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This paper is devoted to methods of solving problems of dynamic optimization under multival-
ued criteria. Such problems require a full description of the related Pareto boundary for the
set of all values of the vector criteria and also an investigation of the dynamics of such set. Of
special interest are problems for systems that also include a bounded disturbance in the system
equation. Hence it appears useful to develop methods of calculating guaranteed estimates for
possible realizations of related solution dynamics. Such estimates are included in this paper.
Introduced here are the notions of vector values for minmax and maxmin with basic properties
of such items. In the second part of this work there given are some sufficient conditions for the
fulfilment of an analogy of classical scalar inequalities that involve relations between minmax
and maxmin. An illustrative example is worked out for a linear-quadratic type of vector-valued
optimization with bounded disturbance in the system equations.
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1. Essential definitions
1.1. Pareto order
Consider a mapping F'(z): R™ — RP.

Definition 1.1. A vector x € RP? is said to be dominated by the vector y € R?
in the sense of Pareto if x # y and y; < x; for i = 1,...,p. We will denote this
relation as y < .

Definition 1.2. The vector-valued minimum for the set of values of this mapping
is defined as Min F(X) = {f. € F(X) | not 3z € X: F(z) < f.}.

Definition 1.3. The vector-valued maximum for this set is defined in the form
Max F(X)={f*€ F(X) | not 3z € X: f*< F(2)}.
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1.2. The notion of vector-valued MinMax and MaxMin
Consider the mapping F(u,v): U x V — RP.

We further assume that the set F'(U, V') satisfies certain conditions that ensure
for this set the existence of both Pareto boundaries, namely, for minimum and for
maximum. An example of such conditions are given for lower and upper bounds
of F(U,V) under the given ordering as

M., M*: M, < F(u,v) < M* YueUwvelV.

Besides this the set is supposed to be closed.

Definition 1.4. The vector-valued minmax for the elements of F(u,v) over the
set U x V' will be taken as

Min ,Max , F'(u,v) = Min { U Max F(u, V)}

uelU

Each maximum inside the brackets is taken over values v € V with the value u
fixed.

We need a similar definition for vector-valued maxmin as follows.

Definition 1.5. The vector-valued mazmin for the elements of F'(u,v) over UxV
will be taken as the mapping

Max ,Min ., F'(u,v) = Max{ U Min F(U, v)}

veV

Definition 1.6. We assume that arbitrary sets A, B C RP satisfy the condition
A< B, (1)
if the following property is true: Vo€ B\ A= Ja € A: a <b.

Some trivial relations for the mappings above are as follows:

Proposition 1.7. The next relations are true :
(i) Min F(U,V) < Min ,Max , F(u,v);
(ii) Max F'(U,V) > Max ,Min , F'(u,v).

In addition to that, for validating the proofs of further propositions, we also
indicate the correctness of the following relations:

Proposition 1.8. The Pareto boundary satifies the next properties:
(i) VACRP = Max{Min A} = Min A, Min{Max A} = Max A;
(i) YVAC BCRP = Min B < Min A < Max A < Max B;

(ii) #f IMin (A + B), then Min (A + B) = Min (A + Min B).

Remark 1.9. The last equation is described in details in [1].
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2. The linear-quadratic control problem under a vector-valued
criterion

Consider a dynamic control system under disturbance of the type
= Bt)u+Ct), teltyd], zo=2" u(t)ecP), v(t)e€R({),
with the vector criterion
Ji(0, z,u,v) (x, Nvz) + (u, Miu) — (v, Pyv)
j(ﬁu T, u,v) = = )
Tp(V, z,u,v) (x, Nyx) + (u, Myu) — (v, Pv)
where (a, b) denotes as usual the scalar product of the elements a and b, z(t) €R",
u(t) € R™ v(t) € RP, N; € R M, € R™*™ and P, € RP*P.

We will now investigate the properties of minmax and maxmin solutions of this
problem. Using the Cauchy formula for the given equation of our system dynam-
ics, we get:
t t
w(t) = 2° +/ B(T)u(T)dT+/ C(r)v(r)dr.
to to
The components of the vector functional J[¢] are
Ji(0, x,u,v) = (x, Nyx) + (u, Myu) — (v, Pv) =

9

_ </:B(T)u(7)dr, (Ni+Ni’)/tO C<T)U(T)d7->_|_

+<f%M+A®/ﬁMﬂMﬂﬁ>+<ﬁAM+Nﬁ/%ﬂﬂMﬂm>+

to to

. </19 B(r)u(r)dr, (N; + N') /ﬁB(T)U(T>dT> +

to to

+ </ﬁ C(r)v(r)dr, (N; + N)) /79 C(T)U(T)d7-> N

to to
+ (u, Myu) — (v, P) + (2% (N; + Nj)2°) .

We further regroup these components in such a way that each component of the
vector functional can be represented in the form of a sum of the type

Ji = Fi(u,v) + @i(u) + ¢i(v),
where Fj(u,0) = (u, A;0), and

RS {/q9 B(r)u(r)dr | u(r) € 73(7)} , VE {/q9 C(r)v(r)dr |v(T) € R(T)} :

to to
In vector form the last relation reads
T[] = F(u,v) + ®(u) + U (v).

We now give a separate description for the behaviour of the minmax and maxmin
for each term of the last relation.
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3. The functional of type ®(u) + ¥U(v)
Consider functional S(u,v) = ®(u) + U(v).
Moving along a chain of inequalities, we have for the minmax:
Min ,Max ,S(u, v) = Min ,Max ,{®(u) + ¥(v)} =
— Min {Max {q?(a) + ()| e v} la e U} -
— Min {5(@) + Max U(V)|a e U} — Min {MincE(U) + Max\f/(V)} .

And similarly for the maxmin:

Max ,Min .S (u,

):Max Min  {®(u) + ¥(v)} =
—Max{ {5 ‘UEU}’UEV}

= Max {Min S(U) + U(0)|0 € V} Max {Min ®(U) 4+ Max \I_}(V)} :
Since a randomly selected nonempty set A satisfies relation

Min A < Max A,

if both Min A and Max A exist, we apply this relation to S(u,v) = ®(u) + ¥(v),
which yields the inequality

Min ,Max ,5(u, v) < Max ,Min .S (u, v). (2)
4. The functional of type F(u,v) = [(u, Ajv), ..., (u, Av)]
4.1. Case v e R!

Consider a functional of the type

Pl = gt = |,

where v € V C RLu € U C R™, (a,b) is the scalar product of a and b, and
A, B € R™. Given a scalar v, we introduce an alternative representation for this
functional of the form

!/

Then F(U,v) =v [A

- - /
B’] U =vU, where U = [A] U.

B
Assume U4, = MaxX v, Uy, = min(v), then

Min ,Max ,vU = Min,, {vmam ~ulu € U} = Upmaz - Min U,
and Max ,Min UUU = Max, {v - Min U} = Upae + Min U,

which means Min , Max U’UU = Max ,Min uvf].
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For describing the cases of higher dimensions we will need some additional propo-
sitions.

4.2. A necessary condition for the violation (2) of the minmax
inequality

Consider functional F(u,v): U x V — R", where U C R™, V C RP.

The main minmax inequality for the Pareto ordering will be presented as
Max ,Min ., F'(u,v) < Min ,Max , F'(u, v), (3)

where the order < is understood to be in the sense of (1).

Proposition 4.1. Suppose that there exist f* = F(u*,v*) € Min,Max,F and
fe = F(us,v.) €Max ,Min . F' such that f* < f.. Then f = F(u*,v.) will be such
that f 2 f* and f 2 f..

Proof. The proof works by indicating that other cases are impossible.

Since f* € Min Max ,F, we have f* € Max F(u*, V), which means f* £ f.
Similarly f. € Min F'(U, v,), which means f < f.

(a) Suppose f < f*. Then f < ff < fy, and f &£ f., which leads to a contra-
diction.
(b) A similar reasoning is true for cases f. = f, f. < f and f. = f.

(¢c) Now suppose f Z [*. Thenif f, < fand fe = f, we come to a contradiction.

(d) Case f Z [« is treated similarly to the previous one. Hence condition f* < f.
automatically yields f Z f* and f Z fe ]

Corollary 4.2. Suppose F = (F1,...,F.) and 3f* = F(u*,vx) € Min , Max , F,
fe = F(us,v,) € Max Min ,F': f* < f,. Then3i#j, k#14,5,k,l=1,...,1:

{ (Fi(u*,v") — Fi(u",v)) (Fj(u*,v") — Fj(u*,v,)) <0,
(Fy (s, v) — Fi(u®,04)) (F (g, vs) — Fi(u*,v,)) < 0.

4.3. Case min{dim(u),dim(v)} > 2
Suppose the criterion F = (Fy, ..., F.) is given by the relations F; = (u, A;v),
where u e U CR™, v eV CRPand A; e R™*P, i=1,...,r.

We now look for sufficient conditions for the validity of the minmax inequality
for the Pareto ordering.

Suppose the last criterion is not true. Then for some ¢ # j, k # [ it follows that:

{ ((u”, A7) = (u®, Aw,)) ((u®, Aj07) — (u”, Aju,)) <0,
((ts, Agvy) — (u*, Agvy)) (s, Aj0™) — (uy, Ajuy)) <0,
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(u*, A;(v" —v,)) (u*, A;(v" —v,)) <0,
or
((u" —uy), Agvy) (u* — uy), Ajvs) < 0.
Now we assume to find conditions which for all nonzero u € R",v € R™ yield

(u, Ajv) (u, Ajv) >0,

then we come to a contradiction with the earlier supposition and these conditions
will hence be sufficient for the validity of the minmax inequality (3).

We rewrite: (u, Aw) (u, Ajv) = u' Ajwv' Aju > 0.

We will now look for the restrictions which ensure that matrix @ = A;vv' A
would be positive semi-definite simultaneously for all v € R™.

For this situation we further use the next propositions..

Theorem 4.3. (The criterion of Silvester) A symmetric matriz A = A’ € R™*™ is
positively semi-definite if and only if all its main minor matrices are nonnegative.

Since in general the considered matrix (), is not symmetrical, the application of
Silvester criterion requires the next additional proposition.

Lemma 4.4. For an arbitrary matriv A€ R™*™ the relation Vv # 0 = (v, Av) >0
is true if and only if the next inequality is true: (A+ A’)/2 > 0.

Since for two arbitrary matrices the next relations are true,

rank AB < min{rank A,rank B}, rank(A+ B) <rankA+rankB, (4)

then, applying the equality rank [vv'] =1 we obtain

rank(

Q+¢ - : :
5 ) < 2rank @ < 2min {rank A;, rank(vv'), rank A%} < 2.

Hence, all the minors of matrix S = (Q + Q') of order 3 are equal to zero.

Proposition 4.5. Suppose that for all i,57 = 1,...,r, i # j all the angular mi-
nors My[S] of the matriz S = Ajwv' A+ Ajuv' A of order k < 2 are nonnegative
simultaneously for allv € (V — V). Then the inequality (3) is true.

Corollary 4.6. Suppose that the conditions of Proposition 4.5 are true. Then
‘v’z%jzl,,r:> [Az]kl[A]]kl =0, szl,...,n, lzl,...,m.

Proof. We now find the explicit relation for the diagonal elements of the matrix
S =Q + Q. For getting more suitable notations we rename some of the system
variables, namely,

Ai = A= [Cli]’], Aj =B = [bij]a UU/ =X= [wZJ]
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Then, due to the definition of matrix products, we find
Qi = [AXB/]n' = Z[AX]ik[B’]ki = Z (Z airﬂﬂrk) bix, = Z Z Gir(vrvk)bik-
k k T k T

Denote o; = (a1, @i, .- -, aim), Bi = (bi1, bi2, - .., bym) to be the vectors of matrix
rows for A and B respectively. Then

Sii = 2Qi; = 2 Z bikUk Z ai vy = 2 (a,v) (B, v) = 20 a, v > 0.
k T

Thus, for all k =1,...,m we have ([A4;]x)'[A4;]x = 0.

Note that for rank ((Ag) By) = 1, this relation allows to get a simpler formula of
the last condition, having

Ak:lBkl>07 szl,...,n,lzl,...,m. ]

Remark 4.7. Note that the given reasoning is true not only for the case of square
matrices A;.
5. Examples

Example 5.1. Let U=V =[-1;1], A, = [(1) 192]’ Ay = — {1(/)2 (1)}

After a numerical calculation of maxmin and minmax for the given conditions we
obtain the graph shown in Figure 5.1.
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Figure 5.1: The result of numerical calculations for the boundaries in Example 1.
Under given values of matrices A; we have have an inverse relation
Min ,Max , F'(u,v) < Max ,Min ., F(u,v).

Example 5.2. We first indicate that Corollary 4.6 is not a sufficient condition
for the validity of the main inequality (3).
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0.5 0.2 06 0
Let U=V =[-1;1], A = [0.3 0'5}’ Ay = [—0.1 —0.8}'

After a numerical calculation we get the graph of Figure 5.2.
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Figure 5.2: The result of numerical calculation of the boundaries in Example 5.2.

It thus occurs that Corollary 4.6 is not a sufficient condition for fulfilling inequality
(3), hence an additional analysis of second order minors for matrix S = @ + @’
cannot be omitted.

6. Conclusion

In the course of this paper we formulated a vector-valued analogy of minmax
under Pareto ordering and a similar analogy for maxmin. It was determined
that an analogy of the classical scalar inequality relations between minmax and
maxmin may not always be true for the vector-valued case. It thus became
necessary to investigate conditions to ensure the correctness of such an analogy
through an example for a linear-quadratic vector-valued problem under bounded
disturbance.
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