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About a symmetric multi-players zero-sum game with continuous strategies we will show the
following results.

(1) A modified version of Sion’s minimax theorem with the coincidence of the maximin strat-
egy and the minimax strategy are proved by the existence of a symmetric Nash equilibrium.

(2) The existence of a symmetric Nash equilibrium is proved by the modified version of Sion’s
minimax theorem with the coincidence of the maximin strategy and the minimax strategy.

Thus, they are equivalent. If a zero-sum game is asymmetric, maximin strategies and minimax
strategies of players may not correspond to Nash equilibrium strategies. However, if it is
symmetric, the maximin strategies and the minimax strategies constitute a Nash equilibrium.

Keywords: Multi-players zero-sum game, Nash equilibrium, Sion’s minimax theorem, Cournot
oligopoly.
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1. Introduction

We consider the relation between Sion’s minimax theorem for a continuous func-
tion and the existence of Nash equilibrium in a symmetric multi-players zero-sum
game with continuous strategies. A zero-sum game is a game in which the sum
of the payoffs of all players is zero (or constant). Meaning of a symmetric game
is explained in Section 3. It is a game in which all players are treated equal.

We will show the following results.

1. A modified version of Sion’s minimax theorem with the coincidence of the
maximin strategy and the minimax strategy are proved by the existence of
a symmetric Nash equilibrium.
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2. The existence of a symmetric Nash equilibrium is proved by the modified
version of Sion’s minimax theorem with the coincidence of the maximin
strategy and the minimax strategy.

Thus, they are equivalent. A symmetric Nash equilibrium is a Nash equilibrium
of a game in which all players choose the same strategy.

An example of such a game is a relative profit maximization game in a Cournot
oligopoly. Suppose that there are n > 3 firms in an oligopolistic industry. Let ;
be the absolute profit of the i-th firm. Then, its relative profit is

n

n n 1
We see Zm:Zﬁi— 1(n—l) 7; = 0.
n J—
i=1 i=1

Thus, the relative profit maximization game in a Cournot oligopoly is a zero-
sum game!. If the oligopoly is asymmetric because the demand function is not
symmetric (in a case of differentiated goods) or firms have different cost functions
(in both homogeneous and differentiated goods cases), maximin strategies and
minimax strategies of firms may not correspond to Nash equilibrium strategies.
However, if the demand function is symmetric and the firms have the same cost
function, the maximin strategies and the minimax strategies constitute a Nash
equilibrium.

In Section 2 we present an example of a three-firms relative profit maximizing
oligopoly. In Section 3 the model and the minimax theorem are described, and in
Section 4 we show the main results. In Section 5 we mention the problem about
a NoN-zZero sum game.

2. Example of a multi-players zero-sum game

Consider a three-players game. Suppose that the payoff function of Player i,
where ¢ = 1,2, 3, is

T = <CZ—ZS¢> Si—CiS?—%Z [(a—Zsl> Sj—CjSJQ-] .
7 jF#i %

This is a model of relative profit maximization in a three firms Cournot oligopoly
with quadratic cost functions producing a homogeneous good. s; is the output of
the firm. If ¢; = ¢y = c3, this game is symmetric. It is a zero-sum game because

Zﬂ'i = 0.

L About relative profit maximization under imperfect competition please see [4], [5], [6], [7], [10],
[11] and [12]
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The condition for maximization of m;, i = 1,2, 3, is

87@- 1
8Si :a—2(1+ci)si— §ZSj =0.

The Nash equilibrium strategy is

_ aHj;ﬁi(4cj +3)

Si

If co = ¢c3 = ¢, then 51 = 59 = 53 = and we have a symmetric Nash

equilibrium.

_a
2c1+3?

We consider maximin and minimax strategy about Players ¢ and j. The condition

for minimization of m; with respect to s; is g’sr;l = 0. Denote s; which satisfies this

condition by s;(s;, s), k # 4, j, and substitute it into m;. Then, the condition for
maximization of m; with respect to s; given s;(s;, si) and sy, is

am i 87@' 85]'

8Si 0sj 0si =0

We call the strategy of Player i obtained from these conditions the maximin

strategy of Player i to Player j. It is denoted by arg max,, ming; m;. The condition

for maximization of m; with respect to s; is g;r? = 0. Denote s; which satisfies

this condition by s;(s;,s;), and substitute it into m;. Then, the condition for
minimization of m; with respect to s; given s;(s;, si) is

87?,; 8771- aSi

=0.
(95j + 85’@- aSj

We call the strategy of Player j obtained from these conditions the minimax
strategy of Player j to Player i. It is denoted by argmin,, max,, m;. In our
example we obtain

3a — 2c;sy, + 4ac; 6a—8c;s. —9s,+4ac;

arg max min mw; = , arg min max m; = .
& Si Sj 80i0j+80i+80j+9 & S5 S SCZ-CJ' + 801' + SCj +9

If the game is fully asymmetric, that is, ¢; # ¢y # c3, then
arg max min 7r; # arg max min m;,
S; s S; Sk
that is, the maximin strategy for Player ¢ to Player j is not equivalent to the
maximin strategy for Player i to Player k. Also we have

arg min max 7; # arg min max 7,
Sj S Sk Si

that is, the minimax strategy for Player j to Player 7 is not equivalent to the
minimax strategy for Player k to Player i. Therefore, at least one of maximin
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strategies and one of minimax strategies are not equivalent to the Nash equilib-
rium strategy?.

If the game is symmetric, and ¢y = ¢3 = ¢4,

. 3a—2c18;+4acy . 6a—8cy1s —9s,+4acy
arg max min m; = , arg min maxm; =
T T 82 1 16c, +9 0 MBI 8 1 16¢, 1 9
Let §; = arg max min ;.
S Sj

From the above equations, for all combinations of 7, j, k, we obtain

. a
argmaxminm; = ———-.
Si S5 261 +3

o . o - :
Similarly, we get arg min,, max,, m; = e T3 Therefore, the maximin strategies,

the minimax strategies and the Nash equilibrium strategies for all players are
equal.

We have got an inspiration for the main results of this paper from these analyses
of relative profit maximization. In the following sections we examine under a
more general model whether the same results as this example hold.

3. The model and Sion’s minimax theorem

Consider a symmetric n-players zero-sum game with n > 3 as follows. There are
n players, 1, 2, ..., n. The set of players is denoted by N. A vector of strategic
variables is (s1, Sg,...,8,) € S1 X Sg X -++ X S,. S; is a convex and compact set
in a linear topological space for each ¢ € N. The payoff function of each player
is w;(s1,82,...,8,) for i € N. Since this game is a zero-sum game, the payoff
functions satisfy

n
Zui(sla 8250 Sn) =0,
i=1

for any (s1,s2,...,8,). We also assume

u; for each ¢ € N is continuous on S; X Sy X --- X .S, strictly quasi-
concave on S; for each s; € S;, j € N, j # i, and strictly quasi-convex
on S; for j € N, j # i for each s; € S;.

Symmetry of the game means the following facts.

1. Ifsg =8y =+ = s, then ui(s1,892,...,8,) = ua(51,82,...,8,) = +++ =
Un (81,52, Sn).

2. In the payoff function of each Player ¢, Players 5 and k, 7,k # 4, are inter-
changeable, for example,

Wi(S15 vy SjySky ey Sn) = Wi(S1, ., SkySjy ey Sn)-

2If a game is partially asymmetric, for example, ¢; = ca # c3, maximin and minimax strategies
may correspond to Nash equilibrium strategies in some sense ([8]).
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Sion’s minimax theorem ([2], [3], [9]) for a continuous function can be stated as
follows.

Lemma 3.1. Let X andY be non-void convex and compact subsets of two linear
topological spaces, and let f: X XY — R be a function that is continuous and
quasi-concave in the first variable and continuous and quasi-convex in the second
variable. Then

max min f(x = min ma ).
max miy fz,y) mip max f(z, y)

We follow the description of this theorem in [2].

Suppose that s € Sy for all £ € N other then ¢ and j, j # ¢, are given. Denote
a vector of such s;’s by s_; ;. Then, w;(s1, S2,. .., S,) is written as w;(s;, 5, 5_i ),
and it is a function of s; and s;. We can apply Lemma 3.1 to such a situation,
and get the following equation.

max min u:(S;. S:. 5+ ) = min maxu:(S:.S:.S_. ). 1
51€5; 5;€5; i(8ir 535 5-1) 5;€5;5 $i€5; (885, 8-4) (1)

We assume strict quasi-concavity and strict quasi-convexity of payoff functions
instead of quasi-concavity and quasi-convexity. They mean the uniqueness of
arg maxg,es, Ming, s, u;(si, 5, 5_;;) and arg min, cg, Maxy,es, u;i(Si, 55, 5_q5), that
is, they are single-valued for any pair of 7 and j. By the maximum theorem they
are continuous in s_; ;. Also the best response of each player in any situation is
unique. Since we consider a symmetric game, we can assume that when s_; ; =
S_ (1) means

max min u;(S;, S5, S—; ) = max min ug(Sk, S;, S_k.1

siESi SjESj 7,( 1y <7 Z,j) SkESkSlESl ( ? ? 7)

= min max ug(Sg, S;, S_;) = min max u;(S;, S;, S_;_;
min max ug(sg, 81, 5—k1) mnin max i(Si, 85, 5-i4),

arg max min u;(s;, S;, S—; ;) = arg max min ux(Sx, Sy, S—k1
gSiESi SjESj Z< ek Z’J) gSkESk SZESZ ( ’ ’ 7>7

arg min max uy (s, S, S_p;) = arg min maxu,(s;, s;,s_; ;) fori,j k1 € N.
S1€S] spESK SjESj s;€S;

4. The main results

First we prove the existence of a symmetric Nash equilibrium in a symmetric
game.

Lemma 4.1. In a symmetric game there exists a symmetric Nash equilibrium.

Proof. Consider a symmetric n-players game. There are Players 1, 2, ..., n.
The strategies, the set of strategies and the payoff functions of the players are
the same as those above defined.
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Suppose a symmetric situation. Assume (s1, S2,...,8,) = (s,8,...,s), and let s_;
be a vector of s;, j € N, j # i such that s; = s. Consider the following function;
s — arg max u;(s;,S_;).

LS
Since u; is continuous and S; is compact, this function is also continuous. Thus,
by the Glicksberg fixed point theorem ([1]) there exists a fixed point. Denote it
by s*. It satisfies

s* = argmaggui(si, s, 1€{1,2,...,n}. (2)
8;€

Here, s*, is a vector of s;, j € N, j # i such that s; = s*. Equation (2) means

that (s1,82,...,8,) = (8%, 8%, ...,5") is a symmetric Nash equilibrium. ]
We use the following result.

Theorem 4.2. (Modified version of Sion’s minimax theorem) Let j # i, and S;
and S; be non-void convex and compact subsets of two linear topological spaces, let
u;: i xS; = R given s_; ; be a function that is continuous on Sy X Sy X -+ - X Sy,
strictly quasi-concave on S; and strictly quasi-convex on S;. Then, there exists 5
such that

max min ;(s;, 5j,S_;;) = min maxu,(s;, s;,8_; ;) for any 1, j,

$;€S; S]'ES]' SjGSj $; €S
and arg max min u;(s;, s;,8_; ;) = arg min maxu;(s;, s;,8_;;) = 3.
S$; €S, S]'GS]' SjGS]' S$; €S,

The following Theorem 4.3 shows that the existence of a symmetric Nash equi-
librium means this modified version of Sion’s minimax theorem, and Theorem
4.4 shows that this result with the coincidence of the maximin strategy and the
minimax strategy imply the existence of a symmetric Nash equilibrium.

Theorem 4.3. The existence of a symmetric Nash equilibrium in a symmetric
multi-players zero-sum game implies the modified version of Sion’s minimax the-
orem with the coincidence of the maximin strategy and the minimax strateqy at
the symmetric Nash equilibrium.

Proof. Let (s*,s*, ..., s") be a symmetric Nash equilibrium of an n-players zero-
sum game. Then,

u;(s™, s, 8%, ;) = gleagfui(si, s*,8%, ) = wilsi, s7,8%, ). (3)

s*,; is a vector of sg, k € N, k # 4,7 such that s, = s*. Since the game is

Zero-sum,
Ui(Si, S*a Siz’,j) + (n - 1)“’](317 8*7 S*—i7j) = 07 j 7é i
implies

ui(si, s*, 8% ;) = —(n— Duy(si, 87,87, ;).
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This equation holds for any s;. Thus,

arg max u;(sg,s*,8", ;) = arg Srnelél uj(ss, s%,87,; ;) = s". (4)

By the assumption of uniqueness of the best responses, they are unique. (4) does
not hold in non zero-sum games. By symmetry of the game,

arg max u;(s;, s*, s*_”-) = arg min u,(s", s;, S*—z’j) =s"
5;€5; ’ ;€S ’

Therefore,

*

w;(s*,s%, 8", ;) = min ui(s*,sj,s_iﬁj) < ui(s*,sj,s*_i,j).

I SjGSj

With (3), we get

* *

"ij) = minw(s*, 85,8, ).

) = uls", 88 55€5; —4,J

%
maxu;(S;,S ,S_;
SiESZ‘ Z( 19 ) 1,]

This means

mnin max uilsi, 87,805;) < maxui(si, 8*,87, ;) (5)

. * * : *
= min u;(s ,S;,S_. - Smaxmlnu S;,8:,S_; ).
5;€8; Z( e l’]) 5;€8; 5;€85; l( e l’])

On the other hand, since

. * *
min u;(s;, 85,8, ;) < ui(si, 85,87, ),
SjES]' § ’
we have
. * *
max min u;(s;, S5, 8", ;) < maxu;(s;,S;,s ).
5;€5; 5;€85; l( v w) 8;€S; l< v ZJ)

This inequality holds for any s;. Thus,

*

max min u;(s;, 55,87, ;

< min max u;(S;, S;, 8" .).
$; €S, SjESj >_ l( v 77"j>

SjESj siESi
With (5), we obtain

. " . *
max min u;(S;, S;,S_, . ) = IMIN max u;\S;, S;,8_; ;). 6
5:€5; 5,68, z( 29 z,]) s;€8; $:€5; 'L( 1997 Z,]) ( )

(5) implies
. * * %
max min u;(s;,s;,8 . .) = maxwu;(s;,s",s". .
S; €S; SjESj Z( Bk Z’J) S$;€S; Z< v ’ Z’j),
and

. * . * *
min maxu;(S;, S;,S_., ;) = IMIN U;\S ,S;,S_, ).
SjES]' ;€S l( vy 27‘7) S]'ES]' Z( e ’L’])
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From
. * * %
min u;(s;, 85,85, ;) < wilsi, s¥,8%, ),
S;E€S; ’ i
and
. * * ok
max min wu;(s;, s;,8" . ;) = maxu;(s;,s*,s";
SZ‘GSZ'S]'ESJ' Z( Rk Z’]) $;,€5; z( v ’ 173)7
we have
: * * * *
arg max min u;(s;, S;, 8", ;) = arg maxu;(s;, s*,s*, ;) = s*.
gsiesi S]'ES]' ’L( (2R B 1,,‘]) gSiE ) Z( (3] Y 7,,])
Also, from
* * *
max u; (s, 55,8"; ;) > ui(s*, 85,87, ),
SjESj ’ ’
and
. * : * *
min max u;(s;, S;, 8", ;) = min u;(s*, s;,8",
SjESj 5, €8; l( Rk Z’j) SjGSj Z( P l"]>7
we get
. * : * * *
arg min max u;(s;, s;,8°, ;) = arg min u;(s*,s;,s8*, ;) = s".
gsjesj ey i(8i5 85, z,j) gsjesj i(s%, 85, z,])
Therefore,
. * . * *
arg max min u;(s;, S;,8°, ;) = arg min maxu;(s;, $;,s8*, ) = s*. 7
gS»;ESi SjGSj 2( LR Zv]) gSjGSj 5;€5; 7'( 1< 17]) ( )
(6) and (7) are equivalent to Theorem 4.2. O

Next we show the following theorem.

Theorem 4.4. The modified version of Sion’s minimaz theorem with the coin-
cidence of the maximin strateqy and the minimaz strateqy imply the existence of
a symmetric Nash equiltbrium.

Proof. Let 5 be a value of s such that

§ = arg max min u;(s;, $;,S_; ;) = arg min max u;(s;, S;,S8_; ;
5,65, 5,€85; z( 27 Z:]) 5;€9; 5:€8; z( 1997 z,]),

and

max min u;(S;, S:,S_;.) = min u;(S, s;,S_; ;) = min max u;(S;, S;,S_; 4
S;€S; SjESj Z( e Z’]) SjESj Z< P Z’]) SjESj S$; €S, l< e ZJ)

= gggui(si,s,s_i7j).

S_;j is a vector of si, k € N, k # 4,7 such that s; = 5. Since

ui(si, §, §,i7]’) Z min ui(si, Sj, §,i7]’),
SjESj
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and

max u;(S;,5,S_; ;) = max min u;(S;, S;,S_; ;

68, 7,( 19 99 z,j) 5i€9; 5,65, 7,( 1997 z,])v
we obtain

arg maxu;(s;,S,S_; ;) = arg max min u;(s;, S;,8_; ;) = S.
gSiESi Z( b ZJ) gSiESi SjESj Z< ek Z’J)
Therefore,
UZ‘(S, S, S—i,j) Z ’LLZ‘(SZ‘7 S, S—i,j)a

and so (5,5,8_;;) = (8,5,...,8) is a symmetric Nash equilibrium of an n-players
Zero-sum game. [

5. Note on a non zero-sum game

Consider a simple two-players non zero-sum game with Players 1 and 2. Their
strategies are s; and sy, and their payoff functions are u; (s, so) and us(sy, $2).

The condition for minimization of u(sy, $2) with respect to ss is %;2’52). Denote

so which satisfies this condition by ss(s1), and substitute it into u;, we have
u1(s1, 52(s1)). The condition for the maximin strategy for Player 1 to Player 2 is

(s sasr) | Dulor (50 0
881 a32 851

—0. (8)

Similarly, the condition for the maximin strategy for Player 1 to Player 2 is
written as

8u2(81(52), 82) + 8u2(31(52), 82) 881

— =0. 9
882 851 852 ( )
The conditions for the Nash equilibrium are
Ouy (81, s2) _0 Juy(s1, S2) _0
881 ’ 832 ’
They are not equivalent to (8) and (9) in general.
If the game is zero-sum, ui(s1,S2) = —ua(s1,s2). Therefore, (8) and (9) are
reduced to
8“1(81,82(81)) . 8U2(31,S2(51))% —0
(981 832 aSl 7
Jua(s1(s2),52)  Oui(si(s2), 2) Os1 _0
882 881 882 ’
From these two equations we obtain
Ou(s1,52(s1)) _ Ouz(sy, 52(s1)) _ o 01 41 and 0sy 41,
081 882 682 881

Thus, the conditions for maximin and minimax strategies are equivalent to those
for the Nash equilibrium.
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6. Concluding Remark

In this paper we have shown that a modified version of Sion’s minimax the-
orem with the coincidence of the maximin strategy and the minimax strategy
is equivalent to the existence of a symmetric Nash equilibrium in a symmetric
multi-players zero-sum game.

In a future research we will consider the relation between the mini-max theorem
and Nash equilibrium in an asymmetric zero-sum game.
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