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1. Introduction

We define a class of finite difference schemes for the time-fractional Hamilton-
Jacobi equation

O u(t,z) + H(t, x,u(t,x), Du(t,z)) =0 (t,x) € Qp := (0,T] x T¢, (1)

where T¢ is unit torus in RY. The symbol 92, for 0 < o < 1, denotes the Caputo
derivative
1 " Oqu(s, )
oJu(t, x) = ~d
pult @) r(1—a)/0 (t—s)p

(note that 05 reduces to the standard time derivative 0; for « = 1) and Du the
gradient with respect to z. Equation (1) is completed with the initial condition

u(0,z) = up(x), r e T (2)
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In recent times, there has been an increasing interest in the study of differential
equations with time-fractional derivatives. Indeed, this kind of differential opera-
tors allows us to introduce new phenomena in differential models such as memory
and trapping effects [13, 14, 17, 20]. Also, the numerical approximation of dif-
ferential equations with fractional time-derivative has been extensively analyzed
(2, 11, 12].

Since in general smooth solutions to Hamilton-Jacobi equations are not expected
to exist, for equation (1) a theory of weak solutions, in viscosity sense, has been
introduced, in [9, 15, 21] (see also [19] for a different, but closely related, notion
of weak solution). Most of the results and techniques which hold in the classical
case, i.e. for & = 1, have been extended to the fractional case in order to prove
the well-posedness of the Hamilton-Jacobi equation (1).

In the classical case, one of the most important properties of the viscosity solution
theory is the stability with respect to the uniform convergence (see [3]). Starting
with the seminal paper [6], this property has generated an enormous literature
concerning the numerical approximation of Hamilton-Jacobi equations (see for
example [7, 16, 18] and reference therein). Stability with respect to the uniform
convergence is inherited by viscosity solutions of the Hamilton-Jacobi equation
(1). Following [6], we define a general class of finite difference schemes for (1).
We show that, under an appropriate Courant—Friedrichs-Lewy (CFL) condition
of the type At* = O(Ax), these schemes are monotone, stable and consistent.
Moreover, relying on an adaptation of the classical Barles-Souganidis convergence
Theorem [4], we prove that the numerical solutions generated by these schemes
converge to the unique viscosity solution of the limit problem. In order to verify
the properties of the proposed schemes, we perform several numerical tests, and to
analyze the order of the approximation error, we also compute exact solutions for
some time-fractional Hamilton-Jacobi equations. We have only recently become
aware that a similar problem was considered in [8].

The rest of the paper is organized as follows. In Section 2, we shortly review some
basic properties of the theory of viscosity solution for (1). Section 3 is devoted
to the description of a class of finite difference schemes and their properties. In
Section 4, we prove a convergence result and in Section 5 we carry out some
numerical tests.

2. Viscosity solutions for Hamilton-Jacobi equation with
time-fractional derivative

In this section, we briefly review definitions and some results for the continuous
problem (1) (we refer to [9, 15] for more details).

Throughout the paper, a function u on T? will be equivalently regarded as a func-
tion defined on R? which is Z¢ periodic. We consider the following assumptions
on the Hamiltonian H and on the initial datum wuqg.

(H1) H: Q7 x R x R? — R is continuous;
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(H2) there exists a modulus w: [0, 00) — [0, 00) such that
(H(t,2,r.p) — H(ty.r.p)| < wo(lz — y](1+ [o])
for all (t,z,r,p), (t,y,r,p) € [0,T] x T¢ x R x R%
(H3) r+ H(t,z,r,p) is nondecreasing for all (t,z,p) € Qr x RY;
(H4) wp: T? — R is a continuous function.

For a function f: [0,7] — R with the properties that f € C'((0,T]) N C([0,T])
and f' € LY((0,T)), the Caputo time fractional derivative is defined by

010 = iy | s )

for any ¢t € (0,T]. Using integration by parts and change of variables, (3) can be
rewritten as

O () = Jf](t) + Kol f1(2), (4)
where

S o 10 =10

f)—ft=7),
M7 and K(o,t)[f]( = 1_@/ Ta+1 T ir

By natural extension we also define K, [f](t) for any a,b with 0 < a < b < t.
The advantage of rewriting the Caputo derivative in the form (4) is explained in
1,9, 21].

For a set A C T? and a function u: A — R, we denote by u* and u, the upper
and the lower semi-continuous envelopes of u, i.e.

u*(z) = lg% sup{u(y) : y € AN B(z,r)}

and u.(r) = —(—u)*, where B(z,r) is a the open ball of centre z and radius r. We
also denote by USC(Qr) (resp., LSC(Qr)) the class of the upper semi-continuous
(resp., lower semi-continuous) functions in Q7.

Definition 2.1. (see [15, Definiton 2.2]) Let O C T¢. Then

(i) A function u: [0,7]xO — Riis called viscosity subsolution of (1) in (a, T]|x O
if u* < 400 in (a,T] x O and

Tl @) + Kalelt, @) + H(l, &, u" (i, 2), Dp(t, &) <
whenever (t,2) € (a,T] x O and ¢ € C**((a, T] x O)NC([0, T] x O) satisfy

[O{I%?fo(u —@) = (u"—p)(t,2).

ii) A function u: [0,7] x O — R is called wviscosity supersolution of (1) in
(a,T] x O if u, > —o0 in (a,T] x O and

TIel(E, &) + Ko el(t, 2) + H(t, 2,0 (E 2), Do(f, £)) 2 0,
whenever (£,#) € (a,T] x O and ¢ € CY'((a,T] x O)NC([0,T] x O) satisfy

i x - * 57 r).
[O{ITl]lgO(u ©) = (u. —)(t, )
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(iii) A function u: [0,7] x O — R is called viscosity solution of (1) in (a,T] x O
if it is both a viscosity sub- and supersolution of (1) in (a,7] x O.

In the previous definition, the notation C''((a,T] x O) denotes the space of
functions ¢ such that ¢, d;p and D are continuous in (a, 7] x O.

For other equivalent definitions of viscosity solutions for (1), we refer to [9].
The first result is a comparison principle for (1) (see [9, Theorem 3.1]).

Theorem 2.2. Assume (H1)-(H3). Let u € USC(Qr) and v € LSC(Qr) be
a subsolution and a supersolution of (1), respectively. If u(0,z) < v(0,z) for
x €T then u <v on Qr.

We also recall an existence result for viscosity solutions of (1) (see [9, Theorem
4.2]).

Theorem 2.3. Assume (H1). Let u= € USC(Qr) and ut € LSC(Qr) be a
subsolution and a supersolution of (1) such that (u™), > —oo and (u™)* < +o0
on Qr. Ifu™ < u™, then there exists a solution u of (1) that satisfies u™ < u < u*

m QT.

By Theorems 2.2 and 2.3, it follows an existence and uniqueness result for the
solution of (1), (2) (see [9, Corollary 4.3]).

Corollary 2.4. Assume (H1)-(H4). Then there ezists a unique viscosity solution
of (1) which satisfies the initial condition (2).

Existence and uniqueness results for the problem of (1), (2) in a bounded domain
with boundary conditions in viscosity sense are discussed in [15].

3. A class of finite difference schemes

In this section we describe a finite difference scheme for the approximation of (1).
For simplicity of notations, we assume that the Hamiltonian H depends only on
the state and gradient variables, i.e. H = H(x,p), and that the dimension d is
equal to 2. The extension for general H and d will be clear from this special case.
Moreover, we will always identify a function T¢ with its Z?periodic extension
defined in all RY.

Let T? be a uniform grid on the torus with step &, (this supposes that 1/h is an
integer), and denote by z; ; a generic point in T7 (an anisotropic mesh with steps
hi and hy is possible too and we have taken hy = hy only for simplicity). The
value U"; denotes the numerical approximation of the function u at (i, tn) =
(th,jh,nAt), 0 < 4,5 < 1/h, n = 0,...,N (assuming that N = T/At is an
integer). We also denote by U™ the grid function taking the value Ul at @ € T3.

We start by describing the numerical approximation of the Caputo time-fractional
derivative ¢ introduced in [11]. The numerical derivative is obtained by approxi-
mating the time-derivative inside the fractional integral in (3) via finite difference
and writing in compact form the expression so obtained.
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We approximate 07u(z; j, tnt1) by

n tmy1 ML _ rm
pape LS 1,
’ I'(l—a) 2=/, At (the1 — )
B 1 3 untt - upn ( 1 N 1 )
F(l — Oé)(l — O{) 0 At (tn+1 - tm+1)a_1 (tn+1 - tm)a_l
1 " (n+1-—m)—(n—m)®
— ymtl _pgm 5
['2-a) mZ:o At ( i 1,3)7 (5)
since t,, — t,, = (n — m)At. Defining
Po =T1'(2 — a)At?, (6)

we obtain by (5)

n

paDRUL =37 (01— m) = = (n —m) =) (U = U7)

m=0

— ((n + 1) — n1’a> Ugj

- Z (2(n +1-m)" = (n+2-m)"*—(n— m)l—a) U+ Ut

— Un—l—l § n+1Um
Z7]

2,77

where At =+ 1D —n'" and

At =2n+1-m)'" - n+2-m)"*—(n—m)

for 1 <m<n. Thus, the approximation of the Caputo time-derivative is given by

DAtUn+1 (Un+1 Z n+1Um> ) (7)

Remark 3.1. Denoted by 7! the truncation error, in [11] it is proved that
ra < e AT

where ¢, is a constant depending on the second order time-derivative of u. Hence
the temporal accuracy of the scheme is of order 2 — a.

In the following we summarize some properties of the coefficients ¢, in (7).
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Lemma 3.2. (i) ' >0 for0<m<n.
(i) ft? — gttt = —ci 2,

(iif) A =t for1 <m <n.

(iv) Sh_ocnt = 1.

Proof. (i): When m = 0, it is clear that ¢f™' > 0. Consider the case where
1 < m < n. Because of the strong concavity of the function 2!~ for z > 0, by
Jensen’s inequality, we have

(n+2-—m)= @+ (n—m)l—
2

<(n+1-m)

Thus, it follows that ¢ > 0.
(ii): By definition, cf*? —cf™ = (n+2)17 = 2(n + 1)} + nl=® = —2
(iii): By definition,

Cmi1 = 2((n+2) = (m+1))"*=((n+3) = (m+1))"* = ((n+1) = (m+1))"°

=2n+1-m)'" = (n+2-m)"*—(n—m)"* ="

(iv): We have

Z A=+ =) (2(n+1-m) = (n+2—m)' "= (n—m)' %)
m=0

m=1
n—1 n+1
— (n—i—l—m)l’a—Z(n—i-l—m)l’a
m=0 m=2
=+ —ptr 2 - (n+ D) —ntr—1=1 O

For the approximation of the Hamiltonian in (1) we follow the approach in [6].

We introduce the finite difference operators

Uit1 — Ui
h

Uijir — Ui,

(DfU);; = and (D3 U);; = — (8)

and define
T
[DyUli; = (DY U)ij, (DY U)iz1j, (DU )i, (D3 U )i j—1) - (9)

In order to approximate the Hamiltonian H in equation (1), we consider a numer-
ical Hamiltonian g: ’]I‘Q X R4 — Rv (Ia q1,42, 43, Q4) =g ('TJ q1,492, 43, Q4) Sa‘tiSfying
the following conditions:

(G1) g is nonincreasing with respect to ¢; and g3, and nondecreasing with respect
to ¢ and qq.
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(G2) g¢ is consistent with the Hamiltonian H, i.e.

g(x7q17QIJQQ7QQ) = H(‘T7q>7 VI' € Tzu vq = (q17QQ) € R2'
(G3) g is locally Lipschitz continuous.
(G4) There exists a constant C such that for all x € T? and ¢y, ¢2,q3,q4 € R

< O+ lqul + lgz] + lgs| + [gal)-

( )
—\&x,q
81‘ » 41,42, 43,44

Hence, recalling the approximation (7) of the Caputo time derivative, we consider
the explicit finite difference scheme

<Un+l Z Cn+1Um) + S("Ei,], h Uznﬁ [Un]i,j) = 0, (10)

fori,j=1,...,1/h, n=0,..., N — 1, where p, is defined as in (6) and
S(xig, h, Uy, [Uig)
9(@ig, (DY Ui, (DY U™ )im14, (D3 Ui, (D3 UM)ig—1)- (1)
In (11), [U"];; represents the set of the values of U™ used to compute the scheme

at x;;, except that the value U}; itself, and h is the space discretization step.
The scheme is completed with the initial condition

Ui(,)j = UO(xi,j)- (12)
Note that U"*! depends on all the past history U™, m = 0,...,n of the solution.
For a = 1, the scheme (10) reduces to the standard finite difference approximation
Ut - U,
JTt] + S(ZL'Z s U;

i [U"i) =0
of the Hamilton-Jacobi equation Oyu + H(x, Du) = 0.

3.1. Stability properties of the scheme

We set QAL = T2 x {0,...,nAt} and we denote by G the space of the grid
functions on T? and by G", n=0, ..., N, the set of the grid function on Q™! i.e.

={U={U"}o|U" €G}.
Moreover, we set ||Ul|o = sup; ; |U;;| for U = {Uiyj}wi € G, and furthermore

4,7=0
[Ulloe = suPpz0, . p U™ ]oo for th ={U™}7,_ € G".
For n € {0,..., N — 1},, we define a map G": G" — G by

Zc”“Um — paS @iy b UL U )). (13)

Hence, the scheme (10) can be rewritten in the equivalent iterative form

1

,E,n:(J,...,N—l (14)

Uit =GN Ui, i,j=1,...
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Definition 3.3. We say that the scheme (14) is monotone if, for any n = 0,
... N—=1,U,V € G", we have that

ur<v™ m=0,...,n, = G"(U)<G"(V),

where the previous inequalities are intended in the sense of the comparison of
components.

Since the scheme (14) is explicit, for the monotonicity, we need some restriction
on the approximation steps h and At, as we will discuss later on.

Proposition 3.4. Assume that the scheme (10) is monotone. Then we have for
n=0,...,N—1

(i) G"U+ )N = G"(U) + X for any X € R, U € G" (where we identify
both with the constant function on T3 and with the element of G™ such that
A" = X is the constant function on T3 for anym =0,...,n);

(i) ||IG"U) — G"V)|loo < U = V|00 Jor any U,V € G";
(iii) For the constant C' € R in (G4),
| DrG™ (U)o < 5C||Dild]|0e + C for any U € G"
where DyU = { D, U™}

m:07‘
(iv) for anyU € Gt
|G U) =G U)o < (1=c5 ™) sup U™ =U™|oc+20(2— ) AT,

m=0,...,n

(v)  foranyU € G": [|G"U)loo < [Uloo +T'(2 = @) At* sup,era [H (2, 0)] .
Proof. (i): By Lemma 3.2, we have

G"(U+ N)ijg =D U™+ Ny = paS(@ig, h, Uy + X [U" + M)

m=0

7’7‘7,

= > U+ N = paS(aig, b, UP
m=0

(ii): LetU,V € G"and A = ||[(U—V) " ||oo. We have, in the sense of the comparison
of components,

Ur=V"4+ U™ =V™) < V" + [(U" = V™) e =V"+ A,
for m = 0,...,n. By monotonicity and commutativity,
G'"U)<G"V+AN)=G"(V)+ A\

Hence, G"(U) — G*(V) < [[(U — V)1||so- Similarly, we obtain another inequality
G"(U) — G"(V) > —||[( — V)" || These two inequalities yield the result.
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(iii): Let 7 be a translation operator in space, that is, nU;; = Uy, ji, for
| = (I,ly) € Z? for U € G and defined in a similar way for 4 € G". Then
replacing the numerical Hamiltonian ¢ with S defined in (11) in the assumption
(G4) and from the part (ii) above, it follows that

1

IDLG U)isllee = 7 (70,0 G @))is = (G"U)):4]]

3

m

Cry Uﬁu S($i+1,jathz73r1,ja[Un]i+1,j)

Il
=)

m

_ Z Co UL+ S(wig, by UL U] g)

o0

IN
SES

Z n+1UzT—riL-1 J S(xiJ’ h’ Uz—i—l L [Un]H-LJ')

m=0

— Z n+1Um + S xz,]7h Uznja [Un]ZJ)

o0

+ = ||S(x¢,j, hy Uy s [0 i13) = S(@iga g b Ul 5, (U™ i) ||

G a0t = (G W) + €O+ 41D )

T,0U —U
h

< 50| Dpld oo + C

<

“+CG+MDMMJ=MﬁWu+CO+ﬂ&ﬂM)

since ||[DiU|loo < ||Dpld]|oo- We have similar estimates for the other components
of D,G"(U). Combining all these inequalities, we obtain the desired inequality.

(iv): Using Lemma 3.2, we have

n

n+2 n+1 m n+2 n+1
E (Cm —Cn )Ui,j n+1U

IG" (U)i; — GMU)iy] =

m=0

~ Pa (S(%’m h, U (Ui 5) = S, b, U, [U"]m))‘

n+2770 +1 0 n+2 m+1 n+1 m
= |aP2UL, — U, a2 U § ur

—m(ﬂaﬁhlewwmw—summtmwwm»ﬂ

n—+2 m+1
m+1 U

PN+ palS (@i, hy UL (U 5) = S (g, b, U, (U™ 5)]

< (1 06”“2) sup  ||U™ — U™||o + 2I'(2 — o) At*K.
0,...,n
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(v): By the consistency of scheme, it follows that G™(0) = —p,H (z;,0). Hence,
by property (ii), we have

|G" (U)o < NIG™(U) = G (0)]lo0 + 1G™(0) oo
< Ul + T(2 — @) At sup |H(z,0)]. O
z€T?

Proposition 3.5. Assume that (10) is monotone and let {U}Y_ be a sequence
generated by the scheme with the initial condition (12). Then

KT'(2 — «a)

U = U < ———~
0" = 0l < s

(nAt)®, (15)

-----

Proof. For n = 1, (15) is true since U}; = U; — paS(zij, b, UL}, [U%;;) with S
defined as in (11). Arguing by induction, assume now that (15) is true for j < n.

Then using the property (iv) in Lemma 3.2, we get

Uz U] = | e (U — UL — paS iy, h, UL, [Uiy)
m=0

n

Z e (U = U3)

m=0

IA

+ KT(2 — a)At® (16)

a(l —a)

1 n
(— A im® 4 1> KT'(2 — a)At”.
m=0

We observe that

n

dodtmt = (n+1)" = ((n+1-=m)" = (n—m)=)((m+ 1)* —m*).

m=0

Moreover, by the inequality (r + 1)% — % > 8(r +1)#~! for » > 0 and 8 € (0, 1)
(which follows by the concavity of the function %), we get

-« Q
n+l-m)'=* — (n—m)'=* > and (m+1)*—m* > —F—.
Hence AMme < (n4+1)* — a(l — a),
m=0
and replacing the previous inequality in (16), we get estimate (15). O

We discuss some classical examples of approximation scheme for Hamilton-Jacobi
equations adapted to the fractional case. We consider the equation

O u(t,x) + H(Du(t,z)) =0 for (t,z) € (0,T] x R (17)

with periodic boundary condition.
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The upwind scheme

Simple upwind schemes for the equation (17) are

n no_Qn
UJnH = Z c:LnHUJm — paH (%) (18)

m=0

if H is non-increasing, or
ur-ur
U;L-H Z n—HUm H ( J - J 1) (19)

if H is non-decreasing. The numerical Hamiltonian is given by ¢g(q1,¢2) = H(q1),
in the first case, and by ¢(q1,g2) = H(g2) in the second case. In both cases, g is
monotone, consistent and regular if H is locally Lipschitz.

Now, we establish a condition under which the scheme (18) is monotone. By
construction, the monotonicity with respect to U}, is obvious. Also, since by
Lemma 3.2 all the coefficients ¢! are positive, the map G" is increasing with
respect to the variable U", m = 0,...,n — 1. Moreover, (18) is non-decreasing
with respect to U if

7’L+1+PO¢H/( ]+1h )20
Recalling that ¢! = 2 — 217 we get the CFL condition

AL® 2 — gl
H'(p S
; Sl;pl (>|_F(2—a)

(20)

for p € R. The same condition is necessary also for (19).

The Lax-Friedrichs scheme

The Lax-Friedrichs scheme is given by

i — Ut f U —207)0
Uf“ Z n+1Um [H( J+12h J 1) _( J+1 Jpl J) 7 (21)

where 6 has to be chosen in order to satisfy the CFL condition. Therefore, the
numerical Hamiltonian ¢ is

9(qi,2) = H (‘h +Q2) (@ —q)f

2 A

for A = po/h and ¢1, g2 € R. For the monotonicity of the scheme with respect to
Uy, we need the condition

At 20 >0,



210 F. Camilli, S. Duisembay / Approximation of Hamilton-Jacobi ...

and, for the monotonicity with respect to Uy,

Pa /
H— — H > (.
thgp\ (p)| =

Then, recalling (6) the monotonicity of the scheme is implied by the CFL condition

I'(2—a)At®

sup |H'(p)| <6<1-27% peR. (22)

Remark 3.6. The CFL conditions (20) and (22) reduce to the classical ones for
a = 1. In general, they become more and more restrictive for o decreasing to 0.
This phenomenum has been also observed in [12] in the study of approximation
schemes for time-fractional conservation laws.

4. A convergence result for the finite difference scheme

In this section, we study the convergence of the scheme (10) following the classical
stability argument in [4], where it is proved that a monotone, stable and consis-
tent approximation scheme converges to the unique solution of the continuous
Hamilton-Jacobi equations.

We recall the definition of relazed limit for a locally bounded sequence {u, }s~0-
The upper relaxed limit is given by

(lim sup *u,)(t, z) = (lsin%sup {ua(s,y) t(s,y) € QrN Bs(t,z), 0 <0 < 5} ,
-

o—0t
while the lower relaxed limit by liminf} .+ u, = —limsup,_, o+ (—u,).

We consider a sequence of approximation steps (At, h(At)) such that h(At) — 0
for At — 0 and we denote with ua, the piecewise constant extension to Qp
of the solution of the approximation scheme (10) corresponding to the previous
parameters, i.e. ua(t, z) = UJ; if n = [t/At] (where [-] denotes the integer part)

and (7, j) such that x € ((¢ —1/2)h, (i + 1/2)h] x ((j — 1/2)h, (j + 1/2)A].
Theorem 4.1. Assume that g satisfies (G1)—(G4), ug is Lipschitz continuous
and, for At sufficiently small and h = h(At), the scheme (10) is monotone.

As At — 0T, the sequence {ua}arso converges locally uniformly to the unique
viscosity solution u of (1), (2).

We need a preliminary result about the convergence of the fractional derivative
for a test function.

Lemma 4.2. Let ¢ € CY1((0,T] x T*)NC([0,T] x T?) be a test function and let
(tas, ta¢) — (t,x) € (0,T) x T? for At — 0. Then, defined for na;+1 = [tas/At]
the discrete fractional derivative

1 AL

DXp(nart1)At, zay) = o (go((nAt—l—l)At, xm)—z c’,fff“gp(mAt,xAt)), (23)
@ m=0

we have lim DX,o((nar + 1) At za) = O (L, ).

At—0
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Proof. Convergence properties of the discrete fractional derivative to the con-
tinuous one are already studied in [10, 11]. Here we give a different proof of the
convergence result for reader’s convenience. To simplify the notation, since in
this argument only the time variable is involved, we omit the dependence of ¢ on
x. Because of the continuity of the Caputo derivative of ¢ with respect to ¢ (see
[15, Prop. 2.1]), it is sufficient to prove that

Jim (D&e((nae + DAL = O p(tar)) = 0.

Moreover, for a test function ¢, the Caputo derivative can be defined in the
standard way, see (3). In the rest of the proof, we omit the index At and we
write ¢, n and in place of tas, nas. Fix n > 0 such that ¢ > 2n and let n < n be
the greatest integer such that nAt < 7. Then we write

ot + A1) = 9Pl = Z B T

n—1

_ B (i) — o(t)) o b ol(s) )
CT(l-a)4 - (/t] At(t — s) d /t (t_s)ad )

J

1 n tj+1 ‘P(tj+1) B go(tj) tit1 90/(5)
"Ti-a) ; </t Al —s) B /t m“) e

J

We estimate the two sums (multiplied by I'(1 — «)) in (24) separately.
For 0 < j < n — 1, use the integration by parts to get

bt g(s) (tjs1) (t;) T p(s)
J e [y it R A =

t— S)a (t — tj_,_l)a (t — tj t— S)a+1

_ p(ti) — o(t) Ta AR o(tjr) — @(S)ds
(t—t;) t (t—s)tt
Hence,
tir1 tit1 /
(i) — (ty) _/J ¢'(s)
/tj At —5) ds S S)ads (25)

)
= e(tjt) — o(ty) /Hl [( : N : ) }ds — O‘/tHl 2li) - gD(S)ds.

At t—s)*  (t—t;)~ (t — s)ot!

J

1 1 1
< <
t—S_t—tj_H_t—’f]

Observe that

for t; <s <t;;;. For the first term of (25), using the inequality t* —s* < (t —s)
for 0 < s <'t, we have the following estimate:
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e(tjr1) — () /:H [( r 1 ]ds

At t—s)e  (t—t;)

J s o ¢ - g0 — (¢ = )
S VR A o

- A —SO‘t—t]’)a

J

ds

JER $)lds gt (5 g0
: / (

= At st —ty)e

J+1 | ts

¢'(s)lds At) 1 i+

e o ar < e [T s
At (t=t;)(t=t41) (t=n)* 4

For the second term of (25), we have the following estimate:

[ZE ) _
a/ SD(tJ-I—l) SO(S)dS <a wcp(At) At < o w@(At) AL,
T N (I

J

where w,, is a modulus of continuity of . Thus,

Td—a) Z/tw At = s)(tj)ds N /:H (;{(?)ads

1 1 b+ w,(At)
Sr(l—a)%(t—m?a(“)/t s +ap e

1 1 N , o wy(At)
< R o 0" [ O+ g

Clearly, both terms converge to 0 as At — 0.

Now, we estimate the second sum in (24). We have

[ [

tj+1 ft]+1 "(T)dr — Aty'(s)

U p(ta) = e(ty) — At/ (s

- /t At(t — s)e Las ‘_ y At(t — s)@ ds
[P (r) - @'(s)ldr b

= /t At — 5)° (A1) /t STt

where w, is the modulus of continuity of ¢ on [n,t].

Summarizing these estimates, we conclude for At — 0

([ gt [ )
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Proof of Theorem 4.1. In order to apply the Barles-Souganidis’ convergence
result (see [4]), we define for (¢t,z) € Qr

u(t,x) = (limsup *uag) (¢, 2) and w(t,z) = (iminf *uag) (¢, x).

At—0+ At—0*
Note that, by definition, u(t,z) < wu(t,z). We claim that u, u are, respectively,
a viscosity subsolution and a viscosity supersolution of (1) such that w(0,z) <
u(0,z) for z € T? 1If the claim holds, then from Theorem 2.2 it follows that
u(t,r) < u(t,z) and therefore u = u = w is the unique viscosity solution of (1) in
Q7. Moreover, the definition of @, u implies the uniform convergence of {ua:}ar=o
to u.

To prove the claim, we first observe that (15) and the continuity of ug implies
that u = = ug(z) for z € T2. Clearly, by (12) we have u < uy < u. Moreover,
if (sat,yat) — (0,z) for At — 0, then define na; = [sar/At] and let ias, jar be
such that yar € ((iar — 1/2)h, (iae + 1/2)R] x ((Jar — 1/2)h, (jar + 1/2)h]. We
have

uAt(SAt7 yAt) = UﬂAt < UO + 2KP(2 — Q)(nAtAt)a

invine = Yiagiae
< wuo(x) + Lo|lz — (iath, jach)| + 2KT(2 — a)(naAt)?, (26)
where Ly is the Lipschitz constant of uy and
K =sup{lg(z,q)| : 2 € T% |q| < Lo}

Passing to the limit in (26) for At — 07 we get limsupa,_o uat(sar, yar) < uo(z),
which implies, because of the arbitrariness of the sequence (sa¢, ya¢), the inequa-
lity w(0, ) < ugp(z). We prove similarly that u(0,x) > ug(z).

The stability of the scheme (14), i.e. the boundedness of the sequence {uas}ai=o
bounded uniformly in At, is clearly implied by Proposition 3.5.

To prove the consistency of the scheme, we claim that, given a test function ¢
and a sequence (tay, Ta;) = (naAt, (iagh, jach)) converging to (t,x) € Qr for
At — 0, then we have

Jim DR, p(tar + Aty xar) + 5 (wat, by o(tar Tar), [(tats ) ianian)
= 07 p(t,z) + H(z, Do(t,x)),

(27)

where DX, p(tar + At,xa;) is defined as in (23). The previous claim follows by
Lemma 4.2 and by the equality

Al}:r—lgo S (xAta h7 @(tAb mAt)a [@(tAh ')]iAt,jAt) = H($’ D90<t? ZB)),

which is consequence of the assumptions (G2)—(G3) for the numerical Hamilto-
nian ¢g. Hence the claim (27) holds and we conclude that the scheme (14), besides
monotone, it is also stable and consistent with the continuous equation (1).

We now prove that, by the monotonicity, stability and consistency properties
of the scheme, it follows that w, u are, respectively, a viscosity subsolution and
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a viscosity supersolution of (1). We only show that @ is a subsolution, since
the argument for u is similar. First observe that the stability of the scheme
implies that the sequence {ua;}a¢=o is bounded and therefore @ is well defined.
Consider a test function ¢ such that w — ¢ takes a strict maximum point at
(t,#) € T?x(0,T). By Lemma V.16 in [3], there exists a sequence {(tas, Ta¢) } arso
such that ua; — ¢ has a maximum point at (fas, 2a¢), moreover (tag, xa¢) — (£, %)
and uas(tas, xae) — 1(t, &) for At — 0. Set 0ar = un(tarrar) — @(tas, £a;) and
observe that

un(t, ) < p(z,t) + oa Y(z,t) € T x (0,T). (28)
Let na; be such that na; + 1 = [ta;/At] and ia¢, jar such that
zar € ((iar — 1/2)h, (iae + 1/2)R] X ((Gar — 1/2)h, (Jar + 1/2)A].
Define ®7; = o(mAt, x;;), fori,j=1,...,1/h, m =0,...,[T'/At] and let w, be
a modulus of continuity for ¢ . By (28), we have

Uiy < @5 + 0, (29)

)]
for m =0,...,[T/At], i,j = 0,...,h. Hence, recalling that ua; is the piecewise
constant interpolation of the solution of (10) and the scheme can be rewritten in
the equivalent form (14), by (29), Proposition 3.4(i) and the monotonicity of the
scheme, we obtain

(I)?ﬁtt;;lt = p((nat + 1AL, (ias, jar)) < p(tas, Tar) + w(At + h)
= uat(tat, Tar) — oar + W(AL+ h) = U&Atszlt — dar +w(At + h)
= G (U )ipjar — Oat + W(AL +h) < G (P + 0at)in, ja, — Oat +w(At + h)
= G"2( Q)0 50 T WAL+ D).
Hence

Dip((nae + )AL, (iath, jach))
+ S ((iath, jach), h, o((nae + 1) AL, (iach, jach)), [e((nac + 1AL, )]ia, ja)
< w(At + h)

and, using the consistency of the scheme and ((na; + 1)At, (iath, jach)) — (£, 1),
we finally get

O¥p(t, #)+ H(z, Dp(t, 7)) < 0. O

Remark 4.3. Error estimates for the approximation of Hamilton-Jacobi equa-
tions with standard time derivative have been discussed by several authors (see
for example [5], [6]). We aim to investigate this point in the future.

5. Explicit solutions and numerical tests

In this section, we implement Lax-Friedrichs scheme to test the convergence of
the method. The problems we consider are in R? and therefore the convergence is
not guaranteed by the results of the previous sections, which are in the periodic
case.
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Nevertheless, as the next examples show, we obtain a correct approximation of
the exact viscosity solution of the problems.

5.1. Test 1

First, we consider the following Hamilton-Jacobi equation:

{ 9o + 122 — o, (t,z) € (0,00) x RY, (30)

up(z) = mln{(), |z|> — 1}, z € R

It is easy to verify that, if @ = 1, then the unique viscosity solution of (30) is

given by
(t,2) = min { 0 L
u ) = min — .
’ 142t

We claim that a solution of (30) for o € (0, 1) is given by
o (t, z) = min {0, |z f(¢) — 1} (31)

with f(¢) non-negative function to be determined. Replacing into the equation
(30) for |z| < 4/1/f(t) and taking into account the initial datum, we find that
the function f(¢) has to satisfy the fractional differential equation

opf(t) +2f(t)* =0,
f(0) = 1.

We check that (31) gives a viscosity solution of (30). Note that, since u, is
defined as the minimum of two solutions of the equation, by [9, Lemma 4.1] it is
a supersolution in R?. Moreover, for |x| # 1/+/f(t), u, is differentiable and the
equation is satisfied in point-wise sense (see [9, Prop. 2.10]), hence we only have
to check the viscosity subsolution condition at |z| = 1/4/f(t). Let ¢ be a test

function such that u, — ¢ has a maximum point at (¢,1/1/f(t)) (for the other
point we proceed in a similar way). Recalling (4) and, since

(32)

1 1 1 1
gp(t, %) — go(t - T, %) < ua(t, %) — ua(t -, w) for 7 <'t,
we see that ¢ has to satisfy
ol —res) = Hellt ) + Kool (b ) < el —os)
f(#) VI f(t) ft)
Oé 1 _ 1 6]
+ Ko, [ua (1, \/_)) O uq (1, \/m) = f<t>at f(t).

Moreover, 0 < Do(t,1/+/f < 2f(t)/+/f(t) and, therefore, substituting in
(30), we get

1

§|D<P(t,

1

) + W)F —3“f(t) +2f(t) =

oot N0

Lt
f(t)
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Nevertheless, to compute u,, we need to compute the function f. We look for a
solution of (32) in the form of a power series f(t) = >, f,t*". Replacing in
the equation (32) and observing that 9% = 0, we have

Z Fa0R 1™ + 2 Z Z FaFmt®™ = 0. (33)

n=0 m=0

A straightforward computation gives
atatom _ Bntoz(nfl)7

where 3, = I'(an + 1)/I'(a(n — 1) + 1). Replacing the previous identity in the
equation (33), we get

anﬁntan 2 +222fnfmtan+m = Y. (34)

n=0 m=0

Collecting the terms of the same order and recalling that, by the initial condition

( ) fo 1 we find

[ Bifi +2f2=0 — h= _21“(1:35—11—)1)
Bafo+ 2(fofi + fifo) =0 = fo =8t
Bsfs+2(fofo+ f£ + fofo) =0 = fy=-2(ft +2f2)£gzﬁ§,
L 'ﬁnfn+2zi+j:n_1 fzfj =0 — .fn: _% z’+j:n—1fifj'

From the previous relations, we can iteratively compute the coefficients of the
power series f(t) and we replace in (31). Note that for a = 1, we get the power
series of ;. As observed in [17, Section 6.2.3] where the problem (32) for
a = 1/2 is studied via power series expansion, finding the convergence interval
of (34) is not easy, but the series can be used for small values of t. Indeed we
numerically find that, for each a € (0, 1], there is a critical time T, for which the
power series f(t) converges if ¢ < T, and diverges if ¢ > T,,. The dependence of
T, on « is presented in Figure 5.1. Hence we use the representation formula (31),
with f given by (32), for the exact solution of (30) only for ¢t < T,. For t > T,,
the viscosity solution of (30), which is defined for any ¢, cannot be anymore
represented by means of (31) and we do not know if there is an alternative explicit
formula. Alternatively, we can calculate f by means of a numerical methods for

(32), but we do not pursue this approach here.

The numerical solution at t = 0.2 of (30) where a = 0.8 and d = 2 computed by
the Lax-Friedrichs scheme with A = 107!, At = 1073 and # = 1 — 2% is provided
in Fig. 5.2. We plot numerical solutions at ¢ = 0.2 for different values of « in
Fig. 5.1 (A) for d = 1. We observe the convergent behavior of the solutions as
a — 1. These solutions eventually converge to the solution of the classical case.
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Figure 5.1: Critical time for which the power series f(t) converges.
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Figure 5.3: (A) Numerical solutions at t = 0.2 for different values of a.
(B) Convergence test for t = 0.2.

For the convergence test, we use [* error defined by the maximum difference
between the exact and numerical solutions over all nodes. From Figure 5.1 (B),
we determine that the convergence for the Lax-Friedrichs scheme under the CFL
condition is linear.

5.2. Test 2
We consider the Hamilton-Jacobi equation of the form
{ 0fu+ |Du| =0, (t,z) € (0,00) x R?, (35)
ug(r) = —|z|?, r € Re

For a = 1, the unique viscosity solution of (35) is

u(t,r) = —(|z| + 1)
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For a = 1/2, we look for a solution in the form

w1 (t, ) = —|z|* 4+ vt — 28|x|t"/>. (36)

1
Computing the derivatives
x
Jz]

and replacing in the equation (35), we get

Dui(t,x) = —2(|x| + Btlﬂ)

1 27
and  Qfui(t,x) = ——=t — Blz|m
2 \/E

1
2

and therefore

Figure 5.4: (A) Initial condition of (35) for a = 0.8.
(B) Numerical solutions of (35) when o = 0.8 at ¢t = 0.2.

We observe that the previous formula defines a viscosity solution of the problem.
Indeed, for x # 0 and t > 0, u is differentiable and, since it is a solution in

point-wise sense, it is also a viscosity solution (see [9, Proposition 2.10]). For
r=0and ¢t >0, u 1 is not differentiable with respect to =, hence the equation

has to be verified in viscosity sense. Since u1 behaves as —|x| near x = 0, there
cannot exist a test function ¢ such that uL — ¢ has a minimum point at (¢,0),

hence the supersolution condition is automatically satisfied. Moreover, for any
test function ¢ such that u1 — ¢ has a maximum point at (¢, 0), recalling (4), we

see that ¢ has to satisfy

8§¢<t7 0) = J[(p] (tv 0) + K(O7t) [(10] (ta 0) < J[u ](tv 0) + K(07t) [u ](ta 0)

1 1
2 2

and |Do(t,0)| < 4/7/V/1.

Hence, also the subsolution condition at (¢,0) is satisfied.
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For a € (0,1), a similar computation gives that the solution of (35) is given by

1 2
o t - _ 2 _ t20¢ _ tOl .
valh 1) = =1l = reay e’

Figure 5.2 depicts the initial condition and the numerical solution at ¢ = 0.2 for
a = 0.8 obtained using the Lax-Friedrichs scheme in 2 dimensions. The parameter
0 is always chosen equal to 1 — 27*. The numerical solutions corresponding to
different values of «v are plotted in Figure 5.2 (A) for d = 1. We can see the same
convergent behavior of the solutions as &« — 1 as in the previous part. Moreover,
from the convergence test in Figure 5.2 (B), we observe that the convergence to
the exact solution is linear.

(A) (B)

102

= error

— o=0.6 \
=] 0=038 N 10-*
— o=1

== Initial condition

-20 -15 -10 -05 00 05 10 15 20 1072 10!
x h

Figure 5.5: Lax-Friedrichs scheme:
(A) Numerical solutions of (35) at ' = 0.2 for different values of .
(B) Convergence test for the fixed At = 1073,
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