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1. Introduction

The paper continues investigations [8, 12, 14, 15, 16] of Hamilton-Jacobi equa-
tions in coinvariant derivatives [10] for functional differential systems and aims to
develop the theory of minimax (generalized) solutions [23, 24, 25] for Hamilton-
Jacobi equations arising in optimal control problems and differential games [11,
13, 19] for dynamical systems described by differential equations of neutral type.

Let R™ be the n-dimensional Euclidian space with the inner product (-,-) and
the norm || - ||. Denote by Lip([a, b], R™) the linear spaces of Lipschitz continuous
functions from [a, b] to R™.

The Hamilton-Jacobi equation considered in this paper arises, for example, in
the following optimal control problem. Let a motion of a dynamical system be
described by the neutral type differential equation in Hale’s form [9]
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%(m) —gltalt = ) = f(t.x(t). 2(t — ). u(b)) (1)

z(t) eR", u(t) €U, te[r,v], under the initial condition
z(t)=w(t—71), teE[r—h,T]. (2)

Here 7 and ¢ are initial and terminal times of the motion; h > 0 is the delay
constant; the function w(-) € Lip([—h, 0], R™) determines the initial history of the
motion; ¢ is the current time; x(t) is the current state vector; u(t) is the current
control action; U C R™ is a compact set. Denote by U, the set of Lebesgue
measurable functions u(-): [7,9] — U. The control problem is to minimize the
value of the cost functional

J(r,w(), ul-)) = o(x(9)), (3)
over all u(-) € U,. Let ty < 9 be fixed. Define
Lip = Lip([-A,0],R"), G = [to, ] x Lip.
The linear space Lip is endowed with the norm

[w()lloo = (nax, [w@)l, w(-) € Lip.

Consider the value functional in optimal control problem (1)-(3):

p(rw()) = f Jrw)u(), (nwl)€G. (4)

o

Following [12, 14, 15, 10], in order to obtain a Hamilton-Jacobi equation for this
functional, we use the notion of coinvariant differentiability. Put

A(r,w(+)) = {:L‘() € Lip([r — b, 9],R™"): z(t) =w(t — 1), t € [T — h,T]}.

Definition 1.1. A functional ¢: G — R is called coinvariantly differentiable
(ci-differentiable) at a point (r,w(-)) € G, 7 < 9, if there exist d,;p(7, w(-)) €R
and Vo(r,w(-)) € R™ such that, for every z(-) € A(r,w(-)) and t € [r,9], the
following relation holds:

p(t () = (7, w(-))

= (t =71)0-p(1,w(-)) + (2(t) = w(0), VT, w())) + 0y (t = 7), (5)

where z,(-) € Lip is defined by 4(§) = z(t + &), £ € [—h,0]; ofra(t — 7)
depends on the choice of 7 and «(-), and of; () (t —7)/(t —7) = 0ast = 7+0.
The values 0, ¢(7,w(+)) and Vi (7, w(-)) are called ci-derivatives of ¢ at the point
(1,w(-)). O

Note that ci-derivatives and their close analogues were applied to the wide range
of control problems for various functional differential systems (see, e.g., [1, 20, 2,
21, 5, 22]).

In accordance with Definition 1.1, a map G > (7, w(:)) — ¥ = (¢Y1,...,¢,) € R?
is called ci-differentiable at the point (7,w(-)) if the functionals ¢;: G — R,
1 =1,...,n, are ci-differentiable at this point.
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So, for the mapping ¢ (7, w(-))=g(7,w(—h)), where g is taken from (1), we obtain

09t w(—h)) = D () = P g )

dtw(—h)
' dr
v.g(Tv w(_h)) = V¢(Ta w()) = Oa

if the partial derivative dg(7,w(—h))/0t of g with respect to the first variable,
the gradient matrix V,g(7,w(—h)) of g with respect to the second variable, and
the right derivative d*w(—h)/dr of w at the point —h exist. Let us denote by G,
the set of points (1,w(:)) € G, 7 < ¥, such that the ci-derivative 9,g(r,w(—h))
exists.

By system (1), define the Hamiltonian
H(r,z,y,s) = min(f(r,z,y,u),s), 7€ [to,V], z,y,s€R" (6)

uelU

Consider the following Hamilton-Jacobi equation in ci-derivatives:

Oro(r,w(-)) + (Org(T,w(=h)), Ve(r,w())) +
+H(T?w(0)>w<_h)>v90<77w<'))) =0, (T,’LU(-)) € G*? (7)

and the Cauchy problem for this equation with the right-end condition

p(0,w(-)) = o(w(0)), w(-) € Lip. (8)

Under certain conditions on the functions f and o, one can show (see [7]) that,
on the one hand, value functional (4) satisfies Hamilton-Jacobi equation (7) at
the points of ci-differentiability, and, on the other hand, a sufficiently smooth (ci-
differentiable and satisfying additional smoothness conditions) solution of prob-
lem (7), (8) coincides with the value functional. However, in many cases, Cauchy
problem (7), (8) (as well as Cauchy problems for Hamilton-Jacobi equations in
partial derivatives) does not have the sufficiently smooth solution. Therefore, gen-
eralized (minimax) solutions of such type problems were investigated [8, 16, 17].
In [16], existence and uniqueness conditions of the minimax solution were ob-
tained. A coincidence of the minimax solution with the value functional was
shown in [8]. In the present paper, we give an infinitesimal criterion of the mini-
max solution of problem (7), (8) by using a suitable directional derivatives. After
proving Lipschitz continuity of the minimax solution (see Lemma 6.4), the proof
of the criterion is based on results of [17].

2. Assumptions

Let B(a) = {z € R": ||z|| < a}, a > 0. We assume that the functions g(7,z) €
R™ H(r,z,y,s) € R and o(x) € R, where 7 € [tg, V], z,y,s € R", satisfy the
following conditions:

(g)  For every a > 0, there exists A\; = A\;j(«) > 0 such that

||g(7, x)—g(T',x')H <N (|IT=7 |+ lz=2'|), 7.7 € [to,V], x,2" € B(w).
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(Hy) The function H is continuous.

(Hy) For every a > 0, there exists Ay = Ay («) > 0 such that

|H(r,2.y,s) = H(r, 2",y s)| < Arllsll (o = 2" + lly = ¥/[1)

for any 7 € [to, V], z,y,2',y € B(«a), and s € R™.

(Hz) There exists a constant cg > 0 such that, for all 7 € [to, V], z,y, s, s € R",

H(r,,,5) — H(r, 2,3, 9)| < exlls = S (1+ ] + ).
(Hy) The following equality holds:

H(r,z,y,as) =aH(t,2,y,8), TE€ [to,V], z,y,s€R", «a>0.
(o)  For every a > 0, there exists A\, = A\,(«) > 0 such that
lo(z) — ()| < Nollz — ||, =2’ € B(«).

Note that the conditions (H;)—(Hy) are fulfilled for the Hamiltonian (H) defined
by (6) if the function f from (1) is continuous and satisfies the conditions below:

(f1) For every a > 0, there exists Ay = As(a) > 0 such that
(12, y,u) = f(r,2', g w) || < Nl = 2" + ly = /]
for any 7 € [to, V], z,y,2",y € B(a), and u € U.

(f2) There exists a constant ¢; > 0 such that

Hf(T,x,ym)HScf(1+||x]|+]|y||), T € [to,V], wzyeR" wel.

3. Minimax solution

Let P and Q be nonempty sets, and let multivalued mappings F_ (7, z,y,p) C R"
and F(1,z,y,q) CR", 7 € [tg, V], z,y € R", p € P, ¢ € Q, satisfy the following
conditions:

(F1) For every 7 € [ty,9], z,y € R" p € P, and ¢ € Q, the sets F_(1,z,y,p)
and F(7,r,y,q) are nonempty, convex and compact.

(Fy) For fixed p € P and ¢ € Q, the mappings (7,z,y) — F_(7,z,y,p) and
(1,2,y) — Fy(7,2,y,q) are continuous.

(F3) There exists a constant ¢y > 0 such that

sup { Il [ € F(7,2,y,p) U Fy(7,2,9,q) } < cr(1+ [zl +[lyl)
for any 7 € [to, V], z,y € R", p € P, and g € Q.

(F4) The following equalities hold for all 7 € [tg,¥] and z,y,s € R™

Jit — inf l,s) = in ().
(T7 x,Y, 8) ;’Ielp ZGFEI(lgi(,y,P)< ’ S> ilel(g ZGFiI(E,le,y:(I)< 7 S>
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Denote by §_(H) and §, (H), respectively, the sets of pairs {PP, F_} and {Q, F }
satisfying conditions (F})—(Fy). Under conditions (Hy)—(Hy), we have §_(H) # 0
and §4(H) # (. In particular, conditions (F;)-(Fy) are fulfilled (see, e.g., [24]) if
P=Q={seR": ||s|| =1} and

F(z,y) = {l e R": Il < V2eu(1+ |zl + |lyl)}.
F_(r,z,y,p) ={l € F(z,y): (l,p) < H(r,2,y.p)}, (9)
Fo(r,z,y,q) = {l € F(z,y): (l,q) > H(T,2,y,q) }.

Definition 3.1. A continuous functional ¢: G — R is called a minimaz solution
of problem (7), (8) if it satisfies right-end condition (8) and, for some {P, F_} €
§_(H) and {Q, F;} € §(H), the following conditions:

(p—) For every (r,w(:)) € G, t € [1,9], and p € P, there exists a function
z(-) € A(T,w(+)) such that

T2 (&) = 9(€. (€ = 1)) € P-(6,2(6), (6 = .p)

for a.e. & € [7,t], and p(t,z:(-)) > p(T,w(")).
B

(py) For every (r,w(:)) € G, t € [1,9], and ¢ € Q, there exists a function

y(-) € A(7,w(-)) such that

T2 WO = 9(€.u(€ ~ 1)) € Puleul).ul6 — )0

for a.e. £ € [r,t], and p(t,y:(+)) < (1, w(")).

It follows from [16] that, under conditions (g), (H;)—(H4), and (o), a minimax
solution of problem (7), (8) exists, is unique, and satisfies conditions (¢_), (¢4 )
for any {P,F_} € §_(H), {Q, Fy} € F+(H). Also, the minimax solution satis-
fies Hamilton-Jacobi equation (7) at the points of ci-differentiability and if there
exists a sufficiently smooth (ci-differentiable and satisfying additional smooth-
ness conditions) solution of problem (7), (8) then it coincides with the minimax
solution.

4. Main result

Let (r,w(})) € G, 7 < 9, z(-) € Lip(|r,9],R"), and [ € R". Following [17],
consider the lower and upper derivatives of a functional ¢: G — R at the point
(1,w(+)) in the direction (z(-),1):

0~ {e(rw()]2(:),1} = lminf (p(t,2.() — o(r,w (")) /(t = 7),

O (w201} = Tmsup (p(t, 7)) = o, w() /(¢ = 7).
where the function z(-) € A(7,w(+)) satisfies the equation d(z(t) — z(¢))/dt =1
for almost every t € [1,9]; x(§) = z(t + &), £ € [—h,0].
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Note that, these directional derivatives are essentially derivatives along extensions
z(-) € A(T,w(-)) (see, e.g., [14]). However, in order to obtain an infinitesimal cri-
terion (next theorem) of the minimax solution (see Definition 3.1), it is convenient
to define these extensions by pairs (2(-),1).

Theorem 4.1. Let conditions (g), (H1)—(Hy), and (o) be fulfilled. Then the

following statements hold:

(1) The minimaz solution ¢: G — R of problem (7), (8) satisfies the inequalities

leF_( S(%)p (—h) )6+{¢(77w(')) ‘ Zg(‘|7‘,w(-)),l} >0,
inf 0 {p(r, w(-)) | 22 (| w(-)), 1} <0, (10)

leFy (1,w(0),w(—h),q)

where (T,w(+)) € G, 7 <V, peP, g €Q, for any {P,F_} € §_(H) and
{Q, F}} € 3+(H).
Here 29(-|T,w(-)) is defined as follows: z9(t|T,w(-)) = g(t,w(t — 1 — h)) if
T <t <74 h, and 29(t|T,w(-)) = g(t,w(0)) ift > 7+ h.

(2)  If a continuous functional ¢: G — R satisfies right-end condition (8) and
inequalities (10) for some {P, F_} € §_(H) and {Q, F,} € §.(H) then the
functional ¢ is the minimax solution of problem (7), (8).

Theorem 4.1 follows from results of [17] (see Theorem 1 and Proposition 4) and
Lemma 6.4 below in Section 6. Before proving Lemma 6.4, let us consider an
auxiliary Lyapunov-Krasovskii functional.

5. Lyapunov-Krasovskii functional

Let a, e > 0. Define the functional

VA (T, s,w()) = K2 (s, w('))6_2o‘H+)‘9/h>(T—t0)7

0
AT [ (1- 2wl )

(7,5,w(-)) € [to, ] x R™ x Lip,
where A\, =X;(a)>1 and Ay =Apg(a) > 0 are defined by conditions (g) and (H,).

Lemma 5.1. Let o,e >0 and 7 €[tg,¥]. Let the functions z(-) € Lip([T—h, 9], R™)
and s(-) € Lip([r, V], R") satisfy the estimates

[s(t) = 2] < Aglle(t = R)l, ¢ € [r, 9], 12)
(ds(t)/dt, s(t)) < )\H(Hz(t)H + ||zt = R)|)[[s@)| + €2 for a.e. t € [r,9].

Then the following inequality holds:
VA, s(t), (1) < V2T, 8(7), () + (E = 7)e, L€ [r,d]. (13)
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Proof. From (11), taking into account Lipschitz continuity of the functions z(-)
and s(-), one can show Lipschitz continuity of the functions wy () = k%(s(t), z:(+))
and wo(t) = V2(t,s(t),z(:)), t € [r,9]. Then, using (12), for almost every
t € [7, 7], we have

dwy(t)  (ds(t)/dt, s(t))

3~ e Ol An( 23— ]+

2 g A /
+ 2% [ a(9))ag
t—h

2AHA
< e 4 2pllz()]| — 2Am A |l 2(t — )| + Z Q/Hz(f)de
t—h

t

22 g A /
< e 2uls(oll + 222 [ Ja(e) e
t—h

Hence, we derive

dCUQ (t)
dt

< ( —20u/mls(o)] -2 [ ||z<§>||ds)e—wwg/w—w <
t—h

From this estimate, we obtain (13). O

Define the functional for (7, w(-)) € G:
P, w() = [w(O)| + lw(=R)[ + [[w@ =7 = k(T)h)[| + / lw(©)lldg,  (14)
“h

where k(1) = min{j € N: jh > 9 — 7}, ie. ¥ — 7 — k(7)h € [=h,0).

Lemma 5.2. For every a > 0, there exists A\ = A(a) > 0 such that if € > 0,
T € [to, V], z(-) € Lip([t — h,¥],R™), and s(-) € Lip([r,9],R™) satisfy estimates
(12) then the following inequality holds:

Iz < Aule + (7, 2:(1))). (15)

Proof. Let a > 0. Define \; = A\;(«) > 1 and Ay = Ay(a) > 0 by conditions
(g) and (Hy). Put

Ao = 2 FAa/MO=10) N = (o) ARIOI NG (1 + Agr) (14 2X0) (1 + 9 — to).  (16)

Let € > 0, 7 € [ty, 9], 2(-) € Lip([t — h,9],R™), and s(-) € Lip([r, ¥], R") satisfy
(12). Let us prove by induction the inequality

21 < G+ DAA (VAT 5(7), (1) + (0 = 7)e) + A Izt = (G + DA,
ter+jh, 7+ G+ DA N[te,d], j=0,....k(1)— 1 (17)
For j=0, from (11), (12) and Lemma 5.1, for every t € [r, T + h] N [to, V], we get
12N < ls@ll + Agllz(t = Il < Ao (VE (7, 5(7), 22 () + (9 = 7)e) + Agllz(t = B]I.
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Assume that inequality (17) holds for j = [ and prove it for j = [ + 1. Using the
first estimate in (12), definition (11) of V., inequality (17) for j = [, and Lemma
5.1, for t € [T+ (I + 1)h, 7 + (I + 2)h] N [to, V], we obtain

[z < [[s@I + Agllz(t = h)[| < AV (2, 5(2), () +
+ (I + 1))\é+1/\0 (Vea(T, s(1),z:(+)) + (U — 7')6) + )\;+2||z(t —(I4+2)h)||
< (l+ 2))\lg+1)\o(‘/;°‘(7', $(7), 2 (1)) + (9 — 7)e) + )\lg+2||z(t — (L+2)h)|.

Thus, inequality (17) is valid for any j =0,...,k(7) — 1.
According to (11) and (12), we have

T

VAT, 8(7), 2 () < e + |27l + Agll2(7 = B[ + A (1 +2) / 12(€)[ldE.
T—h

Wherefrom, by (14), (16) and (17) for j = k(1) — 1, we conclude (15). O

6. Lipschitz continuity of minimax solution

Let F' be defined as in (9). Define
X(r () = {e() et w0) : T (2(t) — glt, 2t~ 1)) € F(a(t) x(t — 1)
for a.e. t € [r, 19]} (18)

Lemma 6.1. For every o, A > 0, there exist numbers ax = ax(a) > 0 and
Ax = Ax(a, A) > 0 such that if a pair (T,w(-)) € G satisfies the inequalities

[w(@l <o, Jw(§) —w(@)| <AME=¢], &€ € [=h,0], (19)
then the estimates below hold:
2@l < ax, lz(t) —=(E)]| < Ax[t—t], t,t'€[r —h,J], x() € X(r,w(-). (20)
Proof. Let a,\ > 0 and k € N be such that (¥ — ty)/k < h. Define
ap =, a1 = (o + Ag(ay) (9 — to + 20;) + V2 (0 —to)(1 + 2ai))e‘/§CHh,
o= Ais1 = Ag(@) (1 4+ X)) + V2er(1 +20541), i=0,...,k—1, (21)
where ¢y is taken from condition (Hj). Put ax = a; and Ax = A,. Let z(-) €
X (r,w(-)). Denote 7, = min{7 +ih,9}, i = 0,..., k. Let us prove by induction
the inequalities
lz(@)]] < i, [Jx(t) —x@)|| < Nt =], t,' €[ —h,7], i=0,...,k.  (22)

For i = 0, these inequalities follow directly from (19) and (21).
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Assume that these inequalities hold for j = [. Then, using (g) and (18), we get

@I < lw(O) + llg(t, 2(t = h)) = g(7, w(=h))[| +

t

T Vaex / (14 ()] + ll2(€ — B}

T

< ap + M) (9 = to + 200) + V2 (9 — to) (1 + 2ay)

T Vaey / le(©)lIde, t € [ramial.

Wherefrom, applying Bellman-Gronwall’s lemma (see, e.g., [3, p.31]) and taking
into account definition (21) of ayy1, we obtain the first inequality in (22) for
i =1+ 1. Further, by using the obtained inequality together with condition (g),
definition (18), and the second inequality in (22) for i = [, we derive

lz(t) = ()] < llg(t, x(t = h)) = g(t", (' = h))|

t/

T Vaex / (1+ ()] + [l2(& — B} de

t
S ()\g(Oél)<1 + )\l) + \/§CH(1 + 20él+1))‘t — t/| = )\l+1|t - tll,

where 7, < ¢t <t < 741. Thus, inequalities (22) hold for any i = 0,...,k. In
accordance with the choice of ay and Ay, this proves the lemma. O

Corollary 6.2. For every (1,w(-)) € G, there ezist ax = ax(r,w(:)) > 0 and
Ax = Ax(1,w(+)) > 0 such that estimates (20) hold.
Corollary 6.3. For every a > 0, there exists ax = ax(a) > 0 such that

[z < ax, t € [r—hd], 2() € X(,w()), T € [to, V], w(-) € Pla),
where P(a) = {w() € Lip: ||u(-)|lo < a}.

Lemma 6.4. Let a functional p: G — R be a minimaz solution of problem (7),
(8). Then, for every o > 0, there exists A, = A\,(c) > 0 such that

o w()) = @(7,7( )] < Aptb(mw(:) = 7)), TEt0, V], w(-),r(-)€P(a), (23)

where the functional ¥ is defined by (14).

Proof. Let a > 0. In accordance with Corollary 6.3 and conditions (g), (Ha),
(0), define ax =ax(a)>0 and \,=X,(ax) >0, Ag=A(ax)>0, A\, =\, (ax)>0.
Then, for every 7 € [to, V], w(-),r(-) € P(a), and any z(-) € X(1,w(-)), y(:) €
X(r,r(+)), t € [1,9], we have

lg(t,z(t = h)) = g(t,y(t = )| < Agll=(t = W),
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[H(t,x(t), (t — h), s(t)) — H(t,y(t),y(t — h), s(t)| <
<A (=N + [l = WD Is@I, (24)
|o(2(9)) — o (y())| < Asllz@)]I,
where 2(t) = x(t) = y(t), t€[r—h,d),
s(t) = 2(t) — g(t.2(t — b)) + g(t,y(t — ), t € [7,9]. (25)
In accordance with Lemma 5.2, define A, = A.(ax) > 0. Put
Ao = A (26)
Let 7 € [to, 9], w(-),r(-) € P(a), and & > 0. Define the set
W. = {(2(),y()) € X(r,w()) x X(7.7() : for ae. t € [r,d],
(ds(t)/dt, s(t)) < Au([I(z@O) + [l2(t = W) Is@)] + 52} (27)
where the functions 2(-) and s(-) are defined by (25). Define
M(t) = {(z(-),y() € We: ot () 2 (mw(), et m() < o(m ()},

T.={te[r,9]: M.(t) #0}, t.=supT.. (28)

We show that W, # () and T. # ). If we take the functions z(-) € A(r,w(-)) and
y(-) € A(,7(+)) such that we have for ¢ € [r, 9]

2(t) = g(t, x(t=h))+w(0) —g(r, w(=h)), y(t) = g(t,y(t—=h))+r(0)=g(7,r(=h)),

then we have z(-) € X(1,w(+)), y(-) € X(r,7(+)), and ds(¢)/dt = 0 for almost
every t € [r,9]. This implies the inclusions (z(-),y(:)) € W, and 7 € T..

Let us prove that the supremum in (28) is achieved. Let a sequence tj € [7,t.],
k =1,2,... be such that M.(t;) # 0, k = 1,2,... and t;, — t. as k — oo. It
means that there exist the functions (z®(-),y*)(.)) € W, such that

otz () > o(rw(), oty (1) < o(r,7(). (29)

Without loss of generality, taking into account Corollary 6.2 and Arzela-Ascoli
theorem (see, e.g., [18]), we can suppose that the sequence (x®)(.), y® (), k =
1,2, ... converges uniformly. Let (z°(-),4°(+)) be the limit of this sequence. Sim-
ilar to Lemma 1 of [6, p. 76], one can prove the inclusion (z°(-),y°(-)) € We.

Passing to the limit in (29) as k — oo, due to continuity of the functional ¢, we
obtain (z°(+),y°(+)) € M.(t.), i.e. the supremum in (28) is achieved.

Now, let us prove the equality t. = 9 for any € > 0. For the sake of a contradiction,
suppose that there exists ¢ > 0 such that . < 9. Let (z(-),y(-)) € X(7,w(-)) X
X(1,7(+)) be such that

(ds(t)/dt, s(t)) < A (IO + |2t = W) [Is(t)]| + € for ae. t € [,9], (30)
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where the functions z(-) and s(-) are defined by (25), and

plte 21.(1) 2 e(r,w(-)),  lte, v () < (7, 7())- (31)

Let {P,F_} € §_(H) and {Q, F} € §+(H) be defined by (9). According to
(Fy), there exist p° € P and ¢° € Q such that

leF_(ts,xg:iits_h)’po)<l7 s(te)) < H(te, x(te), x(t: — h), s(te)) +€%/4, )
ey (s(te)) 2 H(te,y(te), y(te = h), s(t)) — €2/4
Define the sets
X_={i() e X(te,x. () : forae. te[r0)
(30 gte.3 - 1) € P (1303 - 0.}
X, =<3() € X(te, () : for ace. t € [, V]
3 (000 = ate. 36 = 1)) € Pt 0,360 - o)
Similar to Theorem 4.2 in [4] one can show that X_ # 0 and X, # (). Taking
into account conditions (H;), (F3), Corollary 6.2, and inequalities (32), one can
prove that there exists t* € (., 9] such that, for every functions #(-) € X_ and

y(-) € )?Jr, the following inequalities holds for a.e. t € [t.,t*] :

<%<Zi(t> —g(t,z(t — h))>7§(t)> < H(t,&(t), #(t — h), 5(t)) +€2/2,

<% (@(t) —g(t,y(t - h))) J5(t) = H(L (), g(t — h),3(t) —*/2,  (33)

where 5(t) = Z(t)—g(t,2(t—h))—g(t)+g(t,y(t)). Moreover, since ¢ is a minimax
solution of problem (7), (8), we can find Z(-) € X_ and §(-) € X, such that
)

p(t", 2 () = olte, 20 (), o 9= () < olte, () (34)
From (24), (33) we derive
(ds(t)/dt, 5(t)) < Au (121 + (|2 = RIS + € for ae. t € [to, 7], (35)
Define the functions Z(-) € A(7,w(+)) and §(-) € A(,r(:)) by the relations
B(t) =x(t), 9(t) =y(t), t€rt); &(t) =2(@t), 9(t) = 4(t), t € [t,t"),

(t,9(t = h)) +?J(t ) —g(t", 9(t" — h)),
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Then, according to (30) and (35), we have (z(-),y(-)) € W.. Moreover, due to
(31) and (34), we obtain (z(+),y(:)) € M(t*), which contradicts the definition of
t. in (28). Thus, the equality t. = ¥ holds for any ¢ > 0.

Since t. = ¥ and ¢ satisfies (8), there exists (z(-),y(:)) € W such that

a(z(V)) = (0, 29(-)) 2 (1, w(), oY) =@, ys()) < @(7,7(-)).

From the inclusion (z(-), y(-)) € W, the first estimate in (24), and (25), we obtain
that inequalities (12) hold if & = ax, Ay = A\j(ax), and Ay = Ag(ax). Then,
due to Lemma 5.2, using the third estimate in (24), we derive

p(rw()) —(r,r() < Allz(P) —y() || < Aohile + (T, w(-) — ().

Since this relation is valid for any ¢ > 0, it is valid for ¢ = 0. Thus, taking into
account (26), we obtain (23). O
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