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1. Introduction

The paper continues investigations [8, 12, 14, 15, 16] of Hamilton-Jacobi equa-
tions in coinvariant derivatives [10] for functional differential systems and aims to
develop the theory of minimax (generalized) solutions [23, 24, 25] for Hamilton-
Jacobi equations arising in optimal control problems and differential games [11,
13, 19] for dynamical systems described by differential equations of neutral type.
Let Rn be the n-dimensional Euclidian space with the inner product 〈·, ·〉 and
the norm ‖ · ‖. Denote by Lip([a, b],Rn) the linear spaces of Lipschitz continuous
functions from [a, b] to Rn.
The Hamilton-Jacobi equation considered in this paper arises, for example, in
the following optimal control problem. Let a motion of a dynamical system be
described by the neutral type differential equation in Hale’s form [9]
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d

dt

(
x(t)− g(t, x(t− h))

)
= f(t, x(t), x(t− h), u(t)), (1)

x(t)∈Rn, u(t)∈U, t∈ [τ, ϑ], under the initial condition

x(t) = w(t− τ), t ∈ [τ − h, τ ]. (2)
Here τ and ϑ are initial and terminal times of the motion; h > 0 is the delay
constant; the function w(·) ∈ Lip([−h, 0],Rn) determines the initial history of the
motion; t is the current time; x(t) is the current state vector; u(t) is the current
control action; U ⊂ Rm is a compact set. Denote by Uτ the set of Lebesgue
measurable functions u(·) : [τ, ϑ] 7→ U. The control problem is to minimize the
value of the cost functional

J(τ, w(·), u(·)) = σ(x(ϑ)), (3)
over all u(·) ∈ Uτ . Let t0 < ϑ be fixed. Define

Lip = Lip([−h, 0],Rn), G = [t0, ϑ]× Lip.

The linear space Lip is endowed with the norm
‖w(·)‖∞ = max

ξ∈[−h,0]
‖w(ξ)‖, w(·) ∈ Lip.

Consider the value functional in optimal control problem (1)–(3):
φ(τ, w(·)) = inf

u(·)∈Uτ

J(τ, w(·), u(·)), (τ, w(·)) ∈ G. (4)

Following [12, 14, 15, 10], in order to obtain a Hamilton-Jacobi equation for this
functional, we use the notion of coinvariant differentiability. Put

Λ(τ, w(·)) =
{
x(·) ∈ Lip([τ − h, ϑ],Rn) : x(t) = w(t− τ), t ∈ [τ − h, τ ]

}
.

Definition 1.1. A functional φ : G 7→ R is called coinvariantly differentiable
(ci-differentiable) at a point (τ, w(·)) ∈ G, τ < ϑ, if there exist ∂τφ(τ, w(·))∈R
and ∇φ(τ, w(·)) ∈ Rn such that, for every x(·) ∈ Λ(τ, w(·)) and t ∈ [τ, ϑ], the
following relation holds:
φ(t, xt(·))− φ(τ, w(·))

= (t− τ)∂τφ(τ, w(·)) + 〈x(t)− w(0),∇φ(τ, w(·))〉+ o{τ,x(·)}(t− τ), (5)
where xt(·) ∈ Lip is defined by xt(ξ) = x(t + ξ), ξ ∈ [−h, 0]; o{τ,x(·)}(t − τ)
depends on the choice of τ and x(·), and o{τ,x(·)}(t− τ)/(t− τ) → 0 as t→ τ +0.
The values ∂τφ(τ, w(·)) and ∇φ(τ, w(·)) are called ci-derivatives of φ at the point
(τ, w(·)).

Note that ci-derivatives and their close analogues were applied to the wide range
of control problems for various functional differential systems (see, e.g., [1, 20, 2,
21, 5, 22]).
In accordance with Definition 1.1, a map G 3 (τ, w(·)) 7→ ψ = (ψ1, ..., ψn) ∈ Rn

is called ci-differentiable at the point (τ, w(·)) if the functionals ψi : G 7→ R,
i = 1, . . . , n, are ci-differentiable at this point.
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So, for the mapping ψ(τ, w(·))=g(τ, w(−h)), where g is taken from (1), we obtain

∂τg(τ, w(−h)) = ∂τψ(τ, w(·)) =
∂g(τ, w(−h))

∂τ
+∇xg(τ, w(−h)) ·

d+w(−h)
dτ

,

∇g(τ, w(−h)) = ∇ψ(τ, w(·)) = 0,

if the partial derivative ∂g(τ, w(−h))/∂τ of g with respect to the first variable,
the gradient matrix ∇xg(τ, w(−h)) of g with respect to the second variable, and
the right derivative d+w(−h)/dτ of w at the point −h exist. Let us denote by G∗
the set of points (τ, w(·)) ∈ G, τ < ϑ, such that the ci-derivative ∂τg(τ, w(−h))
exists.
By system (1), define the Hamiltonian

H(τ, x, y, s) = min
u∈U

〈f(τ, x, y, u), s〉, τ ∈ [t0, ϑ], x, y, s ∈ Rn. (6)

Consider the following Hamilton-Jacobi equation in ci-derivatives:

∂τφ(τ, w(·)) + 〈∂τg(τ, w(−h)),∇φ(τ, w(·))〉+
+H(τ, w(0), w(−h),∇φ(τ, w(·))) = 0, (τ, w(·)) ∈ G∗, (7)

and the Cauchy problem for this equation with the right-end condition

φ(ϑ,w(·)) = σ(w(0)), w(·) ∈ Lip. (8)

Under certain conditions on the functions f and σ, one can show (see [7]) that,
on the one hand, value functional (4) satisfies Hamilton-Jacobi equation (7) at
the points of ci-differentiability, and, on the other hand, a sufficiently smooth (ci-
differentiable and satisfying additional smoothness conditions) solution of prob-
lem (7), (8) coincides with the value functional. However, in many cases, Cauchy
problem (7), (8) (as well as Cauchy problems for Hamilton-Jacobi equations in
partial derivatives) does not have the sufficiently smooth solution. Therefore, gen-
eralized (minimax) solutions of such type problems were investigated [8, 16, 17].
In [16], existence and uniqueness conditions of the minimax solution were ob-
tained. A coincidence of the minimax solution with the value functional was
shown in [8]. In the present paper, we give an infinitesimal criterion of the mini-
max solution of problem (7), (8) by using a suitable directional derivatives. After
proving Lipschitz continuity of the minimax solution (see Lemma 6.4), the proof
of the criterion is based on results of [17].

2. Assumptions

Let B(α) = {x ∈ Rn : ‖x‖ ≤ α}, α ≥ 0. We assume that the functions g(τ, x) ∈
Rn, H(τ, x, y, s) ∈ R and σ(x) ∈ R, where τ ∈ [t0, ϑ], x, y, s ∈ Rn, satisfy the
following conditions:
(g) For every α > 0, there exists λg = λg(α) > 0 such that∥∥g(τ, x)−g(τ ′, x′)∥∥ ≤ λg

(
|τ−τ ′|+‖x−x′‖

)
, τ, τ ′ ∈ [t0, ϑ], x, x′ ∈ B(α).
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(H1) The function H is continuous.
(H2) For every α > 0, there exists λH = λH(α) > 0 such that∣∣H(τ, x, y, s)−H(τ, x′, y′, s)

∣∣ ≤ λH‖s‖
(
‖x− x′‖+ ‖y − y′‖

)
for any τ ∈ [t0, ϑ], x, y, x′, y′ ∈ B(α), and s ∈ Rn.

(H3) There exists a constant cH > 0 such that, for all τ ∈ [t0, ϑ], x, y, s, s′ ∈ Rn,∣∣H(τ, x, y, s)−H(τ, x, y, s′)
∣∣ ≤ cH‖s− s′‖

(
1 + ‖x‖+ ‖y‖

)
.

(H4) The following equality holds:

H(τ, x, y, αs) = αH(τ, x, y, s), τ ∈ [t0, ϑ], x, y, s ∈ Rn, α ≥ 0.

(σ) For every α > 0, there exists λσ = λσ(α) > 0 such that∣∣σ(x)− σ(x′)
∣∣ ≤ λσ‖x− x′‖, x, x′ ∈ B(α).

Note that the conditions (H1)–(H4) are fulfilled for the Hamiltonian (H) defined
by (6) if the function f from (1) is continuous and satisfies the conditions below:
(f1) For every α > 0, there exists λf = λf (α) > 0 such that∥∥f(τ, x, y, u)− f(τ, x′, y′, u)

∥∥ ≤ λf
(
‖x− x′‖+ ‖y − y′‖

)
for any τ ∈ [t0, ϑ], x, y, x′, y′ ∈ B(α), and u ∈ U.

(f2) There exists a constant cf > 0 such that∥∥f(τ, x, y, u)∥∥ ≤ cf
(
1 + ‖x‖+ ‖y‖

)
, τ ∈ [t0, ϑ], x, y ∈ Rn, u ∈ U.

3. Minimax solution

Let P and Q be nonempty sets, and let multivalued mappings F−(τ, x, y, p) ⊂ Rn

and F+(τ, x, y, q) ⊂ Rn, τ ∈ [t0, ϑ], x, y ∈ Rn, p ∈ P, q ∈ Q, satisfy the following
conditions:
(F1) For every τ ∈ [t0, ϑ], x, y ∈ Rn, p ∈ P, and q ∈ Q, the sets F−(τ, x, y, p)

and F+(τ, x, y, q) are nonempty, convex and compact.

(F2) For fixed p ∈ P and q ∈ Q, the mappings (τ, x, y) 7→ F−(τ, x, y, p) and
(τ, x, y) 7→ F+(τ, x, y, q) are continuous.

(F3) There exists a constant cF > 0 such that

sup
{
‖l‖ | l ∈ F−(τ, x, y, p) ∪ F+(τ, x, y, q)

}
≤ cF

(
1 + ‖x‖+ ‖y‖

)
for any τ ∈ [t0, ϑ], x, y ∈ Rn, p ∈ P, and q ∈ Q.

(F4) The following equalities hold for all τ ∈ [t0, ϑ] and x, y, s ∈ Rn:

H(τ, x, y, s) = inf
p∈P

max
l∈F−(τ,x,y,p)

〈l, s〉 = sup
q∈Q

min
l∈F+(τ,x,y,q)

〈l, s〉.
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Denote by F−(H) and F+(H), respectively, the sets of pairs {P, F−} and {Q, F+}
satisfying conditions (F1)–(F4). Under conditions (H1)–(H4), we have F−(H) 6= ∅
and F+(H) 6= ∅. In particular, conditions (F1)–(F4) are fulfilled (see, e.g., [24]) if
P = Q = {s ∈ Rn : ‖s‖ = 1} and

F (x, y) =
{
l ∈ Rn : ‖l‖ ≤

√
2cH(1 + ‖x‖+ ‖y‖)

}
,

F−(τ, x, y, p) =
{
l ∈ F (x, y) : 〈l, p〉 ≤ H(τ, x, y, p)

}
, (9)

F+(τ, x, y, q) =
{
l ∈ F (x, y) : 〈l, q〉 ≥ H(τ, x, y, q)

}
.

Definition 3.1. A continuous functional φ : G 7→ R is called a minimax solution
of problem (7), (8) if it satisfies right-end condition (8) and, for some {P, F−} ∈
F−(H) and {Q, F+} ∈ F+(H), the following conditions:
(φ−) For every (τ, w(·)) ∈ G, t ∈ [τ, ϑ], and p ∈ P, there exists a function

x(·) ∈ Λ(τ, w(·)) such that

d

dξ

(
x(ξ)− g(ξ, x(ξ − h))

)
∈ F−(ξ, x(ξ), x(ξ − h), p)

for a.e. ξ ∈ [τ, t], and φ(t, xt(·)) ≥ φ(τ, w(·)).

(φ+) For every (τ, w(·)) ∈ G, t ∈ [τ, ϑ], and q ∈ Q, there exists a function
y(·) ∈ Λ(τ, w(·)) such that

d

dξ

(
y(ξ)− g(ξ, y(ξ − h))

)
∈ F+(ξ, y(ξ), y(ξ − h), q)

for a.e. ξ ∈ [τ, t], and φ(t, yt(·)) ≤ φ(τ, w(·)).

It follows from [16] that, under conditions (g), (H1)–(H4), and (σ), a minimax
solution of problem (7), (8) exists, is unique, and satisfies conditions (φ−), (φ+)
for any {P, F−} ∈ F−(H), {Q, F+} ∈ F+(H). Also, the minimax solution satis-
fies Hamilton-Jacobi equation (7) at the points of ci-differentiability and if there
exists a sufficiently smooth (ci-differentiable and satisfying additional smooth-
ness conditions) solution of problem (7), (8) then it coincides with the minimax
solution.

4. Main result

Let (τ, w(·)) ∈ G, τ < ϑ, z(·) ∈ Lip([τ, ϑ],Rn), and l ∈ Rn. Following [17],
consider the lower and upper derivatives of a functional φ : G 7→ R at the point
(τ, w(·)) in the direction (z(·), l):

∂−{φ(τ, w(·)) | z(·), l} = lim inf
t→τ+0

(
φ(t, xt(·))− φ(τ, w(·))

)
/(t− τ),

∂+{φ(τ, w(·)) | z(·), l} = lim sup
t→τ+0

(
φ(t, xt(·))− φ(τ, w(·))

)
/(t− τ).

where the function x(·) ∈ Λ(τ, w(·)) satisfies the equation d(x(t) − z(t))/dt = l
for almost every t ∈ [τ, ϑ]; xt(ξ) = x(t+ ξ), ξ ∈ [−h, 0].
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Note that, these directional derivatives are essentially derivatives along extensions
x(·) ∈ Λ(τ, w(·)) (see, e.g., [14]). However, in order to obtain an infinitesimal cri-
terion (next theorem) of the minimax solution (see Definition 3.1), it is convenient
to define these extensions by pairs (z(·), l).
Theorem 4.1. Let conditions (g), (H1)–(H4), and (σ) be fulfilled. Then the
following statements hold:
(1) The minimax solution φ : G 7→ R of problem (7), (8) satisfies the inequalities

sup
l∈F−(τ,w(0),w(−h),p)

∂+
{
φ(τ, w(·))

∣∣ zg(·|τ, w(·)), l} ≥ 0,

inf
l∈F+(τ,w(0),w(−h),q)

∂−{φ(τ, w(·))
∣∣ zg(·|τ, w(·)), l} ≤ 0, (10)

where (τ, w(·)) ∈ G, τ < ϑ, p ∈ P, q ∈ Q, for any {P, F−} ∈ F−(H) and
{Q, F+} ∈ F+(H).
Here zg(·|τ, w(·)) is defined as follows: zg(t|τ, w(·)) = g(t, w(t − τ − h)) if
τ ≤ t ≤ τ + h, and zg(t|τ, w(·)) = g(t, w(0)) if t > τ + h.

(2) If a continuous functional φ : G 7→ R satisfies right-end condition (8) and
inequalities (10) for some {P, F−} ∈ F−(H) and {Q, F+} ∈ F+(H) then the
functional φ is the minimax solution of problem (7), (8).

Theorem 4.1 follows from results of [17] (see Theorem 1 and Proposition 4) and
Lemma 6.4 below in Section 6. Before proving Lemma 6.4, let us consider an
auxiliary Lyapunov-Krasovskii functional.

5. Lyapunov-Krasovskii functional

Let α, ε > 0. Define the functional

V α
ε (τ, s, w(·)) = καε (s, w(·))e−2(λH+λg/h)(τ−t0),

καε (s, w(·)) =
√
ε2 + ‖s‖2 + λH

0∫
−h

(
1− 2λgξ

h

)
‖w(ξ)‖dξ, (11)

(τ, s, w(·)) ∈ [t0, ϑ]× Rn × Lip,

where λg=λg(α)>1 and λH=λH(α) > 0 are defined by conditions (g) and (H2).

Lemma 5.1. Let α, ε>0 and τ ∈ [t0, ϑ]. Let the functions z(·)∈Lip([τ−h, ϑ],Rn)
and s(·) ∈ Lip([τ, ϑ],Rn) satisfy the estimates

‖s(t)− z(t)‖ ≤ λg‖z(t− h)‖, t ∈ [τ, ϑ],

〈ds(t)/dt, s(t)〉 ≤ λH
(
‖z(t)‖+ ‖z(t− h)‖

)
‖s(t)‖+ ε2 for a.e. t ∈ [τ, ϑ].

(12)

Then the following inequality holds:

V α
ε (t, s(t), zt(·)) ≤ V α

ε (τ, s(τ), zτ (·)) + (t− τ)ε, t ∈ [τ, ϑ]. (13)
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Proof. From (11), taking into account Lipschitz continuity of the functions z(·)
and s(·), one can show Lipschitz continuity of the functions ω1(t) = καε (s(t), zt(·))
and ω2(t) = V α

ε (t, s(t), zt(·)), t ∈ [τ, ϑ]. Then, using (12), for almost every
t ∈ [τ, ϑ], we have

dω1(t)

dt
=

〈ds(t)/dt, s(t)〉√
ε2 + ‖s(t)‖2

+ λH‖z(t)‖ − λH(1 + 2λg)‖z(t− h)‖+

+
2λHλg
h

t∫
t−h

‖z(ξ)‖dξ

≤ ε+ 2λH‖z(t)‖ − 2λHλg‖z(t− h)‖+ 2λHλg
h

t∫
t−h

‖z(ξ)‖dξ

≤ ε+ 2λH‖s(t)‖+
2λHλg
h

t∫
t−h

‖z(ξ)‖dξ.

Hence, we derive

dω2(t)

dt
≤

(
ε− 2(λg/h)‖s(t)‖ − 2λ2H

t∫
t−h

‖z(ξ)‖dξ
)
e−2(λH+λg/h)(t−t0) ≤ ε.

From this estimate, we obtain (13). �
Define the functional for (τ, w(·)) ∈ G:

ψ(τ, w(·)) = ‖w(0)‖+ ‖w(−h)‖+ ‖w(ϑ− τ − k(τ)h)‖+
0∫

−h

‖w(ξ)‖dξ, (14)

where k(τ) = min{j ∈ N : jh > ϑ− τ}, i.e. ϑ− τ − k(τ)h ∈ [−h, 0).

Lemma 5.2. For every α > 0, there exists λ∗ = λ∗(α) > 0 such that if ε > 0,
τ ∈ [t0, ϑ], z(·) ∈ Lip([τ − h, ϑ],Rn), and s(·) ∈ Lip([τ, ϑ],Rn) satisfy estimates
(12) then the following inequality holds:

‖z(ϑ)‖ ≤ λ∗
(
ε+ ψ(τ, zτ (·))

)
. (15)

Proof. Let α > 0. Define λg = λg(α) > 1 and λH = λH(α) > 0 by conditions
(g) and (H2). Put

λ0 = e2(λH+λg/h)(ϑ−t0), λ∗ = k(t0)λ
k(t0)
g λ0(1 + λH)(1 + 2λg)(1 + ϑ− t0). (16)

Let ε > 0, τ ∈ [t0, ϑ], z(·) ∈ Lip([τ − h, ϑ],Rn), and s(·) ∈ Lip([τ, ϑ],Rn) satisfy
(12). Let us prove by induction the inequality

‖z(t)‖ ≤ (j + 1)λjgλ0
(
V α
ε (τ, s(τ), zτ (·)) + (ϑ− τ)ε

)
+ λj+1

g ‖z(t− (j + 1)h)‖,

t ∈ [τ + jh, τ + (j + 1)h] ∩ [t0, ϑ], j = 0, . . . , k(τ)− 1. (17)

For j=0, from (11), (12) and Lemma 5.1, for every t∈ [τ, τ + h] ∩ [t0, ϑ], we get

‖z(t)‖ ≤ ‖s(t)‖+λg‖z(t−h)‖ ≤ λ0
(
V α
ε (τ, s(τ), zτ (·))+ (ϑ− τ)ε

)
+λg‖z(t−h)‖.
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Assume that inequality (17) holds for j = l and prove it for j = l + 1. Using the
first estimate in (12), definition (11) of V α

ε , inequality (17) for j = l, and Lemma
5.1, for t ∈ [τ + (l + 1)h, τ + (l + 2)h] ∩ [t0, ϑ], we obtain

‖z(t)‖ ≤ ‖s(t)‖+ λg‖z(t− h)‖ ≤ λ0V
α
ε (t, s(t), zt(·))+

+ (l + 1)λl+1
g λ0

(
V α
ε (τ, s(τ), zτ (·)) + (ϑ− τ)ε

)
+ λl+2

g ‖z(t− (l + 2)h)‖

≤ (l + 2)λl+1
g λ0

(
V α
ε (τ, s(τ), zτ (·)) + (ϑ− τ)ε

)
+ λl+2

g ‖z(t− (l + 2)h)‖.

Thus, inequality (17) is valid for any j = 0, . . . , k(τ)− 1.
According to (11) and (12), we have

V α
ε (τ, s(τ), zτ (·)) ≤ ε+ ‖z(τ)‖+ λg‖z(τ − h)‖+ λH(1 + 2λg)

τ∫
τ−h

‖z(ξ)‖dξ.

Wherefrom, by (14), (16) and (17) for j = k(τ)− 1, we conclude (15). �

6. Lipschitz continuity of minimax solution

Let F be defined as in (9). Define

X(τ, w(·)) =
{
x(·)∈Λ(τ, w(·)) : d

dt

(
x(t)− g(t, x(t− h))

)
∈F (x(t), x(t− h))

for a.e. t ∈ [τ, ϑ]
}
. (18)

Lemma 6.1. For every α, λ > 0, there exist numbers αX = αX(α) > 0 and
λX = λX(α, λ) > 0 such that if a pair (τ, w(·)) ∈ G satisfies the inequalities

‖w(ξ)‖ ≤ α, ‖w(ξ)− w(ξ′)‖ ≤ λ|ξ − ξ′|, ξ, ξ′ ∈ [−h, 0], (19)

then the estimates below hold:

‖x(t)‖ ≤ αX , ‖x(t)− x(t′)‖ ≤ λX |t− t′|, t, t′∈ [τ − h, ϑ], x(·)∈X(τ, w(·)). (20)

Proof. Let α, λ > 0 and k ∈ N be such that (ϑ− t0)/k ≤ h. Define

α0 = α, αi+1 =
(
αi + λg(αi)(ϑ− t0 + 2αi) +

√
2cH(ϑ− t0)(1 + 2αi)

)
e
√
2cHh,

λ0 = λ, λi+1 = λg(αi)(1 + λi) +
√
2cH(1 + 2αi+1), i = 0, . . . , k − 1, (21)

where cH is taken from condition (H3). Put αX = αk and λX = λk. Let x(·) ∈
X(τ, w(·)). Denote τi = min{τ + ih, ϑ}, i = 0, . . . , k. Let us prove by induction
the inequalities

‖x(t)‖ ≤ αi, ‖x(t)− x(t′)‖ ≤ λi|t− t′|, t, t′ ∈ [τ − h, τi], i = 0, . . . , k. (22)

For i = 0, these inequalities follow directly from (19) and (21).
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Assume that these inequalities hold for j = l. Then, using (g) and (18), we get

‖x(t)‖ ≤ ‖w(0)‖+ ‖g(t, x(t− h))− g(τ, w(−h))‖+

+
√
2cH

t∫
τ

(
1 + ‖x(ξ)‖+ ‖x(ξ − h)‖

)
dξ

≤ αl + λg(αl)(ϑ− t0 + 2αl) +
√
2cH(ϑ− t0)(1 + 2αl)

+
√
2cH

t∫
τl

‖x(ξ)‖dξ, t ∈ [τl, τl+1].

Wherefrom, applying Bellman-Gronwall’s lemma (see, e.g., [3, p. 31]) and taking
into account definition (21) of αl+1, we obtain the first inequality in (22) for
i = l + 1. Further, by using the obtained inequality together with condition (g),
definition (18), and the second inequality in (22) for i = l, we derive

‖x(t)− x(t′)‖ ≤ ‖g(t, x(t− h))− g(t′, x(t′ − h))‖

+
√
2cH

t′∫
t

(
1 + ‖x(ξ)‖+ ‖x(ξ − h)‖

)
dξ

≤
(
λg(αl)(1 + λl) +

√
2cH(1 + 2αl+1)

)
|t− t′| = λl+1|t− t′|,

where τl ≤ t ≤ t′ ≤ τl+1. Thus, inequalities (22) hold for any i = 0, . . . , k. In
accordance with the choice of αX and λX , this proves the lemma. �

Corollary 6.2. For every (τ, w(·)) ∈ G, there exist αX = αX(τ, w(·)) > 0 and
λX = λX(τ, w(·)) > 0 such that estimates (20) hold.

Corollary 6.3. For every α > 0, there exists αX = αX(α) > 0 such that

‖x(t)‖ ≤ αX , t ∈ [τ − h, ϑ], x(·) ∈ X(τ, w(·)), τ ∈ [t0, ϑ], w(·) ∈ P (α),

where P (α) =
{
w(·) ∈ Lip: ‖w(·)‖∞ ≤ α

}
.

Lemma 6.4. Let a functional φ : G 7→ R be a minimax solution of problem (7),
(8). Then, for every α > 0, there exists λφ = λφ(α) > 0 such that∣∣φ(τ, w(·))− φ(τ, r(·))

∣∣ ≤ λφψ(τ, w(·)− r(·)), τ ∈ [t0, ϑ], w(·), r(·)∈P (α), (23)

where the functional ψ is defined by (14).

Proof. Let α > 0. In accordance with Corollary 6.3 and conditions (g), (H2),
(σ), define αX=αX(α)>0 and λg=λg(αX)>0, λH=λ(αX)>0, λσ=λσ(αX)>0.
Then, for every τ ∈ [t0, ϑ], w(·), r(·) ∈ P (α), and any x(·) ∈ X(τ, w(·)), y(·) ∈
X(τ, r(·)), t ∈ [τ, ϑ], we have∥∥g(t, x(t− h))− g(t, y(t− h))

∥∥ ≤ λg‖z(t− h)‖,
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∣∣ ≤

≤ λH
(
‖z(t)‖+ ‖z(t− h)‖

)
‖s(t)‖, (24)∣∣σ(x(ϑ))− σ(y(ϑ))

∣∣ ≤ λσ‖z(ϑ)‖,

where z(t) = x(t)− y(t), t ∈ [τ − h, ϑ],

s(t) = z(t)− g(t, x(t− h)) + g(t, y(t− h)), t ∈ [τ, ϑ]. (25)

In accordance with Lemma 5.2, define λ∗ = λ∗(αX) > 0. Put

λφ = λ∗λσ. (26)

Let τ ∈ [t0, ϑ], w(·), r(·) ∈ P (α), and ε > 0. Define the set

Wε =
{
(x(·), y(·)) ∈ X(τ, w(·))×X(τ, r(·)) : for a.e. t ∈ [τ, ϑ],

〈ds(t)/dt, s(t)〉 ≤ λH
(
‖(z(t)‖+ ‖z(t− h)‖

)
‖s(t)‖+ ε2

}
(27)

where the functions z(·) and s(·) are defined by (25). Define

Mε(t) =
{
(x(·), y(·)) ∈ Wε : φ(t, xt(·)) ≥ φ(τ, w(·)), φ(t, yt(·)) ≤ φ(τ, r(·))

}
,

Tε =
{
t ∈ [τ, ϑ] : Mε(t) 6= ∅

}
, tε = supTε. (28)

We show that Wε 6= ∅ and Tε 6= ∅. If we take the functions x(·) ∈ Λ(τ, w(·)) and
y(·) ∈ Λ(τ, r(·)) such that we have for t ∈ [τ, ϑ]

x(t) = g(t, x(t−h))+w(0)−g(τ, w(−h)), y(t) = g(t, y(t−h))+r(0)−g(τ, r(−h)),

then we have x(·) ∈ X(τ, w(·)), y(·) ∈ X(τ, r(·)), and ds(t)/dt = 0 for almost
every t ∈ [τ, ϑ]. This implies the inclusions (x(·), y(·)) ∈ Wε and τ ∈ Tε.
Let us prove that the supremum in (28) is achieved. Let a sequence tk ∈ [τ, tε],
k = 1, 2, . . . be such that Mε(tk) 6= ∅, k = 1, 2, . . . and tk → tε as k → ∞. It
means that there exist the functions (x(k)(·), y(k)(·)) ∈ Wε such that

φ(tk, x
(k)
tk
(·)) ≥ φ(τ, w(·)), φ(tk, y

(k)
tk

(·)) ≤ φ(τ, r(·)). (29)

Without loss of generality, taking into account Corollary 6.2 and Arzela-Ascoli
theorem (see, e.g., [18]), we can suppose that the sequence (x(k)(·), y(k)(·)), k =
1, 2, . . . converges uniformly. Let (x◦(·), y◦(·)) be the limit of this sequence. Sim-
ilar to Lemma 1 of [6, p. 76], one can prove the inclusion (x◦(·), y◦(·)) ∈ Wε.
Passing to the limit in (29) as k → ∞, due to continuity of the functional φ, we
obtain (x◦(·), y◦(·)) ∈Mε(tε), i.e. the supremum in (28) is achieved.
Now, let us prove the equality tε = ϑ for any ε > 0. For the sake of a contradiction,
suppose that there exists ε > 0 such that tε < ϑ. Let (x(·), y(·)) ∈ X(τ, w(·)) ×
X(τ, r(·)) be such that

〈ds(t)/dt, s(t)〉 ≤ λH
(
‖(z(t)‖+ ‖z(t− h)‖

)
‖s(t)‖+ ε2 for a.e. t ∈ [τ, ϑ], (30)
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where the functions z(·) and s(·) are defined by (25), and

φ(tε, xtε(·)) ≥ φ(τ, w(·)), φ(tε, ytε(·)) ≤ φ(τ, r(·)). (31)

Let {P, F−} ∈ F−(H) and {Q, F+} ∈ F+(H) be defined by (9). According to
(F4), there exist p◦ ∈ P and q◦ ∈ Q such that

max
l∈F−(tε,x(tε),x(tε−h),p◦)

〈l, s(tε)〉 ≤ H(tε, x(tε), x(tε − h), s(tε)) + ε2/4,

min
l∈F+(tε,y(tε),y(tε−h),q◦)

〈l, s(tε)〉 ≥ H(tε, y(tε), y(tε − h), s(tε))− ε2/4.
(32)

Define the sets

X̃− =

{
x̃(·) ∈ X(tε, xtε(·)) : for a.e. t ∈ [τ, ϑ]

d

dt

(
x̃(t)− g(t, x̃(t− h))

)
∈ F−(t, x̃(t), x̃(t− h), p◦)

}
,

X̃+ =

{
ỹ(·) ∈ X(tε, ytε(·)) : for a.e. t ∈ [τ, ϑ]

d

dt

(
ỹ(t)− g(t, ỹ(t− h))

)
∈ F+(t, ỹ(t), ỹ(t− h), q◦)

}
.

Similar to Theorem 4.2 in [4] one can show that X̃− 6= ∅ and X̃+ 6= ∅. Taking
into account conditions (H1), (F2), Corollary 6.2, and inequalities (32), one can
prove that there exists t∗ ∈ (tε, ϑ] such that, for every functions x̃(·) ∈ X̃− and
ỹ(·) ∈ X̃+, the following inequalities holds for a.e. t ∈ [tε, t

∗] :

〈 d
dt

(
x̃(t)− g(t, x̃(t− h))

)
, s̃(t)〉 ≤ H(t, x̃(t), x̃(t− h), s̃(t)) + ε2/2,

〈 d
dt

(
ỹ(t)− g(t, ỹ(t− h))

)
, s̃(t)〉 ≥ H(t, ỹ(t), ỹ(t− h), s̃(t))− ε2/2, (33)

where s̃(t) = x̃(t)−g(t, x̃(t−h))−ỹ(t)+g(t, ỹ(t)). Moreover, since φ is a minimax
solution of problem (7), (8), we can find x̃(·) ∈ X̃− and ỹ(·) ∈ X̃+ such that

φ(t∗, x̃t∗(·)) ≥ φ(tε, xtε(·)), φ(t∗, ỹt∗(·)) ≤ φ(tε, ytε(·)). (34)

From (24), (33) we derive

〈ds̃(t)/dt, s̃(t)〉 ≤ λH
(
‖z̃(t)‖+ ‖z̃(t− h)‖

)
‖s̃(t)‖+ ε2 for a.e. t ∈ [tε, t

∗]. (35)

Define the functions x̂(·) ∈ Λ(τ, w(·)) and ŷ(·) ∈ Λ(τ, r(·)) by the relations

x̂(t) = x(t), ŷ(t) = y(t), t ∈ [τ, tε); x̂(t) = x̃(t), ŷ(t) = ỹ(t), t ∈ [tε, t
∗),

and
x̂(t) = g(t, x̂(t− h)) + x̂(t∗)− g(t∗, x̂(t∗ − h)),

ŷ(t) = g(t, ŷ(t− h)) + ŷ(t∗)− g(t∗, ŷ(t∗ − h)),
t ∈ [t∗, ϑ].
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Then, according to (30) and (35), we have (x̂(·), ŷ(·)) ∈ Wε. Moreover, due to
(31) and (34), we obtain (x̂(·), ŷ(·)) ∈ M(t∗), which contradicts the definition of
tε in (28). Thus, the equality tε = ϑ holds for any ε > 0.
Since tε = ϑ and φ satisfies (8), there exists (x(·), y(·)) ∈ Wε such that

σ(x(ϑ)) = φ(ϑ, xϑ(·)) ≥ φ(τ, w(·)), σ(y(ϑ)) = φ(ϑ, yϑ(·)) ≤ φ(τ, r(·)).

From the inclusion (x(·), y(·)) ∈ Wε, the first estimate in (24), and (25), we obtain
that inequalities (12) hold if α = αX , λg = λg(αX), and λH = λH(αX). Then,
due to Lemma 5.2, using the third estimate in (24), we derive

φ(τ, w(·))− φ(τ, r(·)) ≤ λσ‖x(ϑ)− y(ϑ)‖ ≤ λσλ∗(ε+ ψ(τ, w(·)− r(·))).

Since this relation is valid for any ε > 0, it is valid for ε = 0. Thus, taking into
account (26), we obtain (23). �
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