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We study the existence of infinitely many nontrivial solutions of the semilinear A, -differential
equations in RY
—Au+b(x)u= f(x,u) inRY,

where A, is the subelliptic operator of the type

N
A'y = Za:rJ (’VJQa:L’J) s 8a:j = a Y= (’717’727’“7’7]\7)1
i=1

and the potential b(x) and nonlinearity f(z,u) are not assumed to be continuous, moreover f
may not satisfy the Ambrosetti-Rabinowitz (AR) condition. Under some growth conditions on
b and f, we show that there are infinitely many solutions to the problem.

Keywords: A.-Laplace problems, Cerami condition, variational method, weak solutions, Moun-
tain Pass Theorem.
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1. Introduction

In the last years, the semilinear Schrodinger equation
—Au+b(z)u = f(z,u), xR, u e H'(RY), (1)

has been studied by several authors. It has attracted much interest not only
because of its importance in applications, but also as it provides a good model
for developing mathematical methods. With the aid of variational methods, the
existence and multiplicity of nontrivial solutions for the problem (1) have been
extensively investigated in the literature over the past decades. See, e.g., [1]-[6],
[10, 11], [15]-[18], [21] and the references therein.
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The function f(z,£) is said to satisfy the Ambrosetti- Rabinowitz condition ((AR)
condition for short) if there exists a constant # > 2 such that

13
OF(5,€) < f(2.€)6, VEAD, VaeRY, where F(o§) = [ Sl 7dr
0

This condition not only ensures that the Euler-Lagrange functional associated to
the problem (1) has a mountain pass geometry, but also guarantees that Palais-
Smale sequences of the Euler-Lagrange functional are bounded. With this (AR)
condition, one can use the classical version of the Mountain Pass Theorem of
Ambrosetti and Rabinowitz to study the existence of solutions (see e.g. [2, 3, 6,
10, 11, 15, 16, 17]). Although (AR) condition is quite natural and important, but
there are many problems where the nonlinear term f(x,&) does not satisfy the
(AR) condition, for example,

S, §) = ¢n (1 +¢]).

In this paper, we study the existence and multiplicity of nontrivial weak solutions
to the following problem

—Au+b(z)u= f(r,u) inRY, (2)

where A, is a subelliptic operator of the form

N
A, = Zaxj (7]2395]-), v=(,7.--,78) : RY — RY,

The A,-operator was considered by Kogoj and Lanconelli in [9]. This operator
has the same form as in [7], however the functions () in [9] are more generalized
than those considered in [7]. The A,-operator contains many degenerate elliptic
operators such as the Grushin-type operator (see [8])

Go = Ay + |2**A,, a>0, (z,y) € RM x RM,
and the operator
Pop:= A+ A, + |2y A,,  (2,y,2) € RV x RM x R,
where «, § are nonnegative real numbers (see [19, 20]).

To study the problem (2), we make the following assumptions:
(B1) b:RY — R such that b € L} (RY) and
fo = essinf b(z) :=sup{u € R: Vol({x € RV b(z) < u}) =0} > 0;
zeR

(B2) There exists a constant dy > 0 such that
lim meas{z € RY : |z —y| < dp,b(z) < M} =0, VM >0,

ly|—+o0

where meas{-} denotes the Lebesgue measure of a set in RY;
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(B3) f:RY xR — R is a Carathéodory function satisfying
F(0,€)] < fu() €] + i) [E°" Tor almost every (z,€) € RY x R

where fi, fo : RY — R are nonnegative and fo(z) € LP2(RY) [ LP*(RY),

2,’;;73 ~
Fi) € IV (RN) () I (RY) () L0075 (RN, 2y /(g — 1) < 22 = 25
(where N defined by formula (3)) ppa/(p2 —1) < 2%, p € (2,2%), p1,p2 > 1,

2% . .
p3 = TZP’ p3(28 —2p +2) <2.23;

(B4) |£|hm 58 = o0, ae. £ €RY, and F(x,€) > 0, for all (z,£) € RN x R;
—400

(B5) F(x,€) := 3f(x,8)¢ — F(x,§) > 0, and there exists ¢o > 0,79 > 0 and

k> max{l, %} such that
|F(2,8)]" < colé"F(2,6), V(z,6) €RY xR, [¢] > rp;
(B6) There exist u > 2 and p > 0 such that
pF(2,€) < Ef(2,€) +0€?, V(z,6) € RY x R;

(B7) f(l‘,—g) :—f<l’,§), for all (ZL‘,&) GRN x R.
Now, we are ready to state the main results of this paper.

Theorem 1.1. Assume that b and f satisfy (B1)—(B5), and (B7). Then problem
(2) possesses infinitely many nontrivial solutions.

Theorem 1.2. Assume that b and f satisfy (B1)-(B4), (B6) and (B7). Then
problem (2) possesses infinitely many nontrivial solutions.

Example 1.3. When vy =y =--- =9y =1, b(x) =n+1forn <|z| <n+1,
for every n € N and f(z,€) = f1(2)€ — fo(x)€ where f1, fo : R — R are positive

fi € (L2(R®) N L¥(R?) N L (R*)\(C(R?) U L=(R?),
fo € L}(R3) N LA(R3) N L2(R?), fi(z) > 2fs()

for all x € R3, it is easy to check that f(z,&), b(z) satisfy (B1)-(B7). By Theorem
1.1, problem (2) possesses infinitely many nontrivial solutions. It is easy to verify
that f does not satisfy the condition (A3) of [18, 21], meaning f € C'(RY,R), and
there exist constants ¢y, co >0 and g€ (2,2* := %) such that

|f(z,6)| < crlé] + col€]7Y,  V(x,&) € RY x R.

Example 1.4. When b(z) =n+ 1 for n < |z| <n+ 1, for every n € N and
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15k
6(1+ [¢]%)

18py
where f; : R? — R are positive f,(x) € LP*(R?) () LP2(R?) " L2755 (R?), p; > 2

11
p2 € (15, %8) and exist constant C' > 0 such that fi(z,y) < C for all (z,y) € R

By direct computation we obtain

Let Fl,y,€) = 2fi(w, )¢ In(1 +[¢]5) +

Fle,,€) = fi (@, )€ In(1 + [6]F), Fla,y, &) = LT LT
61+ ¢)h)

Thus all conditions of Theorem 1.1 are satisfied with

— Q. 9% _ @A. 7 —
N=32=6p=35, k=2

By Theorem 1.1, problem (2) possesses infinitely many nontrivial solutions. It is
easy to verify that f does not satisfy (AR) which was requried in [13].

The paper is organized as follows. In Section 2 for convenience of the readers,
we recall some function spaces, embedding theorems and associated functional
settings. Section 3 is devoted to the proofs of Theorems 1.1 and 1.2.

2. Preliminary results

2.1. Function spaces and embedding theorems

We recall the functional setting in [9, 12]. We consider the operator of the form

N
o .
AV::Zaxj(,yjzaCtj)a al‘j ::a_xja.]:LQV"vN'
Jj=1

Here, the functions v; : RY — R are assumed to be continuous, different from
zero and of class O in RV\II, where

N
IT:= {x:(xl,xQ,...,xN) ERN:Hmj:O}.
j=1

Moreover, we assume the following properties:
(i) There exists a semigroup of dilations {d; }+~o such that

6 RY — RY, (24,...,0n8) — 0 (21,...,2n) = (21, ..., tN2Y),
where 1 =¢; < ey <--- <ep, and v; is d;-homogeneous of degree ¢; — 1, i.e.,

v (6 (2)) =t 1, (z) Yz e RV, V¢t >0, j=1,...,N.
N N
The number N := Zé‘j (3)
j=1

is called the homogeneous dimension of RN with respect to {&; }so-

(H) M :17’7]'(3:):Vj($lax27"'>$jfl)> ]:277N
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(iii) There exists a constant p > 0 such that

0 <240, (x) < pyj(x),VEe{l,2,...,j -1} ,Vj=2,...,N,

and for everyxeﬁf = {(xl,...,xN) e RV : g 20,ijl,2,...,N}.

(iv) The equalities v; (z) = ~;(z*) (j = 1,2,...,N) are satisfied for every
xr € RY, where

= (lxg],..., |en]) if 2= (21, 29,...,2Nn).

Definition 2.1. By S?(R") (1 < p < +00) we will denote the set of all functions
u € LP(RYN) such that ~;0, u € LP(RY) for all j =1,..., N. We define the norm
in this space as follows

lollsgr = ([ (b + 190y )

where V., u = (7105,4, ¥205,U, . . ., ynOxyu). If p =2 we can also define the scalar
product in S2(R") as follows

(u, U)Sg(RN) = (u, U)L2(RN) + (un, V,YU)L2(RN). O]

Define S2 by (RY) = {u € S2(RM) / (IVul® + b(z)u?) da < +oo}
RN

with b(z) satisfying conditions (B1),(B2) then S?,  (R") is a Hilbert space with

the norm 1
2 2 2
||U||S2 b .)(RN) = (/ (|V7U| —f-b(@u )dIL‘) .
v,b(x RN

From Lemma 2.2 in [13], we have

Proposition 2.2. Assume that b(z) satisfies (B1) and (B2). Then the embedding
map from Sib(x) (RN) into LY(RYN) is compact for 2 < q < 2.

Define the Euler-Lagrange functional associated with the problem (2) as follows

O(u) = %/RN (IVul® + b(z)u?) da —/ F(z,u)dz.

RN

From Lemma 2.3 in [13] and f satisfies (B3), b(x) satisfies (B1), we have & is
well defined on S3,(RY) and ® € C'(S3,,,(RY),R) with

' (u)(v) = /]RN (Vyu - Vv + b(x)uv) de — » f(x,u)vde

for all v € S,%’b(m) (R™). One can also check that the critical points of ® are weak

solutions of problem (2).
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2.2. Mountain Pass Theorem

Definition 2.3. Let X be a real Banach space with its dual space X* and ® €
CH(X,R). For ¢ € R we say that ® satisfies the (C). condition, i.e. the Cerami
condition at level ¢, if for any sequence {z,,}5°; C X with

O(zm) = cand (14 [|zmllx) [|[¥(zm)]

< — 0,

then there exists a subsequence {z,,}%>, that converges strongly in X. If &
satisfies the (C'). condition for all ¢ > 0 then we say that ® satisfies the Cerami
condition. O]

We will use the following version of the Mountain Pass Theorem.

Lemma 2.4. ([14]) Let X be an infinite dimensional Banach space, X =Y P Z,
where Y is finite dimensional and let ® € C'(X,R) satisfy the (C). condition for
all ¢ >0, ®(0) =0, &(—u) = ®(u) for all u € X, and

(i)  There are constants p,a > 0 such that ®(u) > a for all w € Z such that
[ully = p;

(ii) For any finite dimensional subspace X c X, there is R = R(SAS) > 0 such
that ®(u) <0 on X\BR.

Then ® possesses an unbounded sequence of critical values.

3. Proof of the theorems

We prove Theorems 1.1 and 1.2 by verifying that all conditions of Lemma 2.4 are
satisfied. First, we check the Cerami condition in this lemma

Lemma 3.1. Assume that b(x) and f(x) satisfy (B1)-(B4) and (B5). Then &
satisfies the (C). condition for all ¢ >0 on S2, (RY).

Proof. Let {u,}p_; be a sequence in 52, (RY) such that

(1 + HumHSib(z)(RN)) HCDI(UmW(sg,b(Z)(RN))* — 0 and ®(un) >0 (4)

as m — oo, hence
, 1
Q' (Um) () = 0 and = [Jumllge  (gry) — F(z,uy,)dx — c as m — co. (5)
2 %b(w( ) RN
We first show that {u,}5_; is bounded in S?, (RY) by a contradiction argu-

ment. Indeed, suppose that

[umllsz ~ @vy = 00 as m — oo. (6)
v:b(x)

Um

Setting v, = , then ||Um||53 oy ®Y) T L.

[t ”Si’b(I)(RN)
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When n is large enough, we have

cH1> Dluy) — %(@’(um),um> — [ Fe,u)de, (7)

RN

where F(z,up,) = 1 f(2, upn)tn — F(z,u,) > 0. By condition (B3), we obtain

() ()

[F(z,8)] < € + N (8)

For 0 <a <, let Qnla,b) = {z € RN : a < |um(z)| < b}. (9)
Going if necessary to a subsequence, we may assume that
Uy — v weakly in S,ib(x) (RY) as m — oo,
U — v ae. in RY asm — oo. (10)
U — v strongly in LY(RY) asm — 00,2 < ¢ < 2.
Now, we consider two possible cases: v =0 or v # 0.

Case 1: if v = 0, then v, — v in L"(RY), 2 < r < 2%, and v,, — 0 a.e. on RV,
From (5), implies that

F
lim (2, tm)

m—oo JpN ||Um||sg ()(RN)

1
dr = =. 11
= (1)

On the other hand, by (8), we obtain, as m — oo:

JL STy % N U
Qm (0,r0) ||Um||§«2 oe) (RN) Qm (0,r0) |um|2 ||um||?g‘2 ()(RN)

:/ M|m|dx<c/ (A @) + | fol@)) [vm]? da
m(0,r0)

< C/RN (1f1(2)] + [ fa(@)]) [vml® dz (12)
< C(||f1

W el el ) =0

—1 (RN

Set ' = k/(k — 1), k > max{1, N/2}, then 2+’ € 2,2%). Hence, from (B5), (7)
and (10), we have

/ |F (2, )] dx:/ ]F(x,um)||v 2dg
Qm (ro,+00) ”umH%ib(z)(]RN) Qm (ro,+o0) ’umP

/

F m K 1/k , 1/k
< [/ <—| (:U’UQ M) dx] [/ |V |2 dx] (13)
Qm (ro,+00) |Um| Qum (ro,+00)
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1/ Lk ot 1 M
< ¢ [ F(z, um)dﬁ} [ |V | dx]
Qum (ro,+00) Qm (10,+00)

< leolc + 1)~ UQ /

’ 1/k K
ol de] " < feo(e+ D] o200
as m — 0o. Combining (12) with (13), we have

F m
/ n‘ ||(u s
RN || Um Si,b(z)(RN)

F(z,up, F(z, up,
/ F@ )l g, / @ )l 240 40, as m - oo,

|t |? | |?
Qm (0,r0) Qum (ro,+00)

gy — 0
m(10,400) ®")

which contradicts (11).
Case 2: v#0. Set A:= {z € RY : v(x) # 0}, then meas(A4) > 0. We have

nll_l)réoum(x) = 7&1—{%0 HUmHSio(Q) U () = 00, a.e. in A.

It follows from (B3), (B4), (11) and Fatou’s Lemma that

F(x,up)

= lim / Pz, um) dx > liminf dx
m—00 Hum|| 2 iy BY) m=00 i ||uml|8375(x)(RN)
F m .. P u,
> /hmmf (2, tm) dx = /hmmf (Jv—ug)vfnd:c = +o0, (14)
m—00 HumHS2 (IRN) m—00 |um‘

Ay Ay

where A, C A,meas(A\A,) = 0, which is a contradiction. Thus {u,,}°_; is
bounded in S’ib(x) (RM).

Because of the above result, without loss of generality, we can suppose that

Up — u in Sz’b(z)(RN) as m — 0o

Up — u in LIRY) asm — 00,2 < g < 27, (15)

By (B3), we obtain

/f Ty Upy) (U, —u)d </|fl ]|um]|um—u|d:v+/|um—u| [t [P~ 1] fo(z)| dz

<l —ul] ey il @y

|
)

2p;
1—1 (RN
+ ||um

p—
SN g S 1 vy
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Since (15), we can conclude that

/f(x,um)(um —u)dz — 0 as m — oo. (16)

Therefore / [f(z,um) — f(z,u)] (U —u)de — 0 as m — oc. (17)
RN

Observe that

el = (@) =0 )+ 17 0) 70 )
RN
It is clear that (@' () — D' (u), up, — u) — 0 as m — oo. (18)

From (17)—(18), we deduce that

[r—] ryy — 0 as m — oo.

b(x)(

Therefore, we conclude that u,, — u strongly in 52, (RY). The proof of Lemma
3.1 is complete. Il

Lemma 3.2. Assume that b and f satisfy (B1)-(B4) and (B6). Then ® satisfies
the (C). condition for all ¢ >0 on S3 ., (RY).

Proof. Let {u,,}>_; be a sequence in S* S b(x) (R™) such that

<1 + HumHSQ RN)> HCID’(um)H L EY) 0 and ®(u,,) — ¢ >0 as m — oo,
hence
1
@ (t,) () — 0 and 5 [t || 2 oy (BY) T /F(:v,um)d$ — ¢ asm — oo.
RN

We first show that {u,,}°_, is bounded in S?/,b(a:) (RY) by a contradiction argu-
ment. Indeed, suppose that

HumHSﬁ,b(z)(RN) — 00 as m — Q. (19)

Um

Setting v, = , then vaHsgb(z)(RN):l'

fenllsz,am

When m is large enough, we have

c 1> Duy) — %(@'(um),um>

p—2 2 [1
= 5 lIUm - y Um )t — F y Um d
o |u ||Szyb<z)(RN) +/ Mf(x U ) U (2, up,) | dz

RN

n—= 0 2
= TH Unn |2 2 oy ®Y) EHumHLQ(RN)v
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which implies 1<

20 ..
5 lim sup ||vm||%2(RN). (20)
- m—r00

Hence, it follows from (20) that v # 0. By a similar process as in (14), we can
conclude a contradiction. Thus, {u,,}5°_; is bounded in Sib(x) (RY). The rest
proof is the same as that in Lemma 3.2. [

Lemma 3.3. Assume that b and f satisfy (B1)- (B3) and (B4).Then for any
finite dimensional subspace Xc Sib(x) (RYN), there is R = R(X) > 0 such that

D(u) <0, VueX, lulls2 ~ @v)y = R

v:b(@)
Proof. Arguing by contradiction, suppose that for some sequence {u,,}>_; C X
with [[wn, || g2 oy (BY) ™ OO, there is M > 0 such that ®(u,,) > —M for all m € N.
v,b(x

Um

Set v, (7) , then va’|53,b(z>(RN) =1.

HumHSib(m)(RN)
Therefore, we can (by passing to a subsequence if necessary) suppose that
Uy — v weakly in Sib(m) (RY) as m — oo,
v, — v ae inRY asm — .
Uy — v strongly in LY(RY) asm — 00,2 < ¢ < 2.
Since X is finite dimensional, then
U — v strongly in X asm — 0o

and v € X, ||v] o ~y = L. Therefore, it follows from (14) that
S%b(ﬂﬂ)(]R )

0 - —-M <1 D (uy,)
oo [y ~ s [fugy |2
MALST ) RY) ST () RY)
F
< () — /hminf ngn)v;dx = —00.

RN

Hence, we arrive at a contradiction. So, there is R = R(X) > 0 such that
®(u) <0 for u € X and ||| g2 oy (B) > R. O
Y, x

Let {e;}32, be a total orthonormal basis of Sib(m) (RY) and define X; = Re;,
k )
Y. =PX;, Zr= P X;, keN
j=1 j=k+1
Let B = suZp [ull paemy 2 < g <2 (21)
uesly

[[ull g2 Ny=1
by 5

then By — 0 as k — oo. From Lemma 3.3 in [13], we have
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Lemma 3.4. Assume that b and f satisfy (B1), (B2) and (B3). Then there exists
constants p, o, k > 0 such that ®(u) > o for allu € Zy, such that ||u/| 4 oy (BY) = P

Proof of Theorem 1.1. Let X = 52, (RY),Y = Y;,Z = Z;. By Lemmas

3.1, 3.3 and 3.4 all conditions of Lemma 2.4 are satisfied. Thus, problem (2)
possesses infinitely many nontrivial solutions. [

Proof of Theorem 1.2. Let X = 52, (RY),Y = Y;,Z = Z;. By Lemmas

3.2, 3.3 and 3.4 all conditions of Lemma 2.4 are satisfied. Thus, problem (2)
possesses infinitely many nontrivial solutions. [
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