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The article deals with the linear pursuit problem with n pursuers and one evader with the
same dynamic and inertial abilities of the players. Sufficient conditions both in the class of
quasi-strategies, and in the class of positional strategies with a guide are obtained.
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1. Introduction

To date, various formalizations of the differential game have been proposed, which
differ, in particular, in the awareness of the players accepted in them [4, 5, 6, 7,
8,9, 10, 11, 14, 15, 16, 17, 19]. In many works [2, 4, 6, 8, 12, 13, 17] devoted to
the problems of group pursuit, it is assumed that all pursuers at every moment
of time know the controls of the evader either at the moment or throughout the
period of continuation of the game up to a given moment, that is, the pursuers
know the background of the game. This formalization of conflict interaction is
not always natural. The most real is the assumption about the knowledge of
the phase coordinates of the participants and the use of positional strategies by
the participants of the game. The use of positional strategies leads to significant
difficulties in the study of the problems of group persecution.

In [11] a two-player game was considered, for the analysis of which an auxiliary
differential game (guide-system) was introduced, by the movement of which the
pursuer corrected his trajectory at certain fixed points in time for the positions
of the original and auxiliary games. In the auxiliary game, the pursuer built his
control, knowing the control of the evader.

In [3] a guide-system was used to study the problem of simple group pursuit,
and in work [18] to study the problem of group pursuit in a linear stationary
differential game.
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In this paper, a linear non-stationary group pursuit problem is considered, for
which the solvability conditions for the pursuit problem are obtained both in the
class of quasi-strategies, and in the class of positional strategies with a guide.

The obtained results are planned to be applied to the construction of optimal
strategies for the players using the Hamilton-Jacobi equations in the group pursuit
problem with the payoff function “capture time”.

2. Statement of the problem

In the space R* (k > 2), a differential game I' of n + 1 objects with n pursuers
Py, ..., P, and the evader F is considered.

The law of motion of each pursuer P; has the form

i = Atz +w, w €V, x(ty) = ). (1)

The law of motion of evader F has the form
y=Alt)y+v, veV, ylt) =1y, (2)

where x;,y,u;,v € R¥ i € I = {1,...,n}, V is a strictly convex compact set in
R* A(t) is a continuous matrix function of dimension k x k on semi-axis [tg, 00).

Instead of (1)—(2), we consider the system
=AWz +ui— v, zi(te) = 2) =) — " (3)
We assume that z{ # 0 for all i € 1.

In addition, we consider an auxiliary differential game T with pursuers P, ..., P,
and an evader F, which is described by a system of the form

w; = A()w; + 1 — 0, U, 0 €V, wi(ty) = w. (4)
In system (4), the matrix A(¢) and the set V are the same as in system (3).
A measurable function v: [tg,00[— R¥ is called to be an admissible control if

v(t) € V forall t > ty. We call the prehistory @ () of the evader E at an instant
t, t € [to, +00), the restriction of the function ¢ to the interval [to,¢].

The set of all measurable functions v: [tg, 00) — V is denoted by V.

Definition 2.1. [19, p.24] A quasi-strategy U; of a pursuer P; is map o;: V — V
satisfying the following condition: let t° € [ty,00), v, v? € V,v!(t) = v3(t) be
almost everywhere on [t,1°), then u;(t) = u7(t) almost everywhere on [to,1°),
where u!(-) = a; (v (")), 7 = 1,2. O
We define positional strategies with a guide on the segment [to, T of the pursuers
Py, ..., P, in the game I'.

Let A={toy =71 <7 <...<7 =T} be a partition of the segment [ty, T]. On
the interval [y, 71) we choose the permanent control of the pursuers P;, i € I,

uQ(t) = Ui(z?7w?), iel, te€][n,n).

(2
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The selected control u?(t) paired with some control v(t), t € [y, 1), evader F
generates motion z;(t), t € [y, 1), system (3) on the segment |1y, 71).

On the segment [79, 71) in system (4), we set the control o(t) of the evader E and
quasi-strategy Uy, ..., U, of pursuers Py, ..., P,. Thus, the functions w;(t), i € I,
are defined, which are solutions of system (4) on the segment [, 7).

At the instant ¢ = 71, based on the values z1(71), ..., z,(71), wi(11), ..., wy(11),
select the permanent controls

ur(t) = Us(zi(m1),wi(r)), i€1, tem, n),

of the pursuers P, ..., P, in the game I'. The selected controls u}(t), i € I, of
the pursuers P, i € I, paired with some control v(t), t € [r1,72), of the evader
E, generates motion z;(t) system (3) on the segment |1, 75).

On the segment [71, 73) in system (4), we set the control #(t) of the evader E and
quasi-strategy Uy, ..., U, of pursuers Py, ..., P,. Thus, the functions w;(t), i € I,
are defined, which are solutions of system (4) on the segment |11, 7).

Let 2;(7s), w;(7s), © € I, be the positions in which the system (3) and the guide
system (4) came at the instant ¢t = 7,. At the instant ¢t = 7,, based on the values
2i(Ts), w;i(75), i € I, select the permanent controls

w;(t) = Ui(zi(15), wi(7s)), 1 €I, tE|[TsTsr1),

7

of the pursuers Py, ..., P, in the game I'.

In system (4), we set the control 9(¢) of the evader E and quasi-strategy Uy, . .., U,
of pursuers P, ..., P, on the segment [75, 75;1).

We continue this process until 7.

3. Capture of the evader in the class of quasi-strategies

Definition 3.1. There is a capture in the class of quasi-strategies from the

initial positions 2% = (z9,...,2Y) in the game T if there are an instant 7' > tg, a

e n
quasi-strategy Uy, ..., U, of the pursuers Py, ..., P, such that, for any measurable
function v(+), v(t) € V, t € [to, T], there are an instant 7 € [ty, 7| and a number

p € I such that z,(7) = 0. O

Definition 3.2. [20] A matrix function A: R! — My, (Myy is the set of all square
matrices of dimension k x k) is called recurrent (by V.I. Zubov) iff for any € > 0
there exists T'(¢) > 0 such that for any a,t € R!, there exists 7(t) € [a,a+ T(¢)],
for which it is true that ||A(t + 7(¢)) — A(t)]| < e.

A matrix function A: [tg, 00) — My, is called recurrent on [tg, 00) iff there exists a
recurrent matrix function F': R! — My, such that A(t) = F(t) for all t € [ty, 00).

If for each € > 0, the number 7(¢) is independent of ¢, then the function f is
called almost periodic. [
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Denote by ®(t) the fundamental matrix of the system
b= Altlw, O(ty) = E,

where F is the identity matrix.

Assumption 3.3. The fundamental matriz ® is a recurrent function, and its
derivative is uniformly bounded on [tg, 00).

We denote by IntX, co X, X respectively, the interior, the convex hull and closure
of the set X.

Mh,v) =sup{A > 0| —Ah €V —v}, D.(a)={z€R*| ||z —a| <}

Lemma 3.4. Suppose that for some by, ..., b, € R¥ with b; # 0 for all i € I we
have

min max A(b;,v) > 0.

veV i€l
Then there exists € > 0 such that for any z1,...,z, € R* and z; € D.(b;), i € I,
the following inequality holds:

min max A(z;,v) > 0.
veV el

Proof. By Lemma 1.3.13 [12, p. 30], the function A(b, v) is continuous on the set
B x V, where B is an compact set such that 0 ¢ B. Therefore, the functions

g(z1, ..., Zn,v) = max A(z;,v) and G(z1,...,2,) =ming(z1,...,2,,v).
el veV

are continuous. The assertions of the lemma follow from the continuity of the
function GG. The lemma is proved. [

t

Further, let Fj;(t) = /A(@(s)z?,v(s))ds, i €1, D(e)=D.(2}) x ... x D(22).

n

0
Lemma 3.5. Suppose that Assumption 3.3 holds and

min max A(z?,v) > 0;
veV iel

then there exists an instant T > ty such that for any admissible function v(-)
there exists p € I such that F,(T') > 1.

Proof. By Lemma 3.4, there exists ¢ > 0 such that for all z; € D.(2?), 1 € I,
the inequality mi‘l;l max A(z;,v) >0 holds. Let 0 < g9 < € such that
ve 1€

d = min minmax A(z;,v) > 0.
2€D(gp) veV el
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Denote by 1(A) the Lebesgue’s measure of the set A,

A ={t>to| ©(t)z) € D.y(2]) foralli € I}, d= max||zo|| M = sup ||®(t)].

t>to

Since @ is a recurrent function, there exists Ty > 0 such that forevery s = 1,2,...,
there is an instant 7, € [(s — 1)y, sTp), for which

[ (to+7) — @(to) | < =2

Let t, = to + 7. Then ||®(t,)z) — 20| = || D(ts)2) — D(to)2)|| < %

Consequently, ®(t5)z) € D.,/2(z)) for all ¢ € I. From the mean value theorem [1,
p. 135], it follows that for any T3, 75,4 the inequality

12(Th)2 — ()2 || < Md|T; — T

holds. Therefore, if [|®(71)20— &(Ty)20|| > %, then |} —Ty| > 1 = 2;3 -
[t ts + 7o) C Ay = {t € [ts,tsr1)| ®(t)2] € Dey(2)) for all i € I}.

Hence (JA; C A and therefore p(A) = +o00. Then, we have

t

max F;(t) = max/)\(@(s)z?,v(s))ds > max / M®(s)z),v(s))ds

iel iel iel
to [to,t]NA
1 1
> — ®(s)z] > — ®(s)z;
>~ D_N@(s)z v(s))ds = / max A(®(s)27, v(s))ds
N [to,tjNA
5
—p(lto N A).

Since p(A) = +o0, then tlim p([to,t] M A) = +o00. Therefore, for the instant T
—00
from the condition 2pu([ty, 7] N A) > 1 we obtain the inequality max F,(T) > 1.
1€

The lemma is proved. O

Remark 3.6. From the method of construction w; it follows that the constructed

strategies satisfy the definition of quasi-strategies. ]

Let T = min{t > to mf maIXF( ) > 1} (5)
DS

By Lemma 3.5, 7' < +00.
Theorem 3.7. Suppose that Assumption 3.3 holds and that

Igél‘l/l max Az v) > 0; (6)

then in the game I' capture occurs in the class of quasi-strategies.
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Proof. By Cauchy’s formula, the solution of problem (3) for any admissible

control has the form
t

zi(t) = () (z? + /Cbl(s)(ui(s) — 'U(s))ds). (7)

to

Let v(-) be an arbitrary admissible control of the evader E. It follows from the

A

definition of the instant 7" that there exists an instant 7 € [to, T'], being the root

of the function
t

F(t)y=1- I?Eablx//\(q)(s)z?,v(s))ds

and a number p € I such that

T

11— /)\(@(s)zg,v(s))ds <0.

to
Let t, € [to,0) be the least root of the function 1 — F,,(t),« € I, if t, exists.
Note that t, € [tg, 7] for all a € I.
We define the controls of the pursuers P;, ¢ € I, setting

wi(t) = v(t) — M P(t)22,0(t))®(t)2),t € [to, min{t;, T}],
i o(t),t € [minf{t;, 7}, 7).

Then from (7), we obtain

2(T) = &(T) (20 — /A(<I>(s)2,?,v(8))d822)

T

— B(T)20(1 /)\(Cb(s)zg,v(s))ds): 0.

to
The proof of the theorem is complete. [

Corollary 3.8. Suppose that Assumption 3.3 holds, V' is a strictly convexr compact
set with smooth boundary, and

0 € Intco{z?,..., 20 (8)

Y n
Then in the game I' capture occurs in the class of quasi-strategies.

Proof. From condition (8) it follows that § = min max Az0,v) > 0.
vE 1€

By Theorem 3.7, in the game I" capture occurs in the class of quasi-strategies. [
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Corollary 3.9. Suppose that A(t) = A for all t > to, that all the eigenvalues of
the matriz A are purely imaginary and pairwise distinct, and that the inequality
(6) holds. Then in the game I' capture occurs in the class of quasi-strategies.

Proof. It follows from the assumption that the fundamental matrix ® is almost
periodic, and therefore recurrent. Il

Corollary 3.10 Suppose that V' is a strictly convex compact set with a smooth
boundary, Assumption 3.3 holds, and there exists an instant T > ty such that

0 € Int co{®(7)2), i € I}.

Then in the game I" capture occurs in the class of quasi-strategies.

Proof. Setting u;(t) = v(t) for all t € [ty, 7], we obtain z;(1) = ®(7)z?. Taking
the instant 7 for the initial, we obtain the validity of the assertion. [

4. Capture of the evader in the class of positional strategies with guide

Definition 4.1 There is a capture in the class of positional strategies with guide
from the initial positions 2% = (2{,...,2%) in the game T if for any € > 0 there
is an instant T'(e) > ty, positional control strategies with a guide Uy, ..., U, of
the pursuers Pp,..., P, such that, for any measurable function v(-), v(t) € V,
t € [to,T(g)], there are an instant 7 € [tg,T(¢)] and number p € [ such that

Izp(T)I| <.

Theorem 4.2. Suppose that Assumption 3.3 holds and

min max A(2?, v) > 0.
veV i€l

Then in the game I' capture occurs in the class of positional strategies with guide.
Proof. As T(z°), we take the moment 7', defined by formula (5).

Let A={to=To<n<..<7 = T} is the partition of the segment [to, T].
Consider the game T', described by system (4). We select w? = z? for all 7 € I.

Step 1. Consider the segment [ry,7;]. We assign the constant control ¥ of the
evader I/ in the game I' to be arbitrary, and the control of the pursuers P; in the
game [ is assumed

(=4}

B B (t) — M(D(t)20,0(1))@(¢)22, ¢ € [m0,7d],
w;(t) = q .
o(t), ter,ml,

where 75 < 7 is the root of the function Fj(t) = 1 — f:o AN D(s)z),0(s))ds, if
it exists. The control u; pursuers P;,i € I, in the game I' on [ry,71) is chosen
arbitrary and constant.

Step 2. Consider the segment [r1, 7). Let si(11) = 2(11) — wi(71). Select the

constant control v of the evader E in the game I' so that the equality

(Z si(11), 17) = Ivrél‘gl (Z si(11), v)

el i€l
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holds. The control ; of the pursuers P, in the game I' on [r1, 75) assume

a(t) = {ﬁ(t) - A(‘1>(25)'Z?;?7(10)‘1)(?5)2?, t € [m, i),

where 7 < 75 is the root of the function Fj(t) = 1 — f AN (5)22,0(s))ds, if it
exists.

The control u} pursuers P;, i € I in the game I" choose constant on [71, 73] so that
the following equality holds:

Step 3. Consider further the segment (71, Ti11]- Let si(m) = zi(m1) — w; (7). Select
the constant control v of the evader E in the game I' so that the equality

(; Sz’(Tl),ﬁ>: I&l&(ﬁzl Si(Tl),U>. (9)
holds. The control @; of the pursuers P in the game I on [r, 711) assume
(t) = {@(@ AL pme=L e ()
o(t), telrn, Tl

where 77 < 77,4 is the root of the function Fj(t) = 1 — f:o AN (5)22,0(s))ds, if it
exists.

The control uﬁ pursuers P;, ¢ € I in the game I' choose constant on [, 711] so
that the following equality holds:

(55(m),ul) = mir‘}(si(n),ui), 1€ 1. (10)
u; €
Thus, the pursuers P;, i € I, in system (3) build their controls step by step,

knowing at each step the real position of the game and the position in the auxiliary
guide system (4). Definew

M = max [[A@)], d =max|v]|, &=max(np —7), s(t) = z(t) —wi(t).
ve

tefto, T

Note that for any measurable functions u;, v: [ty, 7] — V for solving Cauchy’s
problem of system (3) the inequality

Iz < 127 +/HA )zi(s) + wils) — v(s)llds

< 122 + 2d(t — to) —|—M/||zl )| ds,

holds for all ¢ € [to, T).
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Therefore, by the Gronwall-Bellman inequality for all ¢ € [, T | the inequality
llz:(t)|| < B, where B = ||2?|| + 2d(f’ o)+ M (T—to)

holds. This means for all i € I, ¢ € [y, T |, the inequality

I2:(t)]| < K, where K = M B + 2d,

holds. Consequently, for all ¢1,t5 € [to, T], we have the inequalities
[zi(t1) — zi(t2)|| < Kty — to],  [Jwi(ty) — wilta)|| < Kty —taf,
[si(t1) = si(ta)|| < 2Kt1 — tof.
Let t € [, 7i41]. Then for an arbitrary function v(-)

L0 = 20su(6),8:6)) = 2o (1), AW)si(6) i — (1) + (1) — (1)

= 2(si(t), A(t)si(t)) + 2(s4(t), ui — wi(t)) +2(si(t), 0(t) — v(t)). (11)
From inequality (10) it follows that for all ¢ € |7, 7;11] the inequality
(si(m), u; — @(t)) <0,

holds. Therefore,

(s:(t), A()si(t) < M||si(t)]*, (12)

(s4(t), u; — w@ilt)) = (si(m), wj — @) + (s:(t) = si(m), ui — @(t))
< (54(t) — si(m), ul — @;(t)) < 2d||s5(t) — si(m)|| < 4dK|t — 7| < 4dK6. (13)
(

Consequently, from equality (11) and inequalities (12), (13) we obtain

(S s®IF) < 20 3 s +4dkns +2(E (0.5 - o). (14

el il el

As for all t € |7, 741] we have (Z si(m), 0 — v(t)) <0, then

iel
(Z si(t),ﬁ—v(t)>: (Z si(n),ﬂ—v(t))—|—<Z(si(t)—si(n)),ﬁ—v(t))ﬁ AKdné .
i€l i€l i€l
Therefore, from inequality (14) it follows that for all ¢ € [to, 7] the inequality
= (ZHS ) )< 2 Y [lsi(0)]> + C.
i€l

holds. From the condition of the problem ) ||s;(to)|| = 0 is true.
i€l
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Consequently, from the last inequality we get

S si)[2 < Colt - to) + 2M/(Z ()]t

iel iel
By the Gronwall-Bellman inequality, we have

ST Isi®? < Co(t — to)e? M) < O5(T — ty)eMT—10),

el

Taking § > 0 so that the inequality C(T — to)e*M(T 1) < £2 holds, we finally
get S, Isi(T)]|? < €2 Therefore, ||s;(T)|| < ¢ for all 4. Since w,(T) = 0 with

some p, then ||z,(T)| < e. The theorem is proved. O

Corollary 4.3. Suppose that Assumption 3.3 holds, V is a strictly convex compact
set with a smooth boundary and inequality (6) is satisfied. Then in the game T
capture occurs in the class of positional strategies with guide.

Example 4.4. Let in the system (3) A(t) = 0 for all ¢ and inequality (6) is
satisfied. Then in the game I', capture occurs in class of positional strategies
with guide.

Example 4.5. Let t; = 0 in system (3), and the matrix A(t) = a(t)E, where

0, if ¢ € [0, 27],
a(t) =9 . .
sint, ift > 2m.

Then the matrix ®(¢) has the form

B(t) E, if t € [0, 27],
ClelestE, ift > 2.

The function ®(t) is recurrent and, therefore, Assumption 1 is fulfilled. We note
that the function ®(t) is not almost periodic. Let inequality (6) is satisfied. Then
in the game I', capture occurs in class of positional strategies with guide.
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