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1. Introduction

In this paper we propose a generalisation of the minimax (set-membership /worst-
case) state estimation framework for the case of abstract Neumann problems.
More specifically, we study existence, uniqueness and provide various represen-
tations of the minimax estimates of the states (solutions) ¢ of a linear operator
equation Ny = Bif1, 0p = Byfo with uncertain “boundary condition” f; and
uncertain input f; from a given bounding set G. Operators N and § are associ-
ated with the abstract Neumann problem: they could, for instance, represent an
elliptic operator and the normal derivative of ¢. We refer the reader to [1] which
provides a comprehensive overview of the abstract linear Neumann problems.

The minimax state estimation problem can be formulated as follows: given in-
complete and noisy observations of the state, y(t) = C(t)¢ + n(t), and a linear
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operator V, find a vector @, the minimax estimate of the vector V¢, such that

sup E|[V — Ve||* = inf sup ||V — L(y)||*
,G1 L(y) G,G1

where L(y) is a linear functional of observations from a given class, and 7 denotes
a realisation of a random process with values in some Hilbert space H such that
En(t) = 0 and the correlation operator, R, is unknown and belongs to the given

bounding set GG;. In other words, the minimax estimate @ of the vector V¢ has
minimal mean-squared worst-case estimation error, corresponding to the worst-
case realisation of the tuple (fy, f1, R,) € G x Gy, in some class of linear estimates
L(y). This rather intuitive description is made precise in Section 3.

Minimax (set-membership /worst-case) state estimation framework has a long his-
tory: many authors studied minimax estimates for ordinary differential equa-
tions [2, 9, b, 8], differential-algebraic equations [17, 18, 20, 21], abstract lin-
ear equations [16, 24, 10] assuming fully deterministic uncertainty description
for both uncertain model errors and observation noises. Note that, for linear
finite-dimensional dynamics and stochastic uncertainty description, the minimax
estimate is equivalent to that of the Kalman filter [4].

In contrast, in this paper we study the case of mixed uncertainty description, i.e.
deterministic model errors and stochastic measurement noise, and parameter-
dependent observations. Our key contributions are:

« exact analytical representations of the minimax estimate @ provided G is
a convex possibly unbounded set, and G is bounded, and (N, d) are asso-
ciated with the abstract Neumann problem (Theorem 4.4, Theorem 4.7 and
Proposition 4.9);

« sufficient conditions for the worst-case estimation error to decay to 0 for
t — 400 (Corollary 4.5 and Proposition 4.10).

To the best of our knowledge, the aforementioned results are new and have not
appeared in the mathematical literature yet. Let us stress that apart from pure
theoretical contribution, these results are of particular significance in practice.
Indeed, depending on the interpretation of the parameter ¢, one may get quite
interesting applications: for instance, if ¢ is understood as a number of an exper-
iment, C(t) = K is a compact operator of infinite rank, e.g. Volterra operator,
and y(t) denotes the experiment’s outcome which is corrupted by a realisation

of the noise n(t), then the minimax estimates V(t), Vo(t + 1),... approach
the solution of the least-squares problem ||[K¢ — Kx| — min, with the minimal
norm. In other words, the minimax estimation in this specific case implements
an iterative pseudoinversion! procedure converging to K K¢. Note that, in this
example, t can be interpreted as a number of the iteration. The operator N
plays role of a pre-conditioner which can significantly speed up the convergence.
We stress that the aforementioned procedure operates subject to the noise pro-
cess 1, hence the minimax estimation combines the outcomes y(t) of different
experiments so that the pseudoinversion is stitched together with de-noising, and

LK+ denotes the Moore-Penrose pseudoinverse of K.
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provides an estimate of the “true” solution ¢ which is robust to uncertain fy, f1
and R,. If K was of Volterra type, i.e. Ko(z) = [; ¢(z)dz, then the minimax
estimator would simply differentiate y, i.e. approximate 0,y(z,t) given a number
of noisy measurements of y(-,¢). Differentiators of such type are of particular
importance in the sliding mode control [22]. We refer the reader to Section 5 for
the further details on this.

On the other hand, the case of mixed uncertainty description, i.e. deterministic
model errors and stochastic measurement noise is quite common in practise. For
instance, engineers usually work with approximate physical models, i.e. Galerkin
projections of PDEs [19], and have little or no information about statistics of the
model errors f; and fy, which usually absorb discretization errors and physical
simplifications, hence it is reasonable to assume deterministic uncertainty descrip-
tions for fy and f; in the form of a bounding set G. In contrast, the measuring
device described by C' may have a rather good description of the error statistics,
and hence it makes sense to assume that the noise in observations is random.
Moreover, the assumption that the correlation operator of the noise is not known
but belongs to the given bounding set (G; makes the state estimation robust with
respect to fluctuations in the second moments.

One of the key applications of the minimax estimation framework is in data as-
similation, an important component in many modern industrial cyber-physical
systems which improves the accuracy of forecasts provided by physical models by
optimally combining their states — a priori knowledge encoded in equations of
mathematical physics — with a posterior: information in the form of sensor data,
the so-called state estimation, and evaluates forecast reliability by taking into
account uncertainty, i.e., model errors or sensor noise. To name just a few, let us
mention online data assimilation of GPS coordinates into a macroscopic traffic
model [13, 12|, assimilation of water elevation levels into the Saint Venant equa-
tions for flood prediction [14], adaptive grids [15], robust source estimation [25]
and air quality monitoring [7]. We refer the reader to [11, 6] for the further dis-
cussion on modern data assimilation. Another notable application of minimax
estimation is in sliding mode control [22, 23].

This paper is organized as follows. The next section presents a brief overview
of abstract Dirichlet/Neumann problems. Section 3 presents the formal problem
statement; the minimax state estimates are shown in Section 4. Application to
pseudoinversion together with the numerical experiment is described in Section 5.
Section 6 contains conclusions.

Notation. Given an abstract Hilbert space H we denote by (-,-)y its canonical
inner product with values in R, and set ||z||% := (z,x) for any =z € H. [z,y]
denotes an element of X x Y, the Cartesian product of two Hilbert spaces X and
Y. We also define a space of all linear continuous operators from a Hilbert space
H, to Hilbert space Hy by £ (H,, Hy), Hf denotes the adjoint space of Hy, Ay,
denotes the canonical isomorphism of the Hilbert space H; onto Hy, I denotes
the identity operator. (-,-) denotes the duality pairing between H and its adjoint
space H*.
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2. Abstract Dirichlet/Neumann problem
Assume that Hy, H_ and H, are given Hilbert spaces such that

H.CHyCH._.

In what follows, we identify H, with its adjoint space Hy. Let (-,-)o -+ denote
inner products in Hy _ 4 respectively, and let a be a continuous bilinear form on
H, x H, such that

>0 a(¢,¢)2a2(¢,¢)+, V¢EH+,Oé7é0. (1)

Let Hy denote a Hilbert space and consider a linear operator v € Z(H,, Hp)
such that

y ’YO(H+) = Hy
e H,:=ker(y)={¢p € Hy:v¢ =0} is dense in H,

Define H_ := HJ*r Then, clearly,
H, CHy,CH_.
Define a linear operator
Voe H,: No¢:=a(e,)ec H_,

i.e. N maps a vector ¢ € I—OI+ to a linear continuous functional ¢ — £4 = a(¢p, 1))

over ]—OLr, so that ¢4 € H = H_*F The operator N is a bounded linear operator in
the Hilbert space H, (N) := {¢ € H, : N¢ € Hy} equipped with the graph norm
ol vy == (|@]12 + IN@||2)z. It is not hard to see, by definition of N, that

]

N e X(H-HH—) n g(H+(N)7HO) :
Define N, the formal adjoint of N as follows:

Ve H,: Ntp:=a(,¢)ecH_.

o

Clearly, Nt € Y (Hy,H.) N %L (H.(N*),Hy) where H,(NT) := {¢ € H, :
N*t¢ € Hy}. If the form a is symmetric, i.e. a(¢,1) = a(y, ¢), then N = NT.

The abstract Dirichlet problem associated with the form a is to find ¢ € H, (N)
such that:

No=f, vpo=/fo, fo€Hy,f€H,. (2)

We stress that there exist a linear bounded operator 6 € Z(H.(N), H}) such
that the following Green formula holds true:

a(¢a¢) = (N¢7¢)0 + <5¢> ’7#’) ) Qb € H+(N) 777D € H—i—v (3)

and the formal adjoint of N, NT verifies the following equality:
(N+¢> ¢)0 - (¢a N¢)0 = <’W> (5¢> - <5+¢>’Y¢> ) ¢ S H+(N) 7¢ S H+(N+) ) (4)
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where 6" € £ (H,, H}) is such that

a(,¢) = (N, 9)o+ (670, ), d €M, e H(NT).

The abstract Neumann problem associated with the form a is to find p € H(N)
such that:

No=f, dp=/fo, fo€H), fe€H,. (5)

This latter problem can be equivalently reformulated in a variational form [1],
namely ¢ € H,(N) solves (5) if and only if

a’(¢7 ¢) = (f,@b)o + <f0a’777b> ’ Vw € H+ : (6)

We stress that either (2) or (5) have the unique solution provided (1) holds
true [1]. The aforementioned abstract Dirichlet/Neumann problems incapsulate
a wide class of mixed boundary value problems for linear elliptic equations over
Lipchitz domains. A specific example of the abstract Neumann problem will be
given below, in Section 5. We refer the reader to [1] for further details on abstract
Dirichlet/Neumann problems.

3. Problem statement

Assume that we observe a vector-function y(t) with values in a Hilbert space H
such that

y(t) = Ct)p+n(t), (7)
where

e t—C(t) e L(Hy, H) is a given linear transformation, an abstract model of
a measuring device

o 1n(t) denotes a realisation of a random process with values in H such that
En(t) =0 and fOT E|n(t)||3dt < 400, i.e. the process has zero mean and fi-
nite second moments; moreover, the correlation operator (R, (t, s)z1,z2)y :=
E(n(t),z1)g(n(s),z2) g is unknown and belongs to the given bounding set
G

e € H,(N) solves? the following abstract Neumann problem (in the operator
form)

Ne=Difi dp=DByfo, (8)

subject to uncertain disturbances fyo; € Fy; from a given bounding set G,
and By € Z(Fy, H}) and B, € Z(Fy, Hy) are given linear operators.

Let us now introduce the notion of the minimax estimate. Given y(t) defined as
in (7), a vector ¢ € Hy and linear bounded operators V € Z(Hy, Hy) and U(t) €

Z(H, Hy) we say that an affine functional y(-) — U(y)(t) := fOT U(t)y(t)dt + ¢
is an estimate of V. Now, the minimax estimate of V¢ is defined as follows:

2As noted above, (1) implies that (8) has the unique solution ¢ for any f; and fo.
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Definition 3.1. Given U € L?*(0,T,.Z(H, Hy)) and ¢ € Hy we define the worst-
case estimation error o(U, ¢) associated with U as follows:

T
O'Q(U, c) = sup E|Vp— / U(t)y(t)dt — CH?{V )
[fo,f1]€EG,RyEG 0

Vga fo y(t)dt + ¢ is said to be a minimaz estimate of Vi provided

inf o(U,c)=0(U,¢) =6
¢ UEL2(0,T,Z(H))

The number & is called the minimax error.

Note that the minimax estimate @ of Vi, defined according to Definitoin 3.1,
has the following property: given an operator-valued function ¢ — U(t) we can
compute the worst-case estimation error o(U), associated to the corresponding

estimate U(y fo t)dt + ¢, by evaluating the mean-squared distance

E|Ve — fo )dtH H, between all values of U(y) and V¢ generated when
(fo, f1) runs through GG, and the correlation function of the noise process runs

through G1; the minimax estimate is then defined as a vector ‘7g\0 having the
minimal worst-case error 6. The aim of this paper is to study existence, unique-
ness and various representations of the minimax estimates.

4. Main results

This section presents existence and uniqueness theorems for the minimax es-
timates for the case of generic convex bounding sets. The case of ellipsoidal
bounding sets is considered in details and the corresponding minimax estimates
are defined as the unique solution of an abstract boundary-value problem. Finally,
asymptotic behaviour of the estimates is studied, namely sufficient conditions for
the estimation error to converge to 0 are formulated.

4.1. Existence and uniqueness of the minimax estimates

In this section we present existence and uniqueness results. Take ¢ € Hy and let
z € H,(N") denote the unique solution of the following adjoint equation in the
variational form:

a2 = (VO = [ CUOCODmd, Yo HN).  (9)

Recall that we identified Hy with Hj, and so V* € Z(H3,, Hy). Clearly, z solves
the equivalent operator equation:

T
Ntz =V*Al - / C*(t)U*(t)Abdt, 6T2=0, (10)
0
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where A denotes the canonical isomorphism of Hy onto Hj,. Define

a(U, fo, f1,£) = (Bif1,2)o + (Bofo,v2) ,
Do :={U: sup (U, fo, [1,0) < +o0}

AT
[fo,f1]€Go

The following lemma provides means for computing the worst-case error defined
in Definition 3.1.

Proposition 4.1. Let ¢ solve (6) and z solve (9) for some U € L*(0,T, £ (H, Hy))
and ¢ € Hy. Let us further assume that Gy is bounded, and G = [fy, fi] + Gy
for a given [fy, f1] € Fy x F1, and a convex set Gy such that Gy = (=1)Gy. If
Ue %, then

UQ(U’ C) = sup sup (O./(U, an fhg) + |(€7 C)HV - Oé(U, f07 f1a€)|)2

Ny =1 LofrlGo
. (11)
+sup E| [ U(t)n(t)dt||7,
G1 0

and o?(U, ¢) = +o00 otherwise.

Proof. Recall that En(t) = 0 and set by definition ¢ := V(p—fOT Ut)C(t)dtp—c.
Since

Ve - / U(t)y()dt — cll, =

— gl + 2(a. / UOn(t)dt)m, + | / (dt|%,
0
and F(q, fo n(t)dt)m, = 0 it follows that
T
Ve - / Uy(t)dt — cl%, = llal%, + E| / n(t)del%. .

We claim that

T
BV - / Uyy(t)dt — ey, =
0

= s (U, for i) — (6.C)m ) + B / Wz, (12)

&)y, =1
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Indeed, note that, by definition of the norm of a Hilbert space one has:

2

HQH%V = Sup ((év V‘P)Hv - (67/0 U(t>0(t)dt90)Hv - (6’ C)Hv)

elle
by (9) with p=¢

sup (a(gpv Z) - (gv C)Hv)2
etz =1

£~H£S\\up—l ((Bf1,2)0 + (Bofo,v2) — (£, 0)my, )

by (6) with ¢p=2

This proves (12). To prove (11) take U € Z,. Then, by (12) and by Definition
3.1 it follows that:

UZ(Ua C) = sup sup (CY(U, anflag) - ((67 C)Hv —Oé(U, anflag)))Q_l_
&N my, =1 [fo,f1]€Go

T

v Bl [ U,
Gy 0

Since Gy = (—1)Gy we can write:

Oé(Uameflaf) € [_ sup O[(ny()?flag)’ sup O[(va[hflaE)]
[fo,f1]€G0o [fo.f1]€G0o

hence, we derive (11) from the simple equality supyc(_, o [k—m| = a-+|m|. Finally,
we note that, by definition of &, and by (11) it follows that ¢*(U,¢) = +oo if
U D, O

Define

T
O(U):= sup sup Ozz(U, fo, f1,0) +sup EH/ U(t)n(t)dtleqv-
el ey, =1 [fo.f1]€Go G1 0

Corollary 4.2. Let U € Argmin ®(U) and define
No=DBifi, 0¢=DBofo, (13)

éE=Vp— /OT U(t)C(t)dtp . (14)

It then follows that ming,, (U, c) = o2(U, ¢).

Proof. Clearly o2(U,¢) > ®(U) > ®(U). Thus &(U) = +oo implies that

o(U,¢) = 400 and the statement of Corollary 4.2 holds true. If ®(U) < 400
then, by (11), we have:

rs a(@,2) "2V (B 1, 2)o + (Bofo. )

Hence, for any ¢ € Hy and U € L*(0,T,.%2(H, Hy)) it holds that o*(U,c) >
®(U) > ®(U) = 0?(U,¢). This completes the proof. O

by (9) and (13)
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Remark 4.3. Note that as per Corollary 4.2 we can restrict our attention to the
case fi = 0, fo = 0 without loss of generality. The interpretation of this fact is
quite obvious: since (8) is linear it follows that one can shift the pre-image of G
w.r.t. N,0 by ¢, and then estimate the deviation of the “true” solution ¢ from
. The latter is achieved by working with G instead of G or, equivalently, by
assuming that f; = 0, fo = 0 and setting ¢ = 0.

4.1.1. Unbounded disturbances

The following theorem provides a representation of the minimax estimate for the
case of no information available on fy and fi, i.e. Gy = Fyx F}, and an ellipsoidal
bounding set for the correlation operator R,. Assume that Q(t) € Z(H) and
Q) =Q*(t) > oI, a#0,and t — ||Q(t)| € C(0,T).

Theorem 4.4. Assume that Go = Fy x Fy. Then

T
+ 00 > 0*(U,0) = sup E|| Ut)n(t)dtl|z, <
G1 0
SUc2 :={U:(2,B1f1)o=0, (Bofo,v2) =0} (15)

If 20 # @ and, in addition,

Gy = (R, - / E(QU)n(), n(t)) udt <42} (16)

then

T
mino*(U,0) =93 sup (6Vp)uy . Vi / Uyt =Ve  (17)
L[|l =1 0

provided ¢ and p solve the following system of equations:

T
Ntz VA= Brp, e =0, Br— [ C0ARQUCHL,
0

(18)
Np = BlAlv 5]7 = BOA()? <727B0f0> - 07 (Blsz)o = Oa
for all fo € Fy and f1 € Fy, and
T
Ntp= / C*AyQ(t)y(t)dt — Bro, dTp=0,
0 (19)

N¢ = By ,00 = Bopo, (Bofo,v9) =0,(Bif1,p)o=0.

Proof. If U ¢ %, then «(U, fo, f1,£) > 0 for some [fy, f1] € Go, and hence
supg, a(U, fo, f1,£) = supg, ((B1f1,2)o + (Bofo,72)) = +o00. The latter implies
that 0%(U,c) = 400 by (11). Clearly, 0*(U,c) = +oc if 1 = @. If 9, # & and
U € 2, we have that a(U, fo, f1,¢) = 0 and so (15) holds true.
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To prove (17) let us note that sup in (15) is attained at a “deterministic process”,
le.

sup | [ Um0, supl| / ()|, .

Gy = 1{g: / (Q()g(t), g(t)) my it}

Indeed, since for any n € L*(0,T, H) it holds

I [ v, <

< sup /O(QlAlU*M,AlU*M)Hth /0 Q). n)mdt  (21)

11y =1
we find that
T T
swl [ U®gt)dtlZ, =2 sup / (Q AU AL A A o dt . (22)
G Jo ellela,=1Jo

On the other hand, E [; (Q(t)n(t), n(t))a,dt = [, E(Q(t)n(t),n(t))n,dt < %,
hence, by (21), we find that

sup 2| [ U0y, < sup / ()t
G1 0

Now, let g; denote a sequence of Hy-valued functions such that

i || [ v@mol, =swl [ v,

and let ¢ denote a scalar random variable such that B¢ = 0 and E¢? = 1
Define ny(t) := £gx(t). Then the correlation operator of 7 takes the following

form: (Ry(t,s)v1,v2)n = E((t), v1)a(n(s), v2)n = (gr(t), 1) m(gr(8), v2)nr =
gr(t) ® gr(s) and

T

swp Il [ Utm o)ty < sl / n(t)dl,

RreGy

< Jim | / (B, = sup | / @)t

We get (20) by noting that E| [} Ut)m(t)dt|%, = || [} Ut)g(t)dt|%, -

Let us first prove (17) for the following special case: Hy = R and Vg = (v, ¢)o,
v € Hy. Note that A = 1 in this case, U € L*(0,T, H*) and V*¢ = v provided
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I€lvi; = 1. Clearly, U* = u for some u € L*(0,T, H) such that Agyu = U*, Ay
denotes the canonical isomorphism of H onto H*. By (20) and (21) it follows that

T, . . . .

o*(u,0) =7 [, (Q 'u,u)pdt is a strictly convex weakly lower semi-continuous
. . 2 . 2 . .

functional, and hmHUHLz(o,T,H)—>+OOO (u,0) = 4+00. Hence, 0 has a unique min-

imum point u. To find @ recall the definition of %; and define the Lagrange
functional

1

T
E(U, )\Oa )\1) = 5/ (Q_IU,U)Hdt + (Bl>\17 Z)O + <B0)\0,’}/Z> )
0

provided z solves (10). The existence of @ implies that there exist A\g; such that
lim, o4 Z—f(ﬁ + Tu1, Ao, A1) = 0 for any u; € L?(0,T, H). On the other hand

. dL Tt
lim d_(u+7'u1,/\0,/\1) :/ (Q "t ur)mdt + (Bidy, 21)0 + (Boo, v21)
0

0+ dT

. (23)
N+21 = —/ C*AHuldt, 521 =0.
0

Define p as follows: Np = BjA;, 0p = BpAg. Then, by Green’s identity (4),

we get: lim, o4 % (4 + Tug, Ao, A1) = fOT(Qflﬂ — C(t)p,u1)gdt = 0 for any
u; € L*(0,T, H). Hence, @ = Q(t)C(t)p and [p, z| solve (18). To prove (17) we
note that

T
) by (18)
o*(@,0) Zv%/ (Q'a,a)gdt =" v} (Brp,p)o =
0

by (4) and (18)
=9 ((v,p)o — (NT2,p)o) =" 43 (v.p)o (24)

which proves (17). Finally, let us prove that @ = V. Indeed, (19) is a system
of the same type as (18) and so it has the unique solution. We have:

T T T
Vo= [ (a0, v0)ndt = [ (@O 00) = . [ CAnQOYOmat
0 0 0
= (N+ﬁ + BT@ap)O = (BTpv (15)0 = (U - N+27 @)0 = (U, @)O
where we used that (Np,p)o =0 and (N z,$)g = 0 by (4), (18) and (19).
Let us now consider the general case. Since
2

T T
sup |/ U(t)g(t)dt”%lvdt =sup sup (/ (A_lU*Af,g(t))Hdt)
G1 0 0

G1 |le] =1

T
=7 sup /(QlAlU*AE,AlU*Aﬁ)Hdt (25)
0

€Il ey, =1
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it follows that

T
inf o*(U,0) >~2 sup iI}f{/ (Q ', a)pdt, a=ATUAN, U € 2}
0

ven ey =1 ®

T

. _ by (24

> 2 sup inf / (Q Mu(t), u(t))pdt v E )7% sup (£,Vp)o (26)
1€y, =1 wEL2O.TH) o 1€l a1y, =1

On the other hand, v7.(¢, Vp) g, = supg, ((¢,V)m, — (€, V$)u,)?* and so

V7 sup (6, Vp)u, = sup ||V — V|, =sup B[V — VolE,
1€l 2y, =1 Go eh

Hence, supg, E||Vy — @H%V > supg, BV — V@H%V, and hence @ = V.

This proves (17). O

The next corollary shows that the minimax error approaches 0 asymptotically
provided the observations are available and dominate the noise.

Corollary 4.5. If all the assumptions of Theorem 4.4 are true, and, in addition,

lim ———— =400, Auin(Br):= inf (B, ,
Tooo ’77% ( T) w:”w”H:1< T¢ ¢)H

A

then limp_,. 0*(U,0) = 0.
Proof. It follows from (17) and (18) that

mUiIlO'2(U,0):’)/72~ sup ((,Vp)m, =7F sup (Brp,p)o.
eellv=1 eley=1

Since (Brp, p)o > Amin(Br)||pl|3 it follows that

sup (g,Vp)HVZ)\mm(BT) sup Hp”(z)
Llefly=1 &lelly=1

On the other hand, (¢, Vp)u, < |[€l|lm, supgqo=1 IV @l my |[pllo. Hence, we get:

sup  Ipll§ < Anin(Br) sup |[Valla,  sup [l
e, =1 ¢lallo=1 Ellel g, =1

As a result we get for T — +oo:

mino?(U,0) =4 sup ((,Vp)g, < sup HVqHJZqV)\;én(BT)'y% —0. O
v elelly=1 g:llgllo=1

Remark 4.6. Corollary 4.5 implies that E@ = V¢, i.e. the minimax estimate
is non-biased. In addition, if the operator Br has a discrete spectrum then
Amin(Br) equals to the minimal eigen value of Br.
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4.1.2. Bounded disturbances

Assume that Gy is an ellipsoid, i.e.

Go = {[fo, f1] : (Qofo, fo)r, + (Quf1, fi)m < 1}, (27)
where Q; € Z(F;), Q; > pil, f; >0 fori=1,2.
Theorem 4.7. Let G be defined by (16) and assume that R, € G1. Then

inf sup E||[Vo—Volly, = sup (4, Vp)u, (28)
U0 Go,1 el ey, =1

provided p solves

Ntz =V*Al —~:*Brp, 6T2=0,

29
Np = BiQ7'A1Biz, 6&p= ByQy'NoBjvyz (29)

where \; is the canonical isomorphism of F; onto it’s adjoint.

Proof. Let us recall the Schwartz inequality:

(Biz,y)o < (B1Q A1 Biz,2) (Qy, y)¢ -

We also recall Remark 4.3, namely that fo; = 0. Let us set u(f) := A~*U*A/ for
some U € L*(0,T, % (H, Hy)) and ¢, € Hy. Now by defining

T
®(u(l)) = (Bi1Qy M Bz, 2)o + (BoQq ' Ao Bgvz, 77) +/ (@ u(l), u(0))pr, dt
0

and using (11) and (20), we get

T 2
o’(U,0) = sup sup((z, Bifi)o+ (72, Bofo))* + sup sup </(U*A£2,g>dt>
0

el y, =1 Go 2l by, =1 G2

Schwartz ineq.

sup ((BlQl_lAlez, 2)o + (BoQp Ao By 2, 'yz>)2 +
€Nl ey, =1
2

wop s ([ @ e u@m ) = s e

162l rry, =1 1]l 2y, =1
> inf sup ®(u(f)) > sup inf O(u(l
UelL?(0,T,.Z(H,Hy)) ”g”HV:l ( ( )) ”E”Hvzl UeL?(0,T,.%(H,Hy)) ( ( ))
> inf ) 30
- ueLQI(r(l),T,H) (u> ( )

Using the same type of argument® as in the proof of Theorem 4.4 it is not
hard to show that there exists a unique @ such that inf, ®(u) = ®(@). Then

3See the proof of (17) for the special case: Hy = R and Vo = (v,¢)o, v € Hp.
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lim, 01 22(4 + 7uy) = 0 for all w; € L?(0,T, H). By using (29) and (4) and an
argument similar to (23) we find that @ = 7;2Q(t)C(t)p and ®(4) = (£, Vp)o.
Thus,

irl}fUQ(U,O)z sup inf ®(u(f)) > sup P(u)= sup (¢,Vp)m,

el sy, =1 Y 1€]| £y, =1 1]l 22, =1
This completes the proof. O

In fact, Theorem 4.7 shows that the minimax error of the minimax estimate @ of
the vector V¢ is bounded from below by the induced norm of the linear operator
¢ +— Vp(f). The following corollary shows that this lower bound is exact for a
specific type of V.

Corollary 4.8. If Hy=R" and V= (v, ¢)o for some v & Hy then infy 02(U, 0) =
(v,p)o, provided p solves (29) with V*AlL = v.

Proof. Indeed, U € L*(0,T, H*) and A = 1 so that all SUD g7, _1{-} in (30) can
be dropped, and we get that u({) = u := U* € L*(0,T, H). Hence o*(U,0) =
®(u), and infy o*(U,0) = (4, Vp) g, = (v,p)o. N

Proposition 4.9. Assume that Hy = R' and Vo = (v, )y for some v € Hy,
and let [p, ¢| solve the following system:

T
NTp= 7172/ C*AnQ(t)y(t)dt — vz Bré, §7p=0, (31)
0

N =BiQ7'MBip, ¢ = BoQy ' NoByp-

Take a total orthanormal system {Un}nen in Hy. Then Vo = fOT(zl,y)Hdt =

(v, )0 and = fo tydt, U = = 0" ¥ @ Q)C(t)pi(t) provided p;
solves (29) with V*Al = wz

Proof. Corollary 4.8 shows that in the assumptions of Proposition 4.9 the mini-
max estimate takes the following form: Vi = fOT(ﬁ, y)udt. Recall from the proof
of Theorem 4.7 that @ = v;2Q(t)C(t)p provided p solves (29). Hence

T T
/ (4, y)gdt = 7%2(19,/ C*ApQ(t)y(t)dt)o = (p, NTp) + v (p, Bré)o
0 0
= (pa N+ﬁ) + 77_“2(BT1% @)0 = (pv N+ﬁ)0 + <Ua ()5)0 - (N+Za ()5)0
By (4) we get that

(pv N+]5)0 - (N+Za ()5) = (ﬁa Np)O - (Z N@)O + <’7ﬁ7 (5]?) - <’72, 5@) -
= (p, B1Q1 'A1 B} 2)o — (2, BiQy ' A1 Bip)o + (v, BoQy ' Mo Byyz)—
—(v2, BoQqy AOBOa’Yp> 0.
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Hence fOT(ﬂ,y)Hdt = (v,¢)o. Now, we note that v = > (v,¢;)ot; and so
p="3 0 (v,9;)op;. But then

/O (@, y)rdt = 72 (p, / C*ArQ(t)y(t)dt)o

0

=5 (w0 [ (QUOC )it = (v, [ U,

hence! ¢ = fOT U(t)y(t)dt. O
Proposition 4.10. Assume that G C Fy X Fy is bounded. If

lim 72  inf (B, = 400
T~>OOIYT w:IIdJIIH:l( T, 1)

then limr_,o infy.supg g, E((v,©)o — @)2 =0.

Proof. Indeed, given any bounded G C Fy x F} we can find (o such that
G C Go where Gy is defined by (27). Thus supg g, E((v, )0 — (v,$)0)* <
SUpg, a, E((v,¢)o — (v,9)0)? and so, by Corollary 4.8:

inf sup E((v, p)o — @)2 <inf sup E((v,p)o — @)Q = (v,p)o -
Uc q,ch U Go,Gh

We have by (29) that

(U7p)0 - (N+Z7p)0 + VEQ(BTpup%) - (Z7 Np)() + <7Z7 BOQEIAOBE;’YZ>+
+772(Brp, p)o = (2, BiQ7 'A1 Bi 2)o + (72, BoQy ' Ao Byv2) + 772 (Brp, p)o
> v:2(Brp,p)o > vp°  inf  (Bry,¥)olpllf -

|l g=1
V%

; v||o. Finally, we get
mfw:uw\\Fl(BTw,w)oH lo

Hence ||pllo <

V3

. |2 =0, T— 0.
lnfw:||w||H=1(BT¢,@/})oH o

(v, p)o < |[v]lollpllo <

O

Proposition 4.11. Assume that G € Fy x Fy and @, := {U : (z,B1f1)o = 0,
(Bofo,v2) = 0} # @}. Then

inf sup E||Vyp — V(pH?qV <7 sup ((,Vp)m,

Ue GGy (1€l zy,
where p solves (18). If, in addition, limp_, ., 7}2 inf oy =1 (Brep, ¥)o = 400 then
lirnT—)oo infU,c Squ,G1 EHVSD - VSOH%{V =0.

4Recall that if ¢ = 2;11 ; ® ¢; provided v; is a total orthonormal system in Hy, ¢; is a total
orthonormal system in Hy, then (z,qy) = Z?’;l(wi,x)o(@,y)l.
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Proof. Since G C Fy x F; it follows that

o} = infsup E|[Vip = Voly, <ot i=inf sup B[V — Vel
¢ G,G1 ¢ Fox F1,G1

Now, according to (17) we get that: of = ¢ supg g, =1(f, Vp)u, . The last

statement of the proof follows from Corollary 4.5. O

5. Applications: pseudoinverse of a compact operator

Assume that Q = (0,1)%, and let H*(Q)) denote the Sobolev space of L%()-
functions f such that all weak derivatives of f up to order k belong to L?(Q2), i.e.
ooz f e L*(Q) for any natural ay o such that ay +ag < k. Define H, := H'(Q)

2

and Hy := L?(Q) and set

a(6 ) = /Q (V6, Vi) podardes + (o, ) oy, B2 0,41 0.

In this case
No=-BA¢p+pp, H(N)={p€ H(Q): Ap € L(Q)} = H(Q),
and the Green’s formula (3)

a(¢,1) = (N, ¥)o + (0¢,71))

takes the following familiar form:

/Q (Vo, V) pedarydry = /

[ (~a)pvdnidas + / (V6. (2, 22) e 1 dOSY.,

o0

where 7(z1, 25) is an outward pointing normal vector to 2. Note that in the con-

sidered case v is a standard trace operator mapping H'(Q)) into Hy = H %(Q) C
L?(99), the space of traces of all H'(€)-functions, and ¢ is a bounded linear op-

erator from H, (N) = H?*(Q) to H} = H~2(f), the space of all linear continuous
functionals over y(H'(f2)) defined as follows:

<5¢a 7¢> = / (V¢,ﬁ($1,x2))32 ¢daQ ) ¢ € Hl(Q) 71/J € HQ(Q) .

o

Since the form a is symmetric, we have that N*™ = N and §* = 0. Finally, the
Neumann problem (8) reads as follows: find ¢ € H?*(Q2) such that

—BAp+pp = Bifi  (Ve,ii(z1,22))r: = Bofo on 092, (32)

This problem has the unique solution ¢ € H?(Q) for any Bif; € L*(Q) and

By fo € H2(£2) which coincides with the solution of the variational equation (6)
(see [1, p.168]). In what follows we assume that By = 0 and By = I.
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We further assume that H = Hy = L*(Q), Qo = I, Q1 = 1 so that Gy = {[fo, f1] :
Lfoll3+ I3 < 1}, and Q(t) = q(t), C(t) = c(t) K, provided g(t) > a? > 0, and
t + c(t) is a given continuous function, K € Z(Hy). Assume that £ € L?(Q) is
such that ||£][z2) = 1. As noted in the proof of Theorem 4.4, the sup over G4
is attained on a “deterministic process” so we can take n(t) = f(t){(z1,x2), and
take any f : R — R such that [} g(t)f2(t)dt < 4%. Then (Q(t)n(t), n(t))m =
a(t) P (O)€ll72) < 77 In other words, we let G be the tensor product of the

unit ball of Hy with the ellipsoid {f : fOT qf?*dt < 1}. Now, let us assume that
Dirue SOlves (32) for some f1 € Go = {[fo, f1] : | foll2 + || f1]]2 < 1} and we observe

y($1,$2,t) = C(t)(KQOtrue)(xth) + f(t)§($1,5172)

Let Hy = R', Vo = (v,9)o. According to Theoerm 4.7, Corollary 4.8, and
Proposition 4.9 we have that the minimax estimate of Vo = (v, ) is given by

@ = (v, ®)o provided

T
Np +7°w(T)K* K = 4p°w(T)K* K piue + 77 / c(t)q(t) f(&)dtK*E
0
(33)

Now, substituting p = N¢ into the first equation of (33), and multiplying the
result by 72w (T') we can write:

T

( 8§01 Jo c()a(t)f(t)dt

N2+ K*'K)p = K*K Qe

By Proposition 4.10, we have that

lim sup E((v, —(v,9))?> =0, if inf (K¢, K lim v 2w(T) = 4o00.
A sup ((v, )0 — (v,©)o) w:||w||o=1( W, K)o lim y7°w(T)

Hence, if the spectrum of the self-adjoint non-negative operator K*K does not
contain 0, then® the expectation of ¢ converges weakly in Hy to .

Note that, for compact operators K of infinite rank, and more specifically for posi-
tive self-adjoint Hilbert-Schmidt integral operators, 0 is always in the spectrum of

I caws o _

K* K, hence Proposition 4.10 does not apply. However, if limz_, (D) =

0 it follows that

2 -1
H(T) = ( 0T 2 +K*K> K*K 0ppue +

w(T)
i e(t)a(t) f(t)dt
L) (

2 -1
T 2 * *
N+ K*K K*¢.
o) " ) ¢

®Note that the numerical range of K*K, defined by {(Kz, K)o, ||z|lo = 1} contains the spec-
trum of K*K, and so infy,|jy|,=1 (K1, K)o = 0 if 0 is in the spectrum of K*K



18 S. Zhuk, O. Nakonechnii / Minimaz State Estimates ...

Assume that =0 and A =1 so that N = I and define

2 —1 o)
T * * )\n
= I+ K'K K"K Qirye = ——(Ptrues Pn)oPn 4
qr (M(T) + ) P > = . (@true, Pn)own  (34)
n=1 w(T) + An

where {¢,} is the total orthonormal system of eigenvectors of the compact self-
adjoint operator K*K, and A\, > 0 are the eigenvalues of K*K: K*Ky,, = A\ n.
Clearly, 22— # 0if A, > 0 and 2 ’\” = 0 otherwise. Hence, for T' — oo we get that
= o

qr — Puwe provided min, A, > 0 and qp — (p#ue otherwise, where go#ue is the
orthogonal projection of ¢, onto the orthogonal completion of the null-space
of K*K. Now, we note that H = Range(K ) & Ker(K*) so that £ = & @ &L where
K*¢ = 0 and &+ € Range(K), so that K*¢ = K*Kb for a unique b € H such
that b L Ker(K). Hence

2 -1
Y1 * *
I+ K"K K b
<w<T> ! ) <

and so, for the worst-case realisation of &, we have that

ST et)a(t) £(¢ >dt(
w(T)

More specifically, if K is of Volterra type, so that the null-space of K is trivial,
then the algorithm

2 -1
s * *
I+ K*K K¢ —0.
w(T) * > ¢

T qr+

Jo c(t)a(t) f(t)dt (

o -
I+ KK K*
wo(T) " ) :

w(T)
“differentiates” the noisy signal y and converges to the “derivative” of Ky;pye —

(ptrue .

5.0.1. Numerical experiment: positive Hilbert-Schmidt operator

. . _(z=a)?+(y—y")? N g
For the numerical experiment we took K¢ = er 24102 o2,y )dz'dy,
q(t) =1, pp:= 10* and defined ¢ and f as follows:

e c(t)=1ift € [n—n"2,n] for any natural n and c(t) = 0 otherwise

1
. flt)= n_ztfrfr—"i ift € [n—n_%,n—n_Q], and f(t) = (1—n"?)=2tp— 2 4pn2

n 2-—-n

if t € [n —n2,n|, and f = 0 otherwise

Clearly, [, (t)dt = Y21 9= = +00, and f(n) = 1, and

+oo ; +oo 1 n3/2 1 5 ) A
dt =) — 4+ —=— = ~ 1.
) ZQZ+24 12(6@(2)+7r) 9,

0
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¥y

(a) Truth

(d) Pseudo-inverse: N =1, no noise in
(c) Observations observations, (relative L2-error ~ 8%).

Figure 5.1: Truth, observations, estimate and pseudoinverse

where ( denotes the Riemann zeta function. Moreover,

oo =1 1 w2 1 9 A )
; f(t)dt:Z%—FW—F%:Q—?O(%((E)—Hr +157T)21.26.
n=1

It then follows that fOT c(t)q(t) f(t)dt < 1.49 and we can set v% = 1.26. We take

(x —0.5)? + (y — 0.5)?

Jfi =100 cos(2mx) cos(3my) + 0.1 exp{ 0.052 '

to generate the “true” solution ¢y of (32) (see Figure 5.1(a)). This solution
has been approximated by the Spectral Element Method with 60 x 60 elements
and 2nd order Lagrange interpolation polynomials over Gauss-Legendre-Lobatto
quadrature points [3]. It was then used to generate the observations y in Figure
5.1(c). Finally, the minimax estimate has been computed for 73 such that w(7") =

[ (t)dt = 23 x 10 and so

1.2 -
@(Tl) = (2—36 X 10_6N2 + K*K) K*K(Ptq"ue_l_

1.49 1.26 -t
o107 == x 10N+ KK | K*€.
LCTE (23 % * ) §

The estimate is presented in Figure 5.1(b).
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6. Conclusion

The paper provides representations for the minimax estimates of solutions of
abstract Neumann problems with uncertain inputs/boundary conditions given
incomplete and noisy measurements of the solution. The exact expressions for
the minimax estimate are derived for the case of estimating a component of the
state vector, i.e. a linear continuous functional of the state vector (see Proposi-
tion 4.9). For a more general case of estimating the entire solution, or a linear
operator of the solution, a non-trivial lower bound for the minimax error is found
(see Theorem 4.7). Finally, it is demonstrated that the minimax estimate is
asymptotically exact under mild assumptions on observations and bounding sets
as suggested in Proposition 4.10. An interesting relationship between the pro-
posed estimates and robust pseudoinversion of compact operators is revealed in
Section 5: it turns out that, for 7" — oo the minimax estimate converges to the
solution of the least-squares problem ||[Kxz — K @gyel|lo — min, with the minimal
norm. A promising research direction would be to use the proposed results to
design stochastic differentiators, i.e. algorithms which can compute time/partial
derivatives of the noisy signals.
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