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Some classes of positive semi-definite Hankel tensors which are not strong Hankel tensors were
recently introduced by Q. Wang, G.Li, L. Qi and Y.Xu [New classes of positive semi-definite
Hankel tensors, Minimax Theory and its Applications 2 (2017) 231-248]. In this paper, we
continue the study of such tensors. We introduce a subclass of Hankel tensors called basic
positive semi-definite Hankel tensors and intend to find some low-rank basic PSD non-strong
Hankel tensors. We show that rank-1 even order strong Hankel tensors are equivalent to rank-1
basic PSD Hankel tensors, and all even order strong Hankel tensors with rank larger than 1 can
be expressed as the sum of rank-1 basic PSD Hankel tensors. Thus, the study of non-strong
PSD Hankel tensors is reduced to the study of basic PSD Hankel tensors with rank larger than
1. In this paper, we prove that (1) there are no rank-2 basic PSD Hankel tensors, (2) rank-3
basic PSD Hankel tensors with dimension no less than 3 do not exist. Furthermore, an example
of low-rank basic PSD Hankel tensor whose rank equals 3 or 4 is provided.
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1. Introduction

The concept of Hankel tensors was first introduced by Luque and Thibon [15] to
our best knowledge. Papy, De Lathauwer, and Van Huffel [19] initially employed
Hankel tensors in the harmonic retrieval problem, which is at the heart of many
signal processing problems. Hankel tensors have been widely applied in signal
processing [1, 3, 4, 7], automatic control [27], and geophysics [18, 28]. Particu-
larly, the positive semi-definiteness of Hankel tensors can be a criterion for the
solvability of multidimensional moment problems [2, 12, 22].

It was proved by Hilbert [10] that for homogeneous polynomials, only in the
following three cases, a positive semi-definite (PSD) polynomial is definitely a
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sum-of-squares (SOS) polynomial: (1) n = 2; (2) m = 2; (3) m =4 and n = 3,
where m is the degree of the polynomial and n is the number of variables. Hilbert
proved that in all the other possible combinations of n and even m, there are PSD
non-SOS (short for PNS as in [6]) homogeneous polynomials. The most well-
known PNS homogeneous polynomial is the Motzkin function [16] with m = 6
and n = 3. A homogeneous polynomial is uniquely corresponding to a symmetric
tensor [20]. For symmetric tensors, m is the order and n is the dimension. A
Hankel tensor is clearly a symmetric tensor.

In [21], it was shown that an mth-order n-dimensional tensor is a Hankel tensor
if and only if it has a Vandermonde decomposition. Two classes of PSD Hankel
tensors were identified: even order strong Hankel tensors and even order complete
Hankel tensors. It was proved in [14] that complete Hankel tensors are strong
Hankel tensors, and even order strong Hankel tensors are SOS tensors. There
were also some examples of SOS Hankel tensors and PSD Hankel tensors which
are not strong Hankel tensors. Thus, a question was raised in [14]: Are all PSD
Hankel tensors SOS tensors? If there are no PNS Hankel tensors, the problem
for determining a given even order Hankel tensor is PSD or not can be answered
by solving a semi-definite linear programming problem. The problem raised by
the above question is called the Hilbert-Hankel problem, which is the first one of
three open problems on Hankel tensors [26].

Generalized anti-circulant tensors [13] were studied, which are one special class
of Hankel tensors. The necessary and sufficient conditions for positive semi-
definiteness of even order generalized anti-circulant tensors in some cases were
given, and the tensors are strong Hankel tensors and SOS tensors in these cases.
An inheritance property was established in [21] for strong Hankel tensors, and
this property was then extended to general Hankel tensors in [8], which means
that if a lower-order Hankel tensor is positive semi-definite (or positive definite,
or negative semi-definite, or negative definite, or SOS), then its associated higher-
order Hankel tensor with the same generating vector, where the higher order is
a multiple of the lower order, is also positive semi-definite (or positive definite,
or negative semi-definite, or negative definite, or SOS, respectively). In addition,
the SOS decomposition of strong Hankel tensors was also given in [8]. Other
discussions about PSD Hankel tensors, SOS Hankel tensors and PNS Hankel
tensors and some regions where PNS Hankel tensors do not exist were given in
[5]. More properties of the above tensors are introduced in [23, 24]. An algorithm
for computing Vandermonde rank decompositions for all Hankel tensors was given
in [17] and it was also proved that for a generic Hankel tensor of order even or
three, the CP rank, symmetric rank, border rank, symmetric border rank and
Vandermonde rank are all the same.

Ding, Qi, and Wei [8] proved that a Hankel tensor is a strong Hankel tensor if
and only if it admits a Vandermonde decomposition with positive coefficients or
an augmented Vandermonde decomposition with positive coefficients. Thus, the
decomposition of strong Hankel tensors has been settled. However, still little is
known for non-strong Hankel tensors. Some non-strong PSD Hankel tensors were
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characterized in [29], yet a systematic investigation on non-strong Hankel tensors
needs to be conducted.

In this paper, we continue to study positive semi-definite Hankel tensors that are
not strong. A new subclass of Hankel tensors called basic PSD Hankel tensors is
introduced. We show that a rank-1 even order Hankel tensor is a strong Hankel
tensor if and only if it is a basic PSD Hankel tensor, and even order strong Hankel
tensors with rank higher than 1 can be represented as the sum of rank-1 basic
PSD Hankel tensors. Therefore, the study of non-strong PSD Hankel tensors is
converted to the study of basic PSD Hankel tensors with rank > 1. The properties
of basic PSD Hankel tensors and decomposition of non-basic PSD Hankel tensors
will help us find solutions to the three open problems on Hankel tensors in further
research, since all of the open problems are in the context of PSD Hankel tensors.

The remainder of this paper is organized as follows. Some preliminaries are given
in Section 2. Basic positive semi-definite Hankel tensor is defined in Section 3 and
the relationships between strong Hankel tensors and basic PSD Hankel tensors are
also given. In Section 4, it is proved that within mth-order n-dimensional PSD
Hankel tensors, rank-2 basic PSD Hankel tensors do not exist. In Section 5, the
existence of rank-3 basic PSD Hankel tensors whose dimensions are not smaller
than 3 is disproved. Finally in Section 6, we present an example of 4th-order
2-dimensional basic PSD Hankel tensor whose rank is 3 or 4.

2. Preliminaries

Denote [n] := {1,2,--- ,;n}. An mth-order n-dimensional tensor A = (a;...;,,)
consists of n™ entries a;,..;,, € C, where i; € [n] for j =1,--- ,m [20].

For a vector x € C", we use x; to denote its ith component, and xI™ to denote
a vector in C" such that (xI™); = 2 for all i € [n]. For x € C", Ax™ ' denotes
a vector in C", whose ith component is

(.Axmfl)‘ = Z Qi Tig * * * T - (1)

(2
i2,~~-,im€[n]

A complex number A is called an eigenvalue [20] of A if it and a nonzero vector
x € C™ are solutions of the following homogeneous polynomial system:

Axmt = \xm=1 (2)

and the solution vector x is called an eigenvector of A associated with the eigen-
value \. If an eigenvalue A\ has a real eigenvector, then we say that it is an
H-eigenvalue.

The multiplication of a tensor A and a matrix M = (m;,;,) along kth mode [9]
is defined by

n
<A Xk M> = E @iy i iy im g e - (3)
11l —1Jklk+1"" m

=1
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The tensor A is said to be a symmetric tensor if its entries a;,..;,, are invariant
under any index permutation. Denote the set of all real symmetric tensors of
order m and dimension n by S,,,. All symmetric tensors A € S,,, have such
symmetric CP decompositions of the form

Azzzzlaiv?ma \Z ERna V?m :yz®vz®®V2

-~

m
is a rank-one tensor, where the outer product ® is defined by

(Vi® V2 ® @ Vin)igigins = (V1)ir (V2)iz =+ (Vin )iy -
The symmetric rank of A is defined by
rank(A) = min{r: A=>"" vy a; € R,v; € R"}.

For A € S,,, and x € R", we have a homogeneous polynomial f(x) of n variables
and degree m,

f(X) = AXm = Z Aipovi, Lig Ly (4)

i1, im€[n]

Note that there is a one-to-one correspondence between homogeneous polynomials
and symmetric tensors. For even order tensor A € Sy, if f(x) > 0 for all
x € R”, then the homogeneous polynomial f(x) and symmetric tensor A4 are
called positive semi-definite (PSD). If f(x) > 0 for all nonzero x € R™, then f(x)
and A are called positive definite (PD). The concepts of positive semi-definite
and positive definite symmetric tensors were introduced in [20]. The problem of
determining whether a given even order symmetric tensor is positive semi-definite
or not has important applications in engineering and science [7, 11, 25]. For a
tensor whose order m is odd, if it has no negative H-eigenvalues, we call it a
generalized positive semi-definite (generalized PSD) tensor.

Let v = (v1, ++ ,Vn-1)mt1) . Define A = (a;,...,,) € S by

iy iy, = Vig oot —m+1s (5)

for iy,--- ,im, € [n]. Then A is called a Hankel tensor [14, 21] and v is called the
generating vector of A. If A is a Hankel tensor, then homogeneous polynomial
f(x) = Ax™ is called a Hankel polynomial.

Let A = (a;;) be an (("_1%"”2} X (("_1;"”2} matrix with a;; = v;4,;_1, where

Uy n=imq Is an additional number which can be arbitrarily selected when (n—1)m

2
is odd. Such a matrix A is called a Hankel matrix, associated with the Hankel

tensor A. When (n—1)m is even, the associated Hankel matrix is unique. Recall
from [21] that A is called a strong Hankel tensor if there exists an associated
Hankel matrix A which is positive semi-definite.

Let g(y) =y " Ay, where y = (yl, e ,y<n71)m+2)T and A is an associated Hankel
2

matrix of A. Then, A is a strong Hankel tensor if and only if g is PSD for at
least one associated Hankel matrix A of A.
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Following [8], if v®™ is a rank-one Hankel tensor, then v = «(1,&,---,&" 1T
or ae, = «(0,0,---,0,1)T; here the vectors (1,&,---,£"1)T and e, are called
Vandermonde vectors. Let A be an mth-order n-dimensional Hankel tensor and
the rank of its associated Hankel matrix be r. A is a strong Hankel tensor if and
only if it admits a Vandermonde decomposition with positive coefficients:

.
A= Z apvi™, ag > 0, vi are Vandermonde vectors. (6)
k=1

Also, there are many PSD Hankel tensors that are not strong Hankel tensors. For
instance, consider the Hankel tensors A generated by

T
vV = <U0707" ' aO)U("—;)m707” : 707v(n—1)m> )

where n is odd. Such Hankel tensors are called truncated Hankel tensors in [29].
In this case f(x) and g(y) have a simple form:

f(X) = ’UQ.CET -+ U(n,l)mxff—i-

m\ (m—t1\  (m—ti—te——tp_2) b1 .02 . m—ti—to——tn_1
+ UW Z {(tl)( to ) ( tn—1 )xl xQ xn "

=Dt +(n—2)ta+---+tp1 = (n_;)m} , and (7)

g(Y) = on% + U(nfl)my%n—lgwwz + (8)
. . n—1)m
T Ve im (y%—”‘;)%l * g {yiyj i g =0y 2}>
7]

Since we are only concerned about PSD Hankel tensors, we may assume that
V0, Vn-1ym, and V(p_1y,m are all nonnegative. If vw-1m = 0, then the truncated
2 2

Hankel tensor A is a strong Hankel tensor, and furthermore an SOS Hankel tensor

if m is even. If v(m-1m > 0, then A is not a strong Hankel tensor [29].
2

3. Basic PSD Hankel tensors

Since Hankel tensors are symmetric tensors, it is best to describe the rank of
Hankel tensors by symmetric rank [24]. In the following, we use rank(.A) to
express the symmetric rank of Hankel tensor A. Let A be an mth-order n-
dimensional PSD Hankel tensor and its rank be r. Then A is called a basic PSD
Hankel tensor, if there is no nonzero PSD Hankel tensor B with rank(B) < r
such that A — B is PSD. From the definition, we can derive the following lemma
straightforwardly.

Lemma 3.1. Given A is a rank-1 even order Hankel tensor. A is a strong

Hankel tensor if and only if A is a basic PSD Hankel tensor.

Proof. This lemma can be easily derived from the Vandermonde decomposition
of strong Hankel tensors. Il
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Theorem 3.2. All even order strong Hankel tensors with rank larger than 1 are
not basic PSD Hankel tensors.

Proof. Assume that an even order strong Hankel tensor A with rank r > 2 is
basic, then from (6), A = >",_, apvy™, ag > 0, v; are Vandermonde vectors.
Let B = a;v{™, then B is a positive semi-definite Hankel tensor, while A — B is
still positive semi-definite, which is a contradiction. ]

Corollary 3.3. All even order strong Hankel tensors with rank larger than 1 can
be expressed as the sum of rank-1 basic PSD Hankel tensors.

Clearly, PSD non-strong Hankel tensors with rank larger than 1 do exist. For
example [29], for PSD truncated Hankel tensor A when vm-nym > 0, consider

2
Vectory:ei—ejwherei—l—j:@—%Z,i%jandi;&lor % We

see that ¢(y) = —2vm-1m < 0, hence A is not a strong Hankel tensor. Therefore
2

basic PSD Hankel tensors with rank larger than 1 also exist. What we concern
is the smallest symmetric rank of non-strong basic PSD Hankel tensors.

Lemma 3.4. If PSD Hankel tensor A has the following Vandermonde decompo-
sttion

T
A= E apvy™,
k=1

where v, € R™ are mutually distinct Vandermonde vectors, r < n, then ay > 0,
k=1,2,---,r. Thus, A is a strong Hankel tensor.

Proof. A can be also expressed as
A=Dx VI x, Voo x,, VT,

where D is a diagonal tensor with diagonal entries aq,as,--- , @, and matrix
V = (vi,va, -+ ,v,) is of full column rank. Without loss of generality, assume
that a; < 0, then there exists a unique x satisfying V7x = e; such that f(x) =
Ax™ = Del" = oy < 0, which is a contradiction to the positive semi-definiteness
of A. Therefore we have all ap > 0 for k =1,2,--- ,r, thus A is a strong Hankel
tensor. L]

4. Rank-2 Basic PSD Hankel Tensors

We begin with the rank-2 case and we shall shortly see that there are no rank-2
basic PSD Hankel tensors. For mth-order n-dimensional PSD Hankel tensor A,
m > 4, if A is basic and its rank is 2, then it has the following form

A= ax®m 4 fy°m, ©)

where o, 8 # 0, X = (21, %9, ..., 7)) € R™ y = (y1, Y2, .., Yn)| € R" x #y. As
A is positive semi-definite, at least one of a and ( is positive. Without loss of
generality, assume § =1, i.e.,

A = ax®" 4 y®@m,
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Theorem 4.1. Rank-2 basic PSD Hankel tensors do not exist.

Proof. If n = 2, from Lemma 2, A is not a basic PSD Hankel tensor. If n > 3,
we classify the decomposition into the next four cases.

Case 1. x= (171:2’ T3, - 7xn)T7y = (179% Yz, - 7yn)T-

From the definition of Hankel tensors, a1 129 = a11..13, then
a(x% —T3) = Y3 — yg (10)

(a) If 22 # x5 and y5 # ys3, then similarly we have ax;(x3 — x3) = y;(ys — y3) for
2 < i < n. By dividing this equation by (10) on both sides, we get x; = y; for
2 <i < mn, hence x =y, the rank of A is actually 1, which is a contradiction.

(b) If 22 = z3, then y3 = y3. From the definition of Hankel tensors, we have

m—3,.3 m—3,3 __ m—2 m—2
ary Ty T Yy Yy = oxy T4+ Yy Y4,

oz s 4y ys = aal P mawy 4y yau,

a2 + yi YR = an s + y s,
Processing these equations, we have a(zj — x5) = Tays — ToUs + Ys — Yoy =
Ys — ys. Thus zo = yo or yy = y5. If x5 = 9o, then 23 = y3 and a = 1, hence
Ty = Y4, Ty = Yn, X =y, the rank of A is 1, which is a contradiction. If
ys = y3, then ys = v3, ..., yo = y5 ', and o4 = 93, ..., 2, = 237!, x and y are
both Vandermonde vectors. By Lemma 2, it is a contradiction.

Case 2. x = (1,1‘2,1}3,"' axn)—r:y: (07 7071>yk+17“' 7yn)Ta 2<k<n.

Ifk=n,ie,y =e,, x; = x%'*l for 2 < j < n, it is a Vandermonde decomposition,
which is a contradiction. If 2 < k < n — 1, obviously z; = 23" for 2 < j < n,

; mo om0 3 .3 2 3 - ¥ m o am
then (i) oz’ +y' = ax? 22, + Y Yy, for m is even, (ii) oz’ + y* =
m—1 m—1 m—1 m—1

2 2 2 2 1 1 m — m 1 1
ar,? mprl +y 2wyt for mois odd, e, axp’ + 1 = axj?, which is also a
contradiction.

Case 3. x=(0,---,0,1,Zp41,  +»2n) , y=(0,--+,0, 1,941, ,yn) ", Where
2<k<n,2<Il<n-—1,k#I.

Without loss of generality, assume k& > [. We have
: mo,m _ % 2 ERE) :
(i) o +y' = ax) 1 + Yyl Y, for m s even,
m—1 m—1 m—1 m—1
13 m mo__ 2 2 2 2 3
(i) aa' +y' = oz, ® mex Yty YkYegy for mois odd,
i.e., « = 0, which is a contradiction.

Case 4. x = (07 70717xk:+17'” 7In)T7y - (07 70717yk+17"' 7y'rl)—r7 where

2<k<n.
If &k = n, the rank of A is 1, which is a contradiction. If 2 < k < mn — 1, we have

. m m_ 3 % 3 % .
(i) azP+yl = ) (T Yy, for mois even,
m—1 m—1 m—1 m—1

(i) o' +y' = oz, 2 mpx ) Yty YkYesy for mois odd.
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From both situations we get o = —1, then
Y
: m—1 m—1 -1 3 71 7 .
(i) axp  Tpgpr + YL Yk = x| T2 T Y YkYy ., for mois even,
1 1 m—1 m—+1 m—1 m—+1
. m— m— mtl mol mil .
(i) oxp Tppr YL Yk = oz P 10y 0 Yy for mois odd.

Thus Zx41 = Yes1, - Tn = Yn, i.e., A =0, which is a contradiction. O

5. Rank-3 Basic PSD Hankel tensors

For an mth-order n-dimensional PSD Hankel tensor A, m > 4, n > 3, if Ais a
basic PSD Hankel tensor and its rank is 3, then it can be expressed as

A = ax®™" + By®" + 42", (11)

where o, 3,7 # 0, x = (z1,72,....,2,)" € R, ¥y = (y1,¥2,...,%n) € R" z =
(21,22, ..., 20) | € R", x,y,z are mutually distinct. Similar to the previous chap-
ter, at least one of o, 5 and 7 is positive. Without loss of generality, let v = 1,
then

A= OzX@m + 5y®m + 7®m

Theorem 5.1. Rank-3 basic PSD Hankel tensors with dimension no less than 3
do not exist.

Proof. The decomposition can be classified into the next four cases.
Case 1. x = (17 Lo, T3, 7xn>—r7y = (17 Y2,Y3, " - 7yn>T7 z = (17 22y, %3, " 7Zn)T-

Similar to the rank-2 situation, from the definition of Hankel tensors,

ax" 2 + Byl Pys + 27220 = aa s + Byl ys + 2 2,
S0 73— 23 = a(wg — x3) + B(y3 — y3)- (12)

3 3., .3 _
Similarly, we have { ami + 63/?1 + Zi B Oéflfgxg + 53/%93 + 22223,
aty + Pys + 25 = axyrs + Byays + 2523

By substituting (12) into the above equations, we obtain
a(wy — 22) (25 — 13) = —B(y2 — 22) (Y3 — ¥a), (13)

afzy — 23) (x5 — w3) = —Bys — 23) (Y5 — ys). (14)
Next, we discuss whether the factors in equation (13) are zero or not, and classify
it into the next four situations (a)—(d).
(a) @2 # 20, Y2 # 2, 13 # T3, Y5 7 Y.
Divide (14) by (13) on both sides, we get xo = y,. Then, similarly
alzy — z) (22 — 23) = =By — 21) (Y3 — y3) for 3< k < n,
hence x =y, which is a contradiction.
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(b) xo = 29, Y2 = 2. For z3,ys, 23, we have
a2y — w3) (w5 — x3) = —B(ys — 23) (¥ — ¥3), (15)
—Bys — 25) (12 — v3)- (16)

We get two similar equations about 3, y3, 23, and also discuss the factors in the
situations (i)—(iv).

1) If w3 # 23, ys # 23, T3 # x3, Y3 # y3, divide (16) by (15), and we get 3 = ys.

olz5 — 3) (w5 — 73)

ii) If 3 = 23, y3 = z3, obviously x3 = ys.

iv) If w3 = 23, y3 = y3 (or y3 = 23, 3 = x3), substitute the two equations into
12), we have x3 = x5 = y5 = y3. Then z3 = y3 = 23 for (i)-(iv). Similarly, we
can prove x; = Y, for 4 < k < n, hence x =y, which is a contradiction.

(
(
(iii) If 23 = 23, y3 = y3, we obtain x3 = y3, because Ty = ¥s.
(
(

(c) 93% = T3, Y2 = Z2.

(i) If y3 # ys, we have aa + Bys +y3 = aws +ys + 23, hence B(y5 —yz) = 23— y3.
Also, for 3 < i < n, Byi(y2 — ys) = 7 (25 — y2), hence we get s = 25, -, Yo = 2,
i.e., y = z. Thus, the rank is 2, which is a contradiction.

(ii) If y3 = y3, we will find x is a Vandermonde vector, then by (b) of Case 1 in
the previous chapter, y and z are also Vandermonde vectors. The situation is
similar for y2 = y3, 3 = 2o.

(d) 22 = z3, y2 = ys.

It is included in (b) and (c) if at least one of x5 = 29 and ys = 25 is satisfied. So
we discuss zo # 2 and ys # 23 here. Obviously 23 = 23, if n = 3, x, y and z are
all Vandermonde vectors. If n > 3, then from the definition of Hankel tensors,
a11...14 = A11...1222, Wthh 1mphes

3 3 3
axy + Bys + 24 = axy + Pys + 7. (17)
From aq1. 104 = @11..1223 and aq1..1314 = a11...1233, we obtain the two equations

{ QToTy + BYoys + 2224 = ax3T3 + Bysys + 2323,

Qr3Ty + BYsys + 2324 = axox; + Byay3 + 2223,
Substitute (17) into the above equations and we have

a(zy — 2) (25 — x4) + By2 — 22) (Y5 — ya) = 0, (18)

afxy — 23) (w5 — 1) + By — 23) (Y3 — ya) =
(i) If 23 # x4, Y5 # ya, then divide (19) by (18), we have xo = y5, hence x3 = ys.
Similarly a(r - o) (23— 1) + By — 24)(u2 — ) = 0 and a(e? — 2)(zd — 1) +

Bz — 23 (ys —ya) =0 for 4 < k < n. We get 7, = yp = 2; Or T, = Y, thus
x =y, which is a contradiction.
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(i) If 23 = 24, Y5 = ya4, obviously z4 = 23, then repeat (d) for z3 = 5, y3 = ys,
oy ot =, y37 ! = y,, and we find x = y, which is a contradiction, or X, y,z

are Vandermonde vectors.

Case 2. x = (1,$2,$3,...,l‘n)T, y = (1,3/2,?J3,---7yn)T,
z=1(0,...,0,1,2p41,...,20) ", 2< k <.

If K =n,ie, z = e,, then similar to the first case of rank 2, x and y are
Vandermonde vectors, and z is also a Vandermonde vector. If 2 < k < n — 1,
x and y are Vandermonde vectors, then az* + By + 1 = az]’ + By;*, which is
a contradiction.
Case 3. x= (1,29, 23,...,7,) , y=(0,...,0, L, ¥ps1, - %n) ",

z=1(0,...,0,1,241,...,20) ,2<k<n—1,2<1<n, k#I.
From the definition of Hankel tensors,

azl" iy + Byl i + 2 i = o] P + Byl + 2 4

for ¢« = 2,3,...,m — 1. Since y; = z; = 0, we have x;;; = wox;, hence x is a
Vandermonde vector. Without loss of generality, assume k < [, we have

(1) oxf + = ax? 2, for mis even,

m—1 m—1

(i) oz’ + B = ax,? zpx,?, for mis odd, ie., § = 0, which is a contradiction.

Case 4. x=(0,...,0,L,zj41,..., @) , ¥y =(0,...,0, L, Yps1s -+ Yn) ',
z=1(0,---,0, 1,201, ,2,) , 2< 5,k 1 <n, | <k <3

If j < k <, then o = 0, which is a contradiction.

If 5 = k < [, the situation is the same as Case 4 of rank 2, which is a contradiction.

If j =k =1, obviously j,k,l cannot ben,2<j=k=1<n-—1. As

: m m m __ 2 2 2 2 2 2 :
(i) axl + By + 20" = axl 224 + Byl Yii + 24 1% for mis even,

m—1 m—1 m—1 m—1 m—1 m—1

(ii) ax'+ By + 21" = ax, ) vpx, 2y + By ) UnYeds 2,01 Zkzyy for mis odd,

a+68+1=0,
axy + By + 2, = 0,

we have
axy + Byp + 2 = 0,
ard + fyi + 25 = 0.
avp(rr — z1) + Byr(ye — 2) = 0,
Then ) ) ) )
axk(xk - Zk) + 5%(% - Zk) =0.

(i) If 2 =0,y, = 2z, we get § = —1, a = 0, which is a contradiction.

(ii) If yx = 0,2 = 2, then similar to (i), 8 = 0, which is also a contradiction.
(iil) If zg, yp # 0, 2k # 2k, Yk # 2k, from xy + 2k = yg + 25, We get T = Yy.
(

iv) Assume xp =y = 0.
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(v) Assume zp =y = 2.

From (iii) to (v), we all get z}, = y,. If we continue checking zy1, ..., T, we will
find x =y, or « =0, or = 0, all situations cause contradictions.

Up till now, we have proved if there exists a rank-3 basic PSD Hankel tensor
A with dimension no less than 3, x,y,z are mutually distinct Vandermonde
vectors. However, by Lemma 2, r = 3 < n, A is a strong Hankel tensor, which is
a contradiction. O

Therefore, we put forward the following theorem.

Theorem 5.2. For any non-basic PSD Hankel tensor A with rank(A) > 2,
n >3, A can be expressed as

A == Z CYkBk, (20)
k=1
wherer € N, By, are basic PSD Hankel tensors with rank(By) > 4 orrank(By) = 1.

This theorem can be proved by Theorem 2 and 3 straightforwardly.

6. An example of basic PSD Hankel tensors with rank higher than 2

We shall present an example of basic PSD Hankel tensors in this section with
rank > 2. Consider the following example. Let A be a 4th-order 2-dimensional

Hankel tensor generated by v = (1,0, —%,0, 1)T. For x = (z1,72)" € R%\{0},
the Hankel polynomial satisfies

fa(x) = Ax* = o] — 22725 + 25 = (22 — 23)* > 0.
However, the associated Hankel matrix

1 0 -
A= 0 -
0

1
3

0
1

Wl

_1
3
is apparently not positive semi-definite since there is a negative entry on its
diagonal. Therefore, A is a PSD Hankel tensor, but not a strong Hankel tensor.
Furthermore, A has a following decomposition that

A< ST LT LT f0n T
3\ 0 6\ 1 6\ —1 3\ 1 ’

thus rank(A4) < 4.

Next we prove that A is a basic PSD Hankel tensor. Assume A is not basic,
then there exist two PSD Hankel tensors B and C such that A = B + C and for
any vector x € R?, the Hankel polynomial f4(x) = f5(x) + fe(x) = (2% — 23)?,
and fg(x), fe(x) > 0. If fg(x) does not have the factors x; + x5 or z; — o,

then take x; = +x5, and we have fg(x) > 0, fe(x) = 0 — fz(x) < 0, which is
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a contradiction. If both x; + x5 and z; — x5 are the factors of fz(x), then by
D. Hilbert [10], for 2-dimensional homogeneous polynomials, a PSD polynomial
is definitely an SOS polynomial, hence fz(x) = a(z? — x3)%, a > 0, tensor B is
proportional to A, which is a contradiction.

Therefore, we have found a basic PSD Hankel tensor whose rank equals 4, which
implies that basic PSD Hankel tensor with rank > 2 does exist. To verify whether
this tensor is exactly rank 4, we use Tensorlab toolbox in Matlab software to
decompose this symmetric tensor. After running 1000 times, the minimum error
(calculated by the Frobenius norm of tensor A minus the recombinated tensor)
of finding the rank-3 decomposition is about 10~® while that of find the rank-4
decomposition is around 107!7. Therefore, there is a high probability that the
rank of this tensor is exactly 4.

Generally, 4th-order 2-dimensional Hankel tensors generated by vectors of the

form v = (a,O,—b,O,c)T, where a,¢c > 0, b > 0, and ac = 9b?, are all basic
PSD Hankel tensors with rank not larger than 4. This can be proved by similar
derivations as above. Thus, a set of low rank basic PSD Hankel tensors has been
found.

7. Conclusions and Conjectures

In this paper, we have introduced a new subclass of Hankel tensors called basic
PSD Hankel tensors. It is proved that for mth-order n-dimensional positive semi-
definite Hankel tensors, there are no rank-2 basic PSD Hankel tensors. Moreover,
rank-3 basic PSD Hankel tensors with dimension no less than 3 do not exist,
either. Furthermore, a set of low rank basic PSD Hankel tensors are found. These
results may be used for further research on PSD non-strong Hankel tensors.

In the previous section, an example is given to show the existence of a basic
PSD Hankel tensor with rank > 3. It is thus reasonable to conject the exis-
tence of other basic PSD Hankel tensors. The critical truncated Hankel tensor
A in [29] may also be a basic PSD Hankel tensor. A is a sixth-order three-
dimensional PSD truncated Hankel tensor, and the elements of its generating
vector (vg, 0, ,0,v5,0,-++,0,v12)" satisfy /vov1z = (560 + 70+/70)vs.

For a rank-3 PSD Hankel tensor with n = 2, we cannot prove or disprove it
is a basic PSD Hankel tensor. Therefore, we put forward a conjecture that 2-
dimensional rank-3 basic PSD Hankel tensors do not exist and the rank of tensor
A in the given example in Section 6 is 4.
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