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We present an elementary proof for the fact that an optimal rank one moment matrix in
the multi-polynomial SOS relaxation gives an exact relaxation. This fact is a fundamental
result in multi-polynomial SOS relaxation method for the class of multi-polynomial optimization
problems. The multi-polynomial SOS relaxation method is designed by exploring the special
structures of the class of multi-polynomial optimization problems, which has the advantage
for giving an SDP with size about half of that for the classical SOS relaxation in the general
formulation.
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1. Introduction

Polynomial optimization problems (POPs) have been finding numerous applica-
tions in diverse areas, see [5, 6, 7, 8, 10, 11] and references therein. In some of the
applications (e.g., tensor computations), the variables are naturally grouped into
several sets, see [1, 4, 7, 8, 9] and references therein. Thus, it is naturally and
beneficially to view the corresponding polynomials as multi-polynomials, rather
than polynomials in the general formulation ignoring their special group-variable
structures. Therefore, the class of polynomial optimization problems involving
multi-polynomials should be studied in their distinct way. We will call this class
of problems as multi-polynomial optimization problems (MPOPs). Accordingly,
theory and methods for studying POPs should be further developed for MPOPs.
Hopefully, this short article serves two primary purposes. The first is formulating
MPOPs explicitly and presenting the multi-polynomial SOS relaxation method
for solving them, which originates from Nie [8], giving an invitation to draw
people’s particular attention to this class of polynomial optimization problems.
We want to remark that MPOPs are prevalent in numerical multilinear algebra
and applications related [1, 4]. The second is presenting an elementary proof for
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the cornerstone fact in multi-polynomial SOS relaxation that if the optimal matrix
is rank one, then the relaxation is exact. This fact for the classical SOS relaxation
method can be proved using flat extensions of truncated moment matrices [6].
Although MPOP is a special POP, this result does not follow directly from the
existing one.
The rest of the article is organized as follows. An appetizer on why multi-
polynomial SOS relaxation is superior to the classical SOS relaxation is given in
Section 2. Section 3 confirms that all MPOPs can be studied within multi-forms.
Section 4 presents the multi-polynomial SOS relaxation. Section 5 presents char-
acterizations for the Veronese-Segre varieties, preparing for the proof of the main
result. Section 6 establishes the bridge between the results in Sections 5 and
moment matrices, and then gives the main result. Section 7 is a short conclusion
to this article.

2. Multi-polynomial optimization problems

Given positive integers d and n, a form (a.k.a. homogeneous polynomial) f of
degree d in n variables {x1, . . . , xn} is a polynomial with each monomial being of
fixed degree d, i.e.,

f(λx) = λdf(x) for all λ ∈ R and x ∈ Rn.

Given positive integers d1, . . . , ds, n1, . . . , ns and

x := (x(1), . . . ,x(s)) ∈ Rn1 × · · · × Rns ,

then a multi-form f of degree di with respect to the variables x(i) is a polynomial
with each monomial being of fixed degree di for the group variables {x(i)

1 , . . . , x
(i)
ni },

f(λ1x
(1), . . . , λsx

(s)) =
s∏

i=1

λdi
i f(x) for all λ ∈ Rs and x ∈ Rn1 × · · · × Rns .

Definitely, we can treat a multi-form as a form in the whole variables x with
degree

∑s
i=1 di. However, the particular group-variable structure of the multi-

form is lost when doing so.
If we de-homogenize each group of the variables x(i)’s we get a polynomial with
s grouped variables. Likewise, polynomials of this kind will be called multi-
polynomials. Multi-polynomials arise in many applications, see [1, 4, 8, 9] and
references therein. In these applications, it is more beneficial to treat them as
multi-polynomials other than polynomials in the general formulation. We will
show in the following one advantage when optimizing with such polynomials.
Consider the polynomial optimization problem

fmin := min f(x(1), . . . ,x(s)), s.t. x ∈ K ⊆ Rn1 × · · · × Rns , (1)
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where K ⊆ Rn1×· · ·×Rns is a semi-algebraic set defined by polynomial equations
and inequalities, e.g.,

K :=

{
x :

g1(x
(1), . . . ,x(s)) = · · · = gp(x

(1), . . . ,x(s)) = 0,

gj(x
(1), . . . ,x(s)) ≤ 0 for all j = p+ 1, . . . , p+ q

}
, (2)

for some multi-polynomials f, g1, . . . , gp+q.
Given a multi-polynomial h, let degi(h) be the degree of the polynomial h with
respect to the group variables x(i) for all i ∈ {1, . . . , s}. For all i ∈ {1, . . . , s}, let
di be the smallest nonnegative integer such that

max{degi(f), degi(g1), . . . , degi(gp+q)} ≤ 2di.

As a polynomial optimization problem, the classical SOS relaxation method can
be applied to problem (1) directly (cf. [5, 10, 11]). The primal approach is
by relaxing the truncated monomial vector of the variables x up to the degree
2d := 2

∑s
i=1 di by the spectrahedral

{y : M(y) ≽ 0}.

A well-understood theory and sophisticated methods on SOS relaxations for
POPs have been establishing during the years [6]. The main difficulty is then
moved to solving the resulting semidefinite programming problems (SDPs). The
matrix size and the number of equality constraints in the resulting SDP determine
the solvability of all existing SDP solvers. Unfortunately, all the SDP problems
coming from SOS relaxations for POPs have the number of equality constraints
in the magnitude O(m2) with m the dimension of the moment matrix M(y),
since approximately O(m2) linear equalities are needed to characterize the Gram
matrices. While, the dimension of the matrix for the above method to problem
(1) is

m :=

(
N + d

d

)
, with N = n1 + · · ·+ ns. (3)

The current major interior point method based SDP solvers, including SeDuMi
[12], SDPA [2], SDPT3 [13], are all limited to matrices of moderately large di-
mensions, saying hundreds. Getting back to our MPOPs, or more concretely on
bi-quadratic optimization problem [7] (i.e., s = 2 and d1 = d2 = 1), this method
solves problems up to dimension (15, 15), i.e., bi-quadratic polynomials with both
groups being less than fifteen variables. Even with the much improved SDP solver
SDPNAL [14], which can solve SDP problems of matrix sizes being two thousands,
the sizes of the MPOPs are still limited. Taking also the bi-quadratic case as an
example, it solves problems up to dimension (30, 30).
This general method treats the s groups of variables x(i) as a whole. As we can
see, the natural group structure of the variables x and those in the polynomials
f and gi’s are not explored. A better way is treating each group variables x(i)

independently. Since only the monomials

{xα : |α(i)| ≤ 2di for i = 1, . . . , s}
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are involved in all the multi-polynomials, we only need to consider a moment
vector corresponding to these monomials. In this article, we will present an
SOS relaxation method, termed multi-polynomial SOS relaxation, by relaxing the
moment vector mentioned through the spectrahedral (cf. Section 4)

{z : M(z) ≽ 0}

with the matrix size being (
n1 + d1

d1

)
. . .

(
ns + ds

ds

)
. (4)

The number in (4) is much smaller than that in (3). For the bi-quadratic case,
this method with SDPNAL [14] can then solve problems up to dimension (45, 45).
We remark that the difficulty of solving (1) is not linear with respect to the
dimensions n1, . . . , ns. Actually, the improvement from (30, 30) to (45, 45) is
much bigger than the intuition from 30 to 45.
Given the power of the multi-polynomial SOS relaxation approach, theoretical
aspects parallel to the classical SOS relaxations should be addressed. The first
fundamental result in the classical SOS relaxations for POPs is

If the optimal marix M(y) is rank one, then the relaxation is exact.

This is very helpful to certify the optimality and happens typically in numerical
computations, which distinguishes this method from the other global/local tech-
niques for solving (1). Likewise, a first question for the multi-polynomial SOS
relaxation is

Is the relaxation exact, if the optimal marix M(z) is rank one?

The answer is affirmative. We will give a detailed proof for this important result
in the sequel.

3. Multi-form optimization

Consider the following MPOP

fmin := min f(x(1), . . . ,x(s))

s.t. g0(x) = 1,

gi(x) = 0, for all i = 1, . . . , p,

gi(x) ≤ 0, for all i = p+ 1, . . . , p+ q,

(5)

where f and gi’s are multi-forms with

2di = degi(f) = degi(gj) for all j = 0, . . . , p+ q, for all i = 1, . . . , s.
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The problem is general, including problem (1). Given an MPOP as

fmin := min f(x(1), . . . ,x(s))

s.t. gi(x) = 0, for all i = 1, . . . , p,

gi(x) ≤ 0, for all i = p+ 1, . . . , p+ q.

(6)

If it is not in the form as (5), then define y(i) := x(i)/x
(i)
0 and

g0(x) :=
s∏

i=1

(x
(i)
0 )2di .

It is easy to see that f̃ := g0f(y), g0, g̃1 := g0g1(y), . . . , g̃p+q := g0gp+q(y) are all
multi-forms in the group variables x̃ := (x̃(1), ..., x̃(s)) with x̃(i) := (x

(i)
0 , x

(i)
1 , ..., x

(i)
ni )

for all i ∈ {1, . . . , s}. Consider the following instance of (5)

f̃min := min f̃(x̃(1), . . . , x̃(s))

s.t. g0(x̃) = 1,

g̃i(x̃) = 0, for all i = 1, . . . , p,

g̃i(x̃) ≤ 0, for all i = p+ 1, . . . , p+ q.

(7)

In the following, we show that (6) and (7) are equivalent.

If x is a feasible point of (6) with objective function value f(x), then with x
(i)
0 = 1

for all i = 1, . . . , s, x̃ is a feasible point of (7) with the same objective function
value.
Conversely, suppose that x̃ is a feasible point of (7) with objective function value
f̃(x̃). By the constraint g0(x̃) = 1, we conclude that x(i)

0 ̸= 0 for all i ∈ {1, . . . , s}.
Since each function is a multi-form with degree 2di with respect to x̃(i), we can
assume that x

(i)
0 > 0 for all i ∈ {1, . . . , s}. Define

ỹ(i) := x̃(i)/x
(i)
0 for all i = 1, . . . , s.

It is easy to see that f̃(ỹ) =
f̃(x̃)

g0(x̃)
= f̃(x̃),

and g̃i(ỹ) =
g̃i(x̃)

g0(x̃)
= g̃i(x̃) for all i = 0, 1, . . . , p+ q.

Thus, ỹ is also a feasible point of (7) with the same objective function value as
x̃. On the other side, y(i)0 = 1 for each i ∈ {1, . . . , s}. Thus,

f̃(ỹ) = f(y) and g̃i(ỹ) = gi(y) for all i = 1, . . . , p+ q.

Consequently, a feasible point of (6) with the same objective function value as x̃
is constructed. Thus, the equivalence follows.
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4. SOS-relaxation

The promised multi-polynomial SOS relaxation will be given for (5). The multi-
forms structure will simplify the notation considerably.
Given a vector z ∈ Rn and a positive integer r, we let z[r] be the vector of
monomials of degree r in lexicographic order

z[r] := (zr1, z
r−1
1 z2, . . . , z

r−1
1 zn, . . . , z

r
2, . . . , z

r
n)

T. (8)
It is easy to see that the length of the vector z[r] is

ν(r, n) :=

(
n+ r − 1

r

)
.

For the group variables x = (x(1), ...,x(s)) and a vector of integers d := (d1, ..., ds),
define x[d] as the Kronecker product of

(
x(i)

)[di]’s, i.e.,

x[d] :=
(
x(1)

)[d1] ⊗ · · · ⊗
(
x(s)

)[ds]
.

Let n := (n1, . . . , ns). Thus, the length of x[d] is ν(d,n) :=
s∏

i=1

ν(di, ni).

For κ ∈ Nn, define |κ| :=
∑n

i=1 κi and zκ :=
n∏

i=1

zκi
i .

For α ∈ Nn1 × · · · × Nns , define xα :=
s∏

i=1

(
x(i)

)α(i)

.

Let Λ(d) := {α ∈ Nn1 × · · · × Nns : |α(i)| = di for all i = 1, . . . , s}.
Then there exists a set of 0/1 symmetric matrices Aα such that(

x[d]
)T
x[d] =

∑
α∈Λ(2d)

Aαx
α.

Given a vector y ∈ Rν(2d,n), indexed by Λ(2d), we can therefore formulate the
moment matrix M(y) as

M(y) :=
∑

α∈Λ(2d)

yαAα. (9)

With these preparations, a natural SOS relaxation of problem (5) is

fsos := min
∑

α∈Λ(2d)

fαyα,

s.t.
∑

α∈Λ(2d)

(g0)αyα = 1,
∑

α∈Λ(2d)

(gi)αyα = 0, for all i = 1, . . . , p,

∑
α∈Λ(2d)

(gi)αyα ≤ 0, for all i = p+ 1, . . . , p+ q, M(y) ≽ 0,

(10)
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where (fα) and
(
(gi)α

)
’s are the coefficient vectors of the multi-forms f and gi’s

under the monomial vector x[2d]. For the sake of simplicity, (10) is a simplification
of the usual SOS-relaxation using localizing matrices.

Obviously, if there is an optimal solution y∗ of (10) with y∗ = x
[2d]
∗ for some vector

x∗, then the relaxation is exact and x∗ is an optimizer of the problem (5). We will
show in Theorem 6.3 that this case is characterized by the optimal matrix M(y∗)
being rank one. To that end, characterizations for Veronese-Segre varieties will
be given in Section 5.

5. Veronese-Segre varieties

Let n be a positive integer and Pn−1 be the projective space of Rn. The mapping
vr : Pn−1 → Pν(r,n)−1 giving by

vr(⟨z⟩) = ⟨z[r]⟩, (11)

where ⟨z⟩ := ⟨z1 : · · · : zn⟩ ∈ Pn−1 is the homogeneous coordinates of the point
⟨z⟩. This mapping is well known as the r-th Veronese embedding, see [3]. The
image Vr(Pn−1) of vr on Pn−1 is known as the r-th Veronese variety.
Let n = (n1, . . . , ns) with positive ni’s. The Segre embedding is the mapping
sn : Pn1−1 × · · · × Pns−1 → Pn1···ns−1 giving by

sn(⟨x⟩) = ⟨x(1) ⊗ · · · ⊗ x(s)⟩. (12)

The image of sn on Pn1−1 × · · · × Pns−1 is known as the Segre variety.
A combination of the Veronese and Segre mappings is the Veronese-Segre mapping
vsd,n giving by

vsd,n(⟨x⟩) := s(ν(d1,n1),...,ν(ds,ns))(⟨
(
x(1)

)[d1] : · · · : (x(s)
)[ds]⟩) = ⟨x[d]⟩. (13)

The image of the Veronese-Segre mapping vsd,n on Pn1−1×· · ·×Pns−1 is denoted
as Vd,n, called the Veronese-Segre variety.
The 2-nd Veronese variety is the set of rank one symmetric real matrices. It is
widely known that the set of rank one matrices is determined by the vanishing
of its two by two minors. Surprisedly, this is also true for higher order Veronese
varieties.
Lemma 5.1. The Veronese variety Vr(Pn−1) is given by{

⟨y⟩ ∈ Pν(r,n)−1 :
yαyβ − yγyη = 0 for all α + β = γ + η

with α, β, γ, η ∈ Λ(r)

}
. (14)

Proof. Obviously, the Veronese variety Vr(Pn−1) is contained in the set described
by (14). In the following, we show that a vector in the set (14) also belongs to
Vr(Pn−1).
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Let ⟨y⟩ be a vector in the set (14). Then there exists a α ∈ Λ(r) such that yα ̸= 0.
Suppose without loss of generality that α1 > 0. Define

⟨z⟩ := ⟨yα : yα−e1+e2 : · · · : yα−e1+en⟩,

where ei is the i-th standard basis vector for all i ∈ {1, . . . , n}. We claim that
⟨z⟩ ∈ Pn−1 is well-defined and it is independent of choices of α. Actually, if yβ ̸= 0
is chosen with βi > 0, then the vector

⟨u⟩ := ⟨yβ−ei+e1 : · · · : yβ : · · · : yβ−ei+en⟩

is indeed the same vector ⟨z⟩, since

(α− e1 + ej) + (β − ei + ek) = (α− e1 + ek) + (β − ei + ej)

which implies by (14) zjuk − zkuj = 0 for all j, k ∈ {1, . . . , n}.
Consequently, the above process actually gives a regular mapping which is an
inverse of the Veronese mapping. The proof is then complete.
Proposition 5.2. The Veronese-Segre variety Vd,n is given by{

⟨y⟩ ∈ Pν(d,n)−1 :
yαyβ − yγyη = 0

for all α + β = γ + η with α, β, γ, η ∈ Λ(d)

}
. (15)

Proof. We proceed by mathematical induction on the length s of the vector n.
The case s = 1 follows from Lemma 5.1. In the following, we assume that the
conclusion is true for s− 1.

Let d̄ := (d1, . . . , ds−1) and n̄ := (n1, . . . , ns−1).

From (15), we first have that

y(α(1),α(2))y(β(1),β(2)) − y(β(1),α(2))y(α(1),β(2))00

for any α(1), β(1) ∈ Λ(d̄) and α(2), β(2) ∈ Λ(ns). Thus, the ν(d̄, n̄) × ν(ds, ns)
matrix M with elements mα,β := y(α,β) for α ∈ Λ(d̄) and β ∈ Λ(ns) is a rank one
matrix. Consequently, we conclude that y = u ⊗ v for some u ∈ Rν(d̄,n̄) and
v ∈ Rν(ds,ns).
By assumption, y ̸= 0. Then both u ̸= 0 and v ̸= 0.
Suppose that vβ ̸= 0 for some β ∈ Λ(ns). We then have from (15) that

y(α,β)y(γ,β) − y(κ,β)y(η,β) = 0

for all α, γ, κ, η ∈ Λ(d̄) such that α + γ = κ+ η. On the other hand,

y(α,β) = uαvβ for all α ∈ Λ(d̄).

Therefore, uαuγ − uκuη = 0 for all α, γ, κ, η ∈ Λ(d̄) such that α + γ = κ+ η.
By the inductive hypothesis, we can conclude that ⟨u⟩ ∈ Vd̄,n̄.
By symmetry we can conclude that ⟨v⟩ ∈ Vds(Pns−1). The result follows.
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6. Duality and matrix representations

In this section, we will represent the quadratic relations in (15) by symmetric
matrices, for linking this with the SDP problems of SOS-relaxations.
Let Sn be the space of n×n symmetric real matrices. There is a natural identifica-
tion of Sn and the space of R[z]2, real quadratic forms in n variables {z1, . . . , zn}.
The dual of R[z] is denoted as R[∂]2. The dual pairing is given by differentiation,
and it is denoted simply by •. Since the dual of Sn can be identified as Sn itself,
for convenience, we also identify the dual space R[∂]2 as Sn. Thus, a given matrix
A ∈ Sn naturally gives both a quadratic form and also a quadratic relation.
It follows from (9) that the matrices in the set

A := {Aα : α ∈ Λ(2d)}

are mutually orthogonal. Let ξ(d,n) := ν(d,n)2+ν(d,n)
2

− ν(2d,n) and the set of
symmetric matrices

C := {Ci : i = 1, . . . , ξ(d,n)}

be an orthogonal basis for the orthogonal complement of the linear subspace MA
in Sν(d,n) generated by the set A. It is easy to see that each matrix in the linear
subspace MA is a moment matrix and vice versa. Dually, a symmetric matrix B
is a moment matrix if and only if

⟨B,Ci⟩ = 0 for all i ∈ {1, . . . , ξ(d,n)}.

Lemma 6.1. Under the identification of Sν(d,n) and R2[y] with y ∈ Rν(d,n), the
linear subspace of Sν(d,n) generated by C is the linear subspace of R2[y] generated
by

{yαyβ − yγyη : α + β = γ + η with α, β, γ, η ∈ Λ(d)}. (16)

Proof. It sufficient to show that the matrix representations of the quadratic
forms in (16) forms a basis of the orthogonal complement of the linear subspace
MA spanned by A.
First note that each matrix Aα with α ∈ Λ(2d) is a matrix of 0/1’s. Second, we
have that (cf. (9)) ∑

α∈Λ(2d)

Aα = E,

the matrix of all ones. Therefore, we have a natural decomposition of Sν(d,n)

into a direct sum of ν(2d,n) linear subspaces of real symmetric matrices. Each
linear subspace of the direct sum is characterized by a matrix Aα, with the linear
subspace being defined when all the entries vary at all the positions of Aα with
1’s. This linear subspace will be denoted as Lα. Thus,

Sν(d,n) = ⊕α∈Λ(2d)Lα.
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Inside each Lα, there is an orthogonal decomposition as

Lα = RAα ⊕Qα,

where Qα is the orthogonal complement of the one dimensional line RAα inside
Lα. Since Qα is inside Lα, every index (β, γ) of its entry should satisfy

β + γ = α.

Since Aα is a 0/1 matrix, immediately one see that the matrix representations of
the quadratic forms

{yβyγ − yηyτ : α + γ = η + τ = α}

form a basis for Qα. Consequently, the matrix representations in (16) form a
basis for the linear subspace

⊕α∈Λ(2d)Qα,

which is the complement of the linear subspace MA. The result then follows.

By the duality, we have the next result.
Proposition 6.2. A vector y ∈ Rν(d,n) is in Veronese-Segre variety Vd,n if and
only if yTCiy = 0 for all i ∈ {1, . . . , ξ(d,n)}.

Theorem 6.3. A vector y ∈ Rν(2d,n) is a monomial vector x[2d] for some vector
x if and only if the moment matrix M(y) is of rank one.

Proof. The necessity is obvious from the definitions. For the sufficiency, suppose
that M(y) is of rank one. Let M(y) = qTq for some vector q ∈ Rν(d,n). We
have

qTq =
∑

α∈Λ(2d)

yαAα.

Consequently, qTCiq = 0 for all i ∈ {1, . . . , ξ(d,n)}. It then follows from
Proposition 6.2 that q ∈ Vd,n, i.e., q = x[d] for some x. Thus, y = x[2d].

Theorem 6.3 shows that the relaxation (10) is exact if there is a rank one optimal
matrix M(y∗).

7. Conclusions

Theorem 6.3 can be proved in a higher level by toric varieties, as claimed in [11].
The elementary proof in this article should provide a more clear understanding
for non-experts in algebraic geometry, especially in the numerical optimization
community. More importantly, this article suggests that questions on multi-
polynomial SOS relaxation method should be investigated.
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