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1. Introduction

Let P be a closed, convex and pointed cone in Rm, H : Rn → Rm be a vector
valued function, and h0 : Rn → R be a proper function. Let us consider the cone
constraint mathematical programming problem:

(P) µ := inf
x∈C

h0(x),

where C := {x ∈ Rn : H(x) ∈ −P} is assumed to be nonempty.
The (Lagrangian) dual problem associated to (P) is given by

(D) ν := sup
q∈P ∗

inf
x∈C

(h0(x) + 〈q,H(x)〉) ,

where P ∗ is the positive polar cone of P . We say that problem (P) has a Lagran-
gian zero duality gap if the two optimal values coincides, that is, ν = µ. Problem
(P) is said to have strong duality if it has zero duality gap and its dual problem
(D) has a solution.
A more general problem related to (P) and (D) is the problem on the existence
of a saddle value for bifunctions, that is, given two nonempty sets A1 ⊆ Rn and

ISSN 2199-1413 (printed), ISSN 2199-1421 (electronic) / $ 2.50 © Heldermann Verlag



66 F. Lara / On the Existence of a Saddle Value ...

A2 ⊆ Rm, we say that a bifunction f : A1 × A2 → R ∪ {+∞} has a saddle value
on A1 × A2 if

sup
y∈A2

inf
x∈A1

f(x, y) = inf
x∈A1

sup
y∈A2

f(x, y). (1)

If A1 = C, A2 = P ∗ and f(x, q) = h0(x) + 〈q,H(x)〉, then the left-hand side in
(1) coincides with the dual value ν, while the right-hand side coincides with the
primal value µ.
The study of the existence of a saddle value dates back to von Neumann in the
context of Game theory for systems of linear inequalities, i.e., when f has linear
arguments (see [18]). For convex arguments, we mention the works of Rockafellar
(see [11, 12]).
If the bifunction f is neither convex nor concave on its first argument, then the
problem of finding sufficient conditions for ensuring the existence of a saddle
value becomes harder. An outstanding result on this direction is the famous
Sion’s theorem for quasiconvex-quasiconcave bifunctions given in [13] when at
least one of the sets should be compact. Refined versions of Sion’s theorem may
be found in [16, 17] by using a coercivity condition on one of the arguments of
the bifunction instead of the compactness of the set.
We recall that a proper, lsc and convex function is coercive iff there is no nonzero
direction of recession, or equivalently, the asymptotic (recession) function is
strictly greater than zero for all nonzero vectors (see equation (12) below). In
the case of quasiconvex functions, a coercivity assumption is too restrictive, i.e.,
a refined version of direction of recession need to be used. Following this, the au-
thors in [1, 10, 14] provide finer definitions of direction of recession for nonconvex
sets and functions.
In this paper, we use the special classes of directions of recession and the qx-
asymptotic function (see [3, 5, 7]) for providing sufficient conditions for the exis-
tence of a saddle value of a bifunction which is proper, lsc and quasiconvex in one
argument. As a consequence, we provide sufficient conditions for zero duality gap
for classes of quasiconvex cone constraint mathematical programming problems
for which the sum of quasiconvex functions is quasiconvex.
The paper is organized as follows. In Section 2, we set up notation and prelimi-
naries. We review some standard facts on asymptotic analysis and generalized
convexity. In Section 3, we provide sufficient conditions for the existence of a
saddle value in the nonconvex case. In Section 4, we apply our results for prov-
ing zero duality gap for quasiconvex cone constraint mathematical programming
problems. Finally, examples of classes of quasiconvex functions are presented.

2. Preliminaries and basic definitions

In this paper, we denote the scalar product between two elements of Rn by 〈·, ·〉
and the norm by ‖·‖. For K ⊆ Rn, its closure is denoted by clK, its boundary by
bdK, its topological interior by intK, its relative interior by riK and its convex
hull by convK. By K∗ we denote the positive polar cone of K.
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For a given closed and convex cone P  Rn, by the bipolar theorem, we have

p ∈ P ⇐⇒ 〈q, p〉 ≥ 0, ∀ q ∈ P ∗. (2)

and if intP 6= ∅, p ∈ intP ⇐⇒ 〈q, p〉 > 0, ∀ q ∈ P ∗ \ {0}. (3)

For a nonempty set K ⊆ Rn, its asymptotic cone is defined by

K∞ :=

{
u ∈ Rn : ∃ tk → +∞, ∃ xk ∈ K,

xk

tk
→ u

}
.

We adopt the convention that (∅)∞ = ∅. If K is closed and convex, then its
asymptotic (recession) cone is equal to (see [2, Proposition 2.1.5])

K∞ =
{
u ∈ Rn : x0 + λu ∈ K, ∀ λ ≥ 0

}
for any x0 ∈ K. (4)

When K is not necessarily convex or closed, several generalized asymptotic cones
have been introduced and studied (see [1, 2, 10, 12, 14]). Recall that, the gen-
eralized recession cone of a nonempty set K in Rn is defined by (see [14] for
instance)

rec K := {u ∈ Rn : x+ tu ∈ K, ∀ t > 0, ∀ x ∈ K}. (5)
Clearly, recK ⊆ K∞. The inclusion may be strict as the set K = epi f with
f : R→ R given by f(x) =

√
|x| shows. If K is closed and convex, then recK is

independent of the choice of x ∈ K, i.e.,

rec K = K∞ = {u ∈ Rn : x0 + λu ∈ K, ∀ λ > 0}, for any x0 ∈ K. (6)

Remark 2.1. If K is convex, then rec K and K∞ are not equal in general. In
fact, consider K := {(x1, x2) ∈ R2 : x1 > 0, x2 > 0} ∪ {(0, 0)}. Here K is an
nonclosed convex set, rec K = K and K∞ = {(x1, x2) ∈ R2 : x1, x2 ≥ 0}, i.e.,
u = (1, 0) belongs to K∞ without being in rec K. Moreover, the same example
shows that rec K is not always closed.

The basic properties of the generalized recession cone are listed below.
Proposition 2.2. ([8, Proposition 2.1]) Let K be a nonempty set in Rn. Then
the following assertions hold:
(a) If K is bounded, then rec K = {0}.
(b) rec K is a convex cone.
(c) Let K1, K2 be nonempty sets in Rn. Then

rec K1 + rec K2 ⊆ rec (K1 +K2).

(d) Let {Ki}i∈I be a family of nonempty sets in Rn. If
⋂

i∈I Ki 6= ∅, then⋂
i∈I

(rec Ki) ⊆ rec

(⋂
i∈I

Ki

)
, (7)

and equality holds when every Ki is closed and convex.
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As we can see in the next remark, equality in Proposition 2.2(c), (d) does not
hold in general.

Remark 2.3. (i) The reverse statement in Proposition 2.2(a) does not hold
in general. Indeed, for K := R\{0} we have that rec K = {0}.

(ii) The reverse inclusion in Proposition 2.2(c) does not hold in general. Take
K1 := [0,+∞[ and K2 :=] − ∞, 0]\{−1}. Thus, rec K1 = [0,+∞[ and
rec K2 = {0}. Then rec K1 + rec K2 = [0,+∞[ while rec (K1 +K2) = R.

(iii) The reverse inclusion in Proposition 2.2(d) does not hold in general. Indeed,
take h : R→ R with h(x) =

√
|x|. Set K1 := epi h and

K2 := {(x, y) ∈ R2 : x ≥ 0}\{(0, y) ∈ R2 : |y| ≤ 5}.

Observe that u = (0, 1) ∈ rec
(⋂2

i=1Ki

)
, but u 6∈ rec K2.

Given any function h : Rn → R ∪ {+∞}, the effective domain of h is defined by
domh := {x ∈ Rn : h(x) < +∞}. We say that h is a proper function if domh
is nonempty. For a function h, we adopt the usual convention inf∅ h := +∞ and
sup∅ h := −∞. We denote by epih := {(x, t) ∈ Rn × R : h(x) ≤ t} its epigraph,
and for a given λ ∈ R, by Sλ(h) := {x ∈ Rn : h(x) ≤ λ} we denote its sublevel
set at the height λ. As usual, argminRn h := {x ∈ Rn : h(x) ≤ h(y), ∀ y ∈ Rn}.
As usual, a function h with convex domain is said to be:
(a) convex if, given any x, y ∈ domh, then

h(λx+ (1− λ)y) ≤ λh(x) + (1− λ)h(y), ∀ λ ∈ [0, 1],

(b) quasiconvex if, given any x, y ∈ domh, then

h(λx+ (1− λ)y) ≤ max{h(x), h(y)}, ∀ λ ∈ [0, 1].

Clearly, every convex function is quasiconvex since:

h is convex ⇐⇒ epih is a convex set.

h is quasiconvex ⇐⇒ Sλ(h) is a convex set, for all λ ∈ R.

The usual subdifferential of h at x ∈ domh is defined by:

∂h(x) := {ξ ∈ Rn : h(y) ≥ h(x) + 〈ξ, y − x〉, ∀ y ∈ Rn}. (8)

If h is not convex (for instance, quasiconvex), then many different subdifferentials
trying to extend the good properties of ∂h have been introduced. Here we recall
the following notion: The Greenberg-Pierskalla subdifferential (see [6]) of h at
x ∈ domh, is defined by

∂GPh(x) := {ξ ∈ Rn : 〈ξ, y − x〉 ≥ 0 implies h(y) ≥ h(x)}. (9)
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The asymptotic function h∞ : Rn → R := R ∪ {±∞} of a proper function h, is
the function for which

epih∞ := (epih)∞. (10)
When h is lsc and convex, for all x0 ∈ domh we have

h∞(u) = sup
t>0

h(x0 + tu)− h(x0)

t
= lim

t→+∞

h(x0 + tu)− h(x0)

t
. (11)

A function h is called coercive if h(x) → +∞ as ‖x‖ → +∞. If h∞(u) > 0 for all
u 6= 0, then h is coercive. In addition, if h is proper, lsc and convex, then (see [2,
Proposition 3.1.3])

h is coercive ⇐⇒ argminRn h 6= ∅ and compact ⇐⇒ h∞(u) > 0, ∀ u 6= 0. (12)

If the function h is quasiconvex, then the usual notion of h∞ is not good enough
as was noted in [1, 10]. For that reason, the authors in [7] introduced the notion
of qx-asymptotic function as follows.
The qx-asymptotic function hqx : Rn → R of a proper lsc and quasiconvex function
h is defined by

hqx(u) := inf{λ : u ∈ (Sλ(h))
∞}, (13)

and hqx ≡ +∞ if h ≡ +∞. Furthermore, the following analytic formulas hold
(see [7, Proposition 3.1 and Proposition 3.2])

hqx(u) = inf
x∈Rn

sup
t≥0

h(x+ tu), (14)

hqx(u) = inf
x∈Rn

lim
t→+∞

h(x+ tu). (15)

The qx-asymptotic function has useful properties and calculus rules (see [7]).
Furthermore, for a proper lsc and quasiconvex function h, by Theorem 4.1 of [7]
we have

argminRnh 6= ∅ and compact ⇐⇒ hqx(u) > hqx(0), ∀ u 6= 0. (16)

This characterization goes beyond coercivity as the continuous quasiconvex func-
tion h : R→ R given by h(x) = min{1, |x|} shows.
For a further study on asymptotic (recession) directions and functions we refer
to [2, 3, 5, 7, 8, 10, 15] and references therein.

3. Existence of a saddle value

Let C and D two nonempty closed and convex sets in Rn and Rm, respectively.
Let f : C ×D → R be a lsc and quasiconvex function on its first argument. Our
goal is to provide sufficient conditions for ensuring the following equality:

(SV) sup
y∈D

inf
x∈C

f(x, y) = inf
x∈C

sup
y∈D

f(x, y).
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The right-hand side (resp. left-hand side) of (SV) is called the Primal problem
(resp. Dual problem) and its value is denoted by VP (resp. VD). It is well-known
that we always have the following weak duality relation:

VD = sup
y∈D

inf
x∈C

f(x, y) ≤ inf
x∈C

sup
y∈D

f(x, y) = VP .

If VP = VD, then we say that there exists a saddle value for f , or equivalent, (SV)
holds. A point (x, y) ∈ C ×D is said to be a saddle point of f if

f(x, y) ≤ f(x, y) ≤ f(x, y), ∀ (x, y) ∈ C ×D. (17)

If the saddle point exists, then f(x, y) = VP = VD is the saddle value of f . In
general, the existence of a saddle value does not imply the existence of a saddle
point.
The following definition, which is motivated by the good properties of the qx-
asymptotic function, will be useful in the sequel.
Definition 3.1. Let f : C × D → R be a lsc and quasiconvex function on its
first argument. Given any y ∈ D, the qx-asymptotic function of f(·, y) at the
direction u ∈ Rn is defined by

(f(·, y))qx(u) := inf
x∈C

sup
t≥0

f(x+ tu, y), (18)

where we put f(x, y) = +∞ for x 6∈ C, y ∈ D.

Note that if f(·, y) is lsc and quasiconvex for all y ∈ D, then the function x 7→
supy∈D f(x, y) is lsc and quasiconvex.
Using [7, Remark 3.3], the existence of a saddle value for f could be studied using
qx-asymptotic functions:

Proposition 3.2. Let f : C × D → R be a lsc and quasiconvex function on its
first argument. Then

VP = VD ⇐⇒
(
sup
y∈D

f(·, y)
)qx

(0) = sup
y∈D

(f(·, y))qx(0). (19)

Proof. We simply observe that

sup
y∈D

(f(·, y))qx(0) = sup
y∈D

(
inf
x∈C

sup
t≥0

f(x, y)

)
= sup

y∈D
inf
x∈C

f(x, y) = VD,

(
sup
y∈D

f(·, y)
)qx

(0) = inf
x∈C

sup
t≥0

sup
y∈D

f(x, y) = inf
x∈C

sup
y∈D

f(x, y) = VP ,

and equivalence (19) follows.
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Our first result, which provides a sufficient condition for the existence of a saddle
value by using relation (16), is given below. Note that, only for this proposition,
an additional assumption on the second argument of f is needed.

Proposition 3.3. Let f : C × D → R be such that f(·, y) and −f(x, ·) are lsc
and quasiconvex for each y ∈ D and each x ∈ C, respectively. If(

sup
y∈D

f(·, y)
)qx

(u) >

(
sup
y∈D

f(·, y)
)qx

(0), ∀ u 6= 0, (20)

then f possesses a saddle value on C ×D.
Proof. Set g(x) := supy∈D f(x, y). Then equation (20) implies gqx(u) > gqx(0)
for all u 6= 0. Then argminC g is nonempty and compact by relation (16). It
follows from [17, Theorem 4(K)] that f possesses a saddle value on C ×D.

Remark 3.4. Note that condition (20) does not imply the coerciveness of f on
its first argument (see the example below equation (16)).

For dealing with more general cases, some special notions of directions or recession
need to be used. To that end, we recall that given a proper, lsc and quasiconvex
function h : Rn → R ∪ {+∞}, and since epih is not necessarily convex, a conve-
nient asymptotic cone in this case is rec (epih). Hence, by equation (5), a vector
u ∈ Rn is a direction of recession of h (see [7, 8, 14]) if

u ∈ rec (epih) ⇐⇒ u ∈ {v ∈ Rn : h(x+ tv) ≤ h(x), ∀ x ∈ domh, ∀ t ≥ 0}

⇐⇒ u ∈ {v ∈ Rn : sup
t≥0

h(x+ tv) ≤ h(x), ∀ x ∈ domh}. (21)

Therefore, if u ∈ Rn is a direction of recession of a proper, lsc and quasiconvex
function h, then (by using [7, Remark 3.3]) we have

hqx(u) ≤ inf
x∈Rn

h(x) = hqx(0). (22)

By using this, we adapt the following definitions from [3, 5] for quasiconvex
functions. In virtue of Theorem 3.8 (see below), we define the following notions
without a properness assumption on h.
Definition 3.5. Let C be a nonempty closed and convex set in Rn, and let
h : Rn → R∪ {+∞} be a lsc and quasiconvex function. A nonzero vector u ∈ Rn

is said to be:
(a) An ia-direction of recession of h on C if

lim
t→+∞

h(x+ tu) = hqx(0), ∀ x ∈ C. (23)

(b) A partial ia-direction of recession of h on C if there exists x ∈ C such that
lim

t→+∞
h(x+ tu) = hqx(0). (24)

Clearly, every ia-direction of recession is a partial ia-direction of recession.
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Remark 3.6. Note that for a quasiconvex (in particular, convex) function, the
function t 7→ h(x + tu), t > 0, is monotone for large values of t, so the limit
always exist and the lim inf used in [3, Definition 2.4] and [5, Definition 4.3] is
not needed.

We also adapt Definition 3.2 of [3] for the quasiconvex case.
Definition 3.7. Let C and D be two nonempty closed and convex sets in Rn

and Rm, respectively. Let f : C × D → R be a lsc and quasiconvex function on
its first argument. A direction of recession u ∈ C∞ is a saddle ia-direction of
recession of f on C if there exists x ∈ C such that

lim
t→+∞

sup
y∈D

f(x+ tu, y) = sup
y∈D

(f(·, y))qx(0). (25)

Our main result, which provides a sufficient condition for the existence of a saddle
value for f , is given below.

Theorem 3.8. Let C and D be two nonempty closed and convex sets in Rn and
Rm, respectively. Let f : C × D → R be a lsc and quasiconvex function on its
first argument. Then a direction of recession u ∈ C∞ is a saddle ia-direction of
recession of f on C iff it is a partial ia-direction of recession of x 7→ supy∈D f(·, y)
on C and (SV) holds.
Proof. (⇒) Let u ∈ C∞ be a saddle ia-direction of recession of f on C. Then
there exists x ∈ C such that

lim
t→+∞

sup
y∈D

f(x+ tu, y) = sup
y∈D

(f(·, y))qx (0) = sup
y∈D

inf
x∈C

f(x, y)

≤ inf
x∈C

sup
y∈D

f(x, y). (26)

Observe that for any x ∈ C, we have

inf
x∈C

sup
y∈D

f(x, y) ≤ lim inf
t→+∞

sup
y∈D

f(x+ tu, y) = lim
t→+∞

sup
y∈D

f(x+ tu, y), (27)

where the last equality holds from Remark 3.6. By taking x = x ∈ C in (27), it
follows from (26) and (27) that

lim
t→+∞

sup
y∈D

f(x+ tu, y) = sup
y∈D

inf
x∈C

f(x, y) ≤ inf
x∈C

sup
y∈D

f(x, y) (28)

≤ lim
t→+∞

sup
y∈D

f(x+ tu, y). (29)

Therefore, u ∈ C∞ its a partial ia-direction of recession of supy∈D f(·, y) on C.
Moreover, from equations (28) and (29), it follows that (SV) holds.
(⇐) Set u ∈ C∞ a partial ia-direction of recession of x 7→ supy∈D f(·, y) on C.
Thus there exists x0 ∈ C such that

lim
t→+∞

(
sup
y∈D

f(x0 + tu, y)

)
=

(
sup
y∈D

f(·, y)
)qx

(0) = inf
x∈C

sup
y∈D

f(x, y),
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and since (SV) holds, we have

lim
t→+∞

(
sup
y∈D

f(x0 + tu, y)

)
= inf

x∈C
sup
y∈D

f(x, y) = sup
y∈D

inf
x∈C

f(x, y)

= sup
y∈D

(f(·, y))qx(0).

Therefore, u ∈ C∞ is a saddle ia-direction of recession of f on C.

Theorem 3.8 applies for classes of nonconvex bifunctions for which both argu-
ments has empty solution sets as we show in the following example.

Example 3.9. Let f : R× R→ R be the continuous and real valued bifunction
given by f(x, y) = x

1+|x| −
y

1+|y| . Note that f is quasiconvex (resp. quasiconcave)
on its first (resp. second) argument. However, since f is not convex or coercive
on its first argument, the results in [3, 5, 15, 16] canot be applied.
Take the recession direction u = −1. Observe that, for all x ∈ R, we have

lim
t→+∞

sup
y∈R

f(x− t, y) = lim
t→+∞

(
x− t

1 + |x− t|
− inf

y∈R

y

1 + |y|

)
= lim

t→+∞

(
x− t

1 + |x− t|

)
+ 1 = 0.

On the other hand,

sup
y∈R

(f(, y))qx(0) = sup
y∈R

(
inf
x∈R

(
x

1 + |x|

)
− y

1 + |y|

)
= −1− inf

y∈R

y

1 + |y|
= 0.

Therefore, u = −1 is a saddle ia-direction of recession of f on R. It follows from
Theorem 3.8 that f has a saddle value on R× R.

4. Applications to nonconvex programming

Let hi : Rn → R be lsc and quasiconvex functions for all i ∈ {0, 1, . . . ,m}, let
H : Rn → Rm be the vector valued function given by H := (h1, . . . , hm), and let
P be a nonempty, closed, convex and pointed cone in Rm.
We consider the cone constraint mathematical programming problem:

inf
x∈C

h0(x), (30)

where C := {x ∈ Rn : H(x) ∈ −P} is assumed to be nonempty.
The Lagrangian of problem (30) is given by L : Rn × P ∗ → R with

L(x; q) := h0(x) + 〈q,H(x)〉 = 〈(1, q), (h0, H)(x)〉, with q ∈ P ∗. (31)
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By using relation (2), its follows easily that

sup
q∈P ∗

L(x, q) = L(x, 0) = h0(x), ∀ x ∈ C. (32)

Therefore, if the saddle value exists, then it is equal to the infimum of the objective
function h0.
Next result provides general sufficient conditions for ensuring zero duality gap for
problem (30). Note that part (b) is property (a) in [3, Theorem 3.2].

Proposition 4.1. Let L : Rn × P ∗ → R be the Lagrangian defined in (31). Sup-
pose that L is lsc and quasiconvex on its first argument. Consider the following
statements:
(a) u ∈ C∞ is a saddle ia-direction of recession of L.
(b) inf

x∈C
h0(x) ≤ sup

q∈P ∗
inf
x∈C

L(x, q).

(c) Zero duality gap holds for problem (30).
Then (a) =⇒ (b) =⇒ (c). (33)

Proof. Take u ∈ C∞ a saddle ia-direction of recession of L. Then there exists
x ∈ C such that

inf
x∈C

h0(x) ≤ lim
t→+∞

h0(x+ tu) = lim
t→+∞

sup
q∈P ∗

L(x+ tu, q)

= sup
q∈P ∗

inf
x∈C

L(x, q) ≤ inf
x∈C

sup
q∈P ∗

L(x, q) = inf
x∈C

h0(x).

Hence, (a)⇒(b)⇒(c).

Theorem 3.8 is restricted to the quasiconvexity of the Lagrangian L on its first
argument. Recall that, in contrast to convex functions, the sum of quasiconvex
functions is not necessarily quasiconvex. Indeed, set K = [ε,+∞[ for ε > 0 small
enough, and the quasiconvex functions f, g : K → R given by f(x) = −x and
g = − 1

x
. Clearly, (f + g)(x) = −x− 1

x
is not quasiconvex on K.

The problem of finding sufficient conditions for ensuring the quasiconvexity of
the sum of quasiconvex functions have been studied deeply. Partial results on
this direction may be found in [9, 15, 19]. Two examples of classes of quasiconvex
functions for which its sum is quasiconvex are given below.

The following class of quasiconvex vector valued functions was introduced in the
Definitions 2.2 and 2.3 in [9].

Definition 4.2. Let P be a closed, convex and pointed cone in Rm, and let K
be a convex set in Rn. A vector valued function F : K → Rm is said to be
∗-quasiconvex (resp. ∗-lsc) on K with respect to the cone P if the function

x 7→ 〈q, F (x)〉 is quasiconvex (resp. lsc) on K for all q ∈ P ∗. (34)
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If P = Rm
+ and hi is lsc and convex for all i ∈ {0, 1, . . . ,m}, then F is ∗-

quasiconvex and ∗-lsc on any K ⊆ Rn.
We illustrate the use of the ∗-quasiconvex and ∗-lsc functions below.
Example 4.3. Set P̂ := [0,+∞[×P and Ĥ := (h0, H). If Ĥ is ∗-lsc and ∗-
quasiconvex on C with respect to P̂ , and there exists a saddle ia-direction of
recession u ∈ C∞, then problem (30) has zero duality gap and

sup
q∈P ∗

inf
x∈C

L(x; q) = inf
x∈C

h0(x). (35)

Indeed, since Ĥ is ∗-lsc and ∗-quasiconvex on C with respect to P̂ , 〈q̂, Ĥ(·)〉 is
lsc and quasiconvex on C for all q̂ = (1, q) ∈ (P̂ )∗. In particular, L(·; q) is lsc and
quasiconvex on C for all q ∈ P ∗. Then the result follows from Theorem 3.8 and
equation (32).

Another class of quasiconvex functions for which its sum is quasiconvex is the
class of GP functions introduced in [15, Section 4]:

Definition 4.4. Let h : Rn → R be a real-valued, usc and quasiconvex function.
The class of GP-functions related to h is defined by

Φh := {g : Rn → R : g is usc, ∂GPh(x) ⊆ ∂GPg(x), ∀ x ∈ Rn}. (36)

By [15, Theorem 4.4], h ∈ Φh and for all g ∈ Φh, g is quasiconvex. Furthermore,
Φh is closed under addition and multiplication by positive scalars.
In order to apply Theorem 3.8 for GP-functions, we consider problem (30) with
P = Rm

+ , that is,
inf
x∈C0

h0(x), (37)

where C0 := {x ∈ Rn : hi(x) ≤ 0, ∀ i ∈ {1, . . . ,m}} is assumed to be nonempty.

Example 4.5. Let P = Rm
+ , and let hi be continuous, real-valued and quasicon-

vex functions for all i ∈ {0, 1, . . . ,m}. If h1, h2, . . . , hm ∈ Φh0 , and there exists
u ∈ (C0)

∞ a saddle ia-direction of recession of L on C0, then problem (30) has
zero duality gap and

sup
q∈Rm

+

inf
x∈C0

L(x; q) = inf
x∈C0

h0(x). (38)

Since h0 ∈ Φh0 , h0, h1, . . . , hm ∈ Φh0 by [15, Theorem 4.4]. Since P ∗ = Rm
+ , it

follows that L(·, q) is continuous and quasiconvex on its first argument for all
q ∈ Rm

+ due to [15, Theorem 4.1]. Then the result follows from Theorem 3.8 and
equation (32).
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