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We study the existence of solutions for degenerate nonlinear elliptic equations using nonsmooth
mountain pass arguments both with and without symmetry, where the weak slope is taken
to define critical points. First we consider a class of problems where the leading elliptic term
A(x, Du) satisfies usual p-growth conditions (for p > 1) but A is merely convex and not neces-
sarily differentiable in the gradient. Secondly, we show the existence of a sequence of solutions
for a class of problems involving the highly singular 1-Laplacian as leading term. The results
demonstrate that differentiablility of the leading term is not needed for typical results of elliptic
problems.
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1. Introduction

A typical problem in mountain pass theory is the determination of critical points
of indefinite functionals of the type

Bu) = /Q Az, Du) dz — /Q Fla,u) do (1)

where A(z,-) is convex and

F(z,u) ::/ f(z,s)ds.
0
First investigations due to Ambrosetti and Rabinowitz considered A(z, Du) =
| Dul? (cf. [1], [22]). The extension to A(x, Du) = |Dul? (e.g. by Mawhin et al. [13])
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provided solutions of the elliptic equation involving the p-Laplace operator
—Apu = —div|DulP?Du = f(z,u). (2)

For more general cases convexity of A(z,-) is important, since it is related to
ellipticity, but also differentiability of A(z,-) was assumed previously. In this
way classical smooth methods have been extended to get solutions of

—diva(z,u) = f(z,u)

where a(z,u) = D, A(x,u) (cf. Colasuonno et al. [7], Kristdly et al.[16], Mihai-
lescu [20], De Népoli and Mariani [9]). In Filippakis et al. [14] the case of the
p-Laplacian is treated where, however, the lower order term in (1) is merely a
nonsmooth potential. A quasilinear version of the previous problem can be found
in Canino and Degiovanni [4] and in Canino [3].

In the present paper we want to demonstrate that smoothness of the leading term
A(z,-) is not needed for the mountain pass arguments and that also the usually
assumed continuity of f(x,-) can be dropped. Using the concept of weak slope
(cf. Degiovanni and Marzocchi [10]) and other tools from nonsmooth analysis, we
obtain critical points of E for a wide class of nonsmooth integrands A and F'. In
particular, the two functionals appearing in F in (1) are merely locally Lipschitz
continuous and we obtain weak solutions of the Euler-Lagrange equation

—diva(x) = f(x) (3)

where a and f are selections related to u by

a(z) € 0A(x, Du(zx)), f(x) € [f(z,u(x)), f(z,u(x))] a.e. on Q

with A denoting the convex subdifferential of A(x,-) and

f(z,t) = essliminf f(z,s), f(x,t) =esslimsup f(z,s).
- s—t st

First we consider general A(z,-) having some typical p-growth for p > 1. We
obtain a classical mountain pass solution u € VVO1 P(€) in Theorem 4.1 and, in the
symmetric case, we verify the existence of a sequence of mountain pass solutions
ug € VVO1 P(€2) in Theorem 4.3. Here, despite the possible nonsmoothness of A(x,-),
we also weaken convexity conditions used in previous treatments.

Finally we also study the degenerate case A(x, Du) = |Du| related to p = 1.
Here it turns out that we have to work in BV (Q) instead of W' (Q) and that we
have to consider homogeneous boundary conditions in a more general way. In the
symmetric case we obtain the existence of mountain pass solutions u, € BV (Q2) in
Theorem 5.1. This gives in particular solutions of (3) with the 1-Laplace operator
div % on the left hand side, that needs however a very careful interpretation.
For this case let us still refer to Marzocchi [19] who considered critical points for
smooth F', and Degiovanni et al. [11] who obtained multiple solutions of hemi-
variational inequalities.
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We always define critical points by means of the weak slope |dE|(u) (cf. Degio-
vanni and Marzocchi [10]) which turns out to be a very powerful tool to treat
the generality encountered in our problems. For the treatment of the problem
involving the 1-Laplace operator, where E is the sum of a convex lower semi-
continuous and a locally Lipschitz continuous function, it seems to be the only
reasonable method currently available. The other problems, where E is locally
Lipschitz continuous, could also be treated by methods developed in Chang [5]
on the basis of Clarke’s generalized gradient 0F(u). We however refrain from
doing that, since 0 € JFE(u) provides more critical points than |dE|(u) = 0 in
general and 0 € OF(u) might be satisfied for u that shouldn’t be considered as
critical (cf. Example 1.4 in Ribarska et al. [23]). Moreover the weak slope, that
is designed for the treatment of critical points, will be still available for natural
generalizations of the leading term A where E is not locally Lipschitz continuous
anymore.

Notation. For a Banach space X let X* be its dual and (-,-) the corresponding
duality form. Bs(u) is the open ball of radius 0 centered at u. We write sgn s
for the real sign function, |z| for the Euclidean norm, z - y for the scalar product
on R™, and || for the Lebesgue measure of Q@ C R". By L?(§2) we denote the
usual space of p-integrable functions and by |[Jul|, its norm. W'?(Q) stands for
the p-integrable functions having p-integrable weak derivatives and W, () is the
closure of smooth functions with compact support in W'?(Q). BV(£2) denotes
the space of functions of bounded variation. v = u™ — v~ is the decomposition
of function w into positive and negative part. We set for f: R — R

ess lim itnff(s) = lim essinf f(s), esslimsup f(s) := lim esssup f(s).
5

0—=0 |s—t|<é St 0—0 |s—t|<d

For an extended valued function E we use D(FE) for its effective domain of def-
inition. JOF(u) denotes the convex subdifferential for a convex function E and
Clarke’s generalized gradient for a locally Lipschitz continuous function E.

2. Assumptions and preliminary material

Let © C R” be a bounded open set and let W,”(€2) be the usual Sobolev space
equipped with the norm |ul|? = [, [Dul? dz. We consider functionals of the form

E(u) := Ey(u) — Ey(u) := / A(x, Du) dx — / F(z,u)dx

Q

Q
where F(z,s) = Sf(x,t) dt . (4)
0

Let us first formulate typical assumptions and basic consequences we want to use
for the analysis of F.

(A)  A: QxR" — R with A(z,-) convex for a.e. z € Q, and A(-, g) measurable
for all g € R™. (Notice that A(x,-) is continuous for a.e. z € Q and that
the subdifferential 0A(z, g) of A(z,-) at ¢ is nonempty for a.e. € 2 and
all g € R™.)
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(A1) There are ¢1,c2 > 0 and p > 1 such that for a.e. z € Q2
(a) A(x,0)=0,
(b) 0<{(a,g9) <pA(z,g) forallgeR" ac dA(z,g),
(©) Alr,0) > algP forallge R
(d) |a| < ex(1+g[P~')  for all a € OA(x, g), g € R™.
(A2) A(z,-) is strictly convex on R" for a.e. = € Q.

(A3) Let f:Q xR — R be Lebesgue measurable such that for some ¢z > 0
(a) |f(z,9)] <e3(1+]s/77!) forae ze€Qandae seR
where p < ¢ < p* = n—ﬂ)lfp<ﬂ01fp<g<001fp>ﬂ

(b) for F(xz,s) = [ f(x,t)dt there is 5o > 0 and ¥ > p such that
0 <VIF(z,s) < f(x,s)s forae. |s|>syanda.e ze.

(A4) There is some A < pciAy, with

ess lim sup flz,s 2)
s—0 ’ ‘ s

< A uniformly for a.e. x € Q

where \; , is the first eigenvalue of the p-Laplace operator in I/VO1 P(Q),

DulPd
ie. Ap= inf M . (5)
wewlr @) o lulp dz
u;é()

Remark 2.1. Let us mention that in previous works instead of strict convexity
as in (A2) the much stronger condition of p-uniform convexity was used, i.e. that
there is some ¢4 > 0 such that

+ 1
A(n, 212 < 24,9 + 50, 0) — cdos — g2 (6)

for all z € €2, g1, 92 € R™ (cf. Népoli and Mariani [9]).

Let us now present some examples for functions A that meet our assumptions.
Denoting the ¢g-norm of g € R™ by |g|,, we have that

A(x,g) = |g} or A(x,g) = |gl%,

are nonsmooth examples satisfying the conditions (A) and (Al). Strictly convex
nonsmooth examples are given by

Az, 9) = (lgh + lgl2)” or A(z,9) = (|glec + |gl2)"
(cf. Lucia and Schuricht [18] for further details).

Lemma 2.2. If A satisfies (A), (Ala), (Ald), then we have for all g € R",
a, € 0A(x,g), and a.e. x € §):

(1) A(z,9) < (ag,9) < calgl + |g") and
(2)  JA(z,9)| < callg] + 1g]P)-
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Proof. By convexity we have for fixed g € R and all a, € 0A(z, g) that
A(x,0) — Az, g) > (ay,0 — g) and A(zx,g) — A(x,0) > (ag,g —0).
Hence (a0,9) < A(z,9) < (a5, 9) .

Using (Ald) we readily get

Az, 9) < {ag, 9) < (1 + || ")|g| = e2(lg] + [g]") -

Analogously, assertion (2) follows. N

The next lemma generalizes Colasuonno et al. [7, Lemma 2.4].

Lemma 2.3. Assume that A satisfies (A), (Ala), (Alc), (Ald), (A2) forz € Q.
Moreover let gn,g € R" and a, € 0A(x,g,), a € 0A(z,g) be such that we have

(@, —a,gn —g) — 0 as n — oco.
Then g, — g.

Proof. Using Lemma 2.2 we have

<an — Q,0n — g> = <an>gn> + <a7 g> - <an,g> - <a7 gn)
Az, gn) + (a,9) — |an| |g] — |a| |gn]
> cilgal? + (a, 9) — c2(L+ |gal")|g] — lal |gnl -

v

If g, would be unbounded, the right hand side would go to infinity (up to a
subsequence) which contradicts the assumption. Hence, {g,} is bounded and, by
(A1d), also {a,}. Thus there is a subsequence (denoted the same way) such that
gn — g and a,, — a. We have that a € 0A(x, ) (cf. Clarke [6, Propositions 2.1.5,
2.2.6,2.2.7]) and

{an —a,9n —g) > {@—0a,§-9)=0.

By strict convexity we obtain that ¢ = g. With the subsequence principle we
finally get the assertion. [

Lemma 2.4. We have:
(1) If A satisfies (A) and (A1b), then one has for a.e. x € 2

Az, tg) <tPA(x,g) forall ge R" t>1.

(2)  Let f satisfy (A3a). Then F(-,-) defined by (4) is a Carathéodory function
(i.e. F(-,s) Lebesque measurable for all s € R and F(z,-) continuous for
a.e. x € Q). Moreover Ey : L1(Q2) — R is Lipschitz continuous on bounded
sets.

(3)  Let f satisfy (A3b) and let I be as in (4). Then one has for a.e. x € )

F(x,ts) > t'F(x,s) forall |s| > s, t > 1.
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(4)  Let f satisfy (A3) and let F' be as in (4). Then for any w € L1(§2), w # 0,
there are tg > 1 and 71, v2 > 0 such that

E(tw) = / F(z,tw)dx > P — o forall t > tg.
Q

Notice that (A3a) combined with assertion (2) implies ¥ < ¢ and that ¢, and v,
in assertion (3) depend on w.

Proof. For (1) we consider ¢(t) := A(z,tg) with g # 0 (for g = 0 the assertion
is trivial). Since A(z,-) is locally Lipschitz continuous, ¢ is Lipschitz continuous
on bounded intervals and, thus, absolutely continuous. We have

1
' (t) = (ayg, g) = p (agg, tg) < i Az, tg) = % o(t) forae t>1

where a;, € 0A(x,tg). Hence ‘Z[((f)) < P a.e. and a simple integration implies the
statement.

For (2) we have that F(-,s) is Lebesgue measurable for all s € R and F(z,-) is
absolutely continuous, thus F' is a Carathéodory function. Obviously E;(0) is
finite by (A3a) and for ||ul|,, ||v]|; < R we get by using Hélders inequality

u(z) u(z)
B (1) — Ey(v)] < / ]/ f(x,)] dt( dr < 03/ )/ 1+ |tfo dt‘ dz
Q v(x) Q v(z)
-1
< Cs/Q [u(@) — v(@)| + Ju(z) — v(@)] (ju(@)] + [v(@)])" de
-1 .

< esllu— vl +es|lul + I lu = vllgdo < ellu—vlly — (7)
for some ¢ > 0. Hence E; is well-defined on L4(2) and Lipschitz continuous on

bounded sets (cf. also Chang [5] and Littig and Schuricht [17]).

For (3) we use o(t) := F(z,ts) which is absolutely continuous and, thus, differen-

tiable almost everywhere with ¢'(t) = f(z,ts)s. By (A3b) we have that % > Y
and a simple integration implies the assertion.

For (4) we first derive from (A3a) that |f(z,s)| < B for a.e. |s| < sp and some
8 > 0. Hence, by the definition of F,

|F(z,s)| < |f(x,s)s] < Bsy forae. |s| <sp. (8)

Now, for fixed w € L%(2)\ {0}, there is some ¢, > 1 such that Q := {|tow| > so}
has positive measure and we have fQo F(z,tow)dx =: v > 0. By Qy C {|tw] > s}
for t > ty, we obtain

E(tw) = / F(z,tw) dx + / F(z,tw) dx
{ltw|>s0} {0<|tw|<s0}

tﬁ
> / F(z, %tow) dx — Bsq |Q] > it Bso || forall t >t
Qo 0

and the assertion follows with v, := t%, Y2 1= B50]€. O
0
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We now consider properties of
Eo(u) = / A(z, Du(z))dz .
Q

Lemma 2.5. Let (A), (Ala), (Ald) be satisfied. Then Ey : WyP(Q) — R is
convezr and locally Lipschitz continuous. We have E* € 0Ey(u) if and only if
there is some a € LP' (Q, R") with

a(x) € 0A(z, Du(x)) a.e. in S
such that (E*,v) = /Qa(x) - Dv(x)dz  for all v e WyP(Q) (9)

(OA denotes the convex subdifferential of A(z,-)).

Proof. Function Ej is convex by (A). By Lemma 2.2 it is well defined on W, ()
and it is bounded on bounded sets. Thus it is locally Lipschitz continuous on
Wy (Q). For the convex subdifferential see Lucia and Schuricht [18]. O

We say that 0F, satisfies condition (S,) if for any sequence {u,} in Wy™"(Q)

u, = u, Ere€dEy(u,), limsup(E: u, —u) <0 = wu,—>u. (S;)

n—oo

Lemma 2.6. We have that OFy satisfies condition (Sy) if one of the following
conditions is satisfied:

(1) A satisfies (A), (Ala), (Alc), (Ald), and (A2).
(2) A satisfies (A), (Ala), (Ald), (6).

Remark 2.7. The first part of the lemma extends a result of Colasuonno, Pucci
and Varga [7, Lemma 2.5] to the nonsmooth setting. Moreover the symmetry
condition A(z,g) = A(x,—g) can be removed and (A1d) relaxes the growth con-

dition 2 A(z,g) < &|g|P~". The second assertion generalizes results of Napoli and
9

Mariani [9, Proposition 2.1] to the nonsmooth setting. Notice that the conditions
in (2) do not imply the conditions in (1) in general.

Proof. We consider {u,} in Wy*(Q) with u,, — u, and we let E* € 0Ey(u,) be
such that
limsup (E, u, —u) <0.
n—oo
For the proof of (1) notice that Ej is well-defined on I/VO1 P(Q) by Lemma 2.2 and
we have Fy(u) < liminf, o Fo(u,) by weak lower semicontinuity. Convexity
implies
lim sup Ey(u,) < Eo(u) + limsup (£, u,, — u) < Ey(u).

n—oo n—oo

Thus Ey(u,) — Eo(u) and, consequently, lim (E’ u, —u) =0.
n—oo
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Clearly (E*,u,, — u) — 0 for E* € 0Ey(u). With a,(-), a(-) corresponding to E,

E*, respectively, we have

n—o0 n—oo

0= lim (£} — E*,u, —u) = lim /(an—a,Dun—Du>dx.
Q

The integrand on the right hand side is nonnegative by the monotonicity due
to convexity of A(x,-). Therefore we obtain (a, — a, Du, — Du) — 0 in L'(Q).
Hence, up to a subsequence,

(an(z) —a(z), Duy(z) — Du(z)) — 0 a.e. on €.

Lemma 2.3 implies that Du,(z) — Du(xz) — 0 a.e. on Q. By convexity,

0 (A<1c) A(m Du,(z) — Du(x)) < A(z, Duy,(z)) + A(x, —Du(x))
- ’ 2 - 2

for a.e. x € Q. Since Ey(u,) — Ep(u), generalized dominated convergence and
(Ala) yield

Du,(z) — Du(x)
2

. (Alc) cr ol
0= lim A(a;, ) de > — lim ||u, —ul]?.
n—oo [ 2P n—oo
But this implies u,, — u and, using the subsequence principle, the assertion
follows.

For the proof of (2) we argue as in the previous part to get Eo(u,) — Eo(u).
Since also *£= — 4, weak lower semicontinuity gives

_%W)SMMME%u+uw.

n—o0 2

From (6) we obtain

L, Eo(u,,
lim sup c|ju — u, || < lim o(u) + Eo(uy)

n—00 —00 2 n—00

—mmmE(“zW)go

which implies u,, — u and the proof is complete. Il

Finally we consider the generalized gradient of

EM:LF@MM

with F' according to (4) and we use the notation

f(z,t) :=ess liminf f(z,s), f(x,t):=ess limsup f(z,s).

- st s—t
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Lemma 2.8. Let (A3a) be satisfied. Then, both as function on LI(Y) and on
WP(Q), we have that Ey is locally Lipschitz continuous and that for any E* €
OE\(u) there is some f € L (Q) with

f(z) € [f(z,u(x)), f(z,u(z))] for ae z€Q (10)
such that (E*,v) = / f(z)v(z)dx for all v € LYQ). (11)

If f(x,-) is continuous, then OE (u) = {f(-,u(:))} and E; is even continuously
differentiable on LY(Q)) and W1P(Q) with

(B (u),v) = /Qf(ac,u)vdx for all u,v € LY(Q) or W'P(Q).

The last statement is included for completeness and can be used to specialize our
general results to this case.

Proof. FEj is locally Lipschitz continuous on L?(2) by Lemma 2.4 and, by the
continuous embedding W'?(Q)) < L4(f), it is also locally Lipschitz continuous
on WhP(Q).

From (A3a) and Example 2.2.5 in Clarke [6] we obtain that F(z,-) is locally

Lipschitz continuous for a.e. = € 2 and

OF (z,t) = [f(z,t), f(x,t)] forallt € R and a.e. z € Q

where OF (z,t) denotes the generalized gradient of F(z,-). Thus, for all ¢ € R
and a.e. x € €,

|F*| < c3(1+[t|71) forall F* € OF(z,t).

Recalling that F'(-,t) is Lebesgue measurable for all ¢t € R, we can apply Theorem
2.7.5 from [6] to get the structural assertion about E* € 0F;(u) on LI() (cf.
also Chang [5] and Littig & Schuricht [17]).

Recall that the embedding W'P(Q2) — L%(Q) is continuous and notice that
WhP(Q) is a dense subset of L(Q) (since C5°(Q) C W'P(Q) is dense in LI(€2)).
Then, for Ey := Eyyp, any E* € 0F (u) C W'P(Q)* can be uniquely extended
to £* € 0F (u) C LYQ)* = L¥(Q) by Proposition 5.1 in Aubin & Clarke [2].
But this verifies the structural assertion about dFE;(u) on WP(Q).

For f(z,-) being continuous the assertion is basically known, but let us provide

a brief proof for completeness. In this case 0F;(u) reduces to a singleton. Hence
E is strictly differentiable with

(E1(u),v) = /Qf(x,u)vdx for all u,v € L1(2) or W'P(Q)

by Proposition 2.2.4 in [6].



138 M. Lucia, F. Schuricht / Mountain Pass Solutions ...

In particular we have f(-,u(-)) € L71 () and, with some & > 0,

/]f(w,u)\qﬂldxgcg/(l—l—]uﬁ1)‘731dx§5/1+]u\qu.
Q Q 0

For continuity of F| we consider u,, — u in L?(2). Then, up to a subsequence,
un(z) = u(z) a.e. on . As above we find some ¢ > 0 with

[ 1) = sl de < e [ ka4 do
Q Q

and generalized dominated convergence implies
u() = f(u()) € C(LAQ), L1(9).

Thus E; € CY(L4(Q)) (cf. also Rabinowitz [22, Proposition B.1]). Using the con-
tinuity of the embedding W'*(Q) < L(Q) we finally get E; € CY(W'?(Q)). O

3. Nonsmooth critical point theory

In most previous investigations E is assumed to be differentiable and critical
points are defined to be points u with E’(u) = 0. In our general setting where
E is merely continuous or only lower semicontinuous (cf. Section 5 below), the
notion of weak slope is a suitable tool to define and detect critical points. Let

us briefly introduce the material as needed for our analysis (cf. Degiovanni and
Marzocchi [10]).

Let X be a metric space endowed with metric d and let £: X — R be continuous.
For any v € X the weak slope |dE|(u) is the supremum of all o € [0, +o0] such
that there exists 0 > 0 and a continuous map H: Bs(u) x [0,0] — X with the
properties

d(H(v,t),v) <t forall ve Bs(u), t€l0,0],
E(H(v,t)) < E(v) — ot for all v € Bs(u), t €10,9].

Notice that |[dE| : X — [0,400] is lower semicontinuous.

Now, for a lower semicontinuous E : X — R U {+o0} we consider the epigraph
epi(E) = {(u,) € X x R | B(u) < ¢}
as a metric space with distance

d((w,€), (v,¢)) = (d(u,v)* + (£ = ¢)*)

Furthermore we consider the continuous function

1/2

Gg :epi(F) - R with Gg(u,§) :=¢.
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For any u € D(E) := {v € X | E(v) < oo}, the domain of definition, we define
the weak slope as

|G| (u, E(u))

[dE|(u) == ¢ V1~ |dGE|(u, E(u))?
+00 it |dGe|(u, E(u)) =1.

if |dGg|(u, E(u)) <1,

If F is finite and continuous this definition is consistent with the previous one.

We call u € D(E) a critical point of E if |dE|(u) = 0 and E(u) is called the
corresponding critical value. In general Gg might have critical points (v, &) with
E(v) < £ that should not be critical points of E. This difficulty disappears if the
epigraph condition

inf{[dGp|(v,€) | E(v) <&} >0 (12)

is satisfied (cf. the discussion in [8, p.163/164] or [4, p.29/30] and notice that
(12) is always satisfied for continuous functions). A sequence {uy }ren in D(F) is
said to be a Palais-Smale sequence at level ¢ € R if

E(ur) » ¢ and [dE|(ug) — 0.

We say that E satisfies a Palais-Smale condition at level c if every Palais-Smale
sequence {uy}ren at level ¢ for E has a convergent subsequence in X.

In our applications we consider functionals F = FEy — E; on a Banach space X
where E is convex and lower semicontinuous and FE is locally Lipschitz contin-
uous.

Lemma 3.1. Let X be a Banach space, Ey : X — R U {400} a convezx lower

semicontinuous function, Fy : X — R a locally Lipschitz continuous function,
E =FEy—FEy, andu € D(E).

(1) If E(u) <&, then |dGg|(u,§) = 1.
(2) E satisfies the epigraph condition (12).
(3)  We have that

|dE|(u) > min {||E; — E;|| | Ej € 0Eo(u), Ef € 0F(u)} (13)
if the convex subdifferential OEy(u) # 0, otherwise |dE|(u) = +oo.

For a critical point u € X of E we directly obtain that dEq(u) # () and that there
are Ef € 0Fy(u) and E} € 0E)(u) such that

Ei—E=0. (14)

Proof. For (1) it is sufficient to consider F; = 0 by Proposition 1.6 in [12]. But
this is a special case of Theorem 3.13 in [10] where |dGg|(u,&) = 1 is shown for
E; being continuously differentiable. (2) directly follows from (1) and for (3) we
refer to Remark 3.2 and Theorem 3.5 in [12]. O
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4. Mountain pass solutions

In this section we study the existence of critical points of the functional

E(u) = Ey(u) — Ey(u) = /

QA(:U,Du(x))dx—/F(x,u(x))dm

Q

on T/VO1 P(Q2) where Ej is convex and continuous and F is locally Lipschitz con-
tinuous. We first apply a general version of the classical mountain pass result
and then we apply a symmetric mountain pass result.

Theorem 4.1. Assume that (A), (Al), (A2), (A3), (A4) are satisfied. Then
E has a nontrivial critical point u € Wol’p(Q) and u is a weak solution of the
Dirichlet problem

—diva(z) =f(z) on Q, u=0 on 09, (15)
i.e. there are a € LP' (Q,R™) and f € L7 (Q) related to u by

a(x) € 0A(x, Du(z)), f(x) € [f(z,u(x)), f(z,u(z))] a.e on Q

such that (15) is satisfied in the weak sense.

The proof generalizes the ideas used in Napoli and Mariani [9] where, in particu-
lar, the much stronger condition (6) is used instead of (A2) (cf. also Lemma 2.6
above). To handle our nonsmooth setting we apply the following abstract moun-
tain pass theorem for continuous functions, that is a special case of Theorem 3.7
in Corvellec, Degiovanni and Marzocchi [8] or of Theorem 1.3.1 in Canino and
Degiovanni [4].

Proposition 4.2. (Mountain Pass) Let X be a complete metric space and let
E : X — R be continuous with E(0) = 0. Assume that there are constants
r,a > 0 and some w € X \ B.(0) such that E satisfies the Palais-Smale condition
at any level ¢ > « and that

Ew)<0, inf F>a.

8B, (0)

Then E has a critical point uw € X with E(u) > a.

Proof of Theorem 4.1. By Lemma 2.5 we have that Ey: Wy7(Q) — R is
convex and continuous with the subdifferential given by (9). By Lemma 2.8
functional F; : VVO1 P(Q2) — R is locally Lipschitz continuous with generalized
gradient according to (11). Clearly E(0) = 0.

For the application of Proposition 4.2 we have to check the Palais-Smale condition
and the mountain pass geometry. We first show that E satisfies the Palais-Smale
condition for any c€R. For that we fix a sequence {u,} in Wy (Q) with

E(u,) = ¢ and |dE|(u,) — 0.
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By (13) there are Ej, € 0Ey(u,) and Ef, € OF;(u,) such that
|[dE|(un) > [|E5,, = Exull = 0.

According to the Lemmas 2.5 and 2.8, Ej,, and E7,, correspond to functions

an(7) € OA(z, Duy(z)) and f,(z) € [f(z,un (7)), f(7,u,(x))] ae. on Q,

respectively. With ¢ from (A3b) we now have

01(1 - %) |lun||? = cl(l — g) /Q | Du, | dz (ASIC) (1 — %) /QA(x, Du,,) dx

(A1b)

1
< /A(:);,Dun) — —{ap, Duy,) dzx
0 v

1 1
= E(u,) — 5<E3” — Y, up) + /Q F(z,u,) — Efn(x)un dx .

By (8) there is M := esssup

z€9, |s|<so

1
Flr,5) = =f(z.5)s (16)
and we have
1 1 (A3b)
/F(a:,un) — Efn(x)un dr < /F(x,un) - Efn(:v)un de + M|Q| < M|Q]. (17)
Q [un (z)]>s0

1
Therefore c1(1 - %) lwnll” < Bun) + 513, = Bl luall + 2101 (18)

If ||uy|| were unbounded, then ||u,|| — oo at least for a subsequence and we get a
contradiction by dividing (18) by ||lu,||. Thus |lu,|| is bounded and, by reflexivity,
we have (up to a subsequence) that u, — wu.

Let us now consider the identity
(EQ U —u) = (B, — EY  tup —u) + / fo(uy, —u)de.
Q

By the compact embedding W, () < L9(Q) with ¢ according to (A3a), we have
u, — u in L(Q). Since {f,} is bounded in L7 () by (A3a), we get

/ fo(up —u)de — 0. (19)

By || E5, — E7,|l = 0 and the boundedness of {u,} in W,y ?(Q), we have that
(Egn — Bty —u) — 0.

With (19) we obtain (Ej,,u, —u) — 0. Thus u, — u by Lemma 2.6 which
verifies the Palais-Smale condition.
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Let us now verify the mountain pass geometry by showing that there is some
7> 0 and some w € W, ?(Q) such that

inf E(v)=1a >0, tlim E(tw) = —c0.
—00

[[oll=r
By (A4) we can choose some small € > 0 such that

Ate
p)\l,p

¢ > (20)

and there is some ¢ > 0 such that

f(z,s)

|s[P=2s

<A+e forae [s]<9.

< (A+g)sP! forae 0<s<94,
Hence f(z,s)
> —(A+e)|s|P7! forae 0>s>-§.

By integration we get

1
F(z,s) < =(A+¢)|s|P forall |s] <.
p

Using (A3) and the definition of F' we find some ¢ > 0 such that
|F(x,s)] < |f(x,s)s| <es(]s|+|s]7) <c|s|? forae. [s|>9.

With (5) and the continuous embedding Wy () < LI(Q) we obtain some & > 0
such that
At+e

E(u) > /A(m,Du)dQ:—/ |u|pdx—/ clul? dz
Q {lu(z)|<s}y P {lu(z)[>6}

A /
cl/ | DulP dx — +€/ |Du|pdx—é</ |Du|pdx)qp.
Q Ay Jo Q

P

IV

With r = [, [Dul? dz, the right hand side can be considered as a function ¢(r).
By ¢ > p and (20), we find some small » > 0 such that ¢(r) > 0. Consequently
E(u) > ¢(r) > 0 for all u with ||u|[? = r and, therefore, one assumption about
the mountain pass geometry is satisfied.

We now fix some @ € W, ?(Q). By Lemma 2.4, there are to > 1, 71, 72 > 0 with

BE(t®) = /Q A(z,tD) dv — /Q F(z, tw) da

< tPEy(w) — t%y + v, forall t>tg.

By ¥ > p we get E(tw) — —oo as t — oo. Hence we have E(w) < 0 for
some w € WyP(Q) \ B.(0) and the mountain pass geometry is verified. Now
the existence of a nontrivial critical point v € VVO1 P(Q) follows directly from
Proposition 4.2.

By Lemmas 2.5, 2.8, and (14) we readily see that u is weak solution of (15). [
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In the presence of some symmetry we can verify the existence of a sequence of
critical points. In particular we extend some result from Napoli and Mariani [9,
Theorem 4.1] to our more general setting.

Theorem 4.3. Assume that (A), (A1), (A2), (A3), (A4) are satisfied and that
A(z,g9) = A(x,—g), f(z,s)=—f(x,—s) forallg e R", s€e R, a.e. z €.

Then E has a sequence of critical points uy € Wol’p(Q) with corresponding critical
levels E(uy) — oo. Moreover the uy are weak solutions of the Dirichlet problem

—divag(x) =fp(x) on Q, uwu=0 on 090, (21)
i.e. there are ap € LP (Q,R™) and f, € LY (Q) with

ap(z) € 0A(x, Dug(x)), fr(z) € [f(z,ur(x)), f(x,ux(z))] a.e. on Q

such that (21) is satisfied in the weak sense.

The proof uses the following general critical point result due to Canino and De-
giovanni [4, Theorem 1.3.3] (cf. also Canino [3, Theorem 1.4]).

Proposition 4.4. Let X be an infinite-dimensional Banach space and assume
that E: X — R is continuous, even, and satisfies the Palais-Smale condition for
any level ¢ € R. Assume that there are r > 0 and o > E(0) such that

Ew)>a forall ||v|=1. (22)
Moreover, for any finite dimensional subspace X C X the set
{ve X[ E(v) > E(0)} (23)

is assumed to be bounded. Then E has a sequence of critical points up € X with
critical values E(uy) — 0.

Proof of Theorem 4.3. The assumptions ensure that Ey and E; are even.
In the proof of Theorem 4.1 we have already seen that E is continuous, that it
satisfies the Palais-Smale condition at any level ¢ € R, and that (22) is satisfied
for suitable r > 0 and o > E(0) = 0. So we still have to show that the set in (23)
is bounded. But here we can argue exactly as in the proof of Napoli and Mariani
[9, Lemma 4.1], since the continuity of f(-,-) assumed there is not relevant for
that. Then Proposition 4.4 provides the existence of a sequence of critical points
w, € WyP(Q) with E(uz) — oo. By Lemma 2.5, Lemma 2.8, and (14) we get
that the uy are weak solutions of (21). O

5. 1-Laplace problems

Now we consider p = 1 and we want to study the degenerate 1-homogeneous case
A(z, g) = |g|. Instead of W, (Q) we have to work in BV (). More precisely we
consider

Eo(u) ::/d|Du\ +/ lu| dH™"  for u € BV (Q)
Q o9
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where the boundary term replaces the homogeneous boundary conditions in

BV (Q) (cf. [15]). With
El(u):/ﬂF(:c,u(x))da:

as before we are looking for critical points of F = Ey — F; to verify the existence

of weak solutions of

where Aju denotes the 1-Laplace operator (that is formally given by div 2

f(z) € [f(z,u(x)), fz,u(z))] ae. on Q.

For 2 C R™ open and bounded with Lipschitz boundary, we formulate the prob-
lem in YV := L9(Q) with 1 < ¢ < 5. With X := BV(Q) we consider the
extension

D |)and

Eo(w) JodIDul + [, lul dH* " for u e X,
u) =
’ 00 forueY \ X

which is convex and lower semicontinuous on L9(2). For u € BV () we have
that E* € 0Fy(u) if and only if there is some z € L*(2, R") with

Izl <1, EB* = —divz € L'(Q), Eo(u) = (E*,u) = —/udivzdaz (24)
Q

where ||2]| =1 for u#0 (cf. Kawohl and Schuricht [15], Milbers and Schuricht [21]
Du
|Du |)

Recall that E) is continuously differentiable on L4(Q2) according to Lemma 2.8.

and notice that the vector field z replaces the possibly undefined expression

Theorem 5.1. Let f satisfy (A3) with p =1, let f(x,-) be odd for a.e. x € ,
and let c5 > 0 be such that

F(z,£s0) > ¢5 fora.e. x € (25)

and let esslim f(x,s) =0 (26)
s—0

(hence f(x,0) = 7( 0) =0). Then E has a sequence of critical points uy € BV (2)

with E(ug) — Moreover, the uy, are weak solutions of
—Ayu="f(z) on Q,
i.e. there are z, € L=°(,R"™) and fr(x) € L7 (Q) related to uy by

divzx € L"(2), FEo(ug) = —/Quk divzp do, fi(z) € [f (2, un(2)), [z, u(z))]

a.e. on §) such that, in the weak sense,

—div z(z) = fx(z) on Q. (27)
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For the proof of the theorem we first provide a discontinuous version of a symmet-
ric mountain pass theorem extending former versions as e.g. given in Rabinowitz
[22, Theorem 9.12] for smooth functionals and in Canino and Degiovanni [4,
Theorem 1.3.3] for continuous functions.

Proposition 5.2. Let Y = X & Xy ® X, be a Banach space where X has finite
dimension and X is infinite dimensional. Let E 1Y — R U {+oc} be even and
lower semicontinuous. Moreover, assume that

(a) FE is finite on X ® Xo and E(u) =00 on Y \ (X & Xy),

(b) FE = Ey+ Ey with Ey conver and lower semicontinuous and Ey locally
Lipschitz continuous on Y,

(¢) there are o > 0 and o € R such that
E() >a forall vedB,(0)NX

(d) there is < « such that for any finite dimensional subspace V- C X @ X,
we find 0 < r < R with

E(w) < g on (B.(0)NnV)U(V\ Bg(0))
and, moreover, sup,cy E(u) be finite,
(e) E satisfies the Palais-Smale condition at all levels ¢ > a.

Then there is a sequence {uy} of (nontrivial) critical points of E with E(uy) — oo.

Proof. We consider the epigraph
Z =epi(E) ={(v,§) e Y xR | E(v) <&}

which is a complete metric space if it is endowed with the distance

d((u,€), (v, 1)) = (flu— o] + (€ = w)*) ">

Since F is even, Z is symmetric in the sense that it is invariant under the action
(u,) — (—u,&). By S we denote the collection of symmetric closed sets in
Z\ ({0} x R). For M € S we introduce the genus v(M) as

Y(M) :=~v(My) where My :={veY | (v,§) € M}

is the projection of M onto Y and v(My ) is the usual genus of symmetric sets (cf.
Zeidler [24]). On Z we consider the Lipschitz continuous function Gg : Z — R
given by Gg(u,§) := &, which is invariant under the action (u,§) — (—u,§).

Assume that X, has dimension k and Xy = span{ey,...,e;}. For m > k induc-
tively choose e,,+1 € X with e,,,1 & span{ey,...,e,} = X,,. According to (d)
we set

Tm =Tm(Xm), Rm = Run(Xn),
D,, = (Bgr,, (0) N X,,) \ B;,,(0), and «,, := sup E(v).

’UGXm
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For m € N we consider the compact sets
DZ .= D, x{am} U 0Bg, (0)x[3, ay,] U 0B, (0)x[B, ] U(B,,,(0)NX,,) x {8}

and, clearly, DZ C Z. Let C.(DZ,Z) denote the set of continuous mappings
¢ : DZ — 7 that are equivariant, i.e. ¢(u,&) = (v, () implies p(—u, &) = (v, )
for all (u, ). Then

G = {p € Ce(Dy7, Z) | p(u, &) = (u,§) for £ < B} #0,
since id € G,,, for all m € N. With the classes
;= {p(DZ\S) | ¢ € G, m >3, S€S, 7(S) <m—j}.
we study the minimax values

= inf € N.
¢ = inf max Gp(u€), j€
Now, with some simple adaptions, we can argue as in the proof of [22, Theo-
rem 9.12]. In particular we always consider deformations of Z that leave Zz :=
{(u,&) € Z | £ < B} unchanged. Instead of [22, Proposition 9.23] we obtain that,
for j > kand M €T,

M N (0B, xR) N (X ® X)) xR # 0.

Then we apply the equivariant deformation theorem [4, Theorem 1.2.5] to the
continuous function Gg on Z. Notice that (PS). for E satisfying (b) implies
(PS). for Gg, since E satisfies the epigraph condition (12). Clearly this also
implies the equivariant version of the Palais-Smale condition used in [4, Theorem
1.2.5]. Moreover this deformation theorem provides deformations that leave Zz
unchanged. This way we obtain a sequence (u,,&,) € Z of critical points of Gg,
ie. |dGg|(un,&,) = 0, with critical values Gg(un,&,) = &, = E(u,) — 0o0. By
definition, the u, are critical points of E, i.e. |dE|(u,) = 0, which verifies the
theorem. [

For the proof of Theorem 5.1 we apply Proposition 5.2. Notice that the verifica-
tion of the Palais-Smale condition in former treatments (and also in our previous
results) essentially uses the strong ellipticity of the operator. These arguments
brake down in our 1-homogeneous case and new arguments are needed.

Proof of Theorem 5.1. We want to apply Proposition 5.2.
We choose Y := L1(Q) (1 < ¢ < 2, ||| = [|]lq), X := BV(Q), and E := Ey—FE;.

n—1"
With X, := {0} and a suitable subspace X, we have Y = X & X, and (a) of
Proposition 5.2 is satisfied. Clearly, EFj is convex and lower semicontinuous on Y.
By Lemma 2.8 function E) is continuously differentiable on L?(€2) which provides

(b). Obviously F is even.
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By Poincaré’s inequality in BV (R"™) there is ¢ > 0 with
Eo(u) > c|lu|| forall ue X. (28)

Obviously F(z,0) = 0 and, hence, F1(0) = 0. Let us show that there is o > 0
such that c
Ei(u) < §Hu” for all |ju|| < o. (29)

Otherwise there is a sequence u, — 0 with Ei(ux) > §[jug|| for all k. Then, up
to a subsequence, ug(x) — 0 a.e. on 2. By Lebourg’s mean value theorem (cf.
Theorem 2.3.7 in [6]) there are t;, € (0,1) and f, € OE; (t,uy) such that

Ey(uy) = Ey(ug) — E1(0) = / frup dv < ||felq [Jus]
Q

where fi(x) € [f(z,ux(2)), f(x,ur(x))] for a.e. z € Q. From (26) we get fp(x) — 0

for a.e. x € Q. By (A3a) there is ¢ > 0 such that

||fk||3: = / |fk(:1c)|q%1 dr < 03/ (1 + |15/1<;uk|q_1)‘f%1 dr < 6/ 1+ |tpug]? de
Q Q Q

and dominated convergence implies [[fy||; — 0. But this contradicts §||u| <
Ifilly | ue]| and (29) follows. From (28) and (29) we now readily get

E(u) = Ey(u) — Ey(u) > % =:a>0 forall uedB,(0)

which verifies (c).

For (d) we assume that {ej,...,e,} is a basis in V. By our construction V is a
subspace of BV (). Therefore Ey(+eg) is finite for all k£ and, by convexity, Ey
is bounded on the polyhedron spanned by the +ex, £ = 1,...,n. Since Ej is
1-homogeneous, we find some r > 0 such that

Ey(v) < g for all ve B.(0)NV with [:= %.

With some possibly smaller » > 0 we have the same inequality for F; by conti-
nuity. Thus we get E(v) < on B,.(0)NV.

By Lemma 2.4 and (25), we find some a; > 0 with F(z,s) > ay|s|? for |s| > s.
Then, by the boundedness stated in (8), there is some ay > 0 with

F(x,s) > ayls|” —ay forall s€R, ae xz€Q.
Now we consider w € V' with [|w|| = r. With our previous estimates we obtain
E(tw) = Ey(tw) — Ei(tw)
< tEy(w) altﬁ/ wf? de + as |0
Q

< t(Bo(w) —t" aq|lw]|§) + a2 || forall > 0.
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Since all norms are equivalent on the finite dimensional subspace V', there is some
¢ > 0 such that

B(tw) < t(Eo(w) — " el|w]?) +& < t(5 — ") 4.

By 9 > 1 the right hand side becomes negative for all ¢ larger than some tq > 0.
Hence

E(v) <0< g forall v e V with ||[v|| > ter := R, i.e. forall v €V \ Bg(0).
Obviously the continuous function E is bounded from above on Bg(0) NV and

thus also on V. But this verifies (d).

We now show that E satisfies the Palais-Smale condition (PS). for any ¢ > a.
Consider {u,} €Y with E(u,) — c and |dE|(u,) — 0. According to (13) we have

there are E,, € 0Fy(u,), EY, € 0Ei(u,) such that ||Eg, — BT, (u,)]| = 0.

Let f, be related to Ef,, by satisfying (10) with u,. Using Eo(u,) = (Ej,,, Un),
the Poincaré inequality in BV (R™), and arguing as in (17) with M > 0 from (16),
we get

(1_l)E0(un> — B(u,) -

9 Eo(uy,) + Ey(uy,)

S NS

1
= FBEu,) — (Ea‘n—Efn,un>+/F(x,un)dx—/—fnundx
) 2 Q Q/l9

IN

1 * *
E(un) + Sl Eopn = ELall lluall + MIQ|
< E(un) +dl|Eg, — Evnll Eo(un) + M|Q

for some ¢ > 0. If Ey(u,) were unbounded, Ey(u,) — oo at least for a sub-
sequence. Then we divide by FEy(u,) in the previous inequality and obtain a
contradiction. Therefore Fy(u,) has to be bounded and, by Poincaré’s inequal-
ity, also ||u,||; is bounded. Hence {u,} is bounded in BV (). By the compact
embedding BV () — L9(Q2) the sequence {u,} is relatively compact in L?((2).
Hence there is a subsequence converging in L9(2) which verifies (PS)..

Now we can apply Proposition 5.2 and obtain the desired sequence of critical
points u,. By (24), Lemma 2.8, and (14), we readily see that the u; are weak
solutions of (27). O
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