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The paper investigates a control problem of optimal distribution of investments directed to-
wards improvement of the resource productivity and/or purchasing the natural resources. The
problem is based on the growth model of the effective resource consumption under the condition
on resources’ exhaustion. The paper provides an interpretation of phase variables in terms of
the reliability theory. The optimal solution of the problem is approximated by piecewise con-
stant controls that guarantee convergence of the trajectories to the unique equilibrium of the
Hamiltonian system. The derived approximation satisfies the phase constraints and matches
with the stabilized solutions constructed on the basis of the nonlinear regulator approach.
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1. Introduction

The research is devoted to the problem on optimization of the resource use effi-
ciency in resource-dependent economies. The problem design is conducted within
the endogenous economic growth theory [2, 5|. The penalty for the wasteful use
of resources is expressed by the price-formation mechanism that is inverse pro-
portional to the current stock of natural resources. The rapidly raising costs of
natural resources has a negative impact on the consumption index that estimates
the quality of the control process [7].

Nowadays, the rate of the resource consumption is rapidly increasing (see, for
example [8]), therefore, the optimization problem for the resource productivity
comes to the fore.

In this paper, we present the optimization model of the resource use and give
an interpretation of the production factors serving as phase variables in terms
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of the reliability theory. The control parameter in the model is the share of
the output invested into the resource productivity. The quality of a control
strategy is estimated by the integral logarithmic consumption index discounted
on the infinite time interval. Using the Pontryagin maximum principle [4, 1],
we investigate the control problem and provide the qualitative analysis of the
Hamiltonian system, specifically, we derive the conditions on model parameters
that guarantee the existence of the steady state. As it is proved in [9], once a
steady state exists, its is possible to construct a nonlinear regulator that stabilizes
solutions of the Hamiltonian system.

The paper develops a scheme for constructing an approximate solution of the
problem using a piecewise control regime. The control parameters and the switch-
ing time are determined by means of two conditions that are the given phase
constraints and the existence of a saturation level at the steady state of the
Hamiltonian system.

The paper has the following structure. We start from the model description and
the statement of the optimal control problem. The second section provides an
interpretation of the phase variables in terms of the reliability theory. Next, we
move towards the problem analysis and provide the qualitative characterization
of the Hamiltonian systems. Then, an algorithm is provided for constructing
approximate solutions of the optimal control problem with infinite horizon. Fi-
nally, we compare the stabilized trajectories of the Hamiltonian system and the
approximate solutions in a vicinity of the steady state.

2. Optimization model and control problem

In [7] the authors have developed the model and discussed its features and prop-
erties. Here, we give a brief overview of the basic model parameters and depen-
dencies that are required for the problem statement.

2.1. Optimization model of resource consumption

In the basic concept, the main phase variables of the model are presented by the
current production y = y(t), the resource use m = m(t), and the cumulative
resource consumption M = M (t), where symbol ¢ stands for the time variable
t € [0,+00). The cumulative resource consumption M (¢) is introduced as the
integrated material use m(t)

t
M(t) = /m(s)ds. (1)
0
The condition on the limited natural resources is given by the integral equality

M(t) < M = /m(s)ds. (2)
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The initial consumption level m(0) = my is assumed to be known, and M (0) = 0.
The resource productivity z(¢) at time ¢ is determined by the formula
y(t)

2(t) = ) (3)

In the definition of the price formation mechanism we put into the basis the

concept of raising prices p(t) on the natural resources in the case of their limitation
or exhaustion o
poM

p(t) = =———,

M — M(t)

It is assumed that prices are growing according to the inversely proportional rule
of resources exhaustion. Formula (4) envisages that prices p(t) can grow rapidly
to infinity according to the hyperbolic law when the integrated material use M ()
reaches its limitation M (2) .

p(0) = po. (4)

Under the assumption of closeness of the economy the balance equation takes the
form

y(t) = ct) +p(t)m(t) + u(t)y(t), (5)
i.e. the production y(t) in period ¢ is shared between consumption ¢(¢) and the
growing cost of the natural resources p(t)m(t) plus investments u(¢) in improving

the resource productivity z(¢). The balance relation (5) allows to derive the
current consumption level ¢(¢) in the following form

p(t)m(t) )
ct:yt(l———ut , 6
(1) =it) (1~ PO — utt (6
and also to indicate the constraints for the control parameter wu(t),

0 <u(t) <. (7)

The output y(t) depends on the resource use m(t) in accordance to the production
function of the Cobb-Douglas type

y(t) = ae’m(t), a>00b>00<a<]l, (8)

where the parameter a is a scale factor, the symbol b stands for the growth rate
of the output y(¢) due to the development of the production factors (i.e. the
resource use m(t)), and the constant « is an elasticity coefficient.

Remark 2.1. It is assumed that the model parameters satisfy the inequality
mo/M < b/a that is verified statistically for many countries [7].
2.2. Optimal control problem

Let assume that the relative raise in the resource productivity z(¢) is proportional
to the portion of the assigned investment u(t) (see [2])

5(1) = Bu(t)=(t), B 20, (9)
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where parameter [ indicates the effectiveness of the investment process u(t). The
equality (9), together with the formulas (3) and (8), provide the dynamics of the
material use
b — Bu(t
= ﬂm@)_ (10)

i (t)
For the model analysis, we introduce new phase variables in the following form

p(t)m(t)
y(t)

The first variable z1(t) denotes the share of the current stock of the natural
resources that is used in the current period of time ¢, and the second variable
x9(t) is the share of the output that is spent on the purchase of the natural
resources. The dynamic relations for the new variables z(t) = (z(t), x2(t)) can
be derived using equalities (1), (4), (8)-(10) as follows

l—«

m(t)

T M- M(t) (1)

l’l(t)

To (t) =

T =T €T M — T U .fL'O — @
To(t) = mo(t) (x1(t) — Bu(t)) =: fo(z(t),ut)), 2%= %

In the variables z(t) = (z1(t), x2(t)) (11), the logarithmic consumption index can
be expressed by the formula

$1<t)
i) (t)

Inc(t) =In

+In(1—u(t) —22(t)) + In (poM) = w(z,u) + In (poM). (13)

The quality of the control process is determined by the integral consumption
index discounted on the infinite time interval

“+o0

J(z(-),u()) = /e‘ptlnw(x(t),u(t))dt. (14)

0

The optimal control problem is to maximize the utility function (14) along the tra-
jectories (z(t),u(t)) of the dynamic system (12) that satisfy the initial conditions
2% = (29, 29) in the phase variables x(t) = (z1(t), 72(t)) and the constraints (7)
in the control variable u(t).

3. Model analysis within the reliability theory

The first model variable x,(t) can be interpreted as the risk of running out of the
natural resources. Let us consider the share of the current use of materials m(t)
to the initial resource stock M as the density, and the value of M(t)/M as the
distribution of a random variable indicating that by the time moment ¢ the stock
of the natural resources is going to exhaustion

m(t) M(1)

fm(t) = =7 Fn(t) = =7 (15)
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Using the introduced definitions of the model variables (see (1) and (15)), one
can consider the ratio

fm®) 1 dE.()
1—F,t) 1-F,@t) dt ’

A(t) = (16)

which coincides with the phase variable x; and has a specific meaning in the
reliability theory. The function (1 — F,,,(¢)) indicates the probability that the
natural resources do not run out by the time moment ¢. The Formula (16)
determines the value of A(¢) as a local characteristic of the stock reliability that
is the reliability of the resource stock at any given instant of time. In other words,
parameter A(t) is the probability that the non empty resource stock up to time
t will be exhausted in the next span of time [t,t + At], where At is supposed to
be small enough. In terms of probability theory, parameter A\(¢) is the density
of the conditional failure probability at time ¢ provided that up to this moment
the resource stock has not been run out. The function A(¢) determined from
formula (16) is called the danger of failure.

The distribution F,(t) can be explicitly found from the equation (16). Indeed,
integrating (16) under the initial condition F,,,(0) = 0, one gets

3.1. An exponential case

For the constant danger of failure A(t), the random variable indicating the exhaus-
tion time of the natural resource stock would have the exponential distribution.
Consequently, using the definition of A(t) (16) and density f,,(¢) (15), we derive

fm(0) = % = % =M0) = Fu(t)=1-—e M/

It results in the following law of the material use
Mexp(t) = moe” Mo/ (17)

ensuring the constant investments directed towards increasing the resource pro-
ductivity. The investment level can be evaluated by equation (10) in the form

=]

2
T oAty — DB (oA
11—«

= Uep(mo) = % + 1_Ta SYa (18)

Remark 3.1. The obtained investment level has to satisfy the control restric-
tions (7), i.e. the material use reduction rate mg/M should not exceed the value

(6u—1b)/(1 - a).
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In the exponential case, other model factors such as output y(t) (8), prices p(t) (4)
and the resource productivity z(t) (3) are determined according to their defini-
tions using relations (17) and (18).

Yexp(t) = ae”mg (t) = amf exp { (b - a%) t} (19)
pes® = T ap7an ~ 1o mm e (20)
conlt) = 208 —am e { (v (1- )50 ) o} (21)

The obtained relations (19)—(21) ensure the exponential growth of the output y(¢)
and the resource productivity z(t), while the prices p(t) on the natural resources
increase exponentially as well. It is worth to note that the total expenditure on
the materials remains the same at any moment of time, since

(mo/ﬁ)t mo/M)t

peXP<t) : meXp(t) ‘= Po€ : moe_( = Po - My.

3.2. Utility function along the exponential trajectories

In parallel with the derived solution corresponding the exponential distribution
F,,.(t) of the relative resource use, one can estimate the utility function Vey,(mo)
by substituting formulas (17)-(20) into relation (14)

+oo
exp (£) Meexp (t
Jup(mo) = / et (m Yep(t) + In (1 — Uy (120) — %)) dt =
J exp
1 o e 11—«
_ n (amo) + 7(77;0) + / e Pt p (1 o uexp(m0> _ Pomyg 6—%) dt,
p p a

b

m
where the parameter v = vy(myg) = a(— — ﬁo) is positive due to the assumption
a

mentioned in Remark 2.1. The last integral is evaluated using the following
change of variables

E(t;mo) = Eo(mo)e 1M &o(mg) = £(0;me) = ”

11—«
Pomy

(1 = Uexp(1m0))

and partial integration. The result is expressed through the Lerch-transcendent

function, ®(&,wy) = nz_% . in the following way
too l—a
/ e In (1 — Uexp(Mo) — Poo 6_7("‘0)'5> dt =
a

0

11—«

= L (1 tglone) = 2 D) / S
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Calculating the last integral, we derive the following relation

&o(mo) o &o(mo)

%(fo(mo))”(’%) 617(_7”(2 d§ = %(fo(mo))”(’%) O/ 5”(%0) nz%fndﬁ =
&o(mo)

[e.e]

1 - ZOO —2in 12 £o 7 (mo)
— — v(mg) y(mq) d — _ .
p(&)(mO)) / Sl P S P
0 n=

Substituting the obtained relations into the functional Je,(mg), we get the utility
function in the form

1 @) 1 L 1 & n
Jexp<m0) = M + - In (1_uexp(m0) - oMo ) + — Z 5—0 (22)

P p a P o n+7(£to)

16

151

max _ Jexp(mo)
1l mg®* = 0.1044

Jodx = 15.1985

13- exp
12
11

10+

Figure 3.1: The utility functional Jex, (22) as a function of the initial material use mq.

In conclusion, the obtained results can be considered as a possible approximate
solution of the control problem if the model parameters satisfy the inequalities
0 <& < 1and~y > 0, which in the original model parameters, look like as follows

pomy " b loam o b Mo g
B 8 M a M

These inequalities together with the constraints on the control parameter u (see
Remark 3.1) impose restrictions on the initial material use my

o < (AL TN g

Do 11—« o
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Figure 3.1 demonstrates the utility functional as a function of mg for the constant
danger of failure A(t), which determines the relative reduction rate of the material
use at the level mg/M. For the calculations, we use the numerical data indicated
in [7, 8]. More specifically, the following estimates of the model parameters are
used for the experiments: M = 1.81-10%, @ = 0.12, p = 0.18, a = 64.34, b = 0.069,
a = 0.4091, B = 1.523, and py = 100. The utility function is concave and achieves
its maximum Jgi* = 15.1985 at the point mg™* = 0.1044. The investments
Uexp(Mo) under this level of the initial material use equals Uey, (My*) = 0.0453.

4. Problem analysis within the maximum principle

The problem analysis is conducted within the Pontryagin maximum principle [4]
generalized for the optimal control problems in the infinite time interval [1].

4.1. Hamiltonian Function and Hamiltonian systems

The stationary Hamiltonian function has the form

H(z,,u) = mw(z,u) + 7 f(z,u),  flo,u) = (fi(z,u), folz,u)) ", (23)

where ¢ = (11,1)" is a vector of conjugate variables, and f(x,u) is a vector
function determined the right-hand parts of the dynamics (12).

It is convenient to introduce the adjoint variables of the form x3 = 1z, 14 =
Vo172, and denote by symbol X the vector of phase and adjoint variables, i.e.
(29,29, 23,24)" =: X. The Hamiltonian function (23) H(-,u) in variable u takes
the maximum value at u = u’

0, XeD  ={X:vX)>1—-x}
=4 l—z—v(X), XeDy={X:1-u—2s<0v(X)<1—ax2} (24)
u, XeDy:={X:v(X)<1—-7—mx},
-« 1

where the function v(X) is determined by v(X) = —

B oxs+ (1 —a)ry

In the domains D; and D3 of constant control regimes, the Hamiltonian system
has the form

([ 51(8) = 21(0) (xl(t)+ b—ﬂ’d)

11—«
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In the domain Dy of the transient control regime u(t) = 1 — z5(t) — v(X(t)), the
Hamiltonian system looks as follows

1(0) =at) (00) + T oalt) +o(X0) - D+ 2 ).

2a(t) = w2(t) (w1(t) + Blz2(t) +v(X (1)) — 1)), (25)
3(t) = prs(t) — x1(t)(ws(t) + 2a(t)) — 1,

24(t) = pwa(t) — 7 (23(t) + (1 — @)aa(t))a(t) + 1

The conjugate variable x4 in the domain D is negative.

4.2. Steady state of the Hamiltonian system

The steady state of the Hamiltonian system does exist in the domain of the
transient control regime if the model parameters belong to the set €2 depicted
at the Fig. 4.1. The steady state coordinates can be found analytically by the
formulas

I o — lap=b)((1 —a)p+af —b)
1= ? @gﬂ ; (26)
. B O e

w5 = (1-a) (1_aﬁ—b) oo T = ap(l—a)(B—p)+blaf—b)

The control u* corresponding to the steady state has the value

b
= —<u<l. 2
u OZB_U< (27)

b(p)

o

Figure 4.1: The steady state domain, €2

According to the results [9], the existence of the steady state guarantees the local
stabilizability of the Hamiltonian system. The paper [6] describes the algorithm
for the system stabilization.

Remark 4.1. The exponential solution obtained within the reliability theory has
another stationary levels. Indeed, the first phase variable x1(t) := \(¢t) = mo/M
is constant, and the second phase variable

ealt) = p(ty)gg(t) _ poﬂ;é‘“ exp {_a (g B %>t}
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tends to zero over the time goes to infinity. However, the approach based on
the Pontryagin maximum principle provides the saturation level for the phase
variables at the point (z7,z3).

The next section is aimed to improve the first method for reaching the correct
stationary level derived within the Pontryagin maximum principle using the piece-
wise constant controls.

5. Piecewise constant controls

Based on the constraints (2) and the probability F),(t), see (15), we have the
following relation
lim F,(t)=1. (28)

For reaching the stationary level (26), one can change the control variable u in
such a way, that before the time moment T it remains on the constant level of
uy, and after switches to the steady state value u* (27), i.e

- uy, t<T
t) = 29
an-{ " 2, (29

where parameter wu; is the constant control satisfying the constraints (7), and
parameter 7" is the moment of time that can be found by formula (28). For esti-
mating the time 7', we substitute relation (29) in the density of distribution (15)

b_
eXP{ 1 ﬂult}7 t<T

—

exp {bl__ﬁle} exp {—g(t — T)} ., t>T.

The obtained density f,,(¢t) (30) under the piecewise control u(t) together with
the relation (28) provide the following relation

fm(t,ur) = (30)

S5

mo(l—a) ¢ vpug moax sy
L= | fult,u)dt = el 1) 4 = 31
/ Jnlbwn)dt = 23 —5 0 (¢ ) b (31)

The expression (31) can be considered as an equation with respect to the time
parameter 1T'. Solving this equation, we obtain that the switching time instant T
satisfies the formula

T(uy) = (32)
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where control ey, is introduced in formula (18) (see section 3). Noteworthy,
the control level uey, guarantees inexhaustibility of the natural resources for any
finite period of time, i.e. limy, ,,—0 7 (u1) = +0o. Moreover, for all u,; larger
than ey, the switching time moment 7" does not exist (see Fig. 5.1). Hence, the
condition (2) of the natural resources’ exhaustibility is fulfilled if the constant
control value u; does not exceed the level of uey,. According to the qualitative
analysis of the Hamiltonian system (25), there exists the steady state satisfying
relation (26). Using this fact, we estimate the constant control u; by assum-
ing that at the switching time moment 7'(u;) the approximate solution y(t, u;)
achieves the stationary level x3, i.e.

poM m(T(ul), ul)

(T m) = S ) )

b N =
_ Do (amo u* —uy ) L s (33)
1

aamg \ bM Uexp — U

9000 T T T T T T T T

8000
7000
6000
~= 5000

& 4000 - .

3000 g

2000 g

1000 1

T 1 1 1 1 1

0 : '
0 0.005 0.01 0.015 0.02 0.025 0.03 0035 0.04 0.045
U

Figure 5.1: The switching moment 7" as a function of control wu;

Using formulas (1), (8), and (30), we find the control level u; numerically (see
Fig. 5.2).

The utility functional J(-) (14) as a function of the initial material use my calcu-
lated under the piecewise control regime (29) is depicted on Figure 5.3.

In this case, the utility can be found as a sum of two integral terms

J(mp) = /e‘pt Inc(t)dt + / e P nc(t)dt = Jp(mg) + Joo(mg),  (34)

T
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(T (u1))
5
u; = 0.01443
x5 = 0.0273
0 1 1 —— ! ! . . .
0 0005 001 0.015 0.02 0.025 0.03 0.035 0.04 0.045
Uy

Figure 5.2: Numerical search for the initial control u,

where

In(ma) = [ €10 (yr(@)(1 = ws (o)) — pr(t)rnn (0,
and

T (o) = / P 1 (oo (8) (1 — %) — pac (£ (1) )t

_ Inews(mo) _prmg)
p

(36)

In the formulas (35) and (36) all terms can be calculated using relations between
model parameters and equality (30). More precisely, elements of the integrand in

Jr(mgp) (35) are calculated according to the following relations

my(t) = mgexp { (%ﬁmo)) t}, yr(t) = aebtm%(t),
mrtpr(t) = w2200

Denoting the integrand in Jr(mg) (35) by cr(mo;t), we obtain

cr(mo;t) = yr(t)(1 — ui(mo)) — pr(t)me(t).
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For the second integral, the output y.(t) and the product m..(t)ps(t) are con-
stants with respect to time ¢. However, the value of y., depends on the initial
material use mg, indeed

Yoo = amt exp { (M) T},

-«
Moo = pml_fm_ﬁ% T ) _
" tf fm(s)ds

Coo(mO) = yoo(l - U*> — MeoPoo-

As a result, the utility function J(mg) (34) has the following form
r |
J(mo) = Jr(mo) + Joo(mo) = /epf In e (mo; t)dt + In oo (M) (mo)
p
0

Consequently, calculating the first integral numerically, we find the utility func-
tion J(mg) (34) for the piecewise constant control (see Figure 5.3).

mipex = 0.1238
Junax = 18.45

9 I I I I I I I
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4

Figure 5.3: The utility functional J(mg) (14) for the piecewise control u (29)

As can be seen, the utility functions Je,(mo) and Jimg) (see Figure 3.1 and
Figure 5.3, respectively) are strictly concave and have the identical behavior.
Under the piecewise control regime the maximum value Jyax(mg) = 18.45 of the
functional (14) is reached at the point mg = 0.1238, while in the exponential case
it takes smaller value J3o* = 15.1985 at mg™* = 0.1044. Consequently, from
the optimality point of view, the piecewise control regime realizes approximate
optimal strategy with better values of the optimized indices compared with the

solutions obtained in the exponential case (see section 3).
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6. Stabilized and approximate solutions

In accordance with the statistical data and the econometric analysis [7], the model
parameters have the following estimates: mg = 0.0985, M = 1.81-10%, w = 0.12,
p=0.18, a = 64.34, b = 0.069, a = 0.4091, B = 1.523, py = 100. According to
formulas (26) we find the steady state X* = (0.14,0.03,6.21,—2.22) ", and the
steady state control value u* = 0.11. FEigenvalues of the Jacobian evaluated at
the steady state of the Hamiltonian system (25) indicate the saddle character of
the steady state, since eigenvalues are real numbers, and two of them are negative
A1 = —1.832, Ay = —0.011, and two other eigenvalues are positive \3 = 0.203,
Aq = 2.000.

Basing on the results in [3], it is shown that the stabilized solutions constructed
by the algorithm provided in [9] approximate the optimal trajectories with the
quadratic precision around the steady state. Therefore, it is worth to compare
the approximate solution described in the present paper with the stabilized tra-
jectories [9] in a vicinity of the steady state. The comparison results are presented
in Figures 6.1 and 6.2.

Stabilized solution

Approximate solution

0.10+

0‘06 1 1 1 1 1 1
100 150 200 250 300 350 400 450
t

Figure 6.1: The stabilized trajectory and the approximate solution x1(t).

Figures 6.1 and 6.2 illustrate the phase trajectories x;(t) and x2 () constructed by
the algorithm developed in [6] and approximate solutions obtained in the present
paper. The trajectories evolve in a similar way, however, the approximation
accuracy is not good enough, especially, for the first phase component ().

7. Conclusion

The paper investigates the control problem of optimization of the resource pro-
ductivity, and proposes the novel interpretation of the phase variables in terms
of the reliability theory. We compare the simulation results derived using the
traditional techniques based on the Pontryagin maximum principle and the new
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0.13
0.12

Stabilized solution

Approximate solution

0.03 |
100 150

1 t t
250 300 350 400 450
t

Figure 6.2: The stabilized trajectory and the approximate solution xs(t).

1
200

approach for approximation of optimal control by piecewise linear controls whose
trajectories satisfy the phase constraints. Comparing the saturation property of
optimal solutions with the exponential trajectories calculated under the piecewise
constant controls, one can conclude that the proposed approximate solutions fit
quite well to trends of optimal trajectories and demonstrate a similar behavior.
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