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We study hypoelliptic mean-field games (MFG) that arise in stochastic control problems of
degenerate diffusions. Here, we consider MFGs with quadratic Hamiltonians and prove the
existence and uniqueness of solutions. Our main tool is the Hopf-Cole transform that converts
the MFG into an eigenvalue problem. We prove the existence of a principal eigenvalue and
a positive eigenfunction, which are then used to construct the unique solution to the original
MFG.
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1. Introduction

Mean-field games (MFGs) are mathematical models to study the behavior of large
populations of rational agents who seek to optimize a utility, identical for every
agent. MFGs were introduced in the mathematical community in [24], [25], and
[26], and, independently, in the engineering community in [22] and [23]. In this
paper, we consider hypoelliptic MFGs; that is, MFGs that arise in stochastic
control problems of degenerate diffusions.

Given a family of smooth vector fields on T¢, we consider the following differen-
tial operators. First, each smooth vector field, X = (X!, ..., X4): T — R is
identified with the differential operator

d
Xf:=Y X0, f

j=1
for f € C1(T9). The gradient, Dyu, the divergence, divy«, and the Laplacian,
Ayu, are
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!
Dyu = (Xju, LX) divesv = — Z(X’ +div X;)v;, Axu = divy-(Dyu),

=1

where div X; is the Euclidean divergence, divy« v, however, is the divergence with
respect to the family &A* of the dual differential operators, X7 . The operator
X7 = —X; —div X; is the dual of X; in the sense that [(X,u)v = [uX;v for all
u,v € CH(T?).

Here, we study the following problem.

Problem 1.1. Let d € N with d > 3 and let X = {Xy,...,X;} be a family of
smooth vector fields on T¢ with X;: T¢ — RY for 1 < i < 1. We consider, for
m € LYTY), a potential VIm](:): T¢ — R. Find (\,m,u) satisfying m > 0,
Jramdz =1, and
A+ Ayu — M = V[m|(z) in TY, (1)
Axm + divy-(mDyu) =0 in T
The prior problem arises in the analysis of a large population of agents. Each of
these agents controls a degenerate diffusion,

{ AV (t) = b(Y (t), a(t))ds + V2 (Y (t)) o AW (1),

Y(to) = X, (2)

where a € A, with A the set of all progressively measurable controls from [0, T to
R, b(x,a) = Yo', Xi(2)ay, o is a d x [ matrix, o(z) = (X;(z), ..., Xi(z)) € R™,
and (Y (t)) o dW(t) denotes Stratonovich integration. For given a € A, define

J(t,z;0) =K {/t (L(a(s)) + V(Y(s))) ds+g(Y(T))|,

where L(a) = 3]al®. In (1), the first equation is a Hamilton-Jacobi equation that
gives the value function, u, for an agent as

u(x,t) = OléIElJfA J(t, x; ).

The Hamiltonian, H, is given by H(x,p) = sup,ea{—p-b(x,a)—L(z,«a)}. Then,
because b(z, o) = 22:1 Xi(z)y, o(x) = (Xq(z),..., Xi(z)), and L(a) = lof®

2
applying It6’s lemma to (2) with standard assumptions, u solves

{—ut — Ayu+ M =V(x),
uw(T,x) = g(x).

Each agent seeks to minimize J. However, this cost depends on the distribution of
the remaining agents. The second equation, a Fokker-Planck equation, describes
the statistical distribution, m, of the agents. V encodes the spatial preferences
of the agents and couples the Hamilton-Jacobi equation with the Fokker-Planck
equation.
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A general theory of existence of solutions to MFGs that satisfy certain mono-
tonicity conditions was derived in [18] (and in [19] for MFGs with boundary con-
ditions). However, for particular MFGs, more precise statements can be made
concerning the regularity of solutions. In particular, MFGs with uniformly el-
liptic operators have been studied widely. Because of the well-known regularity
properties of the Laplacian, that part of the theory is currently well-established.
For example, the existence of classical solutions to MFGs was examined in [20],
[21], and [29].

The Hopf-Cole transformation has been explored and used for ergodic MFGs
extensively in [5], [6], [7], [9], and [14]. In particular, in the appendix of [5], the
authors proved the existence and the uniqueness of classical solutions to time-
dependent MFGs without any growth assumption but with the below bound on
the coupling. In the proof of Lemma 3.2 at the appendix, this below bound and
the first-order time derivative term were crucial to get the uniform bound of Du.
Hence, the method in [5] may fail to apply to stationary cases. However, it may
be possible to use this approach to time-dependent hypoelliptic MFGs associated
with infinite-horizon control problems. Through the Hopf-Cole transformation,
we obtain eigenvalue problems corresponding to appropriate ergodic problems.
The existence of classical solutions to ergodic MFGs was addressed in [8].

The hypoelliptic case, which is an intermediate case between uniformly elliptic
and general degenerate elliptic, is less well studied. This problem was addressed
in [13] for Hamiltonian with linear growth. However, hypoelliptic operators enjoy
more regularizing properties than general degenerate elliptic operators. Thus, in
this paper, we investigate a model where these properties, combined with certain
transformations, give the existence, regularity, and uniqueness of solutions. Be-
cause we use the Hopf-Cole transformation, our methods borrow techniques from
the theory of eigenvalue problems for non-linear elliptic equations. For instance,
in [28], the authors investigated eigenvalue problems with the standard Lapla-
cian and homogeneous Dirichlet or Neumann boundary conditions. They assumed
polynomial growth for the non-linearity, V' [m]; that is, V[m](z) = m(x)? where
q € (0,(2* —2)/2), which is similar to what is required here in Assumption AG.
Finally, concerning degenerate elliptic equations, the degenerate time-dependent
MFG was studied in [4]. The existence of solutions to Hamilton-Jacobi equa-
tions in Carnot groups was explained in [1]. The authors assumed only convexity
and coercivity for the Hamiltonian. Homogenization problems in the Heisenberg
group were examined in [11] and [12].

The following two theorems describe our main results. The first theorem concerns
the local interaction case (when Assumption A4 holds, cf. Section 3) and the
second the non-local case (when Assumptions A7-A8 hold, cf. Section 3).

Theorem 1.2. Assume that Assumptions A1-A6 hold, i.e., Vm](z) = V(m(z)).
Then, there exists a unique solution (A\,m,u) € R x C®(T¢) x C°°(T%) to Prob-
lem 1.1.
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Theorem 1.3. Assume that Assumptions A1-A3 and A7T-A8 hold; that is, V is
non local. Then, there exists a unique solution (A, m,u) € R x C%(T%) x C%(T?)
to Problem 1.1.

The solution is unique here as well because V' is monotone, see e.g. [13, Theo-
rem 4.2].

The analysis of both cases relies on the Hopf-Cole transform, (u = 2logw). Then,
we have
Axw  2[Dyw| |[Dyu*  2|Drw|

Ayu =2
xU w w? 2 w?

Hence, applying the Hopf-Cole transform to the first equation in (1), we get the
following eigenvalue problem:

1 1
§V[m]w — Ayw = iAw,

which by redefining V', to simplify the notation, becomes
Vimw — Ayw = M in T (3)

We split the analysis of this eigenvalue problem into three cases. First, in Sec-
tion 4, we establish preliminary results by considering the m—independent case.
In particular, we give conditions for the existence of a unique principal eigen-
value and corresponding positive eigenfunction. Next, in Section 5, we analyze
the MFG case. In the local case, addressed in Section 5.1, we rely on variational
methods. In the non-local case, addressed in Section 5.2, we rely on Schaefer’s
fixed-point theorem.

2. Preliminaries

In this section, we introduce some key definitions and explain the notation used
throughout this paper. In particular, we define Holder and Sobolev spaces with
respect to a family of vector fields. Then, we examine various embedding results
that extend those for standard Holder and Sobolev spaces.

Given two vector fields, X and Y, their commutator (or, Lie bracket), |-, -], is the
vector field .
X,Y]=XY -vYX =Y (Xﬂ'Y;j - Yng)azi. (4)
ij=1

Definition 2.1. The Lie algebra, L( X1, ..., X)), generated by a family, X7, ..., X,
of smooth vector fields endowed with the commutator, |-, -], in (4) is the smallest
subspace of C*°(T9, R?) that is closed under commutation and contains X7, ..., X;.

Remark 2.2. From the preceding definition, we gather that the Lie algebra is
the span of
Xl;---aXl7[Xi7Xj]7[Xi7 [Xjan]]7 ’ (5)

the iterated commutators of the family of vector fields X, ..., X;.
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The length of an iterated commutator is the minimal number of distinct vector
fields needed for its definition/computation. In particular, vector fields are iter-
ated commutators of length one, the “usual” commutator [X;, X5] is an iterated
commutator of length 2, [[X;, X5], X3] is an iterated commutator of length 3,
[[[X1, Xa], X35], X4] are [[X1, Xs], [X3, X4]] are iterated commutators of length 4,
and [[X1, [Xa, X3]], [X4, X5]] is an iterated commutator of length 5, for example.
This definition can be formalized rigorously (see [16], [17]) and corresponds to
the intuitive notions of “iterated commutator” and its “length” outlined here.

The standard Fuclidean divergence of a vector field, Y, is
d
divy =Y "0, Y7
j=1

A family X = {X1, ..., X;} of smooth vector fields on T? satisfies the Hirmander
condition if

L(Xy,...,X))(z) =TT =R? for x € T

where T, T¢ denotes the tangent space at x € T¢. The step of the Hormander
condition at = € T?, s(z), is

s(z) = inf {T € N: there exist B = {B;}]. iterated Lie brackets s.t.
Length(B) < r and Span (B;(X)(2), ..., Bo(X)(z)) = T,T = Rd}.

Since the dimension of the tangent space is d we may take n = d above.

Remark 2.3. By Remark 2.2, for each x € T, if (By(x), ..., B,(z)) spans R¢,
then any vector in R? is a finite linear combination of (5). Therefore, s(z) is
finite.

Since X is a family of smooth vector fields, for each x € T?, there exists a
neighborhood O(x) such that Length(B) is constant in O(x). Thus, because T4
is compact and s(z) is upper semi-continuous, the Hérmander step

s = sup s(z) (6)

z€Td
is finite. Through this paper, we suppose that s > 2.
Example 2.4. Consider the local coordinates (x1,z,23) in T® and assume
X = cos(2mx3)0;, + sin(2mw3)0,,, Xo = O, Then,
(X1, Xo| = X1 X — Xo Xy = —27sin(27x3)0,, + 27 cos(2mx3)0,, .-

Thus, X := {X;, X5} satisfies the Hérmander condition. Also, s(x) = s = 2 for
any x € T3.
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For given a family of smooth vector fields, X = {X1, ..., X;}, on T¢, an absolutely
continuous curve 7y: [0, 7] — T is horizontal if there exists a measurable function
a: [0,T] — R! such that

A(t) = Zai(t)Xi(’y(t)), a.e. t € (0,7).

T l
The length of a horizontal curve is () = / Z a(t) dt.
0 i=1

The Carnot-Carathéodory distance associated to X, X (-,-), between z,y € T? is
X(z,y) = inf {l('y): v is a horizontal curve connecting x with y }
From Proposition 1.1 in [27], there exist constants, C; and Cy, such that

(7)

Cilr —y| < X(z,y) < Colz —y

where s is the Hormander step in (6).

Next, we introduce the Hélder and Sobolev spaces with respect to X (see [13]).
For k € Z, and « € (0, 1), let

J _vJ
CY(T?) = ¢ u e L>(T%): sup | X u(z) = X u(y)|

z,yeT? X(SL‘, y)a
TFy

< oo,VJGZﬂr,Ul <k

Because of (7), we have Co (T ¢ C%¥(TY) ¢ %5 (T9). (8)

Also, we have the following embedding theorem.

Proposition 2.5. Forany 1 <k <oo and 0 < a <1, we have
Cf\,k’a(Td> SN Ck,a/s(v]rd).

Proof. See Lemma 2.1 in [34]. O

For k€ Z, and 1 < p < o0, let
WEP(TY) = {u € L(T%): X7u € LP(T%),VJ € Z!,,|J| < k},
and HE(TY) = WE2(TY).

WEP(T9) is a Banach space with the norm

e = (Y [

| X ulP dx)'/P
VR

(see Theorem 1 of Section 2 in [33]).



E. Feleqi et al. / Hypoelliptic Mean Field Games ... 311
dp
If d > kp/s, let fom — 2 9

This exponent plays the role of the Sobolev conjugate exponent for the spaces
Wi’p (T?). For s > 2, p* is smaller than the Sobolev conjugate exponent, but it
plays a similar role in the following embedding theorems. The first result is the
analog of Sobolev’s theorem and gives the continuous injection of W/];’p (T?) in
LP(T%).

Proposition 2.6. Fiz p € (1,00) and let p* be as in (9). If d > kp/s, then we
have WEP(T4) — L¥(T4).

Proof. See Theorem 3 of Section 2 in [33]. O
The second result gives the embedding of the Sobolev space associated with X
in the standard Sobolev space.

Proposition 2.7. Let s be as in (6). For any p € [1,00), we have
WEP(TY) — WHsP(T?).

Proof. See Theorem 13 in [31]. O

The third result is the analog of Rellich-Kondrachov compactness theorem.
Proposition 2.8. Fizp€[l,00). If d>kp/s, then, for every q€[1,p*), we have
WP (T4) e LI(TY).

Proof. From Proposition 2.7 and Corollary 7.2 in [10], for ¢ € [1,p*), we obtain
WhP(T?) e LI(TY). O

3. Assumptions

To prove our main result, we work under the following assumptions on X and
V. The first two assumptions concern the Hérmander condition and impose a
symmetry condition for X.

Assumption Al. X = {Xy,..., X;} satisfies the Hormander condition; that is,
L(X(x),..., X)(z)) = T,T¢ = RY Vz € T,

where L(X;(z),..., X;(z)) denotes the Lie algebra induced by the given vector
fields and 7, T¢ denotes the tangent space at = € T

Assumption A2. X = {Xy,..., X} is symmetric; that is, div.X; = 0 for i =
1,...,1. Therefore, divy = —divy.

Example 3.1. For X given by Example 2.4, since div X; = divXs; = 0, As-
sumptions A1-A2 hold.

The next assumptions concern monotonicity, regularity, and growth of the po-
tential, V.
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Assumption A3. V is monotone, that is, for mi,my € L'(T?) such that
mi, Mo 2 0,

/]I‘d<V[m1] - V[mg])(ml _ m2) dz 2 0.

Assumption A4. V islocal, i.e., V[m](z) = V(m(z)) and V(-) € C=((0, +0)).

Assumption A5. For V as in Assumption A4, let G(u) = [tV (t*) dt. There
exits a constant, o € (0, 2], such that

Assumption A5 implies the following.

Lemma 3.2. Let G be as in Assumption A5. Then, G is even.

Proof. By the change of variables formula, we have

G(—u)—/outV(tZ)dt—/OusV(sz)ds—G(u),

Thus, G is even. O

Remark 3.3. Assumption A5 is equivalent to this statement: there is a constant
C such that, for every w € R, G(w) > —=C(Jw|” + 1).

2d
d—2/s
Assumption A4 and for some 3 € (0, min{ (2% — 1)/2,2%/sd}), V satisfies

Assumption A6. If d > 2/s, let 27 = > 2.  Then, V is local as in

V() <C(|t)P +1) vt e R].

Remark 3.4. Let w € H(T%) and suppose that Assumption A6 holds. Then,
Proposition 2.6 gives that

off
wVw?] € L@ (TY), where 2/(26 4+ 1) > 1.

Assumption A7. The map u — V[u?] from H%L(T9) to L>(T?) is bounded
and continuous in the following sense: for any sequence (u,) C H%(T?) and any
u € H(T9), we have, for some p > (2¢/2)":

u, = uin Hy(TY = V[ul] = V[u?] in LP(TY). (10)
Assumption A8. Let V be as in Assumption A7. For all u € H3(T?), we have
V[u? € C>=(T?).

The preceding assumptions are not the only possible ones for the existence of a
solution. For example, in section 5.3, we show that we can replace Assumptions
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A3-A6 by the following two assumptions and still establish the existence of a
solution (Theorem 5.6).

Assumption A9. V[] is given by V[m](z) = W (z, m(x)) for all m € Wy'(T%),
x € T4, where W: T¢ x Rf — R is continuous and satisfies the growth condition

—C(m"+1) <W(x,m) <M Ve e T m>0

for some M,C >0 and 0 < r < 1. Also, for some p > (2¢/2)’, V satisfies (10).

Example 3.5. Let Vi[m] and V2[m] be such that Vi[m](z) = 1 — H#(x) and
Vo[m](x) = ¢ * ¢ * m(x), where ¢ € C®(RY) with ¢ > 0 and ¢ is even. Then,

Vi[m] satisfies Assumptions A3-A6 and A9, and V;[m] satisfies A7-AS.

4. Existence of solutions to the eigenvalue problem

Here, we investigate the eigenvalue problem corresponding to the Hamilton-Jacobi
equation in (1). In this section, we consider the case where V' is independent of
m; that is, Vm](z) = f(z) € C%*(T?). As we showed in (3), using the Hopf-Cole
transform, u = 2logw, i.e., w = exp(u/2), the first equation becomes

fw — Aryw = dw. (11)

If m = w?, then, m solves the second equation in (1). Because (11) is linear, if w
solves (11), then, for any constant ¢, cw is also a solution. Hence, we can assume
that [p, w®dz = 1. Since we need to invert the Hopf-Cole transformation, we
want to find w > 0 and a constant A\ such that

_ _ T
{ fw—Ayw =X w in T, (12)

de w?dr = 1.

Inspired by the discussion in Section 6.5.1 in [15], we prove the following propo-
sition.

Proposition 4.1. Suppose that Assumptions A1-A2 hold and that f € C%Q(Td)
with f(x) > 0 for all x € T¢. Then, S := (f — Ax)~! is a bounded, linear, and
compact operator from L*(T?) to L*(T¢). Moreover, S is symmetric.

Proof. Because f € C%%(T%), we can define a bilinear form
Bl )i HY(T) x HY(TY) - R
by Bluy, vg] == / (f(z)viva + Dxvy - Dyvs) d.
Td

Then, there exist constants C;,Cy > 0 such that, for all v;,v, € HL(T?), we
have | Blvy, vo]| < Ci|v1l gy ra)|v2]| gy (rey and furthermore, because f > 0 in T<,

B[’Ul, Ul] Z C2H'U1||§{%((Td)'
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Fix h € L*(T%). Consider the functional, h, given by
<ﬁ,v> = / h(z)v(z)dr for ve Hy(TY).
Td

Using Holder’s inequality, we obtain |<ﬁ,v>| < ||l c2crayllvliz2erey < Cllvll gy ra)-
Therefore, by Lax-Milgram theorem, there exists u € H.(T¢) such that

Blu,v] = <iL,U> for v e Hy (T, (13)
that is, u is a weak solution to fu — Axu = h.

Next, we define a map S: L*(T?) — HY(T?) as Sh = (f — Ax)"'h = u. For
hi, hy € L2(T9), there exist uy, uy € H%(T?) such that

f’LLi — A;gui = hi, 1= 1, 2.
Clearly S is linear. Moreover,

OQHUHJ%I}((?N) < [Blu,u]| = |<h,u>| < ”h”L?(Td)HuHH}((Tdy

Proposition 2.8, HL(T¢) is compactly embedded in L?(T?). Therefore, S is a
compact mapping from L?(T?) into itself.

Next, fix hy,hy € L*(T?) and let u,us € H%(T?) be solutions to (13) corre-
sponding to h; and hs respectively. Then, because of Assumption A2, we obtain
(Ax)* = Ay and Blu,v] = Blv,u]. Thus, we have

<h1,Sh2> = <h1,U2> = B[ulyu2]7 <Shlah2> = <h2,U,1> = B[u%ul]a
from which we get the identity (Shy, ho) = (h1, Sha). O

Therefore, |[Shllpyray = [[ullgymey < FlIPllL2rs). Thus, S is bounded. By

Remark 4.2. In Proposition 4.1, we can relax the condition of f such as only
f € C%*(T9). In fact, there exists a constant, C, such that f(x)+ C > 0 for all
x € T¢. Thus, we can apply Proposition 4.1 to the following:

(f+Cw—Ayw=(A+Cw in T

Proposition 4.3. Assume that Assumptions A1-A2 hold and let L = (f — Ax).
Then, each eigenvalue X of L is real and has finite geometric multiplicity, that is,
finite-dimensional eigenspace. Moreover, sorting these eigenvalues in increasing
order, repeating each of them according to its finite geometric multiplicity, we
obtain a sequence {\;}32, such that

—OO</\1§)\2§/\3§...,

with \; — 0o as 1 — oo. Actually, there exists an orthonormal basis of L*(Q)
consisting of eigenvectors of L.

Proof. The statement follows from Theorem 1 in Section 6.5.1 of [15]. O
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Definition 4.4. Let \; be as in Proposition 4.3. Then, we call A\; the principal
eigenvalue.

By a similar argument to the one in Section 6.5.1 in [15], we prove the following.

Proposition 4.5. Assume that Assumptions A1-A2 hold and that f € ngo‘(’]l‘d).
Then, the principal eigenvalue of —Ax + f is simple and has a positive eigen-
function. In other words, there exists a unique pair (\,w) € R x HL(T) such
that w > 0 and (12) holds (the PDE in (12) holds in weak sense).

We recall that an eigenvalue of a linear operator is simple if the corresponding
eigenspace is one-dimensional; that is, if any two corresponding eigenvectors are
multiples of each other. Thus, the smallest eigenvalue of —Ay + f, that is, its
principal eigenvalue, is simple and has a positive eigenfunction.

Proof. From Theorem 1 in Section 2 of [33], for 1 < p < oo, WEP(T?) is sep-
arable. Furthermore, L?*(T¢) is separable. Therefore, by Proposition 4.1 and
Theorem 7 in Appendix D of [15], there exists a countable orthonormal basis
of L*(T%) consisting of eigenvectors of S. Since dim(L?(T?)) = oo, the number
of the eigenvalues {u,} is infinite. Fix h € L*(T?), let u solve (13), and let
S = (f — Ax)"!. From Remark 4.2, we can assume that f is positive in T
Then, for some constant C' > 0, we have

<Sh, h> = <u, h> = Blu,u] > C||u||§{§{(w) >0,

from which we conclude that the real parts of {u,} are nonnegative. Then,
applying Theorem 6 from Appendix D in [15], {u,}22, are real, positive, and
converge to 0. Thus, we can assume that p; > p;4q for all ¢ € N. Therefore, the
principal eigenvalue is \; = 1/uy. In weak sense, the corresponding eigenvector
u; satisfies

fu1 — AXul = >\1U1.

Because u; # 0, we can set wy := uy/||u1||r2(ray. Then, w, satisfies
Blwy, un] = )\1Hw1H2Lz(Td) = A1

Finally, we want to show that w, is positive. Let ¢; and ¢y be

c1 ::/ (w)?dz, and ¢, ::/ (wy)? du.
Td Td

Because wi € H(T?), we have Blw],w;] = 0. Therefore, because ¢; + ¢y = 1,
we obtain

A1 = Blwy,w,| = Blw], wy ]+ Blwy ,w;]
> M Jlwi (|22 pay + Mllwt 17200y = (e1 + )M = Au.
Consequently, the above inequality is an equality and, thus, we have

Blwf, wi] = Mllwfl[7eay, Blwy, wr] = Mllwr [Zzea).
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Since f € CY*(T%), by Proposition 1.1 in [2], the weak solution w, € HL(T?) is
in C%%(T%). Moreover, we have

fw — Axw] = Mw] > 0.

Therefore, applying Bony’s strong maximum principle (see Theorem 1.1 in [32]),
we have either w;” > 0 in T? (and, hence, w; = 0) or —w; < 0 in T¢ (and, hence,
wy =0). Let w =w; if w >0 or set w = wy if wy > 0. Then, (A, w) satisfies
(12) and w is positive.

For uniqueness, assume that w and w are two nontrivial positive weak solutions
0 (12). Then, since de wdz, de wdx # 0, there exists C' € R such that

/ (w—Cw)dxr = 0. (14)

Because the first equation of (12) is linear, w* := (w — Cw) satisfies
fw" — Aryw® = \w*.

Hence, by the same argument for wy,w;, and wy, (w — Cw) is positive, or
negative, or vanishes identically. Consequently, due to (14), we have w—Cw = 0.
Therefore, because ||w|7,ga) = [|@0]72za) = 1 and both are positive, we have

w = W, from which (A, w) is unique. ]
Corollary 4.6. Suppose that Assumptions A1-A2 hold and that [ € nga('ﬂ‘d).

Then, there exist a principal eigenvalue N\ € R and a positive eigenvector w €
HL(TY) such that (\,w) satisfies (12) in weak sense.

Proof. Because f € C3*(T9), f is bounded from below. Thus, there exists a
constant, C' > 0, such that f(x) + C' > 0. Then, we consider the following
equation:

(f + C)w = Axw = (A + C)w, (15)
which is equivalent to (11). Therefore, applying Proposition 4.5 to (15), we obtain
the result. ]

5. Mean-field games

Now, we revisit Problem 1.1. We consider two cases: V is a local operator, in
Subsection 5.1 or V is a non-local operator, in Subsection 5.2. As before, we
consider the eigenvalue problem with the non-linear term.

5.1. Local case

First, we consider the local case; that is, when Assumption A4 holds. To prove
the existence and uniqueness of solutions to Problem 1.1, we use a variational
method. By applying the Hopf-Cole transform, u = 2logw, to the first equation
of (1) and letting m = w?, we obtain the following equation:

wV (w?) — Ayw = Aw. (16)
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Let B = {v € Hy(T%: /

Td

vide = 1},

and let G be as in Assumption A5. We consider the following variational problem:

: . 1 2
11}22 J(v) = ilelzfs’ /Td (§|va| + G(v)) dz, (17)

whose Euler-Lagrange equation is (16).

Proposition 5.1. Suppose that Assumptions A1-A2 and A4-A5 hold. Then,
there exists a minimizer, w € B, of J; that is, w € B such that

J(w) = inf J(v).

veEB

Proof. First, we claim that, for any v € B, J(v) is bounded from below. This
claim follows from Assumption A5, because

inf J(v) > / G(v)dx > —C’/ (Jvf* + 1) dz = —2C.
B Td Td

Let {v,}>°, be a minimizing sequence in B. Thus, {J(v,)}°; is bounded, and,
therefore,

1 1
/ §\van]2 de —2C < / <§]van\2 + G(vn)> dz < sup J(v,) < 0.
Td Td n

Because ||v,|z2ray = 1, {va}22, is bounded in H(T?¢). Because H}(T?) is
reflexive, there exists a subsequence {v,,}52, and w € H}(T?) such that
Un, = w in Hy(T?).
By Proposition 2.8, extracting a subsequence if necessary, we have
Up, = w in L*(T?) and / w?dr =1, (18)
Td

from which we gather that w € B. In particular, extracting a subsequence again,
U, (2) converges to w(x) for a.e. x € T%. Consequently,

lim G(vy, (7)) = G(w(x)) forae. x€ T

J]—00

Applying Proposition 2.8 again, (G(vn)+0(|vn|2+1)) is non-negative. Therefore,
combining Fatou’s lemma with (18), we have

liminf/ (G(vn,) + C(lw* + 1)) dz = liminf/ (G(vn,) + C(|on,|* + 1)) da
T4 T4

J—00 J—00

> /Td (G(w) + C(lwf* + 1)) dz.
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Consequently, liminf/ G(vnj)de/ G(w) dz. (19)
Td

J—o0 Td
Therefore, because v — [, |D,v|* dz is lower semi-continuous, by (19), we have
J(w) < liminf J(v,;) = inf J(v). O
J—00 J veEB

Corollary 5.2. Suppose that Assumptions A1-A2 and A4—-Ab5 hold and let w be
a minimizer of J as in Proposition 5.1. Then, |w| is also a minimizer of J.

Proof. For v € H}(T?), we have |[v| € HY(T?). If v € B, then [||v|||r2re) =
|v]|L2(ray = 1; that is, |w| € B. Moreover, by Lemma 3.2, we have

J(w) = J(Jw)),
from which follows that |w| is also a minimizer of (17). O

From Corollary 5.2, we can assume that the minimizer w of (17) is non-negative.
Next, we verify that w is a weak solution to (16).

Theorem 5.3. Assume that Assumptions A1-A2 and A4-Ab hold and let w be
a non-negative minimizer of (17). Then, there exists A € R such that w satisfies
(16) in weak sense.

Proof. Fix ¢ € H(T?) and let § = 2¢/(2a+1). By Proposition 2.6, there exists
q < 2f such that % + %. = 1. By Remark 3.4 and Holder inequality, we have

[ 1oViwllielde < oV ol ellsges < o
T

Therefore, wV [w?|¢ € L*(T?). Following the proof of Theorem 2 in Section 8.4.1
of [15], we verify that there exists A\; € R such that, for all ¢ € H%(T?), we have

/ (Dxw - Dy +wV[w?)p) dr = /\/ wep dz.
Td

Td

Fix ¢ € H%L(T?) and let w be a minimizer given by Proposition 5.1. Because
|wlr2¢pey = 1, we have w # 0 a.e. in T Then, we select v € Hy(T%) with

/ wv dz # 0. (20)
Td
For (11,72) € R?, let £(1,72) be &(1,72) i= ||w+ 710 + 7'2v||%2(Td) — 1.

Note that £(0,0) = HwH%Q(Td) —1=0. Since £ € C*(R?), we have

0.

_£ (11, 72) = / (w+ T + Tv)pdr, (21)
8’7’1 Td

23

— (1, 72) = (w + T + Tv)vde. (22)
87'2 Td
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9¢
o7

Hence, by the implicit function theorem, there exist 75 > 0 and a C' function
h: R — R such that for all |7| < 7,

According to (20), we have —=(0,0) # 0.

h(0) =0, &(1,h(1))=0. (23)
0§ o8 oy
Hence, 871( Jh(T)) + 8_72(7— ,h(T))RW (1) = 0.

Thus, from (21) and (22), we get

de wp dx

h(0) = — .
(0) Jpa wv dz

(24)

Now, for |7| < 79, we set v(7) := 7 + h(7)v and define i(-) € C*([—7o, T0]) as
i(1) == Jw + v(1)].
Because of (23), we obtain [|w + v(7)|[3, ray = 1 and w + v(7) € B. Therefore,

i(-) has a minimum at 0; that is,

0=14(0) :/ [DXw - Dy +wVw?e + W (0)(Dyw - Dyv +wV[w?]v)|dz.  (25)

Td
Lot \ Jpa Dxw - Dyv + wV [w?|v dz
Jpa wo dz
Applying (24) into (25), we have
/ (Dxw-Dyp+wVw?]p)dr = )\/ we dz. O
Td Td

Proposition 5.4. Assume that Assumptions A1-A2 and A4—-A6 hold. Letw € B
be a weak solution to (16). Then, w € C*°(TY).

Proof. From Remark 3.4, we have wV [w?] € L¥/ZF+D(T4). Set gy := 2¢/(28+1).
In addition, w satisfies —Arw = Mw — wV (w?) € LP(T?).
Thus, from Theorem 16 in [31], we have w € W% (T¢). Applying Proposition 2.6,

w € L9 (Td , where qjj = b __ TFor k > 0, define ¢, inductively by
0™ d—2qo/s

2 _ dqy
26+1  (d—2qx/s)(26+1)

dk+1 =

Then, because o < %, we obtain ¢ > qo, wV[w? € L9(T9).
Also, w satisfies —Axyw = Aw — wV (w?) € L9 (T?).
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Because of Theorem 16 in [31] again, we get w € W% (T?). Using a boot-
strapping argument for the regularity of w, there exists ¢ > sd/2 such that
w € W(T?). In fact, when a < 2%/sd, we have

= 4o > go; that is d >1
T A= 2q/s)25+1) ~ " (d—2q0/5)(26+ 1)

Define r(q) = d/((d — 2qo/s)(26 + 1)). Since r(q) is increasing for ¢ < sd/2,
we get r(q1) > r(q) > 1 and, iterating, ¢ is increasing. Moreover, because
1 < r(qo), there exits k* such that

. sd
Qe = (@ —1)qr—1 > 7(q0) -1 > 7(q0)" qo > o

Therefore, w € W% (T4). By Proposition 2.7, we have w € W?¥%*(T%). By
the inclusion in (8) and according to Theorem 8.2 in [10], we get w € C%(T9)
for some 0 < § < 1. When w € C%(T%). Then, because w is bounded and V/
is smooth, wV[w? € C%(T?). Hence, for w € C%°(T4), repeating Theorem 3.3
and 3.4 in [35], we have w € C%°(T?). Then, we obtain wV[w? € C%°(T%).
According to Theorem 2.1 in [3], we get w € Cfgé('ﬂ‘d). Consequently, applying
the bootstrap argument again, we prove that, for any k, w € C’ﬁgé(Td). Thus, by
Proposition 2.5, for any k, we have w € C*(T4). ]

Proof of Theorem 1.2. From Theorem 5.3, there exists (A, w) € R x H(T9)
such that w is non-negative and (A, w) is a weak solution to (16). By Propo-
sition 5.4, w € C°°(T?). Therefore, applying the strong maximum principle,

w is positive. Hence, if we set u = 2logw and m = w?, then, (\,m,u) €
R x C°°(T?) x C*(T?) solves Problem 1.1. From the monotonicity in Assump-
tion A3, (\,m,u) is unique. ]

5.2. Non-local case

Next, we consider the non-local case. In this case, we use the Schaefer’s fixed-
point theorem to obtain the existence and uniqueness of a solution to Problem 1.1.

Theorem 5.5. Assume that the Assumptions A1-A2 and A7 hold. Then, the
problem

—Axw 4+ w = wVw?] in T?

/w2d1::1, w >0
Td

has a solution (A\,w) € R x HZ(T?).

(26)

Proof. The proof relies on a fixed-point argument. We introduce the map

®: HYy(TY 3 u s ®fu] :=w € Hy(T?),
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where w is the solution of the linear eigenvalue problem

—Axyw + A w = wV[u?]
/ w?dr = 1, w>0
Td

for the principal (that is, the smallest) eigenvalue —\ of the symmetric linear
operator with compact resolvent —Ay — V[u?]. From Section 4, the principal
eigenvalue of such an operator is real, simple; that is, it has a one-dimensional
eigenspace generated by an eigenfunction w > 0. In particular, that eigenfunc-
tion, w, is unique under the additional normalization conditions de w?dr = 1.
Thus, the map ® is well-defined.

Next, we show that ® is continuous and compact. Let u, — u in H%(T9). Let
w, = ®lu,]. Let (—A,,w,) and (—A,w) be the principal eigenvalue and the

eigenfunction of the operators —Ay — V[u2] and —Ay — V[u?], respectively.

Since, by Assumption A7, V' is bounded, let M > 0 be such that
IV [u]flee < M (27)

for all u € HL(T). For the test function w, € HL.(T?),
| Dyw,|? dz + )\n/ w? dr = / w2V [u?] dx . (28)
Td Td Td

To find a lower bound for A,, we use the characterization of the principal eigen-
value of a symmetric operator with compact resolvent as the minimizer of Rayleigh-
Ritz quotient; that is,

—A\p = min _Blo,¢] (29)

o}, (14620 || Ol 72 pa)”
where Blo,¢] = / (Do — V[u2]¢?) du.
'ﬂ*d

Using the test function ¢ = 1 in (29), we conclude that
A, <M Vn € N.

About the above bound, by (27), and recalling that by the definition of ®,
JpawZdr =1, we have A\, < M. Thus, {\,}, C [-M, M].

By Theorem 16 in [31], we infer that w, € H%(T?) for all n € N and that there
is some constant C' depending only on the vector fields X such that

“wnHHE((Td) <C Han[ui] - )\nunHLQ(Td) <C (M =+ sup ||un||L2(’J1‘d)) .

Thus, {w,}, is bounded in H%(T?). Rellich-Kondrachov’s theorem (see [31] and
[10]) implies that H%(T?) is compactly embedded into H%(T?). Additionally, the
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Bolzano-Weierstrass theorem gives that [—M, M] is compactly embedded into R.
Combining these two results, we infer that up to a subsequence, we have

A=A inR  and  w, & w in Hy(T9)

for some A\ € R and w € H%(T%). Taking also into account (10) in Assumption
A7, for any test function ¢, we can pass to the limit in

D,’\(wn . DXgOdl’ + /\n/

wyp dr = / w, V[uZ]e dx
Td Td

Td

as n — oo and, therefore, find that

DXw-DXgodx+)\/

Td

we dr = /d wV[u?]pdz .
T

Td

Because the prior identity holds for any arbitrary test function ¢ € H3.(T?),
this means that (—\,w) is an eigenvalue-eigenfunction pair of —Ay — V[u?].
The eigenvalue —A\ is the principal eigenvalue because in the limit w > 0, while
as the eigenfunctions corresponding to other eigenvalues must change sign due
to orthogonality. Therefore, ®[u] = w. Consequently, ® is continuous. Since
O(HL(T?) c HZ(TY) and H2(T?) is compactly embedded into HL(T?), we
conclude that @ is also compact.

Lastly, we show that the set of fixed points of the maps {s®}¢<s<1 is bounded in
HL(T%). For that, let u € H%(T?) be such that u = s®[u] for some 0 < s < 1.
This means that

— Ayu+ Au = uV[u?]

/ u2da::52, u >0
Td

in weak sense for a suitable A € R. If s =0, u = 0. So, let s > 0. Since u > 0,
u # 0, —\ is actually the principal eigenvalue of —Ay — V[u?]. Therefore, \ is
estimated in the same way as above. More precisely, from (28) with [|[u||, (Ta) =

52, we have

$2A\ < A/ w?dr < / w?Vu?]de < s*M.
Td Td

Thus, A < M. For a bound from below, using the Rayleigh-Ritz quotient, we
obtain —\ < M.

Hence, we find that A\ € [-M, M]. Next, by taking u € H%(T?) as test function
we have the estimate

/ |Dyul?dr < |)\|/ u? d$+/ WV [u?]| de < s*(|\| + M) < 2M .
T Td Td

Using [qu® de = s* < 1 again, we find that |Jul| g1 ey < V2M + 1.
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As we see, this constant is independent of u € H%(T¢) and s. Therefore, applying
Schaefer’s fixed-point theorem (see Theorem 4 in Section 9.2.2 in [15]), we con-
clude that ® has a fixed point, w; that is, there is a solution (\,w) € R x H%(T%)
of (26) with w > 0. Because wV [w? € L?(T¢), by Theorem 16 in [31], we have
w € H3(TY). O

Proof of Theorem 1.3. From Theorem 5.5, there exists (A, w) € R x H%(T9)

such that w is a weak solution to (26). Because of Assumption A8, for any

1 =1,...,d, we have
0
8xi

Consequently, wV [w? € HL(T?). Thus, by Theorem 16 in [31] again, we have
w € H3(T?). Using a bootstrapping argument similar to the one in the proof
of Proposition 5.4 and applying Theorem 8.2 in [10], we obtain w € C%(T%).
Hence, by the strong maximum principle in [32], we conclude that w is positive.
If we set u = 2logw € C%(T9) and m = w? € C%(T9), then, (\,m,u) € R x
C%(T9) x C%(T9) is a weak solution to Problem 1.1. By Assumption A3, (A, m, u)
is unique. [

(wV[w?]) = wy, V[w?] + w(Vw?),, € L*(T%).

5.3. Final remarks

Finally, applying Theorem 5.5, we show a different approach to prove the existence
of weak solutions to (26) in the case of a local potential.

Theorem 5.6. Assume that Assumptions A1-A2 and A9 hold. Then (26) has a
solution (\,w) € Rx]H2(T?). Moreover, w > 0.

Proof. We consider the following truncations Wy of W:
Wy := max{W,—N} VN e N,
and set Vy[u?](x) = Wy (z,u*(z)).

Clearly —N < Vy < M. Vy satisfy all the assumptions of Theorem 5.5, therefore
for each N € N, there is a solution (Ay,wy) € R x H2(T%) with wy > 0. Clearly
An < M for all N. On the other hand, if using the test function ¢ = 1 in (29)
with A, replaced by Ay, we find that

s [ edlde <~ [ Viedl<c [ (uaP s 1.
Td Td Td

From Assumption A9, 2r < 2, applying Young’s inequality and [Jwx || z2(re) = 1,
we have

/ |wN|2de§/ lwy|?dr +C =1+ C.
Td Td

Using wy as a test function in the definition of weak solutions with [|wxy || 2(ray =1,
we find

N |Dywn|?dz + Ay = /]l‘d wi Vwy]ds < M.
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Therefore, we obtain |Dywy|?de < Ay + M < C,
Td

from which we have |lwy| gy ey < C.

This in turn, by the L*regularity theorem in [31], implies that for some C' > 0
depending only on X' and M, we have ”UJNHch(Td) <C.

Let ¢ < 2% to be fixed in the sequel. Since {\y} is bounded in R and {wy} is
bounded in H2(T?), it follows, by Rellich-Kondrachov theorem on the compact
embedding of H%(T%) into L4(T¢) and into H(T?), that, up to a subsequence,

Av —AER (30

)

wy — w (that is, weakly) in H3(T%) (31)
wy — w in Hy(TY) (32)

wy — w in LY(T?) (33)

and  wy — w a.e. in T¢ (34)

for some A € R, w € Hy(T?). Hence, (A, w) solves (26). Clearly [, w3 dz =1
and wy > 0 are preserved in the limit: that is, [, w?dz =1 and w > 0. It is
seen easily that

W (z, wi(z)) = max{W(z,w%(z)), =N} = W(z,w?(z)) ae. inT?. (35)
Since (2r + 1)2%/(2* — 1) < 2% it follows that there is p > 2¢/(2% — 1) such that
we have ¢ := (27 + 1)p < 2°. In particular, we have:

(1) [wn Wi (2, wx(z)) — wW (5 w(@)P < C (wx ()] + [w(@)]1) +C in T,
(2.) JwnWn(z,wy(z)) — wW (z,w(z))[ — 0 a.e. by (35),

(3.) (34), (4.) (33), and (5.) w € L4(T9):

under these conditions it follows from a slight extension of Lebesgue’s dominated
convergence theorem: let {f,}, {g.} be sequences of measurable functions on
a measure space such that f, — f and g, — g a.e., for suitable (measurable)

functions f, g; |fn| < g, a.e. for all n; and [ g, — [ g < oo; then [|f, — f| — 0.
Therefore, we have

wy Wi (- wy) = wW (-, w) in LP(TY).
Hence, since p > (2¢) = 2¢/(2¥ — 1) and thus p’ < 2* and, by the continuous
embedding of H%(T¢) into L” (T%), passing to the duals, Lp(']I‘d) (¥ (Td))
continuously embedded into (H%(T%))", it follows that
wyW (-, wy) = wW (-, w) in (H3(T)" . (36)
Thus, for any test function ¢ € H2(T%), we can pass to the limit in the identity

Dxywy - Dypdr + An wypdr = / wyWy(z,wy)pd
Td Td T4
as N — oo in view of (31), (32), (36), (30) and (33) and conclude that
Dyw-Dyxpdx+ X [ weodr = / wW (z,w)pdz.

Td

Td
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Since this is true for any test function ¢ € H2(T?), we conclude that w is a weak

solution of (26). O
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