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We present a conjugate duality approach for multifacility minimax location problems with
geometric constraints, where the underlying space is Banach and the distances are measured
by gauges of closed convex sets. Besides assigning corresponding conjugate dual problems,
we derive necessary and sufficient optimality conditions. Moreover, we introduce a further
dual problem with less dual variables than the first formulated dual and deliver corresponding
statements of strong duality and optimality conditions. To illustrate the results of the latter
duality approach and to give a more detailed characterization of the relation between the
location problem and its dual, we consider the situation in the Euclidean space.
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1. Introduction

Facility location problems are known for their numerous applications in areas
like computer science, telecommunication, transportation and emergency facili-
ties programming. In the framework of continuous optimization where the dis-
tances are measured by gauges, two kinds of location problems are particularly
significant. The first one consists of the so-called minisum location problems and
has the objective to determine a new point such that the sum of distances between
the new and given points is minimal (see [3, 4, 5, 14, 18, 21]). The second class
contains the so-called minimax location problems, where a new point is sought
such that the maximum of distances between the new and given points will be
minimized (see [7, 8, 11, 16, 17, 20, 22, 24]). The latter type of location problems
was extensively studied in [27] in the context of conjugate duality.

The central concern of this article is the consideration of a more general and
complex problem, namely the so-called multifacility minimax location problem
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(see [9, 23]), which has attracted less attention in the literature compared to the
multifacility minisum location problems (see [10, 15, 19, 25]). This may be due to
the fact that the objective function of the minimax location problem is a compo-
sition of a nonlinear outer function defined by a pointwise maximum and an inner
vector function given by distances, which are composed with linear operators. In
particular, the outer function increases the level of complexity not only from the
theoretical but also from the numerical point of view. In other words, the objec-
tive of the multifacility minimax location problems is to determine several new
points such that either the maximum of distances between pairs of new points or
the maximum of distances between new and existing points is minimal. In our
analysis we will use the results recently presented in [26] for multi-composed op-
timization problems to deliver a detailed duality approach to this type of location
problems. This duality concept allows more suitable and effective considerations
than the classical methods due to the mentioned complexity of the objective func-
tion of the multifacility minimax location problem. In concrete terms, this means
that we formulate an associated conjugate dual problem as well as derive neces-
sary and sufficient optimality conditions. Especially, we show that in the settings
where the underlying space is Banach and the distances are measured by gauges
of closed convex sets strong duality can always be guaranteed.

Further, we introduce another dual problem reducing the number of dual variables
compared to the first formulated dual problem. Continuing in this vein, we
will also employ a duality approach including statements of strong duality and
optimality conditions.

As the most location problems are considered in Euclidean spaces, we particular-
ize the latter case in this context and show that we have a full symmetry between
the location problem, its dual problem and the Lagrange dual problem of the
dual problem, which means that the Lagrange dual is identical to the location
problem. Finally, we close this paper with an example showing on the one hand
how an optimal solution of the location problem can be recovered from an optimal
solution of the associated conjugate dual problem and on the other hand how we
can geometrically interpret an optimal dual solution.

To this end, we start with recalling some preliminary notions and results from
the convex analysis needed for our approach.

2. Preliminaries
2.1. Elements of convex analysis

Let X be a Hausdorff locally convex space and X* its topological dual space
endowed with the weak™ topology w(X* X). For x € X and z* € X*, let
(x*,z) := x*(z) be the value of the linear continuous functional z* at x. For a
subset A C X, its indicator function 64: X — R =R U {£o0} is

0, if x € A,
400, otherwise

0a(x) = {
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and its support function oa: X* — R is oa(z*) = sup,c4(z*,x). For a given
function f: X — R we consider its effective domain

domf:={r e X: f(z)<+oo}

and call f: X — R proper if dom f # 0 and f(x) > —oo for all z € X. The
conjugate function of f with respect to the non-empty subset S C X is defined
by
f5: X7 =R, f5(a") = (f +0s5)"(a") = sup{(z”, z) — f(2)}-
xe

In the case S = X, it is clear that f¢ turns into the classical Fenchel-Moreau
conjugate function of f denoted by f*. Let us mention that it holds f*(z*) =
SUD,edom p1(7", @) — f(2)} as well as f(x)+ f(2*) > (2%, ) forallx € X, 2" € X7,
which is the so-called Young-Fenchel inequality. For the subset S C X and z € S,
the normal cone to S at x is defined by

Ng(z) :={z" e X" : (z",y—z) <0V yeS}

which is a convex cone. Additionally, we consider a non- empty convex cone
K C X, which induces on X a partial ordering relation “<y”, defined by

Sk={(r,y) e X x X :y—z € K},

ie. for x,y € X it holds x S y < y — x € K. Note that we assume that all
cones we consider contain the origin. Further, we attach to X a greatest element
with respect to “Sg”, denoted by +o00g, which does not belong to X and denote
X*® = X U {+o0ok}. Then it holds x <k +ook for all x € X*. We also define
v <k y if and only if z Sg y and = # y. Further, we define <g, =:< and
§R+:I< .

On X* we consider the following operations and conventions: = + (+o0og) =
(+ook) + 2 := ook Vo € X U {+ook} and A - (+oog) := ook VA € [0, +0o0].
Further, if K* := {a* € X*: (2*,2) > 0, Vo € K} is the dual cone of K, then we
define (2*, +00g) := 400 for all z* € K*. On the extended real space R we add
the following operations and conventions: A + (+00) = (+00) + )\ =400 VA €
(—00,+00], A+ (—0) = (—o0) + A := —c0 VA € [ 00, +0), A - (+00) =
+0o VA € [0,400], A-(400) := —00 VA € [—00,0), ( ) = —oo VA €
(0, +00], A+ (—00) := +00 VA € [—00,0), (+oo)-|—(—oo) = (—00)+(+00) := 400
and 0(—o0) := 0.

Let Z be another Hausdorff locally convex space ordered by the convex cone
Q) C Z, then for a vector function F': X — Z°* = Z U {400g} the domain is the
set dom F := {x € X : F(z) # +00g}. A function f: X — R is called convex if
fOAz+ (1 =Ny) < Af(z)+ (1 —=N)f(y) for all z,y € X and all A € [0,1]. When
FAzr+(1=XN)y) =g AF(z)+ (1 —=X)F(y) holds for all z,y € X and all X € [0, 1]
the function F is said to be Q-convex.
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Further, we consider the epigraph of a function f defined by
epi f:={(z,r) €e X xR : f(z) <r}.

The Q-epigraph of a vector function F is epig F' = {(z,2) € X x Z : F(v) Zq 2}
and when @ is closed we say that F' is Q-epi closed if epi F' is a closed set.

If QF :={z* € X*: (z%,x) >0, Vo € Q} is the dual cone of @), then we define
for z* € Q* the function (2*F): X — R by (2*F)(z) := (2*, F(z)), where it is
not hard to see that dom(z*F') = dom F'. Moreover, it is easy to see that if F is
Q-convex, then (z*F) is convex for all z* € Q*.

A function f: X — Ris called lower semicontinuous at T € X if liminf,_,z f(x) >
f (%) and when this function is lower semicontinuous at all x € X, then we call it
lower semicontinuous (l.s.c. for short). The vector function F' is called positively
Q-lower semicontinuous at x € X if (z*F) is lower semicontinuous at x for all
z* € Q" \ {0x+}. The function F' is called positively Q-lower semicontinuous if it
is positively @-lower semicontinuous at every z € X. Note that if F' is positively
(Q-lower semicontinuous, then it is also ()-epi closed, while the inverse statement
is not true in general (see: Proposition 2.2.19 in [2]). Let us mention that in the
case Z = R and @ = R, , the notions of Q)-epi closedness and positively Q-lower
semicontinuity fall into the classical notion of lower semicontinuity.

A function f: X — R is called K-increasing, if from x <y y follows f(z) < f(y)
for all x,y € X.

Definition 2.1. The vector function F': X — Z° is called K-Q-increasing, if
from = <f y follows F(z) <o F(y) for all z,y € X.

For a set S C X the conic hull is defined by cone(S) := {\x : 2z € S, A > 0}
and sqri is used to denote the strong quasi relative interior, where in the case of
having a convex set S C X it holds

sqri(S) = {z € S :cone(S — x) is a closed linear subspace}.

In this paper we do not use the classical differentiability, but we use the notion
of subdifferentiability to formulate optimality conditions. If we take an arbitrary
x € X such that f(z) € R, then we call the set

of(x) :={o" € X" : f(y) — f(x) > (z",y —x) Vy € X}

the (convex) subdifferential of f at x, where the elements are called the subgra-
dients of f at x. Moreover, if df(z) # (), then we say that f is subdifferentiable
at z and if f(z) ¢ R, then we make the convention that df(z) := (). Note that
the subgradients can be characterized by the conjugate function, especially this
means

zt € df(z) & flz)+ ff(a") = (", x2) Ve € X, 2" € X7, (1)

i.e. the Young-Fenchel inequality is fulfilled with equality.
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Let C C X. In conclusion of this section we collect some properties of the
gauge function of the subset C (known in the literature also as the Minkowski
functional), y¢: X — R defined by

vo(z) :=inf{A > 0:2 € \C'}.

At this point we want to emphasize that the gauge function is equal to +oo if
x ¢ XC for all A\ > 0, as by definition one has that inf ) = +00. The following
statements were proved in [27].

Theorem 2.2. Let C' C X be a convex and closed set with 0x € C, then the

gauge function o is proper, convexr and lower semicontinuous.

Lemma 2.3. Let C C X be a convex and closed set with Ox € C', then the
conjugate of the gauge function v is given by

L () {0, if oo(z*) <1,

e 00, otherwise.

Remark 2.4. Note that the gauge function v¢ is not only convex but also
sublinear. Moreover, if Ox € intC, then 7o is well-defined, which means that
dom~yo = X. [

Definition 2.5. Let C' C X. The polar set of C' is defined by
C° = {x* € X" :sup(z*,z) < 1} ={z" € X" :0c(z") <1}
zeC

and by means of the polar set the dual gauge is defined by

Yeo(a*) 1= sup(a*, 2) = oo (a”).
zeC

Remark 2.6. Note that C° is a convex and closed set containing the origin and
by the definition of the dual gauge follows that the conjugate function of v can
equivalently be expressed by

.k 0, if yoo(2*) <1,
Vo(x7) = {

~+o00, otherwise.

Furthermore, we have the generalized Cauchy-Schwarz inequality (see [13, Lemma
2.1])

(%, ) < yeo(2")yo(x) Vo' e X*, z € X. O (2)

Finally, let H be a real Hilbert space equipped with the scalar product (-, )4,
where the associated norm || - || is defined by ||y||lz = /{y, y)x for all y € H.
If H =R™, then | - ||gm is the Euclidean norm associated to the Euclidean inner
product on R™ and we will write for simplicity just || - ||.
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2.2. Lagrange duality approach for multi-composed optimization
problems

The purpose of this section is to recall some important results from [26] by study-
ing multi-composed optimization problems. Let us consider an optimization
problem with geometric and cone constraints having as objective function the
composition of n + 1 functions:

(P°) ilelg(foFlo...oF")(a:):Az{xES:g(m)E—Q},

where X; is a Hausdorff locally convex space partially ordered by the non-empty
convex cone K; C X, forv=0,...,n — 1. Moreover,

(1) S C X, is a non-empty convex set,

(2)  f: Xo — R is proper, convex and Kj-increasing on
Fl(dom F') + K; C dom f,
(3) F':X; —» X2, = X, 1 U{+o0ok, ,} is proper, K; j-convex and K;-K; i-
increasing on F'(dom F**1) + K; C dom F" for i = 1,...,n — 2,

(4) F"' X, = X2, = X, 2 U{+ocok, ,} is proper, K, s-convex and
K, 1-K, s-increasing on F"(dom F" N A) + K,,_; C dom F"!,

(5) F™: X, - X, = X,1U{+00k,_,}isaproper and K,,_;-convex function,
(6) g: X, — Z* is a proper function fulfilling SN g~ (—Q) N ((F")to..0
(F))(dom f) # 10

Additionally, we make the convention that f(+ook,) = 400 and F*(+oog,) =
+oog, y, 1. f: X3 > Rand F*': X2 —» X2 ,i=1,..n—1

Remark 2.7. Let us point out that for the convexity of (f o F'o...o F™) we
ask that the function f be convex and Kjy-increasing on F'(dom F') + K{ and
the functions F* be K;_;-convex and fulfill also the property of monotonicity for
¢t = 1,...,n — 1, while the function F™ needs just be K,_;-convex. It turns out,
especially in the context of location problems, that in the case when F™ is an
affine function, then the condition of monotonicity of F"~! is too restrictive. But
fortunately, this circumstance can be bypassed by the fact that the composition of
an affine function and a function, which fulfills the property of convexity, fulfills
also the property of convexity. That is to say, one can omit the monotonicity
of F"~! by setting K, 1 = {0x, ,} to preserve the property of convexity of
(foF'o..o0Fm") (for more details see Remark 3.1 and 4.1 in [26]). N

The corresponding conjugate dual problem to problem (P¢) is (see [26])

n—1
(D) sup & inf {{20° Fr (@) +(=" g(@) } - £ (20) — S () ()
2 eK)
1=0,...,n—1

where 3% := (2%%, . 2D 2m%) € K* = K x ... x K_, x Q" is the dual variable.
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We denote by v(P?) and v(D?) the optimal objective values of the optimization
problems (PY) and (DY), respectively. To guarantee strong duality, i.e. the
situation where v(P%) = v(DY) and the conjugate dual problem has an optimal
solution, we consider the following generalized interior point regularity condition
introduced in [26]:

(RC) | fisls.c., Sis closed, g is Q-epi closed, K;_; is closed,

int K;_; # 0, F'is K;_-epi closed, i = 1,...,n,

Ox, € sqri(F'(dom F') — dom f + Kj),

Ox, , € sqri(Fi(dom F*) — dom F*" ' + K; 1),i =2,...,n — 1,
Ox,_, € sqri(F"(dom F* Ndom gN S) — dom F" ! + K, 1) and
0z € sqri(g(dom F* N'dom g N S) + Q),

where the strong quasi relative interior can be replaced by the algebraic interior
and the interior leading to stronger versions of (RC'), which are in fact equivalent.
Besides these regularity conditions we also want to mention in the framework
of the multi-composed optimization problems the well-known Slater constraint
qualification [26] as well as the closedness type regularity condition [12], which
we will not further consider in this paper.

In [26] the following theorems have been stated.

Theorem 2.8. (Strong duality) If the condition (RC) is fulfilled, then between
(PY) and (D) strong duality holds, i.e. v(P) = v(D®) and the conjugate dual
problem has an optimal solution.

Theorem 2.9. (Optimality conditions)
(a) Suppose that the reqularity condition (RC') is fulfilled and let T € A be an
optimal solution of the problem (PC). Then there exists

(2, .., 20 7)€ K ox o x K| x QF,
an optimal solution to (D), such that
(i) f((F'o..o F")(T))+ f*(Z*) = ™, (F'o...0 F")(T)),
(ii) EEDF)((F* o... o F?)(T)) + (0D Fo)* (z*)
=Z* (F*lo. ..o FY)(Z)), i=1,..,n—1,
(iii) (Z0"DF")(T) + (279)(@) + (E" D F") + (279))5(0x;) = 0,
(iv) (", g(x)) = 0.
(b) If there exists T € A such that the conditions (1)—(iv) are fulfilled for some

(20, ...,z 0x zn) ¢ K x ... x K} | xQ" then T is an optimal solution of
(PY), (2%,...,2") is an optimal solution for (D) and v(P®) = v(D°).

Remark 2.10. If for some i € {1,...,n} the function F" is positively K;_ i-lower
semicontinuous, then we can omit asking that K;_; is closed, int(K;_;) # () and F*
is K;_1-epi closed in the regularity condition (RC') (for more details see Remark
4.2 in [26)). O
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Theorem 2.11. Let a; € Ry be a given point and h;: R — R with hy(x) € R,
if © € Ry, and h;(z) = 400, otherwise, be a proper, lower semicontinuous and
convex function, i = 1,...n. Then the conjugate of the function g: R — R
defined by

h e by (2, ne fo €Re, i1 ..n,
91, oy ) = {max{ (1) +ar, .., hy(z) + an} if x i n

00, otherwise,

is given by g*: R™ — R,

g (a1, s ) = s {Z[( i ha)*(27) = 2 az]}-

i=1
29*>0, i=1,..,n

Lemma 2.12. Let a; € Ry be a given point and h;: R — R with hy(z) € Ry,
if © € Ry, and h;j(x) = +o0, otherwise, be a proper, lower semicontinuous and
convex function, ¢ = 1,....,n. Then the function g: R™ — R,

max{hy(z1) + a1, ..., hn(x,) + an}, ifr; Ry, i=1,..,n,
g($17-~733n) - .
400, otherwise,

can equivalently be expressed as

g(x1,...,ry) = sup {Z 2% [hi(x;) + ai]} Va; >0, i=1,..,n.

i zst Uiz

i=17%;

z?*ZO,Z 1,...,n
For the proofs of the last two statements see [27].

3. Multifacility minimax location problems with mixed gauges

In this section we use the results of our previous approach to develop a conjugate
dual problem of the multifacility minimax location problem with mixed gauges
and geometric constraints. Furthermore, we will show the validity of strong du-
ality and derive optimality conditions for the corresponding primal-dual pair.

Let X be a Banach space (note that most of the following investigations can be
extended to a Fréchet space, too), J :={jk:1<j<m, 1 <k <m, j#k}
andj::{jizlgjgm,lgigt}. Further,lethJandf/gjbegiven
index sets, the sets Cj;, € X with Ox € int C};, for jk € V and 5]'@' C X with

Ox € int éﬂ for ji € V be closed and convex as well as S C X™ non-empty,
closed and convex. Obviously, the gauges given by the sets Cj,, jk € V, and

C'ﬂ, Jji € V are convex, lower semicontinuous and well-defined.

For given distinct points p; € X, 1 < ¢ < t, the multifacility minimax location
problem minimizes the maximum of gauges between pairs of m new facilities
X1, ...,y and between pairs of m new and ¢ existing facilities, concretely this
means that
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(PM) inf s max { (Vo () — xk))jkeV’ (75ji(xj N pi))jief/} '

The motivation of introducing the sets V' and V is founded in the circumstance
that some distances between pairs of new and pairs of new and existing facilities
may not be relevant for the location problem (P*) and thus, do not need to be
considered in the objective function. In addition, take note that |V| < |J| =

m(m —1) and |V| < |J| = mt.

Now, we set Xo = RV x RVl ordered by Ko = RV x RV X, = X1V x xV1
ordered by the trivial cone K; = {0x, } and Xy = X™, where the corresponding

dual spaces and dual variables are (2%, 2%) = ((2%)jhev, (20 jsev) € RV xRV
and (21*751*) = ((Zgl;ck)jkEVa (%f)jiev) < (X*)WI X (X*)WI-

We continue with the decomposition of the objective function of the problem
(PM) into the following functions:

(1) f:RVIx RVl 5 R defined by f(y°,7°) = max { (y?k)jkev? (yji)jief/ i

if yoz(y?k)jkeveR‘X' and g}{):@%)jieﬁeR‘fl, otherwise f(y°,7°)=+o00,
(2) F': XWVIx XVl RIVI x RIVI defined by

'y y') = ((/ycjk(y_]lk))jkEV’ (’V@i@}i))jieV)?

where y' = (y})jrev € X!V and g = (Uji)jicv € XV,
(3) F2: X™ — XVl x XV defined by F2(z) = ((Aja)jeev, (Biz — pi) ey,

where for jk € V and ji € V,

A = (0,..,0,7,0,....~1,0,..,0), By =(0,..,0,1,0,...,0),

0 is the zero mapping and [ is the identity mapping, i.e. Ox; = Ox and
Iz; = x; Vx; € X, @ =1,...,m. In particular, A;;: X™ — X is defined as

the mapping T = (T1, .0, Tp) >
01’1 + ...+ O.ﬁEj,l -+ [iL’j + Oijrl + ...+ OiL'k,1 — I.ﬁEk -+ 0$k+1 + ...+ OfEm,
ie. (x1,...,xpm) — xj—xk, jk € V, and Bj;: X™ — X is defined as the map

(iL‘l, ,l‘m) — 0z + ... + O.I'j_l + [.I'j + 0$j+1 + ...+ 0x, = Zj, ]Z S ‘7

Thus, the problem (P™) can be represented in the form

(PM) inf max { (e (5 — xk>)jkeV ’ (7@1‘ (2= pi)>ﬂe‘7}

z€S
- :}:relg ! ((VCjk (Ajkx))jke‘/ ’ (757'1'(Bjim B pi))jief/)

=inf(f o F'o F?)(x),

zeSs
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where the expression F'' o F? in the last equality is defined as the component-wise
composition of the vector-valued functions F! and F?, i.e.

(Fl o FQ)(:L‘) = (((7031@ © Ajk)(x))jkgv7 ((’YGN o (B]k : _pz))(x))Jze\7>

Remark 3.1. As already mentioned in the introduction, the intricacy of (P™)
is formed by the pointwise maximum of gauge functions composed with linear
operators. For this reason, there is the desire to reduce the level of complexity
by reformulating (P*) into an unconstrained optimization problem where the
objective function is a sum of proper, convex and lower semicontinuous functions.
This can be achieved by using the notion of epigraph and by introducing an
additional variable ¢t € R as follows

(PM) inf t= inf t
teR, zcS teR, zcS
ve,y, (Ajee)<t, jkEV (z,t)€epi(voyy, (Ajk-)), JREV
Ve, (Biiw—pi)<t, jieV (@t)€epilyg,, (Bji—pi), jieV
= (@ t)iel)l(fme {t+55(x)+ Z 5'3pi('YCjk(Ajk-‘))(x7 t)+z 5epi(75ji(3ji-—pi))(m7 t)} (3)
’ jkev jieV

Now we set X = H, then the advantage of the formulation of (P*) according to
(3) is that we can use the parallel splitting algorithm from [1, Proposition 27.8]
to solve the multifacility minimax location problem numerically. Notice that this
method requires in each iteration step the computation of the proximal points of
the functions involved in the objective function in (3).

As the proximal operator of an indicator function collapses into a projection
operator, one can apply here the formulae given in [28, Theorem 2.2] and [28,
Remark 2.5] for the projection onto the epigraph of the gauge function composed
with a linear operator. O

As mentioned in Remark 2.7 we do not need the monotonicity assumption for
the function F', because F? is an affine function. Furthermore, it is clear that
(PM) is a convex optimization problem. Besides, it can easily be verified that f

is proper, convex, ]le‘ X le‘—increasing on
1 1 _ _ mlvl V]
Fi(dom F*) + Ky =dom f =R, " x RY

. . . v 1%
and lower semicontinuous, and that F!' is proper and RLF | x R‘Jr _convex as well
V] VI o
as R ' x R} "-epi closed.

To use the formula from the previous section for the dual problem of (PM),
we set Z = X™ ordered by the trivial cone () = X™ and define the function
g: X™ = X" by g(x1, ..., %) = (1,..., Tm). As Q* = {0(x+ym}, which means
that 22* = O¢x+ym, we derive for the dual problem



G. Wanka, O. Wilfer / Multifacility Minimax Location Problems ... 365

M . 1 ~1
(D) sup { Helg{ g (zjr, Ajrr) + § (2, Bjiz — pz>}
5 xr
(0%, 207 )erlV IV, jkev jieV
(zl*,Zl*)G(X*)‘V‘X(X*)lf/l

PR = (2R (M E |

and hence, we need to calculate the conjugate functions f* and ((2%*,2%)F")".
Let h;: R — R be defined by

L ( ) X, if x; € R+,
i\Li) -=
~+00, otherwise,

then the conjugate function of \;h;, \; > 0, is

(Nihi)™ (7)) = L i=1,...,n.

~+00, otherwise,

and by Theorem 2.11 we get for f*,

0, if 205 < A, 2 < Nie X Ap+ X A<l

jkev jieV
* (0% 0%y |4 v
f (Z y % ) ()\jk)jkEV S RLI and ()\ji)jie"; c RL_ ‘,
400, otherwise,
7 if Z Z Z ’ 0* c R‘V‘ "{)* c R|V|

400, otherwise,

while for ((2%,2%*) F1)* we obtain by using the definition of the conjugate function

(2, 2)F) (", 7% = sup {Z@??Jﬁ)*

ylexIVl, lex Vi | jrev

Z "“le*’g]lz Z ]kr}/C]k y]k g;)z*/yaﬂ (gjlz)}

jieV Jkev jieV
~x ~1 1
= E sup { ]lwyyk) glﬂcjk y]k }+ E SUP {(Zjiayjz> _Z 70 (yjz)}
jkeVkaGX ]zEVy“ €x
E : E Nl*
- ]k’ycjk + Z]z ’yC jl )
jkev jieV

for all (2%, 2%) RV x RV, 21 = (21)juey € XV and 2 = (21)) ;e € XV,
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Hence, the dual problem may be written as

(DY) sup 1r€1£®( 200 2t 2,
(20*50*721*’51*)6@_&/\XRIJ:/\XX\V\XXW\

> 204y 30r<n

jkev Ik jieV -

where

Ox ~0x _1x 1\ __
D72, 27 Z) = inf E jk, Ajpz) + g JZ, Bjix — pi)

€S

Jkev jieV
=D (Fie) = = D G G
jkev jieV

Let I := {jk € V : 2% > 0} and I:={jieV: Z%F > 0}, then we separate in
the objective function ® the sum into the terms with z?,’g, 5?2* > (0 and the terms
0% 0:

with 20, 2%

Ox 0% _1x 1% o
G727, 27 27) = inf E Jk,, Ajpz) +E ﬂ, Bjix — pi)

€S

> e, @) = Y Ee ) E)
jkel jiel

= 3 00 =D - Y (00967 (E).
JkeVA\I jieV\I

Now, for jk € I we have (see [2])

(Z5i7e,)" (z55) = {

~+00, otherw1se,

and analogously, it follows for ji € I that

S0k Nk lx\ 0’ if 700( ) < E?Z*’
(ij‘ VC.V) (Zji) =
" 400, otherwise.

For jk € V '\ I we have

N N s if Zl* = Ox*
(030, (1) = sup ({9} = {

Lex +00, otherw1se,
.7

and analogously, we get for ji € 1% \ I ,

0, if 217 = Ox-,

400, otherwise,

076, = {

which implies that if jk € V'\ I, then zj; = Ox- and if ji € V\ 1, then ZiF = Ox-.
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Therefore, we obtain for the dual problem of the location problem (P):

(DY) sup inf{ > (zik, Ajer) + 30 (Z B —pi>},

(207,200 1% F1)eBTES | jkel jiel
where
B— {(20*75{)*721*’51*> c R\rl ><]lel (X! X(X*)m ICV. IcV, z(-),’; -0,
2k € X" qen (%) < 2 Gk €1} > 0,27 € X, g0 (57) < 2 20 e, 2% =0,

2l = Oxe, ef €VAL 2% =0, 30y, edeV\T, Y04+ 3 20 <1,

jkel jiel

Since, the objective function of the conjugate dual problem (D) can also be

written as
TIDNERIERD SO
jkel ]lE[
- 31;22{ <ZA]kz]k Z ji ﬂ’ > } a Z<lez*’pl>
jkel ]zEI Jjiel
. 1 1 J’ k m
where (A% 2, 2) = ((Ox+, ..., Ox+, 2 ]k,OX* ooy Oxe, jk,OX* vy Ox ),
(1, ey Tn)) = <z}k,xj — )
* >1* ! j m ~x
and <Bﬂ i > <<OX*7-'-'7OX*7 j’L ,Ox* . .,Ox*), (xl,...,l'm)> = <Zji ,l’j),

we can express (DM) as

o { o= X A - Y - )

ZO* %‘0* Zl* 2"1* .
(207,207,217, Jkel jiel jiel

Remark 3.2. Note that the problem (D) is equivalent to the following:

0, o ool - D) - S}

0% 20% 1% Z1x*
(20%,20% 21* 2 jkeV jieV jiev
B = { (20, 300 1 31 VI mIVI V] £\ V] . Ly 0%
where B = { (=, 2%, 21 2 e R <RI (X)W (XYY e () < 201,
. % E 0%
jkev 326\7

which can be proved as follows.
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Let (29,20 21 21%) € B be a feasible solution of problem (lA)M), then it follows
for jk € V\ I and ji € V\ 1,

OSVo;?k(zgl'k)— S%p<]ka ><O<:><]k, ):ovgjecjk@Z;;:OX*
zeCjy,

as well as

0<700( Z)— sup ( Jlf, )<O<:><~le*, ):OVJCE@Z-@%::OX*.
:EECJZ
The latter implies that from jk € V'\ I, i.e. 25 =0, follows zj; = Ox- and from

Jji € 1% \ I ie. 2V =0, Nl* = Ox~. This relation means that B= B, i.e. that

J'L
(20%, 20, zl*, z1*) is also a feasible solution of (DM) and as

* 1= * ~1*
- Z Ajwir — Z Bjizji Z Zji s Di)

Jkev jieV jieV

* ok
Z Aﬂczﬂﬂ Z Bﬂ i | T Z “ji ’pl
gkel jiel jiel

one has immediately that v(D™) = v(DM).

Vice versa, if we take a feasible solution (2%, 2% 21* 2*) of the problem (D),
then it is obvious that we have then also a feasible solution of (ﬁM ), which again
implies that v(DM) = U(BM).

From the theoretical aspect a dual problem of the form (D) is very useful, as
one has a more detailed characterization of the set of feasible solutions. Bq:c from
the numerical viewpoint it is complicate to solve, as the index sets I and I bring

an undesirable discretization in the dual problem. For this reason it is preferable
to use the dual problem (D) for numerical and (D) for theoretical studies. It

is also important to emphasize that the index sets I and I are determinable for
a fixed and feasible solution (2%*, 2%, 21* 21*) to the dual problem (D). O

We know that the weak duality between the problem (P*) and its corresponding
dual problem (D) always holds. Now, we are interested to know whether we also
can guarantee strong duality. For this purpose we use the results from Section
2.2. As Z = X" ordered by the trivial cone Q = X™ and ¢g: X™ — X™ is
defined by g(z1, ..., zm) = (21, ..., T;), it is obvious that g is @-epi closed and

Oxm € sqri(g(z) + Q) = sqri(X™ + Q) =

More than that, recall that f is lower semicontinous, Ky = ]lel X er‘ is closed,

S is closed and F* is RLV' X R‘fl—epi closed. As
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0 v 7 € sqri(F'(dom F') — dom f + K;)
R, "XRY

= sqri(F(dom F) — RY x RV + RV « R
— RIVI % RIV/\’

Ogiwviyxiw € sqri(F?(dom F?) — dom F' + Ki)
= sqri(XV1 x XV — dom F! + K;) = XV x xIV!

and F? is {0y, yi7 }-epi closed, the generalized interior point regularity con-
dition (RC) is fulfilled, it follows by Theorem 2.8 the following statement (note
that we denote by v(P*) and v(D) the optimal objective values of the problems
(PM) and (DM), respectively).

Theorem 3.3. (Strong duality) Between (PM) and (DM) holds strong duality,
i.e. v(PM)=v(DM) and the conjugate dual problem has an optimal solution.

The previous theorem implies the following necessary and sufficient optimality

conditions for the primal-dual pair (PM)-(DM).

Theorem 3.4. (Optimality conditions)

(a) Letz € S be an optimal solution to the problem (P™). Then there exists an
optimal solution (Z%* ?*,21*,?*) e RV x RIVT s (x#)IVE s (x#)IV1 4o (DM)

with corresponding index sets ICV and Tg V such that

(1) max { ('Ycef (fe - ff))efev s (’Yéed (fe — pd)>ed€‘7 }
—=0x* — — —0x* .
- Zfz?kfycjk(xj —Ty) + Zﬁzji ’Yéji(xj — i),

jkel _]’LGIN
.o _1 J— s _1
(H) < ZﬁA;kZ]Z Z ]z ]7,7 > - 91322 {< ZﬁA;kz]Z Z ]z ]z’ >}7
jkel jiel Jkel jiel
_ =0% _ . = =D .. T .
(i) Y Zh+ >z, =1, 2% >0,jkel, z; >0,jicl and 2} = 0,
jkel le?

ef € V\I, ?2;:0, ed € ‘7\?,
(iv)  2%70,. (T —T) = (Z55, T — T0), jk € 1,

(v)

(Vi) max {(70# (fe—ff))efeva (’y@ed(fe_pd))edeﬁ} = VCyy (fj - fk)a ]k € 77

=0* =1*x _ . ~
]Z’YC ( pl)_ < ]z:xj_pi>7jle-[7

(vii) max {(’Ycef (Ee—ff))efev, (75 d(fe —pd))ede‘;} =5 (T; —pi), ji € f,

(viii) oo, (Z33) = 25k, Zji € X, jk € I and z}; ,ef €V\I,

=1x* =0x =l1x

(ix) g0 (25;) = 25, 25 € X7, jiEI and;ed:OX*, edGV\T.
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(b) If there exists T € S such that for some (EO*,?O*,?*,?*) and the corre-

sponding index sets T and I the conditions (1)—~(ix) are fulfilled, then T is an
optimal solution to (P°), (EO*,ED*,?*,?*) is an optimal solution to (D™)

and v(PM) = v(DM).

Proof. (a) From Theorem 2.9 one gets

(i) max{(fycef(fe—ff))efev, <”Yaed<fe—pd))ed€‘7}

_ _ =0 _
= ZﬁE?ZVCjk(Ij —Tp) + Zﬁ'zji 76ji<xj —pi),
jkel jiel

(i) >0 Zhve (@i—T)+ >0 Z]Z’Yc (Tj—pi) = >0 (Zj5, Ty—Tu) + Zﬁéﬁ;;a@—m%

jk}EI _]’LEI jkel ]lef

(111) < Z A]kzjk+ Z ]’L ]17_> = _O-S<_ Z ‘;kkz‘};:: Z ]Z j’l)
jkel leI jkel jiel

iv z r 4+ z < z >0, ,sz> ,jz’ezan z: =0,
1, 0,jkel, %, >0,jielandz% =0
jkel ]ZEI
—  —0% ~ =
efeV\I, z,;,=0,ed e V\I,
(v) Ve, (Z5e) <2%, Zi € X+, jkeland 2[5 = Ox-, ef € V\ I,

(vi) 750_(?;:) g”z:qik Zj: e X*, jiefand EEZZOX*, edGV\?
ji

jio
Condition (ii) yields
> B, @ — T) — (Z, T — T)

jkel
—1x*

+3 i, @ —p) — G —p)] =0 (6)

]ZEI

and by (4), (5) and the Young-Fenchel inequality it follows that the brackets in
(6) are non-negative and must be equal to zero, i.e.

=1

E‘?Z’)/Cjk (fj - fk) = <E;;7T] -7 > and ij 70 ( pz) = < ]z 7_ pl> (7)

for jk € I and ji € I Combining condition (v) with (7) reveals by using the
generalized Cauchy-Schwarz inequality (see (2)) that, for jk € I,

25705 (@5 — Tn) = (F55, T — Ta) < Yoo, (F5) 7, (T — Te) < Z5ive,, (T — Tn),
which means that Yoo, (Ejl )= Jk, jk el (8)

=1x :,0*

In the same way we get Yo (25:) = 235 Ji € T (9)
Ji
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Moreover, by conditions (i) and (iv) we have

fnax { (Vo (Te — Ef))efev ’ <75 o(Te = pd)>ede\7} (10
Y e -+ Y B, )

jkel jiel
< D% max{ V6us (Te = Tf)) o pey (75611 (T = pd)>edex7}

jkel

=D+ - = T
+ Z]Z max { (/ycef (x@ - mf))efGV ’ <ryé€d ($e N pd))ede\ﬁ;}
jiel

< max { (’Ycef (Te — Tf))efev ) <7(j~ed(fe - Pd))edef/} ) (11)

which implies that
0= Z Z?]t [maX { (,YCef (Ee - Tf))efGV ) (756(1 (fe - pd)) 6d6\7} — YCj (f] - Tk)]
jkel
+ Z |:1’I13X { IYCef (Ee - Ef))efev ) (75611 (Ee - pd)) edev} - 76]7, (T] — pl>i|

]ZEI

and as z >0, jkel, andz >0, ]26] it follows that

max { (’Ycef (T — Tf))efeV ) (’V@ed(fe - pd)>ed€‘7} = fycjk<§j —Ty), ik € T, (12)

and

maX{(mf(fe —Tf) sey (7@@ _pd)>ed6‘~/} =15, (Tj —pi), ji € I (13)

Furthermore, we get by (11) that
Z Z% max { (’}/C (T — Tf)) (’y~ (T — pd)) }
<7 < efev’ \'Cea edeV
jkel
+Zz max{ VC.s (Te _ff))efev’ (75@(1@@ _pd)>ede‘~,}

]zel

=max { (’YCef (Te — ff)>ef€V ) <75'ed (T — pd))edef/} ’

from which it follows that Z Zox + Z zj: =1 (14)
jkEI ]le?

Combining now the conditions (i)—(vi) with (7), (8), (9), (12), (13) and (14)

provides us the desired conclusion.

(b) The calculations made in (a) can also be done in the reverse direction, which
completes the proof. O



372 G. Wanka, O. Wilfer / Multifacility Minimax Location Problems ...

Remark 3.5. We want to point out that the optimality condition (i) of the
previous theorem can be expressed by means of the subdifferential. We have

. 1% \%
) — max { (1) ey () e b0 1 (0°,37) € RY <RI
400, otherwise,

. v 7
ey OIS a1 el el
+o00, otherwise,

and by the optimality condition (i) of the previous theorem, we have

=0

f (WCef (Te = Tf))esev, (Va,, (Te — pd))ed6‘7> + 5z, 2

—0% _ _ =0
- Z Z?kpycjk (xj - .73].3) + ij fYC ( pz)

jkel jiel

)

in other words, the optimality condition (i) can be rewritten as

() (23" €0f ((veu, (B = Tp))erevs (06, (e = Pa))eacr) -

Moreover, for the optimality conditions (ii), (iv) and (v) we get by analogous
considerations

(i) = > Az — X Bz %1 € 005(7) = Ns(3),

jkGI leI
(iv)  Zji € 0(Z%c,,) (@5 — Tr) = O(Zhv0,) (ApRT)
A A*kzgk € A5.0((% k”YC]k) o Ajp)(T), jkel,

=1x =0 _ =0x _
(v) 7z €0(%; 76 )( —pi) =0(z ji’Y@ji)(Bﬂx - pi)

& Bi%,0 € B0 ((e,) 0 Bi)(- = p)) (@), ji€ L

Taking (ii), (iv) and (v) together implies that

> A4+ B (ZA;ka«z?mcjk)oAjk)(z)

+ Z ( Zﬂ e )o le')(' - Pz)) (f)> ﬂ (=Ns(7)) .

Finally, notice that the optimality conditions (iv), (v), (viii) and (ix) of the
previous theorem give a detailed characterization of the subdifferentials of the
associated gauges. Il
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Now, we show that the dual problem (D) is equivalent to the problem

() swp {—os( =D A - YoBE) - (Eend) (19)

(z*,z*)eB jkel j’LEI jiel

where (2*,2%) = <( 25 )ikev, (2 ﬂ)]lev)> and

( * ~x * =\ |V T 17
(ke Gy ) € X)W x (x)7: Tcv, TSV,

5 ZVC?,C(Z;w—i_ZV@%(%;)SL Z;keX*> jl{ZG[, fzv;iEX*a

jkel ]’Lef

(ji €1 and 2z} =0x-, ef € V\I, Zy=0x-, ed€ V\ T

oy
I

in the sense of the next theorem, where U(EM ) denotes the optimal objective
value of the problem (DM).

Theorem 3.6. It holds v(DM) = v(DM).

Proof. Let (z*,3%) be a feasible element to (D) and set

1x

2 = 2 2o vco( y) for jkel, z;;=0x-, 205 =0 for ef € V\1I,
and
Z =2 2o =50 (Z0) for ji € I, 32 = 0x«, 2% =0 for ed € V\ 1.

Then it is clear that (2%, 2% 21* 21*) is a feasible element to (D). Furthermore,

- US( Z Agkzgk Z B;;;Z) - Z(%kz’pl>

Jkel jiel jiel
_ Elovd £ fovi £ M
- _US< § Ajkz_jk E B]z jl) - E < ]z 7pz> < U(D )7
Jkel jiel jiel

for all (z*,2*) feasible to (D™), from which follows that v(D™) < v(DM).

Now, let (20%,2%% 21* Z1*) be a feasible element to (DM). By a careful look at

the constraint set B we get by setting 27, = 1,1‘ for jk € I, z;; = z * for ji € I
and 2}, = Ox- foref € V\ I, Z%; = Ox- for ed € V\ I that

PIREACAEDY o0, (Z5;) < 1

jkel ]ZET
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Therefore, (2%, %) is feasible to (DM) and we have

—os( =D Ak - Y BEN) - D)

Jkel jiel jiel
=—0 Al 2 Bz ) =Y (2, pi) < v(DM)
- S ik*jk Ji ]’L jiupz = )
Jkel jiel jiel

for all (20,20, 21*, 32 feasible to (DM), i.e. v(DM) < v(DM), which completes
the proof. n

The next two theorems are direct consequences of Theorem 3.6.

Theorem 3.7. (Strong duality) Between (PM) and (D) holds strong duality,

i.e. v(PM) =v(DM) and the dual problem has an optimal solution.

Theorem 3.8. (Optimality conditions)

(a) LetT € S be an optimal solution to the problem (PM). Then there exists an
optimal solution to (D) (z*,Z ) € (X*)VI x (X*)IVI with the corresponding
index sets I CV and fg V such that
(i) max { (Y6 @e = T0) ey (’Y@d (e —p d))edev}

= 3 von, (Zh1e (@ = T) + 3 e (Z5)6, (@5 - pi),

jkel jiel
(H) < Z Ajk:z_]k Z ]z 327_> = _US< Z A]kzjk + Z ]z ]z)’
jkel leI jkel leI

(iii) Yoo, (Z5p)ve, (T — Tn) = (250 Ty — Tn), k€1,

*

) vae 5096,@ — ) = G @ —pi), Gi€ L,

)efeV ) (7@01 (Te _pd))edef/} = Y0, (T;—T), jkel,

)efev ; (VCed( e_pd))edef/} = 7@(@ — i), ﬂEi

vii) '%7702,6 (Zh) + 2275%(3;'1') =1 e, (Z5) >0, jk el, eo, (§:z) >0,
J Jiel

jiel, and % = 0x., ef€V\T, Ty = Ox., ede€V\T.

v) max{ (1, (T.~7)
)

vi) max { (ve., (Te—T;

(b) If there exists T € S such that for some (z*,Z ) and the corresponding index

sets T and I the conditions (1)-(vid) are fulfilled, then T is an optimal solution
to (PM), (z%,7) is an optimal solution to (DM) and v(PM) = v(DM).

Proof. (a) Theorem 3.7 implies for an optimal solution 7 € S of (PM) the
existence of an optimal solution (z*,7 ) € (X*)VI x (X*)VI to (DM) with corres-

ponding index sets I and ?, such that v(PM) = v(DM), i.e
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B pd)) ede\7}

max { <’YCef (fe - ff))efev ) <756d (EE

- s~ LA~ N E) - S

]kEI ]lef

R

_ff))efeva <758d(f€

Ju ]1

jiel

B pd)) ed6\7}

tos(= Y A=Y BiE) + 3 En) =0

jkel szI

£ max { (7(;6 ; (T

_ff))efeV 9 <’758d(fe

jiel

B pd)) edeV'}

+ US( - Z A;kzjk Z B;N]z) Z<§jz7pl>

jkel jZGI

+ D lres, (e (@ — T) —

jkel

- Z[’Yc;?k (Zjk)ve, (T — Tn) —

jkel

+ Z fYCO ji fYC pz) -

szI

- Z ’700 i ’YC — i) —

]zEI

& [max { (ve., (Te — ff))efev ) (’y@d(fe

_ZVCO ]k ’YCk

jkel

+ Z[%}gk (Zj)vey (T — Tk) —

jkel

+ Z VCO 7i rYC pz) -

szI

Flos(= 2 A - Yo BT + (Ee® - T + (5T

]kel ]ZEI

& [max{ (v, (@ = 79) ey (7@ (7

- Ve, (Zir)wirye,, (T;
jkel

+ thgk (Z5) 705 (T — T) —

jkeTl

jiel

(Zjk Tj — Ti)]

(Zjk: Tj — T)]

=k

(i T3)]

=k

< ]szj>] =0

B pd)) edef/}
Z 7@0 ]z - pz)]

]'LEI
<E;kv Ty — Ek”

=k

< ]7,7 p1>]

B pd)) ede\7}

(Zj Tj — Ti)]

375

| =0
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+ Z PYCO Ji 70 pl) - <_]z7 p’L>]
leI
+los( =S Az = S BE) + (AT + (BiE 1) =0,
jkel jiEI

Lemma 2.12 implies that the first bracket is non-negative, from the generalized
Cauchy-Schwarz inequality (see 2) follows that the brackets in the two sums are
non-negative and from the Young-Fenchel inequality we get that the last bracket
is also non-negative. Hence, the statements (7)-(iv) are proved. Now, we take a
careful look at the first bracket

max { (’YCef (Te — ff))efev ’ (Véed(fe B pd)) de\7}

= > e, ERwie, @ =T + Y ven F) Wi, (@ — pi)
jkel jiel
< Z ey, (z;) max { (7Cef (Te — ff))efev ’ (75% (Te — pd>>ed€\7}
jkel
+ Z%O ) max { (vees @e = T9) e - (7@1(@ R d)>edev}
jZEI

< max { (Vo (Te = Tf))efev ’ (75“1(56 B pd)>edef/} ’

from which follows on the one hand that

PIRERCAEDS 780, (%) =1

jkel jiel

i.e. condition (vii), and on the other hand that

Z Yoo, (Zj,) max { (WCEf (Te — Ef))efGV , (7@(1 (Te — pd)>ed€‘~/}

jkeTl
+ Z "}/Co maX { (fYCef (fe - if))gfev ) (ﬁyéed <fe - pd))edef/}
j'LEI
= Z 'VCO ]k‘ 70]k + ZVCO Z i ’Yc pz)
jkel j’LEI
And 270]% (§;k> [max { (70‘# (Ee o ff))eJCGV ’ (fyéed (fe B pd)> edeV/}
jkel

=y, (Tj — T’f)}
+ Z 700 Z; [maX { (ve., (EB—Ef))efeV ’ (7@d (T _pd)> ed€\7}

szI

—16,,(@ — p)] =0,
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As vcgk(zjk) > 0, jk € I, as well as 700( Z) > 0, ji € ?, we obtain that the

brackets are non-negative and must therefore be equal to zero, which finally yields
the conditions (v) and (vi).

(b) All calculations done within part (a) can also be made in the reverse direction.
O

Remark 3.9. Analogously to Remark 3.5 one can determine equivalent formu-
lations of the optimality conditions given in Theorem 3.8 by using the subdiffer-
ential, which look like as follows

0 (), ()0
€ 0f (v, (e~ T1)esevs (1, (T = D)) ey )
(i) — > AuzZ — Z i 316853() Ns(T),

jkel il

(i) 5 € 0 (reg, (230905 ) @5 = 70) = 0 (g, (Z50)705 ) (A7)
& Az € 45,0 <<’Yc;’k (5;k)70jk> ° Ajk) (), jkel,

(iv) Z€d <’Yé;.;. (Zi)%ﬁ) (T; —pi) =0 (75;; (Zz’)%ﬂ) (BjiT — pi)
& B}Z ;i € B0 (((7@;(%)7@) o sz‘) (- —pi)) (), ji € I

Combining (ii)—(iv) yields

> A+ 3o BiE € { 0 450 ( (vep, (Fhen ) o Aue) @)

+2B; (e, Ging, ) o B —m)) @ (-Ns@),  (16)

where the optimality conditions (iii) and (iv) of Theorem 3.8 give a detailed
characterization of the subdifferentials of the gauges involved in 16. ]

While Remark 3.1 presented a method to solve the location problem (PM) nu-

merically, the next remark discusses a solving technique for the dual one (ﬁM ).

Remark 3.10. First, we want to underline that the introduced dual problem
(D) has less dual variables as well as less constraints compared to (D*). This
fact allows not only to give a more detailed geometrical interpretation of the set
of optimal solutions to (D) in the next section (see Example 4.5) but also a
new numerical solving method.

Let S = X™, X = H and set wj, > 0, 7¢,,(-) = wii|| - %, jk € J, and w;; > 0,
wjﬂ@ﬂ(-) =1l ji € J. Additionally, we set V = {jk € J:1<j <k <m,
wjr > 0} (note that |V| < (m/2)(m —1)) and V = {ji € J : w;; > 0}, then
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oo, () = 1wyl - s 36 € V, 2en () = (/)] - s ji € 7, and the dual
problem (DM) transforms to (according to Remark 3.2, we omit the index sets

and T in the following formulation)
( (=5, 7) e HVIx nIV,

1 1
~ - Dozl + > =—IZln < 1,
(DY) - Z<z;iapi> 3 ik @i

max jkeV ]ZG‘N/ J
jieff k% .
E Az + E Bz = Osx..xn
\ jkev jieV ),

Further, by rewriting (IN)M ) into an unconstrained optimization problem of the
form

@O = min ASE ), () +on () ) (1)

(z*,7%)eHIVIxHIVI p

JieV
where D; = {(z*,z*)e’H'V‘ < HV Z A2 + Z Bz = OHX,,,XH}
jkev jieV
= 1 1
_ * [Vl vi. I PV ||z
and D= {0, MU ST e+ X ol s 1),
Jjkev jiev

the minimization problem in (17) can be solved numerically by the parallel split-
ting algorithm [1, Proposition 27.8]. Here, one can apply the formulae given in
[28, Lemma 1.1] for the projection onto a unit ball generated by the weighted
sum of norms, i.e. Dsy. To get the projection operator onto D; one can use the
formulas presented in [1, Example 28.14], while the proximal operators of the lin-
ear functions involved in the objective function in (17) can simply be determined
by [1, Example 28.16] and the well-known Moreau’s decomposition formula given
in [1, Theorem 14.3(ii)].

The procedure for reconstruction of the optimal solution to (P*) by using an

optimal solution to (D™) is described in Example 4.5. O

4. Unconstrained multifacility minimax location problem
in the Euclidean space

In this section we are interested in a detailed analysis of the situation when
S = X™ and X = R?% and the gauges are defined by the weighted Euclidean
norm, while the sets V' and V' are given as in Remark 3.10, i.e. V = {jk € J :
1<j<k<m, wj>0}and V= {ji € J : wj; > 0}. In other words, we will
explore in the following the location problem

(Py) inf  max {(wij%' — 2l per s (Whill7; —Pz‘||)jiex7} - (18)

z;€RY, i=1,...m
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For the dual of the location problem (P¥) we get by (15)

(DY) swp {3 G} (19)

b (z*,7%)eBy
where
(/% ~ * ~x T 7 )
(,7) = ((Edwer: Gyer)) € ®RYVIX @YV 1SV, TV,
2R ERY jkel, ZeRY, jiel, Z—H kH+Z~ I1Z0 < 1,
g _ jkel Wik jiel
=
Z A2, + ZBJ*ZNJ*Z =Updy  wR®
]kEI ‘726[ m—times
2y = Oa, ef €V\ I, 22y = Oga, ed€V \ T J

The next theorems are direct consequences of the results of the previous section.

Theorem 4.1. (Strong duality) Between (PY) and (DY) strong duality holds,
i.e. v(PM) =v(DM) and the dual problem has an optimal solution.
Theorem 4.2. (Optimality conditions)

(a) Let (Zy,...,Tm) be an optimal solution to the problem (PM). Then there exists

an optimal solution to (D) (z*,Z) with the corresponding index sets T C 'V
and TQ V such that
() max { (wirlles = oxl)jper s (@illz; = pil)icr |

—. — — =k _
= lllzs =zl + 22 1125075 — pill,
> |z )
jkel jief

(11) Z Ajkz_]k + Z B;’L jz ORdX“.XRdy

jiel
(i) szkuuxj ~ Tl = (&7~ T, heT,
() IZ5llliz; —pill = G — i), ji€ 1,
() mac{ unllas—eal) ey @slles—pil) e } = winllT =7, jheT,
(vi) maX{(wij%—ka)jkev : (@i”fb’j—PiH)ﬁev} = @illz; —pill. jiel,
(

vil) 3 o=zl + X Es
jke

I jJiel

?;i € R4\ {Oga} for jie T and 25y, = Oga for jk € VAT,
?;iZORd for ji e V\T.

(b) If there exists (T, ..., Tm) such that for some (z*,Z ) and the corresponding

| =1, z3, € R\ {Opa} for jk €1,

]z‘

index sets T and I the conditions (i)—(vii) are fulfilled, then T is an optimal
solution to (PM), (z%,Z) is an optimal solution to (DY) and v(PM) =
(DY)
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Remark 4.3. The dual problem (IN)% ) can equivalently be written in the form
(see Remark 3.2)

(DY) s { = > (Zun) .
(z*,2*)EBN jiev

where

( (2%,2") = ((Z;k)jkeVa (%%‘ieﬁ) € (Rd)lw X (Rd)m )

~ Z—H ku+2~u <1,

By

jkeVv ]’LEV
* ~sk _
Z Afwjr + Bjizji O . x R4
jkeV \—,—/
\ J ]lGV m—times J

For its corresponding Lagrange dual problem we obtain

(DDY) inf sup { = " () +
z=(x1,..., zm3éRdx...de (2*,z*)EBN ]16‘7
(23 A+ S BIZ) - M2 sl + 3 oI5 - 1))
jkev jieV jkev Wik jieV
= inf {)\—|— su {— Z5 s
A>0, xZERd ( *~*)I;g Z< 7t Pi)
i=1,...,m ZET)EPN jieV
=k )\ *
F 3 o A+ S B — 3 ol - X 2z )
jkev jieV jkev Ik jieV Wi
A
= it D> s (e ) - S}
220, sieRe g% aera Uy
A ot
+3° sw {(Biw.Z) - 1T} - I}
jieV 7R Wi

. * A *
= inf {/\ + Z sup {(373 - xkazjk> - w_JkHZ]kH}

. d «
A>0, z;€R kv ZERd

i=1,....m
+3 sup {<xj—pi,z;;>— " M}

— R
jiev i<k

The case A = 0 leads to z; —p; = 0, ji € 17, and z; — x, = 0, jk € V, which
contradicts our assumption that the given points p;, i = 1, ..., n, are distinct, such
that we can assume A > 0. For this reason we can write for the Lagrange dual
problem, or rather, the bidual of the location problem (P¥),
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Wy

0By w2 s (-, 7))

A .
o jkev Wik =y erd

(@1, zm)ERIx ... xR
D
+Y s ({5 =005 - 153}

szV

= inf A
A>0, (21,.,@m)ERIX... xR,
wijz]'fzkHS)\ JkeEV, ’LUJZHIIJ] pilI<A, jieV

I (ol —al) . (ks ) )
(xl,‘..,xmﬁlelex...demaX wiklz; = o jkev’ @iillzs = pil jieV

By using the Lagrange dual concept we transformed the dual problem (5% ) back
into the multifacility minimax location problem (P4), showing that one has a full

symmetry between the location problem (PY), its dual problem (5% ) and the

Lagrange dual problem (Dﬁ% ). In addition, we see that the Lagrange multiplier
associated to the equality constraint can be identified as the optimal solution of
the multifacility minimax location problem (P) and the Lagrange multiplier
associated to the inequality constraint as the optimal objective value. A similar
fact was stated in [19] for the case of a multifacility minisum location problem.

The described symmetry between the primal, its dual and bidual problem can
also be applied to general optimization problems where the underlying space
is more general than the finite-dimensional one. In this context, we refer the
interested reader to [6] where in addition criteria were given which secure this
kind of symmetry. [

The next corollary gives an estimation of the length of the vectors 2%, jk € V,

and 27, ji € V feasible to the dual problem (DM ).

Corollary 4.4. Let W, := max{(wji)jkev, (W)i) i}, then for any feasible solu-

tion (2*,%%) of the problem (D) we have

m5u}]k‘ wswjz

for jk eV and [Z;| < for jieV.

s Wik s Wi
Proof. As (z*,7*) is a feasible solution of (DY), we have

,\,*
E Ajkzjk, E i _71 ORdX...XRd

Jjkev jieV
o § : * S
<~ uv Ry = § : Ajkzﬂk + Bﬂ Ji
jfin jieV
. * %
”Auv v | H E A]kzzjk z :Bﬂ ]'L
JkEV, szV

Jjk#uv
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i =
& V2l < Y V2RI + > 17
lefixv jieV
&zl < Y Izl +—= Z 125
e JZéV
Izl < D Nzl + DIzl w eV,
jjlfil/v i€V

and more than that, it holds

1 1
L > Zw—kﬂ k||+Z~,|| ill=- Zvll+z k||+Z~,||
jkev jieV “ ;f,f;}j; jieV
1 * 1 *
> wll = Z l2ell + D Izl ) = il 4 — 2wl
]]:;‘;] J’LEV uv s
— MH [
wswuv wet
. wsw ik .
which means that |25l £ =———, jkeV.
s Wik
~ @Swﬁ .. =~
In the same way, we get  [|Zj;|| < ———, jie V. O
Wg —i—wji

Example 4.5. We consider the existing facilities p; = (0,0)7, p, = (—2,3)7 and
p3 = (5,8)7 (t=3). We want to locate two new facilities (m =2) in the plane
(d=2) . The weights are given by wis = Wy = Wiz = Wy = Wy = 1 and
wip = wo3 = 0. We define the following multifacility minimax location problem:
Py e {e = wall o — il e = gl e = ] s ).
ie. V={12}, |V|=1, V={11,13,21,22} and [V|=4. From the Matlab Optimi-
zation Toolbox we obtained the following solution 7; = (2.5,4) and Ty = (0,0)7.
The corresponding objective value was v(Py ) = 4.72.

The dual problem (see Remark 3.2)
(DY) max  {(Z]; + 251, p1) + (%, p2) + (Z13,03) ),
(#12,711,213:%51 252 ) EBN
where
2 T T ) e REx R?2 x R?2 x R? x R?
( 129 ~11s ~13» <211 ©22
By = 21y + 211 + 213 = Op2, 25 + 259 = Ope, ;
212l + 125 + (1250 + [[252 ] + [1Z55]] <1
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was also solved by the Matlab Optimization Toolbox. The following solution was
obtained

75 =2, = (0.13,0.21)T, Z)5 = (—0.26, —0.42)7, Z,, = Zyy = (0,0)7,

with the corresponding objective value v(DM)=4.72=v(PM), ie.T={12} CV
and T = {11,13} C V.

In the situation when we have only the solution of the dual problem one can
reconstruct the optimal solution of the primal problem in a recursive way by
using the necessary and sufficient optimality conditions given in Theorem 4.2.
By condition (iv) we know that there exists a;; > 0 such that

=k

Zn = an(@ —p), ie |Z0ll = aulm - mll, (20)

and as, by condition (vi) it holds

[l
o(DN) = v(PY) = |71 — il = =, (21)
1
we get by combining (20) and (21) that

= |7
211 = =

(DM 4.72
(Ti—p1) & Ti=—= "2 +tP= o
U(D%I) 1Z1 0.25

(0.13,0.21)" = (2.5,4)".
More than that, by condition (7ii) there exists a5 > 0 such that

Zip = aa(T1 — T2), Le. |7, = |71 — T, (22)

and therefore, we derive from condition (v) that

o DY) = oY) = — 7 = 122l 2

Finally, taking (22) and (23) together yields

N oY | P
z = ——\T1 — X
T TR
(DM, 4.72 .
& =7 — =(2.5,4)" — ——(0.13,0.21 0,0)".
L2 L1 H§12H 212 ( ) 025( ) ( ) )

For a geometrical illustration see Figure 4.1. [
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10 T T T T T

Figure 4.1: Hlustration of Example 4.5

Geometrical interpretation

In the following we provide a geometrical characterization of the set of optimal
solutions of the dual problem by Theorem 4.2. By the conditions (#i7) and (iv)

it is clear that for jk € I and ji € I the vectors Zj, and Zv; are parallel to the
vectors T; — Ty, and T; — p; directed to T, respectively. In addition, if we take into
account the conditions (v), (vi) and (vii), then it is also evident that jk € I and

Ji € I, ie. Zj 7 Oga and ?; = Oga, if the points ) and p; are lying on the border
of the minimum covering ball with radius v(Px’) centered in T, respectively. Vice

versa, if jk € V' \ T and ji € 1% \ I, then Zj), = Oga and ?; = Opa, which is exactly
the case when the corresponding weights are zero or the points 7 and p; are
lying inside the minimum covering ball centered in 7;, respectively. Therefore,
analogously to the geometrical interpretation presented in [27] for single minimax

location problems, one can identify the vectors z7, jk € I, and ZV;Z-, Jji € I , as
force vectors, which pull the points lying on the borders of the minimum covering
balls inside the balls in direction to the their corresponding centers, the gravity
points 7, (see Figure 4.1).
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