)) dz

o[ (6 RO G pyar s [0 s - dar
+/D(l1(x)+Z1(a:;u))f10(:v)dx+/DO (Io(2) + 2o(z;0)) f2(2) da
/F(l_3+i6Z1a(y )> ?dr‘i‘/r@—21(';u))gng—c‘2

H1
capB|S [ TG @Y [ B 25)
geGh Ji=1 QJI J2=1

In order to calculate the right-hand side of (26), let us first introduce the notation

y= /D ) & 2@ W) (i (o) — f2(a)) do+ /D ) T 2@ @) (fole)— £2(x)) de

0

/r<l3 * i%y@ —g7)dl' + /F(l_4 — #1(u)) (G2 — g9)dL.

Then applying the generalized Cauchy-Bunyakovsky inequality, we have

= { [ Qi+ 5 () @) ) da

+ Q3" (2 + 2 w)) (@) (la(2) + 22(w; w)) da
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+ [ a5 (s iazl—>) (1 2200y g

251 fii Ov
/Q4 z4 — (- <z4 — (s u)) dr}l/z

X {/DQ1(f1—ff)(fﬂ)(ﬂ—f?)(iv)dfﬁﬂL : Qa2(f2 — ) (@) (fo — f9) (@) da

1/2

+/Q3(§1—9?)(§1—9?) dr’ +/Q4(§2—gg)(§2—g8)df} < 61/2a (27)
I I

where  a— { /D QM+ 215 0) (@) (B (@) + 21(w3 ) da

] Qy' (2 + 2 u)) (@) (la(7) + 2w w)) do

- [0 (o 32 (b )

ph Ov f1 Ov

1/2
/Q4 l4—21 <l4—21( )> dF} .

The direct substitution shows that inequality (27) is transformed to an equality
on the element F := (f1, f2. 41, d2) € Go, where

) 1/2 1/2

fi Z—Q1 Y+ z(sw)+ ), fo= _Q2 Yy + z(5u) + /3,

12

1/2
. € _ 1 0z1(5u
g="-0s" (1 + = dati) )) ot = Qi (L= liu) | ) + 5.

Hence,

inf sup / () + () (i) - () d

ceC FeGy'JD

_|_/D (Io(z) + ZQ(.CI};U)>(f~2(x) — f3(x)) dx

/r<l3 - i%) (31— g0) dl + /F(l4 — #1(:u)) (G2 — ¢9)dl

+ /D (I(z) + 21 (z;u)) () d +/ (Io(z) + zo(w;u)) fo (7)) da

Dy

- 1 821(U) 0 — _ 0 2
w [ (2 ghar + [ (= g - o
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it s |+ [ GE@FaEm A &+ [ GO
““Cly<e’?a b Do
1 95 (- . 5
+ /F<l3 + m zla(y u))g(l) dl’ + /F(l4 —z1(5u))gddl — ¢| = ea®

+ [ Qy (I + 2(5w)(x) (la(z) + 222 u)) da

+/Q31<l3+ﬂi821(; ))(ZS Mll&zla(y )>dF

/Q4 z4 (- )) (z4 (s u)) dF> , (28)

with  c— /D @) @) ) de + /D (L@ + 2@ ) f2(z) de

+/p <l3+%%> df+/rgg(l4—21(';u))d1“. (29)

1

Similarly, due to the Cauchy-Bunyakovsky inequality,

o[ [ +z/ ]

Jj1=1 jo=1
gz/ow> sz/ ) B, (o) do
=172, hi=1
+Z/(<>h%FMZ/ ) BIE (0 da
ja=17%, J2=1
_Z/ |u]1 |2d:BZ/ R} (2,2) dz
J1=1 Ql J1=1
—i—Z/ |uj2 |2de/ R2 (x,z)dx,
J2=1 J2=1

the latter implies

sup E
EEGI

+Z/ x2

Jj2=1

Z/

Jj1=1

(Zl/Q i, (@ |de+2/ 2(:v)|2d:x>.

J2=1
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However,
2
Z/l Jl +Z/ x)dx
Jj1i=1 Q jo=1
ca(S [ o a3 / é@)lgdx)
Jji=1 Ql jo=1
12 (i -2
o v(r:(x u® (x
where 5;2(3;) €2 ( ]( )) yz< )
(0 0 oy (@)™ ()P drp /2
x € Q;.ﬂ Gi=1, .m0 =12 €= (éll, ml,ﬁl,..., Afm) € Gy, and v is a

random variable with Ev = 0 and E|v|? = 1. Therefore

mi 2
sup E Z/ +Z/ x)dx
I A ja=1
(Z/ Tl (x \2d:c+Z/ ~2(:c)|2da;>. (30)
Ji1=1 Q; J2=1

The validity of Lemma 3.1 follows now from the relationships (26), (28), and
(30). O

Starting from this lemma, we obtain the following result.

Theorem 3.2. The minimax mean square estimate of [(F') has the form

y]1 —}—Z/QQ ﬁi(m)yi(x)d:v—i-é:l(ﬁ),
J2

Jz2=1

where
i (r) = € (rjl-l (x))QC’}lpl(:c), ji=1,...,my,

@2 (2) = & 12 (2))2C2pa(x),  Jo=1,...,ma,

¢ = /D (@) T E@) ) dz + /D L) T 5@) [ () d

0

~ 104 .
v(1 ——)dl / Yy — 21)dl
+/1“gl<3+M18V> + F92(4 Zl) )

F=(fi,foo01.82), fie) = aQr'hi(e) + (@), folz) = e1Qy ' hal) + f3 (),

ap 1. . . n
= —€1Q3 - +91> g2 = —a1Qy 'milr + 95, 21 € H*(D), 2 € H (R"\ D),
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p1 € HY(D,A), py € HL (R"\ D,A) [note that H'(D,A) := {u: u € H' (D),
Auc L*(D)}, HL (R"\D,A):={u: uc H{ (R"\D,A), AueL; (R"\D,A)}],

loc
and p; € H*(D), p, € HE . (R"\ D) are determined from the solution to the
following problems:

(A+ k)2 (x) =€ Z Xal, i, ())?Cjpi(x) in D, (31)
Ji=1
(A +E3)za(z) = & ZXQ 12, ())?*Chpa(x) inR*\ D,  (32)
12=1
22 — 21 =0 on F, (33)
_ 0% _ 0%
Ml% - Mza =0 on T, (34)
%iJrzkzzQ—o(l/T" V2 =z, r— oo, (35)
—(A+k)pi(x) = QM + 21)(x) in D, (36)
—(A + k)pa(x) = e1xpy (2)Q3 (I + 2)(x) in R™\ D, (37)
1 0z
_ _ -1 alibcdod
Hop2 — pip1 = €103 <l3 + i 81/) on T, (38)
Ops  Op _ .
a—; — a—yl = €1Q4l(l4 - Zl) on T, (39)
9p2 (-1j2y
P2 kg = o1/, r=lal, 1 oo, (40)
and
A+ B @) = 61 Y oy, (@) (0 [yl ~Chpr] @) D, ()
ji=1
A+ Bl =6t Y v P22 |us~Ciga|(x) inRM\D, (42)
J2=1
]52 — ]31 =0 on F, (43)
Cop O
MIE - Mza =0 on T, (44)
W2 | x o nmD2y
o + ikopy = o(1/7 ), r=lz|, r— o0, (45)
—(A+k)@i(2) = aQr'pi(x) + f(x) in D, (46)
(A + k)¢ (x) = Xp4(2) (el@;%(x) +f8(x)) i R*\D,  (47)
LOp
HoPr — p1P1 = 51_Q3 apyl +4¢) on T, (48)
o0 oY
2 _SA —e1Qy'p1+ g5, on T, (49)

ov ov
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0¢
0% ihags = o(1/r %), v = fal, 7 > . (50)
r

respectively, where 1 € H'(D,A), and ¢, € HE . (R™\ D,A). Problems (31)-

(40) and (41)—(50) are uniquely solvable. Equations (41)—(50) are fulfilled with
probability 1. The estimation error o is determined by the formula

o=1(P)" (51)
where

:(61@11<z1<x>+zl<x>>,elQ21<z2<x>+22<x>>,el@31(z3 +2) aQr <z4—21>)-

Proof. First notice that that functional I(u) in Lemma 1 can be represented in
the form

=€ (/DQfl(ll +21(5u) (@) (h(z) + 21(7;u) do

Qz_l(b + zo(5w)) () (lo(x) + 29(z5w)) dx

/Q3 13+iazl(y )><13+;M>dr

fp o Ov

—ﬁAQf(u—mpmw(g—acmgd#)
(Zl/ 2l (o |2dx+2/ 2 (x )|2da:>

J2=1

= I(u) + L(u) + C, (52)

= </D Qrlaliw@)alEude+ | Qrtal;w)(e)s ) d
1021 (5 )m T
’M1’2/Q3 By By dF+/FQ4 21 (s u) 2 (5 )df)

(Z / g, (o) do + f / , (@)™ |u§2<w>\2dx>

jo=1

is a quadratic functional in space H corresponding to a sesquilinear continuous
Hermitian form

m(u,v) = € (/ Q7 2 () ()2 (25 v) da + Q;lzg(.;u)(x)zg(x;v) dx
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am |2/Q3 821 dF+/Q4 a(u) (s v)dF)

(Zl /Ql Fu @Y [ @) u;(x)Wdz)

J2=1" "%

on H x H which satisfies the inequality

I(u) > ayllul|}, Yue€ H, a;=const >0, (53)

(QRe/ Q2 (- )i (x) dz + 2Re Q2_122<';U)(I)12($) dx

—i—2Re<M1 /[3Q3 azl(y )>dI‘—2Re/FQle1(.;u)EdF)

is a linear continuous functional in H, and

— ¢ < /D QT ()11 () da+ DOQ21l2(x)de+ /F Q3 sls dT' + /F Q4114Edr>,

where (z1(+;v), 22(+;v)) is the unique solution to problem (14)—(18) at

u=v=_(v{,...,0,,07,...,00),
@p = min min min (7’@(33))72 > 0.

1<i<21<5i<mi 2@y
1

We prove, for example, the continuity of form m(u,v); namely, the inequality
|m(u,v)| < cllullg|lv]|lg Yu,v € H, ¢ = const (54)

(the continuity of the linear functional L(u) is proved in a similar manner).

Using the Cauchy-Bunyakovsky inequality we have

i, 0)| < € (/ Qo (2 0) 21 (@) d ) (/ Qi (210) 1 ;v)dx>1/2

- 1/2 1/2
+e1 < Q5 2o (w5 u) 20 (23 1) dx) ( Qs 22 (x;v) 22(z;0) dx)
Dy

+€1ﬁ ( /F Q3laZIa(; u) 821 > ( / g 2017 (V )dl“> 12
(/ Q' aiwaliv) ) (/ Q2 (5 v)z( )dp) 2
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- 12/
- (z [ e dx) (Z

Jji=1 Ji=1

1/2
/ (7’]1-1 (x)) -2 vjl-l (a:)vjl-l (x) d:v)
a9,

ma 12/ sy 1/2
+€9 (Z /Ql. (TJZQ(;I;))—Q ui(x)uj%(:c) da:) (Z /Ql. (TJQ-Q(;L’))_2 Ui(x)%(h)

Jjo=1 jo=1

< {6?/ Q' zi(zmw)a(ziu)de +6f | Qy'za(w;u)z(zsu) de
D

Do

1 0z1(+;u) 0z1(+;u _ —_—
—I—E%—2/Q§1 18( ) 18( )dF+€%/Q41z1(-;u)zl(-;u)dl‘
‘Ml‘ r r

14 14

mi ma 1/2
w4y [ @) M @ded Y [ (@) @) dx}

jlz]- J1 j2=1

X{/ Q1 'z (z;v) 21 (250) do + Q5 22 (z;0) 2 (s v) da
D

Do

1 L 0z1(50) 0z (5 0) / —
+|M1|2/FQ3 By By dl’ + FQ4 21(5;0) 21 (55 0) dD

m1 mo 1/2
+Z / (r} (@) "ol (@)l () da + > / (2 (x)) " 02 ()02, (x) dx}

1021 (55 u)

921
Q;): ay 21( 7“)

ov

9 1/2 9 1/2
n) ([0 )
r
+ €2 (/|Q_121("U)|2d1">1/2 (/’Zl(-'u)|2dl—‘>l/2
1 - 4 ) - )

my /2 7 m, 1/25 1/2
" 63 <Z /Ql. (70]1'1 (33'))_2 ‘u]ll (l’)|2> (Z /g;l, ‘u;1 (x)‘z dx) }

Ji1=1 ji=1

msa /2 /s 1/2y 1/2
he (Z/ (15, () ™ !u?2<w>’2) (Z/ mi(x)\?dx) }

J2=1 ja=1

+e% 1 /
|M1\2 r
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{(/ Q7 21 (w0 |2da:) (/ |21 (w50 \de) .
+( [ 1estatn o ) " ([ latasopas) "

Zdr) ( [ er)
+([1etatopar) " ([1aopar) "

(Z/ v}1<x>\2> (mz / o \2d:1;) /2}1/2

Jji=1

(Z/ vi(x)ﬁ) (mz / 2 ( wx) /2}1/2
SC{/D|Zl(90;lt)|2clx+/Do |22(:c;u)|2dx+/F

/2
+Z/ |uj, (x |2dx—|—2/ |5, (2 |2dx}

Jji=1 Jo=1

x{/ |21 (5 v)|? dz + |22(:E;v)|2dx+/
D Do r

+Z/ vl ( |2dx+2/ 2 ( |2dx}2

Jji=1 Jj2=1

1821('§U>
ov

0z1(+;v)
ov

Q3

- /
|,u1|2 r

0z1(+;u)

dF+/|z w)|?dl

621

dF+/|z v)|?dl

< C{llz1 (50 2oy + 12205 )| Fr2 () + 1020 (5 0) [Ty

1/2
+ ||712’1('§U)|%2(r) + Jlullz }

< {0y + 122050 120, + 1102105 0) 22y

1/2
+ [z (5 0) 2y + 0l

(55)
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821( ) ‘
81/ s

_ _ 1 _ -
¢ = max{e| Q1[I €]1Q3" [l 6?|M1’2||Q31II> Qi b1, 35},

where Yoz (s u) = 21('§U)|F> ’7121('3U) =

(x))_2 >0, f:= max max (7“]2-2(35))_2 > 0.

f1 = max max (7"1 ; a
1<jasm2 2€Q2,

1< m el 7!
Applying inequality (19) with some fixed R = Ry, we find

120G @)l 2 (o) + 2205 Wl 200y < (2105 W) |20y + (122050 || 12 (DR \ D)

my
<o (Z L g+ S 1L 42 s )> < culul, (56)
11=1 ig=1

where ¢; > 0 is a constant. The trace theorem and inequality (56) imply
7021 (5 w)l[ L2y + Iz (s )z < callzaCsw) 2y < esllulla, — (57)
where ¢y and ¢3 are constants. From (55)—(56) we have

7 (u,0)| < Clewllullfy + esllulldy + lull i)' x (eallvlly + esllvllg + [lvllF)'

< cllullullvllm,

where ¢ = const. Thus inequality (54) and, consequently, the continuity of the
form 7(u,v) is proved.

In line with Remark 1.4 to Theorem 1.1 proved in [5], p. 11, the latter statements
imply the existence of the unique element 4 € H such that

I(a) = inf I(u).

ueH

Therefore, for any 7,7 € R and v € H the relations

d d
d—ﬁ](u + 7o) = 0 and d—ﬁl(ﬁ + iTo0) T 0 (58)
hold. Since we have the relations z(z;u + mv) = z(x;u) + 721 (2;v) and

2o(x; 0 + Tv) = 2o(;0) + Ty 22(x; v), the first relation in (58) yields

0=

1
2 71=0

d
— (U + mv)
dTl

= €e1Re (/D Qr ' (h + 21 (5 0)) (w) 21 (w;0) da + i Qz ' (lo + 22(-5 1)) (w) 22 (w3 v) da

s LI (TEED) e [ o1
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+62Re{ (i /Ql (r;l(x))_2a}1(x)de+§/ (7“32(:1:))_2 a2, (z)v? (x) dw).

Jji1=1

Similarly, taking into account that zi(x;4 + imv) = 21(x;4) + iz (z;v) and
29(x; U+ iT9v) = 2o(x;U) + iTa22(x; v), we find from the second relation in (58)

0=

d
— (0 + 113v)
dTQ

N —

T9=0

= eﬂm(/D QM (I + z1.(0)) () 21 (w5 v) d + : Q5 (lo + zo(+;0)) () 29 (w; v) dr
o [ o R (TEED [ g2 (- wiow)in)

+621m{ (i /Q 1 (r}l(x))_Qﬂ}l(x)deij / 2 (2 (x)) " @2 ()02 () d:c);

Jji=1

consequently,

€1 (/DQfl(ll + 21055 0))(z) 21 (25 v) do + : Qs ' (la + 2(+ 1)) () 2o (a;v) dzz - (59)

(s S TEED) i [ ()

+aof (mZ | e ﬁmwmi @) a?xx)de) —0,

We introduce a pair of functions (py,p2) € H'(D,A) x H}

we(R™\ D A) as the
unique solution to the BVP

—(A+E)pi(2) = Q' + 21(4))(z) in D, (60)

—(A+ E)pa(2) = exxp, (€)Q5 ' (I + 22(5 @) (w) in R"\ D,  (61)

3 1 0z ()
N _ 1 1\
p2p2 — pup1 = €1Q3 (ls + i o > on T, (62)
Ops  Op _ .
8_;_(9_; = Q' (ls—z(5a)) on T, (63)
b2 _ ikopa = o(1/r V2 = |z|, r — oo, (64)

or
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Then
61(/1)621_101+Zl(-;ﬂ))(f€)zl(ff;v)d9€+ ; Qs (I + 25(+5 1)) ()

2o(x;v) dx

—l—/Fle(lg_i_i@zl;-V;ﬁ))(:l 8213,/ dl — /Q4 ly — 21(- ))Zl< ?) dF)

- [ o) - gneyaG s [
R S (G DR

—/D( Az (x50) — k221 (2;0))p1(z) da:—l—/ (—Azy(z;0) — k320(z;0))po(x) do

(—Aps — kgm@))h(x; v)dx

ar

Dr\D

5 Do (- ) 02
) )dF+/ Zla(y’”)pldwr %x v)dl' — /ZQa(V’”)deF
r

r Ov
pe o \Oxu(5v) / Op2 _ 01\
+/F(u1p2 p1> v dr' = <8V v >Zl( v) dl

= [ e @O @n@ [ 3 ey ) @pale) de
Dji=1 Dr\D j,—1
0z1(+;v) 822( v) / i 0z1(+;v)
+/F S pr T~ /F D + r<u P2 p1> S ar
_—Z/ “ 11 x)p1(z dx—Z/ C’ZQ2 122 (x)dx
i1=1 i9=1
+/821(';“)p1dr—/“—8 130) ey [ 12, 821(';1’) dr—/plazl(‘“) dr
r Ov y  Ov Fpl v r v

(65)

:_2/91 Clpl d:E—Z/ 02p2 (x) du.

Jj1=1 Jo=1

From (59) and (65) it follows that

Hence, J
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Setting v = 4 = (4f,...,4,,,,47,...,42,) in (14)-(18) and (29), taking into
account equations (60)—(64), and denoting Zi(x) = zi(x;a), 2(x) = z(z; ),
we see that Z1(x), 2o(z) and py(z), po(z) satisfy system (31)—(40); the unique
solvability of this system follows from the fact that the functional I(u) has one

minimum point .

Now we establish the validity of formula (51). We have

o2 = o(t,¢) = I(i) = (66)

=€ </D Q' (h+2)(2)(lhi(z) + 21(2)) do + : Q3 (o + 22) () (I () + 2o(x)) da

e g 5 b ) [ar(e-a)( ) )

(3 [ ooy

i1=1 1
1 le

1 2 — 2 2 2 2
lepl(x) dx‘ dx + Z/ (er(x)) ’/9201-2])2(@ dx’ dx |.
jo=1 Q?z J2

We transform the sum of the first four terms on the right-hand side of (66).
Making use of equations (31)—(40) we obtain

€ (/D Q1 (Il + 21) () (i () + 21(x)) do + . Qy ' (la + 22) () (Ia(x) + 2o(x)) da

+/FQ3—1(13+i%> <l3+i%) dF+/FQ;1<l4—z?1> <l4—z?1> dP)

—1(P) - /D (Api(2) + k2py ()51 (@) di — / (Apa(a) + K2pal))Eala) di

i,
e n) = [ (G- G)m

=I(P) — /D (Azy(x) + k221 (2))p1(2) do — / (AZy(x) + k225 (2))p2(z) do

R™\D
8p17 0% 3]927 0%y
— | —2%dIl —p1dl’ —=Zodl' — | —=podl’
r aV 1 + r 3V p1 + r aV =2 r aV P2
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1P~ [ 3 xay, (0)(C} )i, (w)pr () da
D=1
= [ Y e @GR, (@)pala) do
RMD jo=1
8_2’1 8_?:’2 H2 a_ZA’l
+ FEZ% dr’ F%pzdF—F/F(Epz pl)EdF
mi 9
=I(P) — &* (Z/ (7“]1-1 (x))2 C’}lpl(ac) dx’ dx
=17,
mo ) 9
+ 2/2 (T?Z(ZL‘)) ’/2 0]22]?2(1’) dm’ dx)
j2=17Y, &,
3_731 /ﬁza_zﬁ / M2 8_21
I dr — [ F28E e K2 oV ar
* F@upld /1“#1 8Vp2d + F<u1p2 p1> 8ud
mi 9
=I(P) —&" (Z/ (7"}1 (.7:))2 C’jllpl(x) dx‘ dx
J1=1 Q;l
mo ) 9
+Z/Q2 (7“52(35)) /92 C?ng(:c) dx‘ da:‘). (67)
J2=1"%"%3 J2

Finally, from (66) and (67) we obtain o = I(P)'/2. The proof of the rest part of
this theorem is similar to the proof of the first part. [

—
———

Remark 3.3. Notice that in the representation [(F) = I(F) of the minimax
mean square estimate of [(F') function F' does not depend on specific form of
functional [. Therefore, the functions

~

filz) =aQr'pi(@) + f(2), folz) = aQy'pe(x) + f2(2),

1 ,0p;m

and ih=6a—Q3' = + 91, Go=—aQi'pilr + g5
9 1/_“Q3 5, T P 1@y Pilr + 9

can be taken as good estimates of the right-hand sides fi, f2, ¢1, and go of
equations (3)—(6), respectively.

Remark 3.4. Problems (31)—(40) and (41)—(50) can be solved numerically using
a coupled FEM-BEM approach.

Remark 3.5. Analogous results can be obtained for the estimation problem in
which instead of observations (1) and (2) one can use pointwise observations of

unknown solutions or observations distributed on a certain system of surfaces
located in the domains D and R™ \ D.
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All the results of the present paper can also be generalized to this case of more
general observations of the form

y.]ll :C]ll(pl_’_f‘]l'l; j1:17...,7’)’l/17
v =Cloa+ €2, Ga=1,...,my,

where Cf € L(L*(,),H},), i = 1,2, are linear continuous operators, H; , are
some Hilbert spaces, £} are realizations of random variables with values in [} .

Remark 3.6.  All the results of the paper remain valid if we assume that
in the definition of the set (G; the random fields 5;1, ji1 = 1,...,mq, and 5122,
Jo = 1,...,mq, are pairwise uncorrelated and, instead of condition (9), the fol-
lowing conditions

/ (lei (IE))2RJ11 (z,r)dr < e, j1=1,...,my,

Ql

/2 (T?Q(x))zéi('r’x) dl’ S €2, j2 - 1, oo, Mo,
Q

are fulfilled.

Remark 3.7. Using the technique elaborated in the present paper in combina-
tion with Lagrange multipliers method, we can generalize all the obtained results
to the case when the restrictions on unknown deterministic functions fi(z), fo(z),
g1, and g, in equations (3)—(6) are given partly, for example, when the information
about right-hand sides g1, and g, of interface conditions (5) and (6) is absent and
right-hand sides fi(z) and fo(z) of equations (3) and (4) are subject to quadratic
restrictions.
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